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RESUME

L’objectif de cette thése est d’appliquer les méthodes d’approximations stochastiques & 1’estima-
tion de la densité et de la régression. Dans le premier chapitre, nous construisons un algorithme
stochastique a pas simple qui définit toute une famille d’estimateurs récursifs a noyau d’une den-
sité de probabilité. Nous étudions les différentes propriétés de cet algorithme. En particulier, nous
identifions deux classes d’estimateurs; la premiere correspond & un choix de pas qui permet d’ob-
tenir un risque minimal, la seconde une variance minimale. Dans le deuxieme chapitre, nous nous
intéressons a 'estimateur proposé par Révész (1973, 1977) pour estimer une fonction de régression
r : x +— E[Y|X = z]. Son estimateur r,, construit & 'aide d’un algorithme stochastique & pas
simple, a un gros inconvénient : les hypotheéses sur la densité marginale de X nécessaires pour
établir la vitesse de convergence de r, sont beaucoup plus fortes que celles habituellement requises
pour étudier le comportement asymptotique d’un estimateur d’une fonction de régression. Nous
montrons comment ’application du principe de moyennisation des algorithmes stochastiques per-
met, tout d’abord en généralisant la définition de ’estimateur de Révész, puis en moyennisant cet
estimateur généralisé, de construire un estimateur récursif 7, qui posseéde de bonnes propriétés
asymptotiques. Dans le troisieme chapitre, nous appliquons a nouveau les méthodes d’approxima-
tion stochastique a l'estimation d’une fonction de régression. Mais cette fois, plutot que d’utiliser
des algorithmes stochastiques a pas simple, nous montrons comment les algorithmes stochastiques
a pas doubles permettent de construire toute une classe d’estimateurs récursifs d’une fonction
de régression, et nous étudions les propriétés asymptotiques de ces estimateurs. Cette approche
est beaucoup plus simple que celle du deuxiéme chapitre : les estimateurs construits a ’aide des
algorithmes a pas doubles n’ont pas besoin d’étre moyennisés pour avoir les bonnes propriétés
asymptotiques.
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ABSTRACT

The objective of this thesis is to apply the stochastic approximations methods to the estimation of
a density and of a regression function. In the first chapter, we build up a stochastic algorithm with
single stepsize, which defines a whole family of recursive kernel estimators of a probability density.
We study the properties of this algorithm. In particular, we identify two classes of estimators ; the
first one corresponds to a choice of stepsize which allows to get a minimum mean squared error,
the second one a minimum variance. In the second chapter, we consider the estimator proposed by
Révész (1973, 1977) to estimate a regression function r : x — E[Y|X = z]. His estimator r,,, built
up by using a single-time-scale stochastic algorithm, has a big disadvantage : the assumptions on the
marginal density of X necessary to establish the convergence rate of r,, are much stronger than those
usually required to study the asymptotic behavior of an estimator of a regression function. We show
how the application of the averaging principle of stochastic algorithms allows, by first generalizing
the definition of the estimator of Révész and then by averaging this generalized estimator, to build
up a recursive estimator 7,, which has good asymptotic properties. In the third chapter, we still apply
stochastic approximation methods to estimate a regression function. But this time, rather than to
use single-time-scale stochastic algorithm, we show how the two-time-scale stochastic algorithms
allow to build up a whole class of recursive estimators of a regression function, and we study the
asymptotic properties of these estimators. This approach is much easier than the one of the second
chapter : the estimators built up using the two-time-scale algorithms do not need to be averaged
to have good asymptotic properties.
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Introduction

L’objectif de cette these est d’appliquer les méthodes d’approximation stochastique a ’estima-
tion de la densité et de la régression. L’utilisation la plus célebre des algorithmes stochastiques
dans le cadre des statistiques non paramétriques est le travail de Kiefer et Wolfowitz (1952). Ces
deux auteurs ont construit un algorithme qui permet I’approximation du mode d’une fonction de
régression. Leur algorithme a été beaucoup discuté et leur travail prolongé dans plusieurs directions
(citons, parmi beaucoup d’autres, Blum (1954), Fabian (1967), Kushner et Clark (1978), Hall et
Heyde (1980), Ruppert (1982), Chen (1988), Spall (1988), Polyak et Tsybakov (1990), Dippon et
Renz (1997), Spall (1997), Chen, Duncan et Pasik-Duncan (1999), Dippon (2003), et Mokkadem et
Pelletier (2004)). Des algorithmes stochastiques d’approximation ont été également présentés par
Révész (1973, 1977) pour estimer une fonction de régression en un point donné, et par Tsybakov
(1990) pour approximer le mode d’une densité de probabilité. Ce travail est composé de trois cha-
pitres ; dans le premier chapitre, nous nous intéressons au probleme de I'estimation d’une densité
de probabilité, dans les deux autres chapitres a celui de I'estimation d’une fonction de régression.

Avant de présenter nos résultats de facon détaillée, nous en donnons tout d’abord les grandes
lignes.

Dans le premier chapitre, nous construisons un algorithme stochastique a pas simple qui définit
toute une famille d’estimateurs récursifs a noyau d’une densité de probabilité. Nous étudions les
différentes propriétés de cet algorithme. En particulier, nous identifions deux classes d’estimateurs ;
la premiere correspond a un choix de pas qui permet d’obtenir un risque minimal, la seconde une
variance minimale.

Dans le deuxieme chapitre, nous nous intéressons a l’estimateur proposé par Révész (1973, 1977)
pour estimer une fonction de régression r : x +— E[Y|X = z|. Son estimateur r,,, construit a l'aide
d’un algorithme stochastique a pas simple, a un gros inconvénient : les hypothéses sur la densité
marginale de X nécessaires pour établir la vitesse de convergence de r,, sont beaucoup plus fortes
que celles habituellement requises pour étudier le comportement asymptotique d’un estimateur
d’une fonction de régression. Nous montrons comment ’application du principe de moyennisation
des algorithmes stochastiques permet, tout d’abord en généralisant la définition de I'estimateur de
Révész, puis en moyennisant cet estimateur généralisé, de construire un estimateur récursif 7,, qui
possede de bonnes propriétés asymptotiques.

Dans le troisieme chapitre, nous appliquons a nouveau les méthodes d’approximation stochas-
tique a I'estimation d’une fonction de régression. Mais cette fois, plutot que d’utiliser des algorithmes
stochastiques & pas simple, nous montrons comment les algorithmes stochastiques a pas doubles
permettent de construire toute une classe d’estimateurs récursifs d’une fonction de régression, et
nous étudions les propriétés asymptotiques de ces estimateurs. Cette approche est beaucoup plus
simple que celle du deuxieme chapitre : les estimateurs construits a 1’aide des algorithmes a pas
doubles n’ont pas besoin d’étre moyennisés pour avoir les bonnes propriétés asymptotiques.

Avant de détailler nos résultats, nous introduisons une classe de suites a variations régulieres
que nous utiliserons tout au long de la thése pour définir, entre autres, les pas des algorithmes.

Definition 1 Soit v € R et (vy),», une suite déterministe positive. On dit que (v,) € GS (7) si

lim n {1 - ”"‘1] — . (1.1)

n—-+oo Un
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La condition (1.1) a été introduite par Galambos et Seneta (1973) pour définir les suites a variations
régulieres (voir aussi Bojanic et Seneta (1973)). Des exemples typiques de suites dans GS (7y) sont,
pour h* > 0 et b € R, (hy) = (h*nY), (hy) = (R*n[logn]®), (h,) = (h*n"[loglog n]®), etc.

Nous donnons ici une présentation détaillée des trois chapitres qui composent cette these.

1.1 Algorithmes stochastiques et estimateurs récursifs de la den-
sité

Les algorithmes stochastiques de recherche du zéro z* d’une fonction inconnue h : R — R sont
construits de la fagon suivante : (i) on choisit Zy € R; (ii) on définit récursivement la suite (Z,,) en
posant

Zn = Zn-1+mWhp

ou W, est une observation de la fonction h au point Z,_1 et ou le pas (7,) est une suite de réels
positifs qui tend vers zéro.

Soit (X7i,...,X,) un échantillon de la loi d’une variable aléatoire X de densité de probabilité
f. Pour construire un estimateur de f en un point x par la méthode des algorithmes stochastiques,
on définit un algorithme de recherche du zéro de la fonction h : y — f(x) —y. On procede donc de
la fagon suivante : (i) on se donne fy(x) € R; (ii) pour tout n > 1, on pose

fa(2) = fn1(z) + 1 Wa(2)

ou W, (x) doit étre une “observation” de la fonction h au point f,_1(z). Soient K un noyau (i.e.
une fonction telle que [p K(x)dz = 1) et (h,) une fenétre (i.e. une suite déterministe positive
qui tend vers zéro) ; f(x) peut étre estimée par Z,(z) = h,, 'K (h, [z — X,]), ce qui méne & poser
Wy(x) = Zp(x)— frn—1(x). L’algorithme que nous introduisons pour estimer récursivement la densité
f au point x s’écrit alors sous la forme

Fal@) = (1 — ) fs () + i K (“ - X) . (12)

La relation (1.2) définit toute une classe d’estimateurs récursifs a noyau d’une densité de probabilité.
Notons que si I'on pose (v,) = (n1), alors I'estimateur f,, défini par I’algorithme (1.2) se réécrit

sous la forme
1o 1 z — Xg
() ==Y —K ; L.
) =535 (55 (13)

dans ce cas, f, est 'estimateur récursif introduit par Wolverton et Wagner (1969). D’autre part,
dans le cas ot on pose (v,) = (hn[Y>_p_q hr]™!), Vestimateur f,, défini par D'algorithme (1.2) se

réécrit sous la forme
1 " Xr — Xk
fl) = e SO K ( ) ; (1.4
Zk:l hy ; D,

fn est alors Pestimateur récursif introduit par Deheuvels (1973) et étudié par Duflo (1997).

La question qui se pose naturellement est de savoir quel est le choix optimal du pas. Dans la
partie 1.1.1 nous explicitons le biais et la variance de l’estimateur f,. Dans la partie 1.1.2, nous
déterminons le choix optimal du pas selon le point de vue de l'estimation ponctuelle, tandis que
dans la partie 1.1.3 nous considérons le point de vue de I'estimation par intervalles de confiance.
Dans la partie 1.1.4, nous donnons la vitesse de convergence presque stre de 'estimateur f,.
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1.1.1 Biais et variance de ’estimateur f,,

Nous nous plagons sous les hypotheses suivantes :
(H1) K : R — R est continue, bornée et vérifie [, K (2)dz =1, [ 2K (2) dz =0 et [ 2°K (2) dz <
0.
(H2) i) (vn) € GS (—a) avec a € |1, 1].
i) (hn) € GS (—a) avec a € |0,
i11) limy oo (n7yy) € Jmin {2a, (1 —a) /2}, o).
(H3) f est bornée, deux fois différentiable, et f(®) est bornée.

3l

L’hypothese (H2)1iii) sur la limite de (n7y,) quand n tend vers 'infini est habituelle dans le
cadre des algorithmes stochastiques. Elle implique en particulier que la limite de ([n’yn]_1> est
finie. Nous introduisons les notations suivantes :

£ = lim (n”yn)_l,

n—-4oo

o = /ZQK(z)dz.
R

Proposition 1 (Biais et Variance de fy)
Supposons que les hypothéses (H1) — (H3) sont vérifiées, et que f(z) est continue au point x.

1. Sia<a/b, alors

1

mhiuzf(z) () +o(hy), (1.5)

E (fu (@) — f (@) =
sia> /5, alors
B(fa () = £2) =0 (yuha?).
2. Sia>a/s, alors

- 1 Tn Tn
Var (f2 (1) = 5= = a6 b (x)/lRKz (z)dz+o<h_n>, (1.6)

sia < afb, alors
Var (fn(z)) =0 (hfl) .

Remarque 1 La seconde assertion dans la partie 1 de la proposition 1 est vérifiée dans le cas
a > a/5, c’est-a-dire dans le cas h} = o (%Lh;l). De méme, la deuxiéme assertion dans la partie
2 de la proposition 1 est satisfaite quand a < /5, c’est-a-dire quand yp,h,' = o (hfl). Notons que
dans le cas a = /5, (1.5) et (1.6) sont toutes les deuz vérifiées.

1.1.2 Choix optimal du pas selon le point de vue de ’estimation ponctuelle

Pour déterminer le choix optimal du pas selon le point de vue de 'estimation ponctuelle, nous
cherchons le pas qui permet de minimiser le risque. Dans la partie 1.2.1 du chapitre 1, nous montrons
comment le corollaire suivant se déduit de la proposition 1.



tel-00131964, version 1 - 19 Feb 2007

Corollaire 1

Supposons que les hypothéses (H1) — (H3) sont vérifiées, que f (z) > 0, que f® (z) # 0 et que f?
est continue au point x. Pour minimiser le risque de f, le pas (v,) doit étre choisi dans GS (—1)
et tel que limy,_,oo ny, = 1 et la fenétre (hy,) doit étre égale a

Ff(m)fRI@ (z)dzr

1043 (1@ ()"

S

Dans ce cas, le risque de f, est égal a

1

o] [0 e o

=

n

S

Un exemple typique de pas (7,) appartenant a GS (—1) et vérifiant lim, .o ny, = 1 est (y,) =
(n™1). Pour ce choix de pas, estimateur f,, défini par (1.2) se réécrit sous la forme compacte (1.3)
il est alors égal a l'estimateur récursif introduit par Wolverton et Wagner (1969), puis étudié entre
autres par Yamato (1971), Davies (1973), Devroye (1979), Wegman et Davies (1979), Menon,
Prasad et Singh (1984), Wertz (1985), Roussas (1992) et Duflo (1997). L’estimateur de Wolverton
et Wagner appartient donc a une classe bien particuliere des estimateurs a noyau récursifs : celle
des estimateurs dont le risque peut étre rendu minimal grace a un choix adéquat de fenétre. Notons
que des pas (7,) appartenant a GS (—1) et satisfaisant la condition lim,_,. nvy, = 1 peuvent étre
construits en choisissant une suite (u,) € GS (u*) avec u* > —1 et en posant

Un

(T+u*) 3 un

Soulignons également que le risque optimal obtenu pour I'estimateur non-récursif de Rosenblatt
défini par

Tn =

fn(x):n—}lmkzn::lKC;f’“), (1.7)

est égal a

n—%i[uzf [ /K2 z} 1+0(1).

Ainsi, le risque optimal des estimateurs & noyau récursif est plus grand que le risque optimal de
Iestimateur & noyau non-récursif de Rosenblatt : dans le cadre de 'estimation ponctuelle, mieux
vaut utiliser I’estimateur non récursif f,.

1.1.3 Choix optimal du pas selon le point de vue de ’estimation par intervalle
de confiance

Avant de déterminer le choix optimal du pas (7,,) pour la construction d’intervalles de confiance
de f, nous donnons la vitesse de convergence faible de l'estimateur f,, défini par 'algorithme (1.2).

Théoréme 1 (Convergence en loi de fy)
Supposons que les hypothéses (H1) — (H3) sont vérifiées, que f (z) > 0 et que f® est continue au
point x.

10
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1. Sl existe ¢ > 0 tel que v, 'h2 — ¢, alors

\/ﬂ(fn(w)—f(af))gN(Q(liiz@f@) @b o a8 2-(1-a)¢ (1—a /K2 )

2. Si v, thd — oo, alors

1 P 1
@ (fn (2) = [ (2)) = mf@) (@) pa-

Pour construire un intervalle de confiance de f (x), il faut utiliser la premiere partie du théoréme
1. De plus, Hall (1992) montre que pour construire des intervalles de confiance pour une densité de
probabilité, mieux vaut avoir recours a un léger sous-lissage plutot qu’a une estimation du biais.
Sous-lisser signifie rendre le biais négligeable devant le terme de variance. Donc, pour choisir le
pas optimal selon le point de vue de 'estimation par intervalles de confiance, le critere que nous
utilisons est : minimiser la variance de f,.

Notons que, dans notre contexte, le sous-lissage s’obtient en choisissant (7v,) et (hy) tels que
Y thd — 0 et donc a > a/5. Dans la partie 1.2.2 du chapitre 1, nous montrons comment le corollaire
suivant se déduit de la proposition 1.

Corollaire 2

Supposons que les hypothéses (H1) — (H3) sont vérifiées avec a > a/5, que f(z) > 0 et que f®
est continue en x. Pour minimiser la variance de fy, a doit étre choisi égale a 1, (7yy,) doit étre tel
que lim,, oo ny, =1 —a, et on a alors

Var [f, (2)] = 1n_“ /K2 dz+0<n}11n>.

De plus, dans ce cas, si la fenétre (h,) est choisie telle que lim,, oo nh> = 0, alors

Vil (6 @) = £ @) 2N (0,0 ) @) [ 12 )z (18)

Un exemple typique de pas (7,) appartenant & GS (—1) et vérifiant lim, oo ny, = 1 — a est
(7n) = ((1 —a)n~t). Par ailleurs, pour une fenétre donnée (h,) € GS(—a), le pas défini par

() = (hn Iy hk]_1> appartient & GS (—1) et vérifie la condition lim, ., nvy, = 1 — a. Pour
ce choix de pas, l'estimateur f, défini par (1.2) se réécrit sous la forme compacte (1.4) et est alors
égal & l'estimateur récursif introduit par Duflo (1997). L’estimateur de Duflo appartient donc a
une classe bien particuliere des estimateurs & noyau récursifs : celle des estimateurs de variance
minimale.

Rappelons que la variance de I'estimateur non-récursif de Rosenblatt f,, (défini en (1.7)) est

égale a
Var [fn (:c)] = —f /K2 d2+0<nilz >

et que, si la fenétre (h,) est choisie telle que lim,, .o, nh) = 0, alors
s (7@ = £ @) 2 (0.5 @) [ 52 (0a) (19)

11
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La variance de lestimateur de Rosenblatt est plus grande que celle de l’estimateur de Duflo (ou
que celle de l'estimateur f,, défini par (1.2) avec le pas (v,) = ((1 —a)n™')). Pour construire des
intervalles de confiance pour la densité, il est donc préférable d’utiliser un de ces deux estimateurs
récursifs (et la propriété (1.8)) plutdt que l'estimateur de Rosenblatt (et le théoréme de la limite
centrale (1.9)). Les résultats de simulations que nous présentons dans le chapitre 1 corroborent ces
résultats théoriques.

1.1.4 Vitesse de convergence presque siire de f,

Notons que le pas de Palgorithme (1.2) peut également étre choisi tel que lim,, o ny, = co. Ce
choix conduit a la fois & un risque plus grand et a une variance plus grande et peut donc sembler
avoir peu d’intérét. Cependant, nous verrons dans le troisieme chapitre que pour construire un
algorithme & pas double pour estimer une fonction de régression, ’approximation de la densité
doit se faire & l'aide de algorithme (1.2) avec un pas tel que lim,,_,o, nvy, = co. Nous donnons
maintenant la vitesse de convergence presque sire ponctuelle de f,, ainsi qu’une majoration de sa
vitesse de convergence presque sure uniforme; ces deux résultats seront beaucoup utilisés dans les
démonstrations du chapitre 3.

Théoréme 2 (Vitesse de convergence presque sire ponctuelle de f,)
Supposons que les hypothéses (H1) — (H3) sont vérifiées, et que f?) est continue au point .

1. Sl emiste ¢c; > 0 tel que v, 'h2/ (Ins,) — c1, alors, avec probabilité un, la suite

’7771]7%
21n s,

(fn () = f(2))

est relativement compacte et l’ensemble de ses valeurs d’adhérence est l’intervalle
c1 1 @) f(z) /
a_ - S K204
[ 220220 T\ aoag kN B

a1 e, A O 2)dz
V3’ ”“”\/(2—(1—a>5>/RK2”d]'

2. Siy,thd/ (Ins,) — oo, alors, avec probabilité un,

. 1
fm 75 (fn () = f(2)) =

n—oo

L e
201 - 2a§)f () pa-

Pour établir une majoration de la vitesse de convergence uniforme, nous avons besoin de rajouter
I’hypothese suivante.

(H4) K est une fonction lipschitzienne.

Théoréme 3 (Majoration de la vitesse de convergence uniforme presque sire de fy)
Soit I un intervalle borné de R. Supposons que les hypothéses (H1) — (H4) sont vérifiées et que
@ est uniformément continue sur I.

1. 8'il existe ¢ > 0 tel que ~;'h3 / (Inn)? — ¢, alors
suplfu2) = @) =0 (Yl nn) ps
zel

2. Si~y; RS/ (Inn)? — oo, alors

sup|fn (z) — f(2)| = O (h7)  p.s.

zel
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1.2 Application du principe de moyennisation des algorithmes sto-
chastiques a ’estimateur de Révész

Soient (X,Y),(X1,Y1),...,(X,,Y,) des variables aléatoires indépendantes et de méme loi, &
valeurs dans R2. On note g (z,y) la densité du couple (X,Y), f(z) la densité marginale de X
et r(z) = E[Y|X = 2] la régression de Y sur X. Révész (1973, 1977) a introduit les méthodes
d’approximation stochastique pour construire un estimateur a noyau récursif de r. L’objectif de ce
chapitre est d’appliquer le principe de moyennisation des algorithmes stochastiques pour construire
un estimateur plus performant que celui de Révész. Dans la partie 1.2.1, nous rappelons la définition
de lestimateur introduit dans Révész (1973) ainsi que les principaux résultats de Révész (1977).
Pour appliquer le principe de moyennisation, nous avons tout d’abord besoin de définir une version
généralisée de 'estimateur de Révész et de connaitre la vitesse de convergence de cet estimateur
généralisé : c’est 'objet de la partie 1.2.2. Dans la partie 1.2.3, nous définissons I’estimateur moyen-
nisé et donnons ses propriétés asymptotiques.

1.2.1 L’estimateur de Révész

Pour construire un algorithme d’approximation de la fonction de régression r en un point
x tel que f(z) # 0, Révész (1973) définit un algorithme de recherche du zéro de la fonction
h :yw— a(x) — f(x)y ou a(z) = r(z)f(x). Il proceéde donc de la facon suivante : (i) il fixe
ro(x) € R; (ii) pour tout n > 1, il pose

(@) = rn_l(m)+%wn(x) (1.10)

par

ou W, () est une “observation” de la fonction h au point r,_1 (z). Estimant a () pa
(hp) une fenétre,

hi 'Y K (bt o — X3]) et f(2) par 'K (hy! [# — Xp]) ot K est un noyau et
il pose

Wi (z) = h, 'Y, K <$ ;LX”> —h 'K <:E ;Xn> Tn—1(x).

Son algorithme (1.10) se réécrit ainsi sous la forme

ra(z) = <1 - n}lan <$ an"» Pt (@) + n—;nYnK <$ ;LnX"> . (1.11)

Révész (1977) étudie les propriétés asymptotiques de cet estimateur lorsque la fenétre (h,) est
choisie égale & (n~%) avec a € ]1/2,1[. Sous la condition f(x) > (1 — a) /2, il montre que

il (a) = 1 (2)) 2 7 (0, Tt L) )

2f (x) = (1 —a)

De plus, soit I un intervalle borné de R. Révész (1977) établit que, sous la condition inf,¢cr f () >

(1-&)/2,

nhy,

nILDgO () Slél? |t (z) — 7 (z)] =0 p.s.

L’estimateur proposé par Révész a donc deux gros inconvénients : (i) la fenétre étant (h,) = (n™%)
avec a > 1/2, la vitesse de convergence de r,, est plus petite que nt/4 alors que la vitesse optimale

des estimateurs & noyau est atteinte pour une fenétre égale & n=/5 et vaut n?/°; (ii) pour montrer
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la convergence ponctuelle (respectivement uniforme) de r,, Révész (1977) a besoin de I’hypothese
f(x) > (1—a) /2 (respectivement inf 7 f () > (1 — a) /2), alors que les hypotheses usuelles dans
le cadre de l'estimation d’une fonction de régression sont f () > 0 et inf s f (z) > 0. Ce deuxiéme
inconvénient est inhérent a la définition de I’estimateur 7, ; nous verrons dans la partie suivante que
I’hypothese de Révész sur la densité marginale f est en fait une hypothese classique sur le pas de
lalgorithme qui, dans la définition (1.11), est (y,) = (n_l). C’est pour supprimer cette hypothese
que nous introduisons le principe de moyennisation des algorithmes stochastiques.

Le principe de moyennisation des algorithmes stochastiques a été introduit indépendemment
par Ruppert (1988) et Polyak (1990), puis repris entre autres par Yin (1991), Delyon et Juditsky
(1992), Polyak et Juditsky (1992), Kushner et Yang (1993), Le Breton (1993), Le Breton et No-
vikov (1995), Dippon et Renz (1996, 1997), et Pelletier (2000). La moyennisation d’un algorithme
stochastique & pas simple (,,) se fait en deux étapes; (i) dans un premier temps, on “ralentit”
Palgorithme, c’est-a-dire on choisit un pas (v,) tel que lim, . ny, = 0o; (ii) dans un deuxiéme
temps, on calcule une moyenne de la suite calculée a la premiere étape.

Pour appliquer le principe de moyennisation a ’estimateur de Révész, nous avons donc besoin,
dans un premier temps, de généraliser la définition (1.11) de r,, en autorisant d’autres pas que le

pas (n_l).

1.2.2 L’estimateur de Révész généralisé

L’estimateur de Révész généralisé est défini par ’algorithme stochastique

_Xn — _Xn
ra(z) = (1_%h;1K <$ . >)rn_1(w)+'ynhn1YnK (x - ) (1.12)

Nous étudions son comportement asymptotique sous les hypotheses suivantes.

(H1) K : R — R est une fonction positive, continue, bornée telle que [ K (2)dz =1, [p 2K (2) dz =
0et [p22K (2)dz < oco.

(H2) ) (va) € GS (—a) avec a € |3,1]; de plus la limite de (nyn) "' quand n tend vers Dinfini
existe.
ii) (hn) € GS (—a) avec a € [ 152, 2.

(H3) i) g (s,t) est deux fois continuement différentiable par rapport a la premiere variable.
i) Vg € {0,1,2}, s — [ 199 (s,t) dt est une fonction bornée et continue au point s = x.
Pour ¢ € [2,3], s — [ [t|? g (s,t) dt est une fonction bornée.
iii) Pour g € {0,1}, [ [t]? % (x,t)‘ dt < oo et la fonction s — [ tq% (s,t)dt est bornée et

continue au point s = x.

Posons
& = Jlim (nya)”
et, pour f (:E) 75 0,
@ (p) — 1 P9 _ g 2
m® (z) = 2f($)[Rtax2 @ty di=r(a) [ 52 @0 /RzK(z)dz.

Notre premier résultat donne la vitesse de convergence en loi ponctuelle de 'estimateur de Révész
généralisé.

14
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Théoréme 4 (Vitesse de convergence en loi de r,,)
Supposons les hypothéses (H1) — (H3) vérifiées pour x € R tel que f (z) # 0.

1. 87l existe ¢ > 0 tel que v, hS — ¢, et silim, oo (ny,) > (1 —a) /(2f (z)), alors
. . Vel (&) m® (5) Var VX =alf () [ o
Vit (o (@)~ 7 () 2 ( Jom 0 Vbl [ e )

2. iy hd — oo, et silim, .o (n7y,) > 2a/f (x), alors

1 e f(2)m® (2)
h—g(rn(i’?)—r(lf)) m

n

Les conditions sur le pas lim,,_,o, (ny,) > (1 —a) / (2f (z)) dans la premiere partie du théoreme 4 et
lim,, o0 (nyn) > 2a/f (z) dans la seconde partie du théoréme 4 sont des hypotheses classiques dans
le cadre des algorithmes stochastiques. Elles sont bien-str automatiquement satisfaites pour les pas
() tels que limy, oo ny, = 00 ; pour les pas tels que lim,,_, o, ny, = 79 < 00, elles se réécrivent sous
la forme v9 > (1 —a) /2f (z) (respectivement 9 > 2a/f (z)) pour la premiére partie (respective-
ment la deuxiéme partie). Notons que lorsque le pas utilisé est, comme dans l'algorithme (1.11) de
Révész, (v,) = (n_l), ces conditions s’expriment comme des conditions sur la densité marginale f.
Soulignons également que, pour ce choix de pas, les fenétres que nous considérons ((h,) € GS (—a)
avec a € ]0,1/3[) sont différentes de celles utilisés par Révész ((hy,) = (n™%) avec a € ]1/2,1]) et
conduisent & de meilleures vitesses que celles de Révész ; en particulier, le choix (h,) = (hon_l/ 5)

~2/5

qui conduit a la vitesse optimale n est autorisé par nos hypotheses.

Nous énoncons maintenant deux résultats qui sont nécessaires pour ’étude du comportement
asymptotique de 'estimateur de Révész moyennisé : la vitesse de convergence presque siire ponc-
tuelle de I'estimateur de Révész généralisé et une majoration de sa vitesse de convergence presque
slire uniforme.

Théoréme 5 (Vitesse de convergence presque sire de ry,)
Supposons les hypothéses (H1) — (H3) vérifiées pour x € R tel que f (z) # 0.

1. S’il existe ¢ > 0 tel que v, h3 /In (3 h_v) — ¢, et silim, oo (nyn) > (1 —a)/(2f (x)),
alors, avec probabilité un, la suite

Yoo tha,

m (rn () — 7 (2))

est relativement compacte et l’ensemble de ses valeurs d’adhérence est l'intervalle

cf(x )m(2 (x) \/Var[Y]X:x]f(w)fRKz(z)dz
2 f(z) —2a€ 2f () —(1—a)¢ ’

cf@m® (@) \/ Var [V|X =] f (z) [, K2 (2) d2
2 f(z) —2ag 2f (z) = (1 —a)¢

2. Siythd /In (3R k) — oo, et silimy oo (ny,) > 2a/f (2), alors, avec probabilité un,

[ @m® ()
7 () —2ag
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Pour établir une majoration de la vitesse de convergence uniforme de r,, nous avons besoin des
hypotheses suivantes.

(H4) i) K est une fonction lipschitzienne.
i) 11 existe t* > 0 tel que E (exp (t*|Y])) < oo

m) ac|l —a,a—2/3[.
iv) Pour ¢ € {0,1}, la fonction z — [ ]t!q

9 (x, t)‘ dt est bornée sur 'ensemble {z, f (z) > 0}.

Théoréme 6 (Vitesse de convergence uniforme de ry,,)
Soit I un intervalle borné de R sur lequel p = inf ¢y f (x) > 0. Supposons les hypothéses (H1)—(H4)
vérifices pour tout x € 1.

1. Si la suite (7,{%3/ [In n]z) est bornée et silim,_,o (ny,) > (1 —a) / (2¢), alors

Sup|rn($)—r(x)|:O<\/%Tlnn> ps.

zel

2. Silimy, oo <7n Lh2 / [In n]2> = 00 et silimy, o0 (PYn) > 2a/¢p, alors

sup |, (x) —r (z)| =0 (hi) p.S.

zel

1.2.3 L’estimateur de Révész moyennisé

Pour appliquer le principe de moyennisation a I'estimateur de Révész généralisé, nous procédons
de la fagon suivante : (i) nous “ralentissons” 'estimateur de Révész généralisé, c’est-a-dire nous
choisissons un pas (7y,) tel que lim, .. n7vy, = co dans l'algorithme (1.12) qui définit 7, ; (ii) nous
calculons une moyenne des estimateurs rj, autrement dit nous posons

T qKTk
" Zk 14 Z

ou la suite de poids (gy,) est une suite positive telle que Y g, = co. L’objectif de cette partie est de
donner les propriétés asymptotiques de I'estimateur 7,,. Pour cela, nous avons besoin des hypotheses
suivantes :

(H5) limy, o0 2y, (In (30—, 7)) = 00, et a € 1 — a, (4o — 3) /2]
(H6) (¢n) € GS (—q) avec ¢ < min {1 — 2a, (1 + a) /2}.
Théoréme 7 (Vitesse de convergence en loi de 7,,)
Supposons les hypothéses (H1) — (H3), (H5) et (H6) vérifiées pour x € R tel que f (z) # 0.

1. Sl existe ¢ > 0 tel que nh) — c, alors

2 =X
iy (7o () — 7 (2)) 2N <C%im<2) (@), (1-¢)° Var[Y|X =z /[RK2 ) dz) '

1—qg—2a 14+a—2q f(x)

2. Sinhd — oo, alors

_ p l—gq
— (P (2) =1 (z)) = mm(z) ().
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Notons que, quel que soit le choix du pas (7;,) et de la suite de poids (g¢y), la vitesse de convergence
de l'estimateur moyennisé est soit v/nh,, soit h2; c’est la méme vitesse que celle obtenue pour
Pestimateur de Révész généralisé lorsque le pas dans 'algorithme (1.12) est choisi appartenant a
GS (—1) et tel que lim, o ny, = Y < 00, mais, cette fois, nous n’avons pas besoin de rajouter
une hypothese portant sur la densité marginale f.

Pour construire un intervalle de confiance de r (x), il est recommandé (comme nous avons
vu au chapitre 1) d’effectuer un léger sous-lissage, c’est-a-dire de choisir la fenétre (h,,) telle que
lim,, oo nh3 = 0 (auquel cas a > 1/5). Il est également préférable de choisir la suite de poids (q,)
qui minimise la variance asymptotique de 7, : c’est 'objet du corollaire suivant.

Corollaire 3

Supposons les hypothéses (H1) — (H3), (H5) et (H6) vérifiées pour x € R tel que f (x) # 0 et avec
a > 1/5. Supposons de plus que lim,,_,oo nh3 = 0. Pour minimiser la variance asymptotique de 7,
q doit étre choisi égal a a, et on a alors

_ D Var[Y|X = x] 9
St (7o (@) — 7 (2)) B N (0, (1=t /RK () dz> .

Rappelons que 'estimateur a noyau classique (non récursif) d’une fonction de régression introduit
par Nadaraya (1964) et Watson (1964) est défini par

7 (1’) Zz 1YK (h (l'_XZ))
" Zi:lK( n ( —Xi)) 7

et que, lorsque lim,, o, nh? = 0, il vérifie le théoréme de la limite centrale suivant :

Sl (P (2) = 7 (2)) 2 N <o, Var| Y|X / K2 (2 )

La variance asymptotique de l'estimateur de Révész moyennisé est donc plus petite que celle de
Pestimateur de Nadaraya-Watson ; ainsi, pour construire des intervalles de confiance de r (z), mieux
vaut utiliser ’estimateur 7, plutot que I'estimateur classique 7,.

Pour conclure cette partie, nous donnons la vitesse de convergence presque siire ponctuelle de
l'estimateur de Révész moyennisé, ainsi qu’une majoration de sa vitesse de convergence presque
slire uniforme.

Théoréme 8 (Vitesse de convergence presque sire de 7y,)
Supposons les hypothéses (H1) — (H3), (H5) et (H6) vérifiées pour x € R tel que f (z) # 0.

1. Sl existe ¢c; > 0 tel que nh? /Inlnn — cy, alors, avec probabilité un, la suite

nhn
( 2ininn U () ’”@)))

est relativement compacte et l’ensemble de ses valeurs d’adhérence est l’intervalle

: - —q)? Var =x

1 _ — 2 ar =X
FIREY m(z)mﬂ/l(iag)%v [j:ff; ]/RKQ(Z)CZZ
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2. Sinh?/Inlnn — oo, alors, avec probabilité un,

1 1—gq

nh_)ﬂgoh—% (T (@) =7 (x)) = T—g—2a™"

2) (z).

Théoréme 9 (Majoration de la vitesse de convergence uniforme de 7,,)

Soit I un intervalle borné de R sur lequel ¢ = inf c; f () > 0. Supposons les hypothéses (H1)—(HG6)
vérifies pour tout x € I.

1. Sila suite (nhi/ [ln n]2> est bornée et si o > (3a + 3) /4, alors

sup |7 (x) —r (z)| = O <\/n—1h;1 lnn> p.s.

zel
ot limy, Lo (1 nn = 00 et si, dans le cas ou a € |a/H, , o> (4a + , alors
2. Sili B3/ Inn)? dans | ) 5,1/5 4a+1) /2, al

sup |F (z) — 7 (2)] = O (h2)  p.s.

1.3 Algorithmes stochastiques a pas doubles et estimateurs récursifs
de la régression

Dans le troisieme chapitre, nous nous intéressons a nouveau au probleme de 'estimation d’une
fonction de régression. Nous reprenons les notations du chapitre précédent : (X,Y), (X1, Y1),...,
(X, Yy,) sont des variables aléatoires indépendantes et de méme loi, & valeurs dans R?, g (x,y) est
la densité du couple (X,Y), f (x) la densité marginale de X, r (z) = E[Y|X = z] la régression de YV’
sur X et a(x) =r(z) f (z). L’objectif de ce chapitre est d’introduire les algorithmes stochastiques
a pas doubles pour construire un algorithme d’estimation de la fonction de régression r et d’étudier
précisément les propriétés de cet algorithme.

Les algorithmes & pas doubles ont été introduits récemment par Borkar (1997), Konda et Borkar
(1999), Baras et Borkar (2000), Bhatnagar, Fu, Marcus et Fard (2001), Bhatnagar, Fu, Marcus et
Bathnagar (2001), Konda et Tsitsiklis (2003), leur vitesse de convergence a été établie par Konda
et Tsitsiklis (2004) et Mokkadem et Pelletier (2006). Ce sont des algorithmes de recherche du
zéro commun (0%, u*) de deux fonctions inconnues h; et ho. Ils sont utilisés dans des contextes ou
I’approximation d’un seul des deux parametres 8* ou p* est intéressante, 'approximation du second
parametre n’étant nécessaire que pour permettre I’approximation du premier. Ils sont construits de
la fagon suivante : (i) on se donne 6y et pg; (ii) pour n > 1, on pose

0, = Op1+ W (1.13)
Hn = /Ln—1+ﬁnW7(Lz) (1.14)

ol WT(LI) et Wygz) sont des observations de hq(0,—1, ttn—1) €t ho(0,—1, pin—1) respectivement et ou
les pas de l'algorithme (7v;,) et (3,) sont deux suites de réels positifs qui tendent vers zéro a des
vitesses différentes. Dans le cas ou les deux algorithmes (1.13) et (1.14) sont “de type algorithme
de Robbins-Monro”, on sait que le premier converge en loi a la vitesse 7y, 12 tandis que la vitesse
de convergence du second est S, 1/2
les pas tels que lim, o Bp7y;, 1 = 0.

. Aussi, dans le cas ou le parameétre d’intérét est p*, on choisit
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Pour construire un estimateur de r en un point x par la méthode des algorithmes stochastiques
doubles, on définit un algorithme de recherche du zéro commun des fonctions

hi :(y,z) — f(z) —y et ho :(y,z)r—>r(x)yﬂ—z.

On procede donc de la fagon suivante : (i) on se donne fo(x) > 0 et ro(z) € R; (ii) pour tout n > 1,
on définit

fn(x) = fn_l(:c)—i—'an,(Ll)(a;)
() = rp_i(z) + BaW P (2)

ou W,(Ll)(x) et W, (x) sont des “observations” des fonctions hy et hg au point (fn—1(x), rm—1(x)).
Estimant & nouveau f (z) par k'K (h,! [z — X,,]) et 7 (z) f (z) par h'Y, K (hy;! [z — X)) (on
(hy,) est une fenétre et K un noyau), on pose

Wil(e) = h'K <‘”” ;X"> ~ fami(@),

~X,
W) = h'Y,K <a: W > fn—ll(w) — rp—1(2).

L’algorithme & pas doubles que nous proposons s’écrit donc sous la forme :

fale) = (1= ) faca(@) + i K <%> (1.15)
ra(@) = (L= Bu)raot(@) + Boh Yok (;X> fn_ll(x)' (1.16)

Afin que l'algorithme (1.16) soit toujours bien défini, on choisit le pas de 'algorithme (1.15) tel que
Yn < 1 pour tout n et on utilise un noyau K positif; puisque 'on a pris fo(z) > 0, ceci assure que
fn(x) > 0 pour tout n. De plus, comme le paramétre d’intérét ici est 7(x), on choisit les pas (7v,)
et (B,) tels que lim, .o 3,7, = 0.

Pour étudier le comportement asymptotique de l'estimateur r, défini par l'algorithme a pas
doubles (1.15)-(1.16), nous avons besoin des hypotheses suivantes.

(H1) K : R — R est une fonction positive, continue, bornée telle que [ K (2)dz =1, [p 2K (2) dz =
0et [p22K (2)dz < co.
(H2) i) (Bn) € GS (=) avec B € |3, 1].

i) (7n) € GS (—a) avec o € |3, 8] ; de plus, v, < 1 pour tout n et limy, o0 B vn (In (F_; )~

zzz) (hn) € GS (—a) avec a € ]0, 5]
iv) limy, oo (nBy) € Jmin{2a, (1 —a) /2}, ).

(H3) i) g (s,t) est deux fois continuement différentiable par rapport a la premiere variable.
ii) Vg € {0,1,2}, s — [p 199 (s,t) dt est une fonction bornée et continue au point s = z.
Pour ¢ € [2,3], s — [ [t|? g (s,t) dt est une fonction bornée.
iii) Pour g € {0,1}, [ [t]? ‘% (:c,t)‘ dt < oo et la fonction s — [ tq% (s,t)dt est bornée et
continue au point s = x.
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On note
¢= lim (nB,)~"
et, pour f(x) # 0,

m® (z) = U 7o ( (z,t)dt —r (x )/gg(x t)dt]/Rz?K(z)dz.

Notre premier résultat donne la vitesse de convergence en loi de r,,.

Théoréme 10 (Convergence en loi de r,,)
Supposons les hypothéses (H1) — (H3) vérifiées pour x € R tel que f (z) # 0.

1. Sl existe ¢ > 0 tel que B, h> — ¢, alors

V3 (r 0) = 7 @) BN (Y@ @) e ot [ R ) az).

2. Si B, hd — oo, alors

7 ) =1 () > g (@).

Notons que la vitesse de convergence de 'estimateur r, ne dépend pas du pas (7,) utilisé dans
lalgorithme (1.15), mais uniquement de celui utilisé pour 1’algorithme (1.16); ce phénomeéne est
similaire & celui qui apparait dans le cadre des algorithmes stochastiques a pas doubles. Souli-
gnons également que, quel que soit le choix de la fenétre (h,) € GS (—a), les choix de pas qui
conduisent a la meilleur vitesse de convergence de (r,) sont les pas ((3,,) appartenant a GS (—1)
et vérifiant lim, . nfB, = f* € |min {2a, (1 — a) /2}, 00[; cette vitesse est alors (comme pour 'es-
timateur de Nadaraya-Watson et comme pour lestimateur de Révész moyennisé) soit \/nh,, soit
h. 2. Considérons enfin le point de vue de I'estimation par intervalles de confiance; dans ce cas,
on effectue un léger sous-lissage et on recherche le choix du pas () qui permet de minimiser la
variance asymptotique de r,, ce qui fait 'objet du corollaire suivant.

Corollaire 4

Supposons les hypothéses (H1) — (H3) vérifiées pour x € R tel que f (z) # 0, et soit (hy,) € GS (—a)
telle que lim,, oo nh3 = 0. Pour minimiser la variance asymptotique de 7, le pas (B3,) doit étre
choisi tel que lim, ..o nB, =1 — a, et on a alors

Clem D . Var[Y|X = x] 2 (1) ds
i (a) =7 (@) 2 (0,0 - ) PR [ 2 ).

Remarquons que l'estimateur r,, défini par Palgorithme double (1.15)-(1.16) avec une fenétre (h,,)
appartenant & GS (—a) telle que lim,, .o, nh) = 0 et un pas (3,) appartenant & GS (—1) tel que
limy, .o nfB, = 1 — a, a le méme comportement asymptotique que I'estimateur de Révész moyen-
nisé 7, défini avec une fenétre (h,,) appartenant & GS (—a) telle que lim,, o, nh2 = 0 et un poids
(gn) € GS (—a) (voir les corollaires 3 et 4). Ces deux estimateurs ont une variance asymptotique plus
petite que celle de I'estimateur non récursif de Nadaraya-Watson ; pour construire des intervalles
de confiance de r (), il est donc recommandé d’utiliser I'un ou l'autre de ces estimateurs récursifs
plutét que d’avoir recours a l'estimateur non récursif de Nadaraya-Watson. Il parait difficile de
comparer théoriquement plus précisément ces deux estimateurs récursif r,, et 7,, mais les résultats
de simulations semblent indiquer que ’estimateur r, soit plus performant que 7.

Pour conclure I’étude des propriétés asymptotiques de lestimateur r, défini par I’algorithme

double (1.15)-(1.16), nous donnons sa vitesse de convergence presque stre ponctuelle, ainsi qu’une
majoration de sa vitesse de convergence presque stre uniforme.
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Théoréme 11 (Convergence presque sire de r,,)
Supposons les hypothéses (H1) — (H3) vérifiées pour x € R tel que f (z) # 0.

1. S’il existe ¢ > 0 tel que B, hS/In (3 r_, Br) — c alors, avec probabilité un, la suite

Bt ha,

m(rn (z) —r(x))

est relativement compacte et l’ensemble de ses valeurs d’adhérence est l'intervalle
m® ( Var| Y|X = x] /K2
1-— 2a§ (2—(1—a)
1 c Var[Y|X = z]
22 K2 (z
1—mgvgm (w*"¢2—41—a / ]

2. 8i B2 /In (3°7_y Br) — oo, alors, avec probabilité un,

1
1—2a¢

lim £ (rp () —r(x)) = m® (x).

n— o0 h2
Pour établir une majoration de la vitesse de convergence uniforme de r,, nous avons besoin des

hypotheses suivantes.
(H4) i) K est une fonction lipschitzienne.
i) 11 existe t* > 0 tel que E (exp (t*|Y])) < o0
iii) a > 3a+ 2.
i) Pour ¢ € {0,1}, la fonction x — [ [t % (x,t) dt est bornée sur 'ensemble {x, f (z) > 0}.
Théoréme 12 (Convergence uniforme de ry,)

Soit I un intervalle borné de R sur lequel inf ¢y f (x) > 0. Supposons les hypothéses (H1) — (H4)
vérifiées pour tout x € I.

1. Si ( B LR / [Inn] ) est bornée, alors, avec probabilité un,

sup [rn () — 7 ()| = O (WWO .

zel

2. 8i limy, o0 B 02/ [Inn)? = oo alors, avec probabilité un,

sup |ry, (z) —r(z)|=0O (hi) .

zel
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Chapitre 2

On the application of stochastic
approximation in the estimation of a
probability density
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2.1 Introduction

The most famous use of stochastic approximation algorithms in the framework of nonparametric
statistics is the work of Kiefer and Wolfowitz (1952), who build up an algorithm which allows the
approximation of the point at which a regression function reaches its maximum. Their well-known
algorithm has been widely discussed and extended in many directions (see, among many others,
Blum (1954), Fabian (1967), Kushner and Clark (1978), Hall and Heyde (1980), Ruppert (1982),
Chen (1988), Spall (1988), Polyak and Tsybakov (1990), Dippon and Renz (1997), Spall (1997),
Chen, Duncan and Pasik-Duncan (1999), Dippon (2003), and Mokkadem and Pelletier (2004)).
Stochastic approximation algorithms have also been introduced by Révész (1977) to estimate a
regression function at a given point, and by Tsybakov (1990) to approximate the mode of a pro-
bability density. The aim of this chapter is to use stochastic approximation algorithms to define
estimators of a probability density at a given point.

Let us recall that stochastic approximation algorithms used for the search of the zero z* of an
unknown function A : R — R are built up in the following way : (i) Zy € R is arbitrarily chosen ;
(ii) the sequence (Z,,) is recursively defined by setting

Zn = 4n-—1 +’7an

where W,, is an “observation” of the function h at the point Z,,_1, and where the stepsize (v,) is
a sequence of positive real numbers that goes to zero.

Let X1,..., X, be independent, identically distributed random variables, and let f denote the
probability density of X;. To construct a stochastic algorithm, which approximates the function f
at a given point z, we define an algorithm of search of the zero of the function h :y — f(x) —y.
We thus proceed in the following way : (i) we set fo(x) € R; (ii) for all n > 1, we set

fa(@) = fo1(2) + 1 Wa(2)

where Wp,(x) is an “observation” of the function h at the point f,_1(z). To define W, (z), we
follow the approach of Révész (1977) and of Tsybakov (1990), and introduce a kernel K (that
is, a function satisfying [, K(x)dz = 1) and a bandwidth (h,) (that is, a sequence of positive
real numbers that goes to zero), and set W,,(z) = h; K (h, [z — X,]) — fu—1(2). The stochastic
approximation algorithm we introduce to recursively estimate the density f at the point z can thus
be written as

fola) = (1= i) i 6 (5. 2.1

n

Relation (2.1) defines a broad class of recursive kernel density estimators. Let us mention that in
the case when the stepsize (7,) is chosen equal to (n_l), the estimator f,, defined by (2.1) can be

rewritten as .
1 1 z—X k
= — —K ; 2.2
fn then equals the recursive kernel estimator introduced by Wolverton and Wagner (1969). On
the other hand, in the case when the the stepsize (7,) is chosen equal to (hn Dy hk]_1>, the
estimator f,, defined by (2.1) can be rewritten as

_ 1 & r— Xg\
fn<x>——zzzlhkk2:1f<( ) (23)

fn then equals the recursive kernel estimator introduced by Deheuvels (1973) and studied by Duflo
(1997).

27



tel-00131964, version 1 - 19 Feb 2007

The question which naturally arises is to wonder what the optimal choice of stepsize is. To
answer this question, we dissociate the two different points of view which are pointwise estimation
on the one hand, and estimation by confidence intervals on the other hand. Moreover, we consider
stepsizes which belong to the following class of regularly varying sequences.

Definition 1 Let v € R and (vy,),,~; be a nonrandom positive sequence. We say that (v,) € GS (7)
if -

lim n [1 - U”‘l] = . (2.4)

n—-+4oo Un,

Condition (2.4) was introduced by Galambos and Seneta (1973) to define regularly varying se-
quences (see also Bojanic and Seneta (1973)). Typical sequences in GS () are, for b € R, n” (log n)b,
n (loglogn)’.

Concerning the pointwise estimation point of view, the criteria we consider to find the optimal
stepsize is minimizing the mean squared error (MSE) or the integrated mean squared error (MISE).
We show that, to minimize the MSE or the MISE of the estimator f,, defined by (2.1), the stepsize
(7n) must be chosen in GS (—1) and such that lim, ..o nvy, = 1 (and the bandwidth must be
suitably chosen as explicited in Section 2.2.1). A particular example of such a sequence () is
(va) = (n~'). Thus, the recursive estimator (2.2) introduced by Wolverton and Wagner (1969)
(and studied, among others by Yamato (1971), Davies (1973), Devroye (1979), Wegman and Davies
(1979), Menon, Prasad and Singh (1984), Wertz (1985), Roussas (1992), and Duflo (1997)) belongs
to the subclass of recursive kernel estimators which have a minimum MSE or MISE (thanks to
an adequate choice of the bandwidth). Let us mention that the optimal MSE and MISE obtained
for recursive kernel estimators are larger than the ones obtained for the well-known nonrecursive
Rosenblatt estimator (see Rosenblatt (1956) and Parzen (1962)) defined as

fn(x):n—}lmkzn::lf(c;f’“). (2.5)

Let us now consider the estimation by confidence intervals point of view. Hall (1992) shows
that, to minimize the coverage error of probability density confidence intervals, avoiding bias esti-
mation by a slight undersmoothing is more efficient than explicit bias correction. In the framework
of undersmoothing, minimizing the MSE (or the MISE) comes down to minimizing the variance (or
the integrated variance), which is thus the criteria we consider here. Let the bandwidth (h,,) belong
to GS (—a), a € [1/5,1]. We prove that to minimize the variance of the recursive estimator defined
by (2.1), the stepsize (7,) must be chosen in GS (—1) and such that lim,,_,,, ny, = 1 —a. A typical
example of such a stepsize is (7,,) = ((1 —a)n™'). On the other hand, we show that when (h,,) is

in GS (—a) with a < 1, then the sequence (hn Dy hk]_l) belongs to GS (—1) and satisfies the

property lim,, .o n (hn Dy hk]_l) = 1 — a. It follows that the recursive estimator (2.3) intro-

duced by Deheuvels (1973) and studied by Duflo (1997) belongs to the subclass of the recursive
kernel estimators whose variance is minimum. Let us underline that the optimal variance obtained
for recursive estimators is smaller than the one of the nonrecursive Rosenblatt estimator (2.5).

It thus turns out that, for pointwise estimation, it is preferable to use the nonrecursive Ro-
senblatt estimator (2.5), or, if the online aspect is important, to choose the stepsize (vy,) equal to
(n™1), that is, to use the recursive estimator (2.2) introduced by Wolverton and Wagner (1969).
Let us mention that, whatever the choice of the estimator is, to minimize the MSE or the MISE,
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the bandwidth (h,) must be set equal to (h*wl/ 5) with a suitable choice of the constant h*. On
the other hand, for estimation by confidence intervals, it is advised to undersmooth by choosing a
bandwidth (h,) in GS (—a), 1/5 < a < 1/2, and such that lim, ., nh = 0, and to use a recursive
kernel estimator. The stepsize (7,,) in (2.1) can be set equal to (n™!) (that is, the estimator (2.2)
introduced by Wolverton and Wagner (1969) can be used) since this choice gives an estimator with a
smaller variance than Rosenblatt estimator. However, it is better to set either (v,) = ((1 —a)n™!)

or (v,) = (hn Iy hk]_1>, this lattest choice corresponding to the use of the estimator (2.3)

introduced by Deheuvels (1973) and studied by Duflo (1997). Simulations results comparing the
empirical levels obtained when confidence intervals are constructed by using Rosenblatt estimator,
Wolverton and Wagner estimator, or Deheuvels estimator, are given in Section 2.4.

To conclude this introduction, let us mention that the stepsize of the stochastic approximation
algorithm (2.1) may also be chosen such that lim,,_, o 77y, = co. This choice leads to both a larger
integrated mean squared error and a larger variance, and might thus seem to be of poor interest.
However, we shall see in the next chapter that it is the choice, which allows to build up two-time-
scale stochastic approximation algorithms to estimate a regression function.

This chapter is now organized as follows. In Section 2.2, we precisely state our main results. We
first give the bias and the variance of f,,. Then, in Subsection 2.2.1, we give the integrated mean
squared error of f,, and point out the choice of the stepsize () and of the bandwidth (h,,), which
minimizes it ; in Subsection 2.2.2, we first show how minimizing the variance of f,, and then give
the weak convergence rate of f,,. In Section 2.3, we state two auxiliary results, which will be widely
applied in the next chapter : the pointwise strong convergence rate of f,, and an upper bound of
the uniform strong convergence rate of f,, on any bounded interval of R. Section 2.4 is devoted to
our simulations results, and Section 2.5 to the proof of our theoretical results.

2.2 Assumptions and main results

The assumptions to which we shall refer are the following.
(Al) K : R — R is a continuous, bounded function satisfying [, K (2)dz = 1, [ 2K (2)dz =0
and [, 22K (2) dz < oo.
(A2) i) (vn) € GS (—a) with a € |4,1].
ii) (hy) € GS (—a) with a € ]0, §].
i41) limy, o0 (n7y,) €] min{2a, (1 —a)/2}, co].
(A3) £ is bounded, twice differentiable, and ) is bounded.

Assumption (A2) iii) on the limit of (n~,) as n goes to infinity is usual in the framework of stochastic
approximation algorithms. It implies in particular that the limit of ([nfyn]_l) is finite. Throughout
this chapter we will use the following notations :

£ = lim (n”yn)_l, (2.6)

n—-400
po = / 22K (2)dz.
R
Our first result is the following proposition, which gives the bias and the variance of f,.

Proposition 2 (Bias and Variance of f,,)
Let Assumptions (A1) — (A3) hold, and assume that £ is continuous at x.
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1. If a < a5, then

If a > «/5, then
E(f (2)) — / (x) = o< mgl) . (2.8)

2. If a > «/5, then

Var (fu (2)) = g (1_a - /K2 dz+0<h> (2.9)

If a < «/5, then
Var (fn(x)) =0 (hfl) . (2.10)

Remark 1 The second assertion in Part 1 of Proposition 2 holds in the case a > «/5, that is, in the
case hif = o (’ynh,jl). Similarly, the second assertion in Part 2 of Proposition 2 holds when a < a/5,
i.e. when y,hy,' = o (k). Note that in the case a = o/5, (2.7) and (2.9) hold simultaneously.

2.2.1 Choice of the optimal stepsize according to the pointwise estimation point
of view

Assume f(z) > 0, f*) #£0, and set

1 2
C L ——— ) 7
O = Tt (1P @)
_ 1 2
The application of Proposition 2 ensures that
C1 (&) hyy + o (hy) if a<a/s,
MSE C1 (&) hyp 4+ Co (&) ynhyt + 0 (hf +mhyt)  if  a=a/5, (2.11)

Cs (&) mhy ' + 0 (whyh) if a>a/b.

Set a € ]1/2,1]. If a = /5, (C4 (&) by + C2 (&) Wby ') € GS (—4a/5). If a < a/5, (k) € GS (—4a)
with —4a > —4a/5, and, if a > o/5, (Wh,') € GS (—a + a) with —a+a > —4a/5. It follows that,
for a given «, to minimize the MSE of f,,, the parameter a must be chosen equal to /5. Moreover,
in view of (2.11), the parameter o must be chosen equal to 1. In other words, to minimize the
MSE of f,, the stepsize (7,,) must be chosen in GS (—1), the bandwidth (h,) in GS (—1/5) (and,
in view of (A2)iii), the condition lim,—, 7y, > 2/5 must be fulfilled). For this choice of stepsize
and bandwidth, set £,, = nv, and L, = n'/°h,,. The MSE of fn can then be rewritten as

MSE = n™% [CL(§) L+ C2 (§) LaLy! | L 40 (1))
Now, set L. Since the function x — Cy (&) 2* + Cy (€) L,27! reaches its minimum at the point

(Co (&) Ln/ [4C1 (€)])®, to minimise the MSE of f,,, £,, must be chosen equal to (Cy (€) L,/ [4C1 ()))Y/?,
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that is, (hy) must equal (y,Cs (€) / [4C1 (€)])"/°. For such a choice, the MSE of f,, can be rewritten

as
4 5 1
5 5

MSE =nLLh 2 (O @) (G ©F (1 o(1).

It follows that to minimize the MSE of f,, the limit of £,, (that is, of ny,) must be finite (and
larger than 2/5). Now, set 9 > 2/5 and L,, = Y90, with lim, .~ §, = 1 (so that lim, o, nvy, = 7).
In this case, we have £ = 70_1,

2
C1(§) = 4(%7%%)201 , o =43 (f(Q) (1‘)) )
02 (5) = 2(770_3)62 ) C2 = f (.'L') fR K2 (Z) dZ,
and the MSE of f,, can be rewritten as
WL
MSE =n"~ oé 7 gC1Cs [L+o(1)]
’ ('Yo -3)°

The function z — 22/ (z — 2/ 5)6/ % reaching its minimum at the point # = 1, to minimize the MSE
of fn, 70 must be chosen equal to 1. We can now state the following corollary of Proposition 2.

Corollary 1

Let Assumptions (A1) — (A3) hold, and assume that f(x) > 0, f@(x) # 0, and that f@ is
continuous at x. To minimize the MSE of f, at the point x, the stepsize (7y,) must be chosen in
GS (—1) and such that lim,_,. ny, = 1, the bandwidth (h,) must equal

3 /(@) K2 ()"
0 @@ | "

9

and we then have

11
5% 2

MSE =n"5 . [,ugf(2 :[ /K2 z} [1+4+0(1)].
4

5 5

As mentioned in the introduction, a typical example of stepsize belonging to GS (—1) and such
that limy, oo nyn = 1is (y,) = (n™!). For this choice of stepsize, the estimator f,, defined by (2.1)
can be rewritten as (2.2) and equals the recursive kernel estimator introduced by Wolverton and
Wagner (1969). This lattest estimator thus belongs to the subclass of recursive kernel estimators
whose MSE can be made minimum thanks to an adequate choice of the bandwidth. Let us underline
that the optimal MSE obtained for the recursive kernel estimators is larger than the one obtained
for the nonrecursive Rosenblatt kernel estimator defined in (2.5), and whose optimal MSE is known
to equal

n—%g[mf [ /K2 z} 1+ o(1)].

Let us also mention that stepsizes belonging to GS (—1) and satisfying lim,, . ny, = 1 can be
computed by choosing a sequence (uy) € GS (u*) with u* > —1 and by setting

Un
(T+u*) > ue

Tn =
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As a matter of fact, since (u,) € GS (v*) with u* > —1, we have
Ny,

lim ————=1+u* 2.12
n—oco Y 1) Uy ( )

which guarantees that lim,,_,,, ny, = 1. Moreover, applying (2.12), we note that

Zk 1uk — 1 Un
D 1 Uk D k1 Uk
14+ u* <1>
= 1- +ol|—1,
n n
so that
n—1
lim n 1—’2;1% =1+u".
n—o0 > k1 Uk

It follows that (>";_; ux) € GS (1 + u*), and thus that (y,) € GS (—1).

The following proposition gives the MISE of the estimator f,.

Proposition 3
Let Assumptions (A1) — (A3) hold, and assume that f® is continuous and integrable.

1. If a < «/5, then
= 71 @) 2 4
MISE R nug/ (f (x )) dz+o (hy) .

2. If a = a5, then

MJSE_ﬁ /(f(z())zderﬁh /K2 dz+o<h4 ZZ)

3. If a > a/5, then

1 Tn
MISE = —— K% (z
SE= g LK dz“(fzn)

Following the same lines as for the proof of Corollary 1, we deduce the following corollary from
Proposition 3.

Corollary 2

Let Assumptions (A1) — (A3) hold, and assume that f2) is continuous and integrable. To minimize
the MISE of f,, the stepsize (v,) must be chosen in GS (—1) and such that lim, o ny, = 1, the
bandwidth (h,) must equal

[i Jer K?(2)dz ]5 1
10,5, (7 () s

and we then have

MISE =n"s Efg,é [/ (f(2 x) dw] [/K2 z} [140(1)].
535 R
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2.2.2 Choice of the optimal stepsize according to the estimation by confidence
intervals point of view

Let us first state the following theorem, which gives the weak convergence rate of the estimator
fn defined in (2.1), and which is proved in Section 2.5.4.

Theorem 1 (Weak convergence rate)
Let Assumptions (A1) — (A3) hold, and assume that f(z) > 0 and that £ is continuous at x.

1. If there exists ¢ > 0 such that v, 'h> — c, then

Vo b (fu () = £ (2)) 2N <2(1i722a§)f(2) () p2y o— e (1 ~a) /K2 )

2. If v 'h3 — oo, then

1 P 1
n2 (fa(z) = f () — mf(z) () p2,

where 2 denotes the convergence in distribution, N the Gaussian-distribution and L the conver-
gence in probability.

As mentioned in the introduction, Hall (1992) shows that, to minimize the coveraged error of pro-
bability density confidence intervals, avoiding bias estimation by a slight undersmoothing is more
efficient than bias correction. In the framework of undersmoothing, the bias is negligible in front of
the variance, so that the quantity to minimize is no more the MSE, but the variance.

When undersmoothing, we have lim,, .. v, 'h2 = 0, and thus @ > a/5. In this case, the variance
of fy is given by (2.9) in Proposition 2, and we have

Var (f, (2)) = ﬁh /K2 dz+o<ZZ>

To minimize the variance of f,,, the stepsize (7, ) must thus belong to GS (—1) and satisfy lim, . ny, =

Y0 € ](1 — @) /2, +o0|. For such a choice, & = 75!, so that

_ 0 1 1
Var () = g ) [ 12 Gz 4o ().

The function g — g [2 —(1—a)y, 1] - reaching its minimum at the point 79 = 1 — a, we can
state the following corollary.

Corollary 3

Let Assumptions (A1) — (A3) hold with a > «/5, and assume that f(z) > 0 and that f?
continuous at x. To minimize the variance of f,, a must be chosen equal to 1, (7v,) must satisfy
lim, oo Ny, = 1 — a, and we then have

Var[fa (z)] = 1n;la /K2 dz+0<n}11 >

Moreover, in this case, if (hy) satisfies lim,,_o, nhY = 0, then

Vil (o) = £ @) 2 (0,00 = 0 (o) [ 122 s). (2.13)
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A typical example of stepsize belonging to GS (—1) and such that lim, cony, =1 —ais (v,) =
((1 = a)n™'). On the other hand, for a given bandwidth (h,,) € GS (—a), set v, = <hn Dy hk]_l),
and note that (2.1) then gives

[Z hk] fn ()
k=1

Il
7
1
B
Il 3
—

>

e
| I
|

>

3
~_
=

L

—~

]

S~—

+
/N

8
> |
e

3
~__

For this choice of stepsize, the estimator f,, defined by the stochastic approximation algorithm (2.1)
can thus be rewritten as (2.3); in other words, it then equals the recursive kernel estimator intro-
duced by Deheuvels (1973) and studied by Duflo (1997). Moreover, in view of (2.12), this stepsize
satisfies the property lim, . 7y, = 1 —a, and, in view of the development below (2.12), it belongs
to GS (—1). The estimator introduced in Deheuvels (1973) thus belongs to the subclass of recursive
estimators whose variance is minimum.

Let us recall that the variance of the nonrecursive Rosenblatt estimator f, defined in (2.5)
equals

Vor[fu@)] = == @) [ K2 () dz+0 (%) ,

and that, if (h,,) is chosen such that lim,_, nh3 = 0, then

Vit (Fa@) = £ @) 2 N (o, ro) [ 52 dz) | (2.14)

The variance of Rosenblatt estimator is greater than the one of Deheuvels estimator (or than the
one of the estimator f,, defined in (2.1) with the stepsize (v,) = ([1—a]n~"). To construct confidence
intervals for the density, it is thus advised to use one of these two recursive estimators (and Property
(2.13)) rather than Rosenblatt estimator (and the central limit theorem (2.14)). The simulations
results we present in Section 2.4 corroborate our theoritical results.

2.3 Auxiliary results

The aim of this section is to state two results, which will be widely applied in the third chapter.
The first one gives the exact pointwise strong convergence rate of f,, — f, the second one gives an
upper bound of the uniform strong convergence rate of f,, — f on any bounded interval of R. They
are proved in Subsections 2.5.5 and 2.5.6 respectively.

Theorem 2 (Strong pointwise convergence rate)
Let Assumptions (A1) — (A3) hold, and assume that f®) is continuous at x.

1. If there exists ¢c; > 0 such that v, 'h2/(In>"}_;vk) — c1, then, with probability one, the

sequence
’7771]7%
\/ ST (fn (z) = f(2))
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1s relatively compact and its limit set is the interval

v Jaey gy, | f@) N ds
[2(1—2as>\ﬁf e \/(2—(1—a>§>/RK2“d
/@) L
1—2a§\/7f “2+¢<2—<1—a)£>/RK2”d]'

2. If v th [ (In>"7_y vk) — 00, then, with probability one,

1

I 1 ¢)
2(1—2a§)f () pa-

lim —(fn( )= f(x) =

n—oo h2

To establish a uniform strong upper bound of the convergence rate of f,, we need the following
additional assumption.

(A4) K is Lipschitz-continuous.

Theorem 3 (Strong uniform convergence rate)
Assume Assumptions (A1) — (A4) hold, let I be a bounded interval of R, and assume that f® is
uniformly continuous on I.

1. If there exists ¢ > 0 such that v, h2/ (Inn)* — ¢, then
suplf, (2) ~ 1 @) =0 (Yl tan ) as.
zel

2. If v 'h5 / (Inn)? — oo, then

sup |fn (x) — f(z)| = O (hi) a.s.

zel

2.4 Simulations

Set

I, = gn(:c)—1.96\/9"(x)fRK2(2)d2,gn(x)+1.96¢9n($)fRK2(2)dz

nhy, nhy,

In the case g, (z) = f, () is the Rosenblatt estimator defined in (2.5), I,, is a confidence interval
with asymptotic level 2® (1.96) — 1 = 0.95, where @ is the distribution function of the standard
normal. In the case g, (z) is the recursive estimator f, (z) defined by the algorithm (2.1) with
the stepsize (y,) = (n™!) (that is, g, (z) is the Wolverton-Wagner estimator) the asymptotic
level of I, is 2® (1.96/1+a) — 1 > 0.95. In the case g, (x) is the recursive estimator f, ()
defined by the algorithm (2.1) with the stepsize (v,) = ((1 —a)n™'), the asymptotic level of I, is
20 (1.96/\/ 1-— a) —1>20 (1.96\/1—1——a) —1. To compare the performance of these three estimators,
we consider :
— three choices of bandwidth (hy,) :
— Choice A : h, =n~'/5/log (n) (and thus a = 1/5),
— Choice B : h, =n~/* (and thus a = 1/4),
— Choice C : h, =n~'/3 (and thus a = 1/3),
— three sample sizes : n = 50, n = 100, and n = 200,
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— four densities f : standard normal, normal mixture, standard Cauchy, and Student with 6

degrees of freedom,

— three points : x =0, x = 0.5, and z = 1.

In each case the number of simulations is N = 5000 ; the tables give the empirical levels # { f (x) € I,,} /N.
For each choice of bandwidth A, B and C, the first line corresponds to the Rosenblatt estimator,

the second one to the recursive estimator with (v,) = (n‘l), and the third one to the recursive
estimator with (y,) = ((1 — a)n™!). The last column CL gives the theoritical levels (the theoritical

level is always 95% for the Rosenblatt estimator, but depends on the parameter a for the recursive
estimators).

The empirical results confirm our theoritical results : the recursive estimator defined by the
algorithm (2.1) with the choice of stepsize (v,) = ((1 — a)n™!) performs better than the two other
estimators. Let us underline that, among the choices of bandwidth we have considered, the choice
A gives the smallest width of the confidence interval I, ; we can see that it leads to good empirical
levels.

Estimation of normal standard distribution

x=0 x=0.5 x=1 CL
n=50 n=100 n=200 n=50 n=100 n=200 n=50 n=100 n =200
A
94.38% 94.68%  95.08%  93.94% 94% 94.48%  92.14% 92.84% 94.18%  95%
97.34% 97.56%  98.14% 97.38% 97.52% 97.8% 97% 97.36%  96.96%  96.76%
98.66% 98.48%  98.66%  98.56% 98.6% 98.7% 98.76% 98.3% 98.3% 97.14%
B
96.68% 96.64%  96.64% 97.14% 96.76%  96.68%  97.38% 97.06%  96.18%  95%
97.14% 96.62%  96.78%  98% 97.52%  97.78%  98.7%  98.36%  98.34%  97.14%
98.5%  97.7% 97.62%  99.02% 98.5% 98.38%  99.56% 99.36%  99.1% 97.62%
C
97.04% 96.76%  96.6% 96.6%  96.26%  96.16%  96.78% 96.78%  97.06%  95%
97.86% 98.12%  98.10%  98.08% 98.02%  98.24% 97.86% 98.08%  97.98%  97.62%
99.62% 99.32%  99.10%  99.64% 99.3% 99.22%  99.58% 99.18%  99.06%  98.36%

Estimation of normal mixture 1/2N (-1/2,1) +1/2N (1/2,1)

x=0 x=0.5 x=1 CL
n=50 n=100 n=200 n=50 n=100 n=200 n=50 n=100 n =200
A
93.8% 94.58%  94.56%  92.86% 93.48%  94% 92.14% 92.96%  93.8% 95%
97.32% 97.42%  97.72%  96.78% 97.16% 97.7% 96.6% 97.36% 97.18%  96.76%
98.46%  98.4% 98.64%  98.44% 98.1% 98.46%  98.44% 98.44%  98.16%  97.14%
B
96.9% 97.22%  97.42%  96.9% 97.08%  97.04%  96.48% 96.44%  97.44%  95%
97.58% 97.78%  97.96%  98.04% 98.26%  98% 98.14% 98.06%  98.62%  97.14%
98.98% 98.78%  98.52%  99.26% 99.1% 98.9% 99.36% 98.98%  99.36%  97.62%
C
96.18% 96.66%  96.4% 96.22% 96.3% 96.2% 95.58% 95.76%  95.78%  95%
98.02% 98.26%  98.44%  98.2% 98.22%  98.16% 97.9% 98.18%  97.96%  97.62%
99.62% 99.42%  99.36%  99.8% 99.54%  99.44%  99.64% 99.66%  99.38%  98.36%
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Estimation of standard Cauchy

n = 50

92.94%
95.68%
97.22%

92.8%
91.74%
94.98%

94.4%
95.28%
98.44%

Estimation

n = 50

93.92%
96.38%
97.34%

96.04%
96.18%
98.1%

95.88%
97.48%
99.52%

x=0
n = 100

94.3%
97.4%
98.22%

93.1%
91.14%
93.58%

94.52%
95.64%
98.22%

of Student with 6 degrees

x=0
n = 100

94.88%
97.48%
98.06%

96.24%
96.26%
97.5%

97.36%
98.44%
99.48%

n = 200

94.3%
97.4%
98.26%

93.82%
91.9%
93.02%

95.4%
96.64%
98.12%

n = 200

94.5%
97.24%
97.98%

95.9%
96.24%
97.04%

96.12%
98.04%
99.06%

n = 50

92.5%
96.5%
98.18%

95.84%
96.9%
98.78%

94.94%
97.1%
99.64%

n = 50

93.92%
96.62%
97.5%

96.34%
97.2%
99.08%

96.02%
97.96%
99.72%

2.5 Proof of the results

x=0.5
n =100
A
93.46%
97.06%
98.36%
B
96.16%
97.28%
98.5%
C
95.6%
97.76%
99.44%

n=200 n=>50

94.28%
97.56%
98.44%

96.18%
97.4%
98.5%

95.96%
98.04%
99.24%

of freedom

x=0.5
n =100
A
93.66%
96.66%
97.3%
B
96.74%
97.68%
98.78%
C
96.4%
98.3%
99.58%

89.68%
95.82%
98.3%

96.76%
98.88%
99.48%

94.88%
98.16%
99.52%

n=200 n=>50

94.68%
97.46%
98.14%

96.78%
97.64%
98.64%

96.06%
97.06%
99.12%

Throughout this section we use the following notations :

1,

Zn (x)

n

Jj=1

ha,

Let us first state the following technical lemma.
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—K

[Ha-.
> s
k=1

T — X,
hn

91.36%
94.64%
96.18%

97.32%
99%
99.7%

95.72%

98.42%
99.84%

)

x=1
n = 100

91.48%
96.42%
98.26%

96.78%
98.88%
99.36%

95.5%
98.5%
99.62%

x=1
n = 100

93.04%
95.9%
96.7%

97.12%
98.86%
99.6%

96.16%
98.4%
99.42%

n = 200

92.56%
96.76%
98.02%

96.74%
98.56%
98.9%

95.74%
98.34%
99.38%

n = 200

93.88%
96.64%
97.54%

97.14%
98.68%
99.36%

95.58%
98.44%
99.46%

CL

95%
96.76%
97.14%

95%
97.14%
97.62%

95%
97.62%
98.36%

CL

95%
96.76%
97.14%

95%
97.14%
97.62%

95%

97.62%
98.36%

(2.15)
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Lemma 1
Let (vy,) € GS (v*), (7m) € GS (—a) and m > 0, such that m —v*{ > 0 where & is defined in (2.6),
then

n
: m —m e _ 1
im0, I3 ;Hk o = Mo (2.16)

Moreover, for all positive sequence (o) such that lim,_, 4 an, =0, and all § € R,

n
S ey 1
m
k=1

s m
lim o,II;;
n—-+0o0o

= 0. (2.17)

Lemma 1 is widely applied throughout the proofs. Let us underline that it is its application,
which requires Assumption (A2)iii) on the limit of (ny,) as n goes to infinity. Let us mention
that, in particular, to prove (2.9), Lemma 1 is applied with m = 2 and (v,,) = (v, k) (and thus
v* = av—a) ; the stepsize (y,,) must thus fulfill the condition lim,, .~ (ny,) > (o — a) /2. Now, since
limy, 00 (ny,) < o0 if and only if a = 1, the condition lim, .~ (n7y,) €] min{2a, (1 — a)/2},o0] in
(A2)ii7) is equivalent to the condition lim,,_,~ (n7,) €] min{2a, (a—a)/2}, oo}, which appears throu-
ghout our proofs. Similarly, since £ # 0 if and only if & = 1, the equality 2— (o —a){ =2—(1 —a) &
holds in all cases. Lemma 1 for such m and (v,,) equals the factor [2 — (1 — a) &]~! that stands in
the statement of our main results.

Our proofs are now organized as follows. Lemma 1 is proved in Section 2.5.1, Propositions 2
and 3 in Sections 2.5.2 and 2.5.3 respectively, Theorems 1, 2, and 3 in Sections 2.5.4, 2.5.5, and
2.5.6 respectively.

2.5.1 Proof of Lemma 1

We first prove (2.17). Set

Qn = vpll an kak Oék +0
k=1
We have
v.
Qn = X (1 - 'Yn)m Qn—1+ Ynan
Un—1

with, since (v,,) € GS (v*) and in view of (2.6),

Un m v* 1
= = (145 40(5)) = man+oln)
= (L+v"ém +o0(m) (L —my, +o0(m))
= 1-(m—v")vm+o(m). (2.18)
Set A €]0,m — v*¢{[; for n large enough, we obtain
Qn < (1 - A’Yn) Qn—l + YnQn

and (2.17) follows straightforwardly from the application of Lemma 4.1.1 in Duflo (1996). Now, let
C denote a positive generic constant that may vary from line to line; we have

v I an vkvk —(m —U*f)_l = an ’Vkvk —(m _U*g)_lpn
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with, in view of (2.18),
P, = v '™

= v I [(m — v*€) Y + o ()] + C.
It follows that

> I Mo () +C

k=1

n
v I Z H;m’ykvk_l — (m—v*)"! = v, I
k=1

and (2.16) follows from the application of (2.17).

2.5.2 Proof of Proposition 2
In view of (2.1) and (2.15), we have

fn(x) = f (2)
= (1 =) (fam1 () = [ (&) + 7 (Zn () = [ (2))
1 n n
= [H 1%]% (Zk (z) — f(fc))+vn(Zn(rc)f(zr))+[]_[(1%)} (fo (@) = f(2))
1 |j=k+1 Jj=1

n

= TL, ) T (Zk (2) — f (2) + T (fo () = f (@) (2.19)
k=1

3
|

B
Il

It follows that
E(fa(2) - f(z) = anjﬂ,zlw (E(Zy (x)) = [ (2)) + Ly (fo (z) = [ (2)).
Taylor with remainder integral ensurkezslthat
E(Zs (@)~ f(2) = /K f @ zhe) — f (@) dz
= gnaf® (a) B+ B (a) (2.20)
with

1
_ / / (1-5) 2K (2) (17 (@ — zhis) — ) (2)) dd,
R JO

and, since f@ is bounded and continuous at z, we have limy_, o 0% () = 0. In the case a < /5,
we have lim,,_,o, (ny,) > 2a; the application of Lemma 1 then gives

E[fn(2)] - f(2) = —uzf@ ZH ki1 + o(1)] + L, (fo () — f ()

= m%&f (l‘) [h% + O( )] ’
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and (2.7) follows. In the case a > /5, we have h2 = o (\/ ynhﬁl) s since limy, o0 (n7y,) > (o — a) /2,
Lemma 1 then ensures that

Elfa @) - £ () - anin,;lw (Vi) +o
=1

which gives (2.8). Now, we have

Var|(f, (z)] = HQZH VeVar [ Zy, (z))

= Hflz /A 7k /K2 x—zhk)dz—hk</RK(2)f(a?—zhk)dz>2]

_ n?Z e/ 'Y'f [ () /R K2 (2)dz + vy () — hii, (x)}

with

v (@) = /R K2 () [f (2 — 2hy) — f (2] dz,

B (z) = </RK(z)f(:v—zhk)dz>2.

Since f is bounded and continuous, we have limy_, vk (z) = 0 and limy_ o hxDk () = 0. In the
case a > a/5, we have lim,,_,o (ny,) > (o — a) /2, and the application of Lemma 1 gives

n -2 2
Var[fn. (z)] = HZZ% [f(x)/K2(z)dz+o(1)}

= (2—(a1—a [ /K2 )dz +o( )],

which proves (2.9). In the case a < «/5, we have v,h;* = o(hp); since limy o (nyn) > 2a,
Lemma 1 then ensures that

Var[fu ()] = 13 T y0 (ht)

k=1
= o0 (hfl) ,

which gives (2.10).
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2.5.3 Proof of Proposition 3

Let us first note that, in view of (2.20), we have

" 2
/ {nn S I [E (Z (a) - f <x>1} do
R k=1
" 2
= iug/ (f(2 > an Yihy —i—/R Hngﬂglfmh%&k (m)] dx
+ 12 (HnZHglwhi) (anﬂlzl%h%/ f () 6k () dl‘)-
k=1 k=1 R

Since f ) is continuous, bounded, and integrable, the application of Lebesgue’s convergence theorem
ensures that limy_ 4o [ 02 (z)dz = 0 and limy_ 4o [ f@ (z) 6, (x) dz = 0. Moreover, Jensen’s
inequality gives

n 2 n n
/R 1L, Z I, 'y hi ok (1‘)] dr < (Hn Z H,;H;Jz%) (Hn Z IT, 'y, /R 6% (x) d:n)
k=1 k=1
(anﬂglwhi> < Zﬂk o ( ) ;
k=1

IN

so that we get

" 2
/{anﬂglw [E (Z (w))—f(fﬁ)]} dx
R k=1

n 2 n
1 2 _ _
— Z“%/]R(fm (x)) do T, > T 'yehi +0< I, > T yehi
k=1 k=1

e Let us first consider the case a < a/5. In this case, lim, .~ (ny,) > 2a, and the application of
Lemma 1 gives

2
o o)) — f oz r = 7“2 ( ? r+o0
/}R{nngnk 0 [E (2 (2)) — £ ( >1} tr = et [ (5 ) o ().

and ensures that I12 = o(h2). In view of (2.19), we then deduce that

1L, Z H,;lfyko(hz)] ) .

k=1

xTr)) — x 2 x—L 4 ) X ’ Xz o 4
[ G @) = @y e = gt [ (52 0)) e o (). (2:21)

e Let us now consider the case a > /5. In this case, we have hi = o(,/ ’Ykhgl) and lim,, o (ny,) >
(o — a) /2. The application of Lemma 1 then gives
n

n 2 2
/ {anﬂglw [E (Z (w))—f(af)]} dr = HnZHglvko(\/wh?)]
R k=1 k=1

= 0 (’Ynhf_zl) )
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and ensures that I12 = o(vy,h,;}). In view of (2.19), we then deduce that

/R (E(fn (2)) - f (2)}2da = 0 (uh?) (2.22)

On the other hand, we note that

/RVar [fn (z)] dx
= 1'[221'[,;27,3/ Var[Zy (z)] dz

- n?Zn— [hk//f(? f(x— zh) d,zd:n—/ </K x—zhk)dz>2dx]

with
/R/RKQ(z)f(:c—zhk)dzda: = /K2 (/f w—zhk)dx>d
_ /RK2 () dz
and
/R ( /R K (2) f(:c—zhk)dz>2dx = [ KQKE) @) (o= /b deddo
< [Ifll K-

e In the case a > «/5, we have lim,,_,o (ny,) > (o — a) /2, and Lemma 1 ensures that

[t - w2 [ i reo)

_ Z_:m/KQ dz+0<;::> (2.23)

e In the case a < a/5, we have y,h,;t = o(hl) and lim,, . (ny,) > 2a, so that Lemma 1 gives

/ Var(f, (z)]de = T2 Z IT, 70 (hi)
R k=1
= o(hy). (2.24)

Part 1 of Proposition 3 follows from the combination of (2.21) and (2.24), Part 2 from the one
of (2.21) and (2.23), and Part 3 from the one of (2.22) and (2.23).

2.5.4 Proof of Theorem 1

Let us at first assume that, if @ > «/5, then

Vb (f (@) = E [fu (@)]) 2 N (0, m——— | K2 (2 (2.25)
2= (a—a)§) (a a)
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In the case when a > /5, Part 1 of Theorem 1 follows from the combination of (2.8) and (2.25). In
the case when a = «/5, Parts 1 and 2 of Theorem 1 follow from the combination of (2.7) and (2.25).
In the case a < /5, (2.10) implies that

h? (fo (2) = E(fa (2))) 2 0,

and the application of (2.7) gives Part 2 of Theorem 1.

We now prove (2.25). In view of (2.1), we have

fo (@) —Efn(@)] = (1—m)(fom1(@) —E[fa1(@)]) + 70 (Zn (z) — E[Z, (2)])

= I, I (Zk () —E [ 2 (2)]).
k=1

Set
Vi (2) = T e (Zk () — E (2 (2))) - (2:26)

The application of Lemma 1 ensures that

v = Z Var (Yy (z))

= Y TG*iVar (Ze (@)
k=1
-y k'yk{ /K2 dz+o()]
k=1
o 1 Tn 2
- TR [ — /K dz+0()]. (2.27)
On the other hand, we have, for all p > 0,
1
E||IZ@)P"] = 0 (F) , (2.28)
k
and, since lim,, o (ny,) > (o — a) /2, there exists p > 0 such that lim,_ (ny,) > ;IZ (v —a).

Applying Lemma 1, we get

i:E “Yk (x)‘%—p} - 0 (f: H]:2—p,ylz+pE |:‘Zk (x)‘2+p:|>
k=1

k=1
n —2—p 24p
I, " "
= O(Z pITP >
k=1 k

_ 5 7%+p
= O\ )
n n

%ZE[\YM%)\“”] = O<ﬁ>=o(1).
k=1

hy

and we thus obtain

The CLT (2.25) then follows from the application of Lyapounov Theorem.
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2.5.5 Proof of Theorem 2
Set,

Su(z) = > Yi(x)

where Y}, is defined in (2.26), and set vy = hg = 1.
e Let us first consider the case a > «/5 (in which case lim, . (ny,) > (a—a)/2). We set
H? =112+, hy, and note that, since (v, 'hy,) € GS (o — a), we have

e Vet b1
ln(H;2) = —2In(Il,) +1n Hk_—lfh
k

k=1 Tk
n n a—a 1
— _2;ln(1_%)+kzzlln<l_ : +O<E>>
= > Cutolw) - > ((a—a)y+o(n)
k=1 k=1
= 2—¢(a—a))sy+o(sn). (2:29)

Since 2 — ¢ (a — a) > 0, it follows in particular that lim,_, yo, H,, 2> = co. Moreover, we clearly have
lim,—, 100 H2/H?2_; = 1, and by (2.27)

1

im 2" ar N=—- f(x 2 () dz.
Jim S Var (4, e @ K

Now, in view of (2.28), E []Yk (m)\?’} = O (I, *y}h;?) and, since lim, o (n7,) > (o — a) /2, the
application of Lemma 1 and of (2.29) gives

Lf:E(IHY @F) = o 3 It
nyn &~ e - v o

H3 2 3 _3
— n H—3 22
O(wﬁzkzl kRO (”’f ¢ ))

H3 3 _3
= o<n\/’%1‘[n3%§hn2>

()
(I (m;2))7).

The application of Theorem 1 of Mokkadem and Pelletier (2006) then ensures that, with probability
one, the sequence

0
0

H,S, () VA ha (fa () = E (fa (2)))
2Inln (ng) 2Inln (Hﬁz)
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is relatively compact and its limit set is the interval

[ \/(2— (a—a) /K2 \/2_ (@—a) /K2 ] (2.30)

In view of (2.29), we have lim, .o Inln (H,?) /Ins, = 1. It follows that, with probability one,

the sequence (\/ Yot (fn () = E (fn (2)))/ \/M) is relatively compact, and its limit set is the

interval given in (2.30). The application of (2.7) (respectively (2.8)) concludes the proof of Theo-

rem 2 in the case a = a//5 (respectively a > a/5).

e Let us now consider the case a < /5 (in which case lim,, . (ny,) > 2a). Set H,; 2 = II,;2hy (Inln (II,%A;)) -
and note that, since (h,*) € GS (4a), we have

n h—4
In (H;zhi) = —2In(Il,)+1n <H hk—41>

k=1
4a 1
= -2 In(1— In{1—-— —
53‘1 s (%o (x))
= D Cuwt+onw) =Y (4aé +0(n))
k=1 k=1
= (2—4af)sn+o(spn). (2.31)
Since 2 — 4a& > 0, it follows in particular that lim,,_. I, 2k = oo, and thus lim,, .., H,? = co.
Moreover, we clearly have lim,, .o, H2/H2 | = 1. Set € € ]0,a — 5a[ such that lim,, ., (ny,) >
2a +€/2; in view of (2.27), and applying Lernrna 1, we get
n n —2,.2
S Var Yy (2)] = O(I2h 4l (IL204) S =Tk
3 Var Vi (2) ( (2he) 2 =5,

= 0 (H?Lh;‘l Inln (I1;2A3) Y I 2yk0 (hik‘ﬁ)>

k=1
= o(Inln (H;zhfl) n=)
= o(l).

Moreover, applying (2.28), Lemma 1, and (2.31), we obtain

%iﬂz (1EYi@)P) = o (Tlhflﬁ [lnIn (IT;274)] 2 <§n: H,;%,Z’h,f))
k=1 k=1
- oM ) (o))
VF_ k=1

= o(m (%)),

The application of Theorem 1 in Mokkadem and Pelletier (2006) then ensures that, with probability
one,

Inln (TI,%h4)
i HnSa@) oy E (f, (x))) = 0

n_)oo\/Zlnln(H oo \/21nln
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Noting that (2.31) ensures that lim, ..o Inln (H,?) /Inln (II,%A};) = 1, we deduce that
lim h,% [Ty () —E(T, (2))] =0 a.s.,

n—oo

and Theorem 2 in the case a < «/5 follows from (2.7).

2.5.6 Proof of Theorem 3
Theorem 3 is proved by showing that

e ifa>a/5, then sup|f, (z) —E(fn(z))] =0 (\/vnhﬁl lnn> a.s. (2.32)

zel

e ifa>a/5, then sup|E(f, () — f (z)| = o [ \/Ynhn' lnn) , (2.33)
zel

e ifa<a/5, then sup|f, (z) —E(fn(z))] =0 (h%) a.s. (2.34)
zel

o ifa<a/5, then sup|E(f, (2)) — f ()| = O (h2). (2.35)

zel

As a matter of fact, Theorem 3 follows from the combination of (2.32) and (2.33) in the case
a > «/5, from the one of (2.32) and (2.35) in the case a = «/5, and from the one of (2.34)
and (2.35) in the case a < /5.

The proof of (2.33) and (2.35) is similar to the one of (2.7) and (2.8) and is omitted. To prove
simultaneously (2.32) and (2.34), we introduce the sequence (v,,) defined as

\/%Zlhn> if a>a/5,

(on) = h.2 [lnn]z) if a<a/s.

As a matter of fact, (v,) € GS (v*) with v* = min {25%,2a}, and to prove that (2.32) and (2.34),
it is sufficient to prove that

sup | fp, (z) —E(fn (2))| = O (v lnn) a.s. (2.36)

zel

Let us first assume that the following lemma holds.

Lemma 2 There exists s > 0 such that, for all C > 0,

supP [ | () = E (fu (@))] 2 €| = 0 (nC).

zel In

We first show how (2.36) can be deduced from Lemma 2, and then prove Lemma 2. Set p,, = h2v; 1.

One can choose N (n) intervals IZ-( ) ie {1,...,N (n)}, of length p,, and such that Ui:(1 )IZ-(") =1.
For all 7 set :Egn) € IZ.(n). We have
v N(n)
P sl () < B ()12 €] < 3P| g o 1o @) < E o @)] 2 ©
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Since K is Lipschitz-continuous, and by application of Lemma 1, there exist £*,¢* > 0, such that,
for all z,y € R, satistying |z — y| < pn,

o z—X y—X
anﬂkl%hkl [K< I k> —K<7hk k)H

k=1

[fn (@) = fn (W) =

n
k*Hn Z lelvkh;%‘)n
k=1
< h%py.

IN

It follows that, for all x € I Z.(n), we have

o (") ~E (0 (=)

< 2¢*h % py +

9

so that, for all C > 0,

P [ﬂ sup|fu (@) — B (fo (2))] 2 c]

Inn zel
N(n)

< 2Pl

1=

fn (min)) —-E <fn (mgn)))‘ + 2c*v—"h;2pn > C} :

Inn

Now, for n large enough, we have 2c¢*v,, (In n)_1 h2p, < C/2. Applying Lemma 2 and noting that
N (n) = O (p,!), we obtain, for n large enough,

Up, o o
P[migrfm)—mn(x))rzc} < N(n)ilglP’[m]fn(x)—E(fn(g;))yZE}

= 0 (pgln_%) .
Since (p,') € GS (v* + 2a), it follows that, for C' large enough,

S| supfu () - B (fu (0)] 2 € < .

Inn
n>2 xzel

and the application of Borel-Cantelli Lemma gives

sup | fn (z) = E(fn (2))| = O (v, Inn)  as.,

zel

which proves (2.36).

Proof of Lemma 2 For all x € I, we have
B[ () ~E(fu (@) 2C] = Blespln (fn () B (fu ()] 2 n]
< n °E (exp [vn (fn () —E(fn (x)))])

< n O] E (exp (Vi (2)))
k=1

47



tel-00131964, version 1 - 19 Feb 2007

with

- X r— X
. _ anH—l K €z k _E(K k .
Vk, (x) v kTR |: < hy, hy,

I, vy,
Ty

Note that

Vi ()] < 2[|K]

Uk’}’khlzl .

Since (vy) € GS (v*) with v* = min {25%,2a}, we have 1 — v*¢ > 0, and thus

e G 0)
= (1—79) 1+ 0"y +0(m))
= 1= (1=v" v +o(m)

< 1 for n large enough.

Writing
n—1
vplly, H Vit11lip
v Il ull; 7
i=k
we obtain
vplIl,
sup sup < 00.
n k<n Urllg

Since the sequence (Ukykhlzl) is bounded, it follows that there exists M > 0 such that, for all
z €R, |Vin ()] < M. We deduce that, for all z € I,

E (exp [Vin (2)]) < 1+E Vi, (2)] exp[M]

- X
< 14021200, 242k, 2 Var [K <x k)] exp [M].

Noting that
vor (1 (55,
D,

and since the sequence (thlzlvi) is bounded, we deduce that there exist M{, M35 > 0 such that,
for all x € I,

IN

hk/RKQ(z)f(a:—zhk)dz—i—hi </RK(z)f(af—zhk)dz>2

hz~c\|f||<>o/RK2 (=) dz + | FIIS N K17,

IN

E (exp Vi (2)]) < 1+ Mo IRIL ih; !
exp [va,%ﬂiﬂf’ykvlf (’Ykhlzlvi)]

exp [vaiﬂiﬂffykvk_ﬂ .

VAN VAN VAN

Applying Lemma 1, it follows that, for all C' > 0,

Un, _ . " _
supP [ (£, () ~ E(fu () 2 €] < n~Cexp [MQ”iﬂiZﬂﬁkvf
e k=1

= 0 (n_c) .
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We establish in the same way that

S [ (B (fo (2) = fu () 2 C

which concludes the proof of Lemma, 2.
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Chapitre 3

Application of the averaging principle
of stochastic approximation in the
estimation of a regression function
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3.1 Introduction

The use of stochastic approximation algorithms in the framework of regression estimation has
been introduced by Kiefer and Wolfowitz (1952). The famous Kiefer and Wolfowitz algorithm allows
the approximation of the point at which a regression function reaches its maximum. This pioneer
work has been widely discussed and extended in many directions (see, among many others, Blum
(1954), Fabian (1967), Kushner and Clark (1978), Hall and Heyde (1980), Ruppert (1982), Chen
(1988), Spall (1988), Polyak and Tsybakov (1990), Dippon and Renz (1997), Spall (1997), Chen,
Duncan and Pasik-Duncan (1999), Dippon (2003), and Mokkadem and Pelletier (2004)).

The question of applying the Robbins-Monro procedure to construct a stochastic approxima-
tion algorithm, which allows the estimation of a regression function at a given point (instead of
approximating its mode) has been introduced by Révész (1973).

Let us recall that the Robbins-Monro procedure consists in building up stochastic approximation
algorithms, which allow the search of the zero z* of an unknown function h : R — R. These
algorithms are constructed in the following way : (i) Zp € R is arbitrarily chosen ; (ii) the sequence
(Z,) is recursively defined by setting

Ly = Zp-1+ 'Yan

where W, is an observation of the function h at the point Z,_1, and where the stepsize (v,) is a
sequence of positive real numbers that goes to zero.

Let ((X1,Y1),...,(Xn,Ys)) be independent, identically distributed pairs of random variables,
and let f denote the probability density of X. In order to construct a stochastic algorithm for the
estimation of the regression function r : x — E(Y|X = z) at a point x such that f(x) # 0, Révész
(1973) defines an algorithm, which approximates the zero of the function h : y — f(x)r(z)— f(x)y.
Following the Robbins-Monro procedure, this algorithm is defined by setting ro(xz) € R and, for
n>1,

ro(z) = rpo1 () + %Wn(a:)

where W, (z) is an “observation” of the function h at the point r,_1(x). To define W, (x), Révész
(1973) introduces a kernel K (that is, a function satisfying [, K(x)dz = 1) and a bandwidth (hy,)
(that is, a sequence of positive real numbers that goes to zero), and sets

Wa(z) = h 'V K (hy e — X)) — b 'K (e e — X))o (). (3.1)

Révész (1977) chooses the bandwidth (hy,,) equal to (n~%) with a €]1/2, 1], and establishes a central
limit theorem for r,(z) — r(x) under the assumption f(x) > (1 — a)/2, as well as an upper bound
of the uniform strong convergence rate of r, on any bounded interval I on which inf,c; f(z) >
(1 —a)/2. The two drawbacks of his approach are the following. First, the condition a > 1/2 on
the bandwidth leads to a convergence rate of r,, slower than n'/4, whereas the optimal convergence
rate of the kernel estimator of a regression function introduced by Nadaraya (1964) and Watson
(1964) is n*/® (and obtained by choosing a = 1/5). Then, the condition f(z) > (1 —a)/2 (or
infyer f(x) > (1 — a)/2) is stronger than the condition f(z) > 0 (or inf,es f(x) > 0) usually
required to establish the convergence rate of regression’s estimators. To understand why this second
drawback is inherent in the definition of Révész’s estimator, let us come back on the Robbins-Monro
algorithm.

The convergence rate of the Robbins-Monro algorithm, and, more generally, of stochastic ap-
proximation algorithms used for the search of the zero z* of an unknown function h, has been widely
studied (see, among many others, Nevels’on and Has'minskii (1976), Kushner and Clark (1978),
Ljung, Pflug, and Walk (1992), and Duflo (1996)). It is now well known that the convergence rate
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of such algorithms is obtained under the condition that the limit of the sequence (nyy,) as n goes to
infinity is larger than a quantity, which involves the differential of h at the point z*. In the case the
stepsize (7;,) is chosen such that lim, . ny, = v* €]0, 0o[, this condition is seen, in the framework
of stochastic approximation algorithms, as a tedious condition on the parameter v*; in the case
the stepsize is chosen such that lim,,_ ., nvy, = 0o, this condition is automatically fulfilled, but the
convergence rate of the corresponding stochastic approximation algorithm is then slower than for
the previous choice of stepsize.

Let us underline that the stepsize (7,,) used by Révész (1973, 1977) is (n™ 1), so that v* = 1;
moreover, the differential of the function h : y — f(x)r(x) — f(x)y at the point y* = r(x) equals
— f(x). Consequently, the tedious condition which involves the parameter v* and the differential of
h in the framework of stochastic approximation algorithms, comes down, in Révész’s framework,
to a tedious condition on the probability density f.

Now, the famous approach to obtain optimal convergence rates for stochastic approximation
algorithms without tedious condition on the stepsize is to use the averaging principle independently
introduced by Ruppert (1988) and Polyak (1990). Their averaging procedure, which has been
widely discussed and extended (see, among many others, Yin (1991), Delyon and Juditsky (1992),
Polyak and Juditsky (1992), Kushner and Yang (1993), Le Breton (1993), Le Breton and Novikov
(1995), Dippon and Renz (1996, 1997), and Pelletier (2000)) allows to obtain asymptotically efficient
algorithms, that is, algorithms which not only converge at the optimal rate, but which also have an
optimal asymptotic variance. This procedure consists in : (i) running the approximation algorithm
by using slower stepsizes; (ii) computing a suitable average of the approximations obtained in (i).

Our aim in this chapter is to introduce the averaging principle of stochastic approximation
algorithms in the framework of regression estimation. To this end, we first need to generalize the
definition of Révész’s estimator. More precisely, we define the estimator r, by setting ro(z) € R
and, for n > 1,

() = rp—1(2) + W Wa(x) (3.2)

where W), () is defined in (3.1), and where the stepsize (v,,) is a sequence of positive real numbers
that goes to zero. Then, to apply the averaging principle, we proceed as follows. We first run the
algorithm (3.2) by using a stepsize such that lim,,_,., nvy, = 0o, and then define a new estimator
T, as an average of the ry.

Let us dwell on the fact that, although Révész’s estimator has been constructed by following
the Robbins-Monro procedure, the algorithm (3.2) is not “of Robbins-Monro type”. As a matter of
fact, the use of the kernel K and of the bandwidth (h,,) to construct the “observations” W, (z) is,
in a certain sense, very similar to the approximation of the differential of the regression function
made in the construction of the Kiefer and Wolfowitz algorithm, and the behaviour of the algorithm
(3.2) that it induces is very comparable with the behaviour of the Kiefer and Wolfowitz algorithm.
Consequently, the average of the 7y, which leads to an estimator 7,, with a minimal asymptotic
variance, is not the arithmetic average (as it is the case for the Robbins-Monro algorithm), but
a weighted average (as it is the case for the Kiefer-Wolfowitz algorithm). To define the averaged
estimator 7,, we thus introduce a sequence of positive real numbers (g, ) such that 3 ¢, = oo, and
set

Tp = Zk o kzqm (3.3)

We first establish the asymptotic behaviour of the generalized Révész’s estimator defined by
(3.2), and then the one of the averaged estimator 7, defined by (3.3).

For the study of the generalized Révész’s estimator, the technic we use, which is totally different
from the one employed by Révész (1977), is the following. Noting that the approximation algorithm
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(3.2) can be rewritten as

o = (- ()i (5

= = f @) a0+ 10 8 (D) [ s+t Y (222,

n

we approximate the algorithm (3.2) by the unobservable sequence (p,,) recursively defined by

puli) = (1= @) paca(o) 43 [ £G0) = 1 8 (2520 ) o)l Yol (2522 ). 5

The asymptotic properties (pointwise weak and strong convergence rate, upper bound of the uni-
form strong convergence rate) of the approximating algorithm (3.4) are established by applying
different results on the sums of independent variables and on the martingales. To show that the
asymptotic properties of the approximating algorithm (3.4) are also satisfied by the generalized
Révész’s estimator, we use a technic of successive upper bounds.

In the case the stepsize (7,) in (3.2) is chosen such that lim, .o ny, = v* €]0,00[, we re-
quire a condition, which involves v* and the probability density f; in the case () is such that
lim,, 0 N7y, = 00, this tedious condition disappears.

To study the asymptotic behaviour of the averaged estimator 7,,, we first establish the asymp-
totic properties (pointwise weak and strong convergence rate, upper bound of the uniform strong
convergence rate) of the averaged sequence p,, defined as

p Ak Pk
" Zk 1 Z

and then show how the asymptotic behaviour of 7, can be deduced from the one of the approxi-
mating sequence p,,.

The condition we require on the density f to prove the pointwise (respectively uniform) conver-
gence rate of 7, is the usual condition f(x) > 0 (respectively infyes f(x) > 0). Concerning the
bandwidth, we allow the choice (h,) = (n~/?), which leads to the optimal convergence rate n2/5.
Finally, we show that to construct confidence intervals by slightly undersmoothing, it is preferable
to use the averaged Révész estimator 7, (with an adequate choice of weights (g,,)) rather than the
Nadaraya-Watson estimator, since the asymptotic variance of this lattest estimator is larger than
the one of 7,,.

Our chapter is organized as follows. Our assumptions and main results are stated in Section
3.2, the outlines of the proofs given in Section 3.3, whereas Section 3.4 is devoted to the proof of
several lemmas.

3.2 Assumptions and main results

Let us first define the class of positive sequences that will be used in the statement of our
assumptions.

Definition 2 Lety € R and (vy),,>; be a nonrandom positive sequence. We say that (v,) € GS (7)

if

lim n [1 _ o 1] = (3.5)

n—oo



tel-00131964, version 1 - 19 Feb 2007

Condition (3.5) was introduced by Galambos and Seneta (1973) to define regularly varying se-
quences (see also Bojanic and Seneta (1973)). Typical sequences in GS (7) are, for b € R, n” (logn)®,

n7 (loglogn)’.

Let g (s,t) denote the density of the couple (X,Y’) (in particular f (z) = [ g (x,t) dt), and set
a(z) =r(z)f(2).

The assumptions to which we will refer for our pointwise results are the following ones.
(Al) K : R — R is a nonnegative, continuous, bounded function satisfying fRK (2)dz = 1,
Jp 2K (2)dz =0 and [ 22K (2) dz < oc.
(A2) i) (yn) € GS (—a) with o € |3 1 1] ; moreover the limit of (nvy,)~ ! as n goes to infinity exists.
i) (hn) € GS (—a) with a € |52, 5.
(A3) i) g (s,t) is two times continuously differentiable with respect to s.

ii) For ¢ € {0,1,2}, s — [p 199 (s,t) dt is a bounded function continuous at s = z.
For q € [2,3], s — [; [t|Yg (s, t)dt is a bounded function.

iii) For ¢ € {0,1}, [ \t!q g (x, t)‘ dt < oo, and s — [, 175 a2y 4 (s,t) dt is a bounded function
continuous at s = z.

For our uniform results, we will also need the following additional assumption.

(A4) i)K is Lipschitz-continuous.
i1) There exists t* > 0 such that E (exp (t*|Y])) < 0o
i1i) a € |1 —a, a0 — 2/3].
i) For g € {0,1}, z — [p ]t!q

4 (x, t)‘ dt is bounded on the set {z, f () > 0}.

Throughout this chapter we will use the following notation :

¢ = lim (ny,) ', (3.6)

n—oo

m® (z) = U 09wyt (o )/gg(m t)dt}/RzQK(z)dz.

The asymptotic properties of the generalized Révész estimator defined in (3.2) are stated in Section
3.2.1, the ones of the averaged estimator defined in (3.3) in Section 3.2.2.

3.2.1 Asymptotic behaviour of the generalized Révész estimator

The aim of this section is to state the asymptotic properties of the generalized Révész estimator
defined in (3.2). Theorems 4, 5, and 6 below give its weak pointwise convergence rate, its strong
pointwise convergence rate, and an upper bound of its strong uniform convergence rate, respectively.

Theorem 4 (Weak pointwise convergence rate of r,,)
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.

1. If there exists ¢ > 0 such that v, h> — ¢, and if lim, o (nyn) > (1 —a) /(2f (x)), then

m(2 T ar =
Vot (m 0) = (@) = (f.){(())—Qaf()’Vﬂ([Y'Xl—a e )
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2. If v, 'h3 — oo, and if lim, o (n7y,) > 2a/f (x), then

n

where 2 denotes the convergence in distribution, N the Gaussian-distribution and L the conver-
gence in probability.

Theorem 5 (Strong pointwise convergence rate of r),)
Let Assumptions (A1) — (A3) hold for x € R such that f (z) # 0.

1. Ifthere exists ¢ > 0 such that v, 'h3 /In (31—, ) — ¢, and iflim, o0 (ny,,) > (1 —a) / (2f (2)),
then, with probability one, the sequence

Yo tha,

m (rn (z) — 7 (2))

1s relatively compact and its limit set is the interval

cf(x )m(2 (x) \/Var[Y]X:x]f(w)fRKz(z)dz
2 f(z) —2a€ 2f () —(1—a)¢ ’

cf(@) m® (z) N \/Var YIX =z f(2) [ K2 (2)dz
2 f(x) —2a8 2f(z) —(1—a)¢

2. If v th2 /In (33 _q k) — 00, and if limy—e (nyn) > 2a/f (), then, with probability one,

_ T @m® (@)
7 (@)~ 2a€

Theorem 6 (Strong uniform convergence rate of )
Let I be a bounded open interval of R on which ¢ = inf,cr f (z) > 0, and let Assumptions (Al) —
(A4) hold for all x € I.

1. If the sequence (v, h)/[Inn)?) is bounded and if limy,—.o0 (ny,) > (1 —a) / (2¢), then

sup]rn(x)—r(:cﬂ:O( hin lnn> a.s.

zel
2. Iflimy oo (7,15 /[Inn)?) = 0o and if limy,—.oc (nyn) > 2a /¢, then

sup |ry, (z) —r (z)| = O (h%) a.s.

zel

Part 1 of Theorems 4 and 6 have been obtained by Révész (1977) for the choices (7,,) = (n™1)
and (hy) = (n~%) with a €]1/2,1[. Let us underline that, for this choice of stepsize, the conditions
lim,, oo (Nyn) > (1 —a) /(2f (z)) and lim, oo (nyn) > (1 —a) / (2infer f (z)) come down to the
following conditions on the unknown density f : f(z) > (1 —a)/2 and inf e f(x) > (1 —a)/2. Let
us also mention that our assumption (A2) implies a €]0,1/3[, so that our results on the generalized
Révész estimator do not include the results given in Révész (1977). However, our assumptions
include the choice (v,) = (n~!) and a = 1/5, which leads to the optimal weak convergence rate
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n?/5, whereas the condition on the bandwidth required by Révész leads to a convergence rate of r,
slower than n'/4.

Although the optimal convergence rate we obtain for the generalized Révész estimator r, has
the same order as the one of the Nadaraya-Watson estimator, this estimator has a main drawback :
to make 7, converge with its optimal rate, one must set a = 1/5 and choose (v,,) such that
limy, 0o 7y = 7* €]0,00[ with v* > 2/[5f(x)] whereas the density f is unknown. This tedious
condition disappears as soon as the stepsize is chosen such that lim,_,., nvy, = oo (for instance
when (v,,) = ((Inn)’n=') with b > 0), but the optimal convergence rate n?/° is not reached any
more.

3.2.2 Asymptotic behaviour of the averaged Révész estimator

To state the asymptotic properties of the averaged Révész estimator defined in (3.3), we need
the following additional assumptions.
(A5) limy, oo 7y, (In (X7, ) =00 and a € |1 — o, (4o — 3) /2.
(A6) (gn) € GS (—¢q) with ¢ < min {1 — 2a, (1 + a) /2}.

Theorem 7 (Weak pointwise convergence rate of 7,,)
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

1. If there exists ¢ > 0 such that nh?L — ¢, then

nhy, (7, (x) — r(z)) DN <c% im@) (z) (1—¢)? Var [Y|i() = 7 / K2 (2) dz> '
R

"14+a—2q f(

2. If nh) — oo, then

1 1-
— (Fu (2) = 7 () & ———

n

_ -9 .®
1—q—2am (x).

Let us note that, whatever the choices of the stepsize (7,) and of the weight (g,) are, the
convergence rate of the averaged Révész estimator has the same order as the one of the genera-
lized Révész estimator when the stepsize in (3.2) is chosen belonging to GS(—1) and such that
limy, 0o Py, = 7* < 00, but, this time, there is no need to add any condition on the marginal
density f.

Hall (1992) shows that, to construct confidence intervals, slightly undersmoothing is more ef-
ficient than bias estimation. To undersmooth, we choose (h;) such that lim, .., nh) = 0 (and
thus @ > 1/5). Moreover, to construct a confidence interval for r(x), it is advised to choose
the weight (g,), which minimizes the asymptotic variance of 7,. For a given a, the function
q— (1 —¢q)?/(1 + a — 2q) reaching its minimum at the point ¢ = a, we can state the following
corollary.

Corollary 4

Let Assumptions (A1) — (A3), (A5) and (A6) hold for xz € R such that f(x) # 0, and with
a > 1/5. To minimize the asymptotic variance of T, q must be chosen equal to a. Moreover, if
lim,, oo nh3 =0, we then have

() —r(z) D g YerVIX =a] [
i (7 (@) =7 @) 2 A (0,0 - ) PEEEET [ 2 ).
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Let us recall that, when the bandwidth (h,,) is chosen such that lim,_., nh3 = 0, the Nadaraya-
Watson estimator, which is defined as
~ i Vil (hy ! (z — X3))
Tn (.CC) = P 1 )
Zi:l K (h" (v — XZ))

satisfies the central limit theorem

S (7 () — 1 (2)) 2/\/(0,%/&%1@ (z)dz> .

To construct confidence intervals for r(x), it is thus clearly better to use the averaged Révész esti-
mator, rather than the Nadaraya-Watson estimator.

We now state the strong pointwise convergence rate of the averaged Révész estimator, as well
as an upper bound of its strong uniform convergence rate.

Theorem 8 (Strong pointwise convergence rate of 7,)
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

1. If there exists c1 > 0 such that nh)/Inlnn — cy1, then, with probability one, the sequence

nhn _
( 2Inlnn (P () =7 (:U)))

1s relatively compact and its limit set is the interval

S 1loa o (x)_\/ (1— ) Var[Y/jgzx]/RK2 () ds

14+a—2q f(

: — —q)? Var =x
et [V [

2. If nh? /Inlnn — oo, then

. 1, _ 1—g¢q 9

Theorem 9 (Strong uniform convergence rate of 7,)
Let I be a bounded open interval of R on which inf,er f () > 0, and let Assumptions (A1) — (A6)
hold for all x € I.

1. If the sequence (nh,/[Inn)?) is bounded, and if o > (3a + 3) /4, then

sup |7, (z) —r (z)| = O (\/n—lhﬁl In n> a.s.

zel
2. Iflim,—.o0 (nh/[Inn]?) = oo, and if, in the case a € [a/5,1/5], a > (4a+ 1) /2, then

ilgl) |7 () —7r (x)] = O (hi) a.s.
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3.3 Outlines of the proofs

From now on, we set ng > 3 such that V& > ng, 7 < (2||fllsc)”" and fykh,fHKHoo <1
Moreover, we introduce the following notations :

n
Sp = Z ks

k=ng

_Xn
Zow) = w50,

and, for s > 0,

(
( vnh#) if Tim,, o (1h;?) = o0,
(

my,) = 3.7
() { h2) otherwise. (37)
—1 5 _
() = ( Ynhn In n) if lim,,_e0 (th In n) = o0, (3.8)
(h%) otherwise.
Note that the sequences (m,,) and (m,) belong to GS (—m*) with
m* :min{a;a,Qa}. (3.9)

Before giving the outlines of the proofs, we state the following technical lemma, which is proved
in the first chapter, and which will be used throughout the demonstrations.

Lemma 3
Let (vy) € GS (v*), () € GS (—a) with o > 0, and set m > 0. If ms —v*{ > 0 (where £ is defined
in (3.6)), then

1
D s
k=ng
Moreover, for all positive sequence (au,) such that lim, . a, =0, and all C,
lim v,II ZH —ak—i—C =0.

n—00
k=ng
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As explained in the introduction, we note that the stochastic approximation algorithm (3.2) can
be rewritten as :

ro(x) = (1 —=9Zn (@) rn—1(z) + Wy () (3.10)
= (1 =mf (@) rp-1(2) + 70 (f (@) = Zn (@) -1 (2) + 1 Wa (). (3.11)

To establish the asymptotic behaviour of (r,) and (7,), we introduce the auxiliary stochastic ap-
proximation algorithm defined by setting p, (z) = r (z) for all n < ng — 2, ppy—1 (x) = -1 (),
and, for n > ny,

pn(x) = (L=mf (2)) pn1(z) + 0 (f (2) = Zn (2)) 7 (2) + W (z) .- (3.12)

We first give the asymptotic behaviour of (p,) and of (p,) in Section 3.3.1 and 3.3.2 respectively
(and refer to Section 3.4 for the proof of the different lemmas). Then, we show in Section 3.3.3
how the asymptotic behaviour of (r,) and (7,) can be deduced from the one of (p,) and (py)
respectively.

3.3.1 Asymptotic behaviour of p,

The aim of this section is to give the outlines of the proof of the three following lemmas.

Lemma 4 (Weak pointwise convergence rate of p,,)
Let Assumptions (A1) — (A3) hold for x € R such that f (z) # 0.

1. If there exists ¢ > 0 such that v, h> — ¢, and if lim, o (nyn) > (1 —a) /(2f (z)), then

\/%Ylh (pn () — 7 (2))

0 0) Vor 115 =
< ey R ) (313)

2. If v, 'h3 — oo, and if lim, o (ny,) > 2a/f (x), then

e f(@)m® (2)
(f () = 2a8)

Lemma 5 (Strong pointwise convergence rate of p,,)

Let Assumptions (A1) — (A3) hold for x € R such that f (z) # 0.

1. If there exists ¢ > 0 such that v, 'h3/In (s,,) — ¢, and if lim, oo (ny,) > (1 —a) / (2f (7)),
then, with probability one, the sequence

’7771hn
( (o 2) - r(w)))

1s relatively compact and its limit set is the interval

o (o (@) =7 (@) & (3.1)

¢ f(2)m® (x )_\/Var[Y!X:x]f(m)fRK2(z)dz
2 f(x)—2a¢ 2f (z) — (a —a)¢ ’

cf(z) m® (z) N \/Var YIX =z f(z) [ K2 (2)dz
2 f(z)—2a8 2f (x) = (@ —a)§
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2. If v, hd /1In (s,) — 00, and if limy, oo (nYn) > 2a/f (z) then, with probability one,

f (@) m® (z)

lim L (pn (z) =7 (2)) = f(z) —2a¢

Lemma 6 (Strong uniform convergence rate of p,)
Let I be a bounded open interval on which ¢ = infer f (x) > 0, and let Assumptions (Al) — (A4)
hold for all x € I. If limy, oo Ny, > min {(1 — a)/(2¢),2a/p}, then

sup |pp, () — 7 (z)| = O <max {\/vnhﬁl Inn, h%}) a.s.
xel

To prove Lemmas 4 and 5, we first remark that, in view of (3.12), we have, for n > ng,
pu(x) =7 (x) = (I=nf (2)) (pn-1(z) =7 (2)) +m (Wn (z) — 7 () Zn ()

= I (f (@) D I (f (@) 3 (Wi (2) =7 (2) Zg ()

k=ng

+1L, (f () (Pro—1 (x) — 7 (2))
= T,(z)+ R, (z), (3.15)

with, since pn,—1 = o1,

D Uk (f (@) 9 (Wi (2) = 7 (2) Zg (2))

k=ng

I, (f (2)) (rng—1 (x) =7 (2)) -

Noting that |r,,—1 (z) —r (z)] = O (1) a.s. and applying Lemma 3, we get

:’ﬂz
&
I

aofl

3

&
I

‘Rn(m)‘ — O(IL,(f(x)) a.s.

= o(m,) a.s.

Lemmas 4 and 5 are thus straightforward consequences of the following lemmas, which are proved
in Sections 3.4.1 and 3.4.2, respectively.

Lemma 7 The two parts of Lemma 4 hold when p, (x) — r () is replaced by T}, (z).

Lemma 8 The two parts of Lemma 5 hold when p, (x) — 7 (x) is replaced by T}, (x).

In the same way, we remark that

sup Rn(x)( - O(supﬂn(f(ac))> a.s.

zel zel
O (I, (¢)) a.s.
= o(m,) a.s.,

so that Lemma 6 is a straightforward consequence of the following lemma, which is proved in
Section 3.4.3.

Lemma 9 Lemma 6 holds when p, — r is replaced by T,,.
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3.3.2 Asymptotic behaviour of p,

The purpose of this section is to give the outlines of the proof of the three following lemmas.

Lemma 10 (Weak pointwise convergence rate of p,)
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

1. If there exists ¢ > 0 such that nhg — ¢, then

b (o () — 1 (2)) 2 céil_q m® (z (1—q)2 Var [V|X = 2] 2(2)d=
Vil (o (2) = 7 (2)) N( e (@) /RK()d).

2. If nh3 — oo, then

P 1—gq
—

-
—g—0a" @

Lemma 11 (Strong pointwise convergence rate of j,,)
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

1. If there exists ¢c; > 0 such that nhd/Inlnn — c1, then, with probability one, the sequence
nhn _
1s relatively compact and its limit set is the interval
1— / 1-q)° Y/X =
q C—lm(2) (x) B ( q) V(I’I“[ / l’] / K2 (Z) dz,
1—qg—2a\ 2 1+a—2q f(x) R

1—g¢q c (1—¢q)* Var[Y/X = a]
1—q¢g—2a %m(2)($)+\/1+a—2q f(z) /RKz(Z)dZ

2. If nh? /Inlnn — oo, then

o l—gq
7}1_{1(20 hy? (pn () — 7 (2)) = 1_(17_2@7”(2) (z)  as.

Lemma 12 (Strong uniform convergence rate of p,)
Let I be a bounded open interval on which ¢ = inf ey f (x) > 0 and let Assumptions (A1) — (A6)
hold for all x € I. We have

sup |pp () — 7 (z)] = O <max{\/n—1h511nn,h%}> a.s.

zel

To prove Lemmas 10-12, we note that (3.12) gives, for n > ng,

P (@) = pn—1(2) = = f (@) [pn-1(2) — 7 (2)] + 0 [Wh (2) — 7 () Zy (2)]
and thus
1 1

pn-1(x) =7 (x) = (W (2) =7 (2) Zn (2)] = T @ [on(2) = pn—1(2)]-
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It follows that

pn () —7(x) = Zk . ZQk pr (z (2)]
_ Lo g0,
e @) - R @ (3.16)
with
T, (z) = mk:nzo_l e Wit (2) = 7 (2) Zig (2)]
RO () = <o S % (@) — (o).

> k=1 Tk kemg—1 Vk+1

Let us note that R%O) can be rewritten as

0) T = # Y q—k r)—r\x)) — ) —Tr(x
RP@ = g 3 S (e ()= (e = (o) = @)

n

-1 Q-1 Gk o) (x

k=ng Tk+1

dn () — 1 Qno—1 2 (s
Zzzl%ﬁ(/}w (@) = (@) Sho1 @k Tno (Pro-1 (&) = ()

S Zq’“ll—q’“’y’“]@k(x)—r(m))

> k=1 Tk Vi A Vht1

n

dn 1 Gno—1 o (z
S (png1 () =7 (2)) — ST e (Po—1 (z) — 7 ().

Since (qk__llf)/k) € GS (¢ — ), we have

] ()

and thus

RO (@) = 0(2;;11%[2 E i e () = @)+ 2 [ (2) = 7 (2)

k=no n+1

) - (@)]]). (317

no

The application of Lemma 5 ensures that

R @) = O(zzllqk !Z (k" 'ae ) ((’mh;lln(sw)%%i)

k=ng

- (b (s ))hh,‘i)ﬂb a.s.

Yn4+1
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Now, let us recall that, if (u,) € GS (—u*) with v* < 1, then we have, for any fixed kg > 1,
nun

lim —5—— = 1-—u, (3.18)

and, if u* > 1, then for all € > 0, u,, = O (n‘HE) and thus

Zuk = 0(n9. (3.19)
k=1

Now, set € € |0, min {1 — ¢ — 2a, (1 4+ a) /2 — ¢q}] (the existence of such an € being ensured by (A6)) ;
in view of (A5), we get

1 1 1
RO (@)] = o(ﬁ (ann% B (In (5,))% + wnlhi) —— ((mhz' (s >)2+hi>>“
€ -1 1 2
ol i vn~thy i hz
My (s T

= o (\/n—lhﬁl +hi> a.s

In view of (3.16), Lemmas 10 and 11 are thus straightforward consequences of the two following
lemmas, which are proved in Sections 3.4.4 and 3.4.5 respectively.

Lemma 13 (Weak pointwise convergence rate of 7},)
The two parts of Lemma 10 hold when p, (z) — 7 (x) is replaced by [f (2)] "' T}, (z) .

Lemma 14 (Strong pointwise convergence rate of 7))
The two parts of Lemma 11 hold when p, (z) — 7 (x) is replaced by [f (z)] " T}, (z) .

Now, in view of (3.17), the application of Lemma 6 ensures that

sup [RY (2)

zel
1
= O| =—— kv gy sup pr (x x)| + sup |pnt1 () —r(x a.s.
i ;n:O s s (@) = 7 @) + 2 sup g () = (2)
1 - _ _ 1\ % qn 3
= O| =—— E Elguy,t <’ykh ! 21nk—|—h2> + (’ynh 2lnn—i—h2> a.s.
> k=1 Gk k:no( F ) ( k) g Tn+1 ( )

Setting € € |0, min {1 — ¢ — 2a, (1 + a) /2 — ¢}[ again, we get, in view of (A45),

1 11 1
suII) RO (m)‘ = 0 <E <ne + gnyn 2hn? Inn + Qn’yglhi> ((’Ynh 2 nn+ h2>> a.s.
xre n n
< Vnlhg'l h?
= O(n +u+—n>a.s.
nqn Yn Yn

= o<\/n_1h51 lnn+hi> a.s.

In view of (3.16), Lemma 12 is thus a straightforward consequence of the following lemma,
which is proved in Section 3.4.6.

Lemma 15 (Strong uniform convergence rate of 7},)
Lemma 12 holds when p, — v is replaced by T,
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3.3.3 How to deduce the asymptotic behaviour of r,, and 7, from the one of p,
and p,

Set
Ap(z) = ro(x) = pp ()

and

Ay (x) = Zk 1 kZQkAk
= Tp(z) — pn ().

To deduce the asymptotic behaviour of r,, (respectively 7,) from the one of p, (respectively p,),
we prove that A, (respectively A,) is negligible in front of p,, (respectively p,,). Note that, in view
of (3.11) and (3.12), and since pp,—1 () = ry—1 (z), we have, for n > ny,

An(z) = (1=f (@) An1 (@) + 9 (f (2) = Zn (2)) (rn1 (z) — 7 (2))
= D Uk (f (@) (f (2) = Zi (@) (ri—1 (2) =7 (2)). (3.20)

k=ng

The difficulty which appears here is that A, is expressed in function of the terms r; — r, so that
an upper bound of 7, — r is necessary for the obtention of an upper bound of A,. Now, the
key to overcome this difficulty is the following property (P) : if (r, —r) is known to be bounded
almost surely by a sequence (wy,), then it can be shown that (A,) is bounded almost surely by a
sequence (w!,) such that lim,, ., w/,w, ! = 0, which may allow to upper bound r, — by a sequence
smaller than (w,). To deduce the asymptotic behaviour of r, (respectively 7,) from the one of
pn (respectively py,), we thus proceed as follows. We first establish a rudimentary upper bound of
(rn, — 7). Then, applying Property (P) several times, we successively improve our upper bound of
(rn, — 7), and this until we obtain an upper bound, which allows to prove that A, (respectively A,,)
is negligible in front of p,, (respectively py,).

We first establish the pointwise results on r,, and p, (that is, Theorems 4, 5, 7, and 8) in Section
3.3.3.a, and then the uniform ones (that is, Theorems 6 and 9) in Section 3.3.3.b.

3.3.3.a Proof of Theorems 4, 5, 7 and 8

The proof of Theorems 4, 5, 7 and 8 relies on the repeted application of the following lemma,
which is proved in Section 3.4.7.

Lemma 16 Let Assumptions (A1) — (A3) hold, and assume that there exists (wy) € GS (w*) such
that |ry, (z) —r (z)] = O (wy) a.s.

1. If the sequence (n7yy) is bounded, if limy,_oonvy, > min{(1 —a)/(2f(x)),2a/f(z)}, and if
w* >0, then, for all § >0,

(a+9)

A, ()] =0 (mnwn (Inn) 2 > +o(m,) a.s.

2. If lim,,_,o (ny,) = oo, then, for all 6 > 0,

(1+96)
’An (IL’)’ - O <m7ﬂUn ( 1+5’Yn) ? ) a.s.

We first establish a preliminary upper bound for r,, (x) — r (z). Then, we successively prove Theo-
rems 4 and 5 in the case (n7,) is bounded, Theorems 4 and 5 in the case lim, o (n7v,) = 0o, and
finally Theorems 7 and 8.
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Preliminary upper bound of r, (z) — r (z)
Since 0 < 1 — v, Z, (z) <1 for all n > nyg, it follows from (3.10) that, for n > ny,

rn ()| < fra—1 ()] + 90 [ Yal hr_zl”KHoo

n
< rng—1 (@) + { sup [Ya| | [1Kloo D vl (3.21)
ksn k=1

Since
P <sup |Yi| > n2> <nP (Y] >n?) <n°E (\Y!2) ,
k<n

we have supy.<,, [V < n* a.s. Moreover, since (v,h,') € GS (—a + a) with 1 — a +a > 0, we note
that > p_, ’ykhgl = O (nynhy,'). We thus deduce that

Irn (2) — 7 (x)] = O (n*yh, ') as. (3.22)

Proof of Theorems 4 and 5 in the case the sequence (nv,) is bounded.
In this case, a = 1, and Lemmas 5 and 16 imply that :

o |pp(x)—7r(z)]=0(mylnn) a.s. (3.23)
o If there exists (wy) € GS (w*),w* > 0,such that |r, (z) —r (2)| = O (wy,) a.s.,
then |A, ()| = O (myw,Inn)+o(m,) a.s. (3.24)

Set po = max {p such that — m*p+2+a > 0}, set j € {0,1,...,pp — 1}, and assume that

|rn (z) —r(z)] = O <mil (n?’%h;l) (In n)”) a.s. (3.25)

Since the sequence (wy,) (m% (n®ymhy ') (In n)]> belongs to GS (—m*j + 2 + a) with —m*j +2+

a > 0, the application of (3.24) implies that

Ay (z)] = O <mgl+1 (n®ynhy') (In n)j+1> +o0(my,) a.s.

Since (m%Jrl (n®ymhy, ') (In n)j+1> €gGS(—m* (j+1)+ 2+ a) with —m* (j + 1)+24a > 0, whereas
(my) € GS (—m™) with —m* < 0, it follows that

A, ()| = O (mzfl (n*ynhyt) (In n)j+1) a.s.,
and the application of (3.23) leads to

I (2) =7 (@) < lpn () =7 (@) + |An (2)]
= 0 (mﬁfl (ngvnhrjl) (In n)j+1> a.s.

Since (3.22) ensures that (3.25) is satisfied for j = 0, we have proved by induction that
7y (z) — 7 (2)] = O (mE (nPy,hy 1) (Inn)™®)  a.s.

Applying (3.24) with (wy,) = (mb” (r*ynh, ') (Inn)P°) and then (3.23), we obtain

|rn () — 7 (z)| = O (mﬁoJrl (n*ynhy') (In n)p0+1> + O (mylnn) a.s.
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Since the sequences (mﬁOH (n®y,hyt) (In n)p0+1) and (my,Inn) are in G§ (—m* (po+ 1) + 2+ a)

with —m* (po+1) + 2+ a < 0, and GS (—m*) with —m* < 0 respectively, it follows that
|rn () —r (z)| = O ((lnn)_2) a.s.
Applying once more (3.24) with (wy) = <(ln n)_2) € GS (0), we get

A, (z)] = O <mn (lnn)_1> +o(my) =0(my) a.s.

Theorem 4 (respectively Theorem 5) in the case (nvyy) is bounded then follows from the application
of Lemma 4 (respectively Lemma 5).

Proof of Theorems 4 and 5 in the case lim,,_,o, (ny,) = 0o
In this case, Lemmas 5 and 16 imply that, for all 6 > 0,

o |pp(z)—7r(z)=0(m,) as. (3.26)
o If there exists (w,) € GS (w*) such that |r, (x) — 7 (z)| = O (wy,) a.s.,
146
then |A, (z)| =0 <mn <n1+5’yn) ’ wn> a.s. (3.27)

Now, set § > 0 such that ¢(§) = —m* + (14 9) (1 + 9 — «) /2 < 0 (the existence of such a § being
ensured by (A2)). In view of (3.22), the application of (3.27) with (w,) = (n*y,h, ') ensures that

146
|An (1')| = 0 (mn <n1+57n> ’ ng'ynh;l) a.s.,
and, in view of (3.26), it follows that
148
@)= @) = 0 +0 (ma (w1493,) * wunt) as
Set p > 1, and assume that
It () —7 (z)] = O () +0 (mﬁ (nH‘;’yn)p(l_zé) n3fynh;1> a.s.

The application of (3.27) with (w,) = (m,) and with (w,) = <m£ (n”‘s’yn)p(?)n?”ynhgl)
ensures that

1+6

32 (p+1)1EL
A, (z)] = O <mn <n1+5’yn) ’ ﬁzn> +0 <mﬁ+1 (n1+5’yn> e n3fynh;1> a.s.

146
2

The sequence <mn (n1+5’yn) ) being in GS (¢ (8)) with ¢(d) < 0, it follows that

(p+1)1E2
1An(2)] = o)+ O <m5;+1 (n1+5’yn> T n%nh;l) a.s.
and, in view of (3.26), we obtain

(p+1)1£2
|rn () —r(z)] = O(m,)+0 (mi’fl <n1+57n> T n?’ynh;:l) a.s.
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We have thus proved by induction that, for all p > 1,

145
It () =7 (z)] = O () +0 <m§’z (n1+5’yn>p( ’ )ngfynh;1> a.s.
By setting p large enough, we deduce that
|rn () —r (z)] = O(my,) a.s.
Applying once more (3.27) with (w,) = (), we get
148
A, (z)] = O <mn <n1+57n) : mn> a.s. (3.28)
= o(my,) a.s.

Theorem 4 (respectively Theorem 5) in the case lim,,_,o, (ny,) = oo then follows from the applica-
tion of Lemma 4 (respectively Lemma 5).

Proof of Theorems 7 and 8
In view of (3.28), and applying (3.18) and (3.19), we get, for all § > 0,

A ()] = O(Zk 3 1qw 2 (K0 )_) as.
(5

145
[n +nqnm2( 1+5fyn> : }) a.s.
n

— O< Yym2 < 1+5’yn) 156) a.s. (3.29)

= 0

e Let us first consider the case when the sequence (nhi) is bounded. In this case, we have a > 1/5,
so that a > a/5 and m* = (o — a) /2. Noting that (A2) implies a < 3a — 2, and applying (A46), we
can set § > 0 such that

(d+a)

0 — 4+ g < 0 and —2m* +

t-a EED 1450y <0

In view of (3.29), we then obtain

Vnhy | Ay (z)| =0(1)  as.

The first part of Theorem 7 (respectively of Theorem 8) then follows from the application of the
first part of Lemma 10 (respectively of Lemma 11).

e Let us now consider the case when lim,_, (nh%) = oo. Noting that (A2) then ensures that
6a < 3a — 1, and applying (A6), we can set § > 0 such that

1
2a—|—6—1+q<0and2a—2m*+@(1+6—a)<0.

It then follows from (3.29) that
h,,? |An (@) =0(1) as.

The second part of Theorem 7 (respectively of Theorem 8) then follows from the application of the
second part of Lemma 10 (respectively of Lemma 11).
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3.3.3.b Proof of Theorems 6 and 9
Set

B, = ny,h tinn, (3.30)

The proof of Theorems 6 and 9 relies on the repeted application of the following lemma, which
is proved in Section 3.4.8.

Lemma 17 Let I be a bounded open interval on which ¢ = infzer f () > 0, let Assumptions (Al)—
(A4) hold for all x € I, and assume that there exists (wy,) € GS (w*) such that sup,cy | () —r (z)| =
O (wy) a.s. Moreover,

e in the case when (ny,) is bounded, assume that lim, . (ny,) > m*/¢ and that w* >0 ;

e in the case when lim, . (ny,) = 00, assume that the sequence <wngn\/’ynh;1 In n) 1 bounded.

Then, we have

sup |A, ()] = O <mnwn In n) a.s.
zel

We first establish a preliminary upper bound of sup,c; (|ry () — 7 (z)|) (which is better than the
pointwise upper bound (3.22) since the random variables Y}, are assumed to have a finite exponential
moment in Theorems 6 and 9). Then, we successively prove Theorem 6 in the case when (ny,,) is
bounded, Theorem 6 in the case when lim,, . (n7y,) = 0o, and finally Theorem 9.

Preliminary upper bound.
Proceeding as for the proof of (3.22), we note that, for all n > ny,

n
sup |rn ()| < sup [ruy—1 (@)] + | sup [Vl | 1K loo Y by
zel zel k<n k=1

with, this time, in view of (A44),

P

3
21<1p |Yi| > - lnn] < nP [exp (t*[Y]) > n3] < n72E (exp (t*|Y])).
<n

We deduce that

iléljr) |rn (z) — 7 (z)| = O (B,) a.s.

Proof of Theorem 6 in the case (nv,) is bounded
In this case, we have @ = 1, (By,) € GS (a) (with a > 0); the application of Lemma 17 with
(wy) = (By) ensures that

sup |A, ()| = O (man\/lnn) a.s.

zel

Applying Lemma 6, we get
sup [ (z) —r (z)] < sup|pn (x) — 7 (2)] + sup [Ay (2)]
zel zel zel

= O<man\/m> a.s.
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Since (man\/ln n) € GS (—m™* +a) (with —m* + a < 0), it follows that

sup |rp () —7r(x)] = O ([lnn]_1> a.s.

zel

Applying once more Lemma 17 with (w,) = ([ln n]_1>, we get

sup [Ay, ()]
zel

O(mn(lnn)_%> a.s.
= o(m,) a.s.

Theorem 6 in the case when (n7,) is bounded then follows from the application of Lemma 6.

Proof of Theorem 6 in the case lim, . (n7y,) = o

The sequence (\/ Ynhn T In n) being clearly bounded, we can apply Lemma 17 with (w,) = (By);
we then obtain

sup |A, ()| = O (man\/lnn) a.s.

zel

The application of Lemma 6 then ensures that

sup|ry () —r(z)] = O(my)+0O (man\/m> a.s.

zel
= O(man\/H) a.s.

-1
Since (man\/ln n) Bn\/%hfll Inn = m;l \/%Lh;l = O (1), we can apply once more Lemma 17
with (w,) = (man\/ In n) ; we get

sup|A, (z)] = O (mZB,lnn) a.s. (3.31)
zel

Noting that (m,Bylnn) € GS (—m* + 1 — a + a) with, in view of (A44) i), —-m*+1—-a+a <0,
it follows that

sup |A, (z)] = o(m,) a.s.
zel

Theorem 6 in the case when lim,,_, (n7y,) = co then follows from the application of Lemma 6.
Proof of Theorem 9
— In the case when the sequence (nhj/Inn) is bounded, we have, in view of (3.31),
V/nhy, (Inn) ™! SLéEI) A, (z)| =0 <\/%miBn> a.s.
x

Now, in this case, we have a > 1/5 > «a/5 and thus m* = (a—a) /2. It follows that
(Vnhym?2B,) € GS (3(1+ a) /2 — 2a) with 3 (1 +a) /2 — 2a < 0, and thus

sup |A, ()| = O <\/n—1h51 lnn> a.s.

zel

The first part of Theorem 9 then follows from the application of Lemma 12.
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— In the case when lim, . (nh}/Inn) = oo, (3.31) ensures that

h?sup|A, (z)] = O (hfmiBn Inn) a.s.,
xel

with (h,?m2B,Inn) € GS (3a — 2m* + 1 — a). Noting that the assumptions of Theorem 9
ensure that 3a — 2m* + 1 — o < 0, we deduce that

sup |A, ()] = O (h%) a.s.

zel

The second part of Theorem 9 then follows from the application of Lemma 12.

3.4 Proof of Lemmas

3.4.1 Proof of Lemma 7
We establish that, under the condition lim, o (ny,) > (o —a) / (2f (x)),

o ifa>a/5, then

Vot (T (@)~ E (T, () EA/( ,Z?”([Y’X ;fa /K2 > (3.32)
o ifa>a/5, then \/7n AE (Tn (m)) 0, (3.33)

and prove that, under the condition lim,_.o (ny,) > 2a/f (2),

o ifa<a/5, then h 2E ( ) % (3.34)
o ifa<a/5 then b ( (r) —E (Tn (m))) Eo. (3.35)

As a matter of fact the combination of (3.32) and (3.33) (respectively of (3.32) and (3.34)) gives
Part 1 of Lemma 7 in the case a > «a/5 (respectively a = «/5), the one of (3.34) and (3.35)
(respectively of (3.32) and (3.34)) gives Part 2 of Lemma 7 in the case a < «/5 (respectively
a = a/5). We prove (3.32), (3.35), (3.34), and (3.33) successively.

Proof of (3.32) Set
ik (@) = T (f (@) v Wi (2) = 7 () Zx ()], (3.36)
so that T}, () — E (T, (1’)) =1L, (f (2)) Y opny [ (2) — E (1 (x))]. We have

Var (i (z)) = 52 (f () 7k [Var (Wi (2)) + 1% (2) Var (Zy (2)) = 2r (2) Cov (W (z) , Z (2))] -

In view of (A3), classical computations give

Var (Wi () = hik VX = o] f /K2 Vdz+of )], (3.37)
Var (Z, (z)) = hik /K2 ydz + o )], (3.38)
Cov (Wi (), Z () = hik r(x) f(z /RK2 z dz+0(1)] (3.39)
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It follows that

—2 (£ (2)) 2
Var (g (z)) = W [Var Y|X = x]f(af:)/RK2 (2) dz+0(1)} , (3.40)

and, since lim,, o (ny,) > (o —a) / (2f (x)), Lemma 3 ensures that

v = Y Var (i (x)
k=no
n —9 " 9
= k;() W [Vaﬂ“ YX =z| f(x) /RK2 (z)dz + 0(1)]
L 1

= — ar =X X 2 V4 y4 (0] . .
- H%(f(x))hnzfu)—(a—a)s[v VIX =217 @) [ K2 G+ (”} (3:41)

For all p € ]0,1] and in view of (A3), we have

)

k

_— / ly — ()27 K27 (5) g (x — hys, y) dyds
R2

< 21+phk/ {/ > g (& — hys,y) dy + |r (:L‘)|2+p/ g (z — hgs,y) dy} K*™P (s)ds
r LR R
= O(hy). (3.42)

Now, set p € ]0, 1] such that lim, o (ny,) > (1 +p) (e —a) /((2+p) f (x)). Applying Lemma 3,
we get

S efmer] - of £ B s (o (452))

k=ng
n H—2—p x 2+p
- o(z AL )

k=no k

B 1 ,yi—l-P
- 0 (Hiﬂ’ S hiﬁ”) . (3.43)

Using (3.41), we deduce that

=5 > E[a@r] = o ((77>>

k=ng
= 0 (1) )

and (3.32) follows by application of Lyapounov Theorem.
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Proof of (3.35) In view of (3.40), and since a < «/5 and lim, o (ny,) > 2a/f (z), the applica-
tion of Lemma 3 ensures that

Var (Tn(m)) = 12 (f (2)) f: Hﬁ(# [Var YV|X =] f /K2 )dz+o(1

k=ng
= Z H ) k0 (hk)
k=ng
= o0 (hi) ,
which gives (3.35).

Proof of (3.34) We have

E(Tn(@) = Ma(f(@) Y T (@)% [(E Wi (@) - a (@) = 7 (@) (E(Z (2)) — f (@))].

k=no

In view of (A3) we obtain

E(Wg(z)) —a(x) = % / 8—9 z,y)dy[l+o(1 )]/RZ2K(Z) dz, (3.44)
2
E(Z(2) - f(z) = % / 0wy dy 1+o(1)]/Rz2K(z) dz. (3.45)

Since lim,, o0 (nyn) > 2a/f (), it follows from the application of Lemma 3 that

E(Tn (1‘)) - kz I (f (x)) yeh?
E(/ Vg2 (x,y)dy —r (z /82 :L"y)dy)%—o(l)}/RzzK(z)dz
L) Y T () m® (@) f (@) +0(1)]
k=ng
1

= ——— 2 |mP (@) f2)+o
which gives (3.34).

Proof of (3.33) Since a > «/5 and lim,,_,o, (ny,) > (1 —a) / (2f (x)), we have

E(T.(n) = Z i ) 740 <W>

k=ng

= 0< ’ynh771> ;

which gives (3.33).
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3.4.2 Proof of Lemma 8
Set,

k=ng

where 17, is defined in (3.36).
e Let us first consider the case a > «/5 (in which case lim,,_,, (ny,) > (o —a) / (2f (x))). We set
HZ(f (z)) =12 (f (), hn, and note that, since (v, *h,) € GS (o — a), we have

n -1
In (H;? (f (2))) = —2n(I (f (2))) +1n (H ,Yklhkl) + 10 (Yg—1hpy 1)

k=no Vklhk
- - oa—a 1 -
= —2k§0 In(1— f(x)v)+ k;() In (1 i +o (E)) +1In (yno_lhnol_l)
= D f@mtolm)— D ((a—a)éy+o(w) +1n (yg-1hy_,)
k=ngo k=ng
= (2f (@) —&(a—a))sn+o(sn). (3.46)

Since 2f (z) — ¢ (a — a) > 0, it follows in particular that lim,, ... H,, 2 (f (¥)) = oo. Moreover, we
clearly have lim,, o, H2 (f (z)) /H2_; (f (z)) = 1, and by (3.41),

nlinoloH2 Z Var [0 (x 2f (z) — (a—a)&] ' Var[Y|X =2 f /K2
k=ng

and, in view of (3.42), E [\f]n (x)ls] = O (IL;% (f () vphy?). Now, since (v, 'hy) € GS (a —a),
applying Lemma 3 and (3.46), we get

1 n 3 H,?; flx n o3 lz 3
mk;OEQH”(f(@)%(ﬂC)P) = O( n(\/(ﬁ ) (Z k(hlé)wk))

- o(ir)
= o2 @) ")

The application of Theorem 1 in Mokkadem and Pelletier (2006) then ensures that, with probability
one, the sequence

( H, (f () S0 (2) ) (V%lhn (Tn@)E(Tn(m))))
V2o (H:2 (f (2)) V2o (H% (f (1))

is relatively compact and its limit set is the interval

Var] Y|X = x] /K2 N Var Y]X = 1] /K2 (3.47)
2f (z) — (¢ — a) (a—a)
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In view of (3.46), we have lim, .o Inln (H,? (f (z))) /Ins, = 1. It follows that, with probability
one, the sequence ( Yt h (Tn () —E (Tn (:c))) / \/m> is relatively compact, and its limit
set is the interval given in (3.47). The application of (3.33) (respectively of (3.34)) concludes the
proof of Lemma 8 in the case a > a/5 (respectively a = a/5).

e Let us now consider the case a < /5 (in which case lim,,_,« (n7y,) > 2a/f (z)). Set H,;2 (f (z)) =
IL,2 (f (%)) hy (In1n (T1,2 (f (2)) hi))_l, and note that, since (h,*) € GS (4a), we have

n

n —4
In (L% (f @) ) - = =20 (I (f (2))) +1n (H };’“41) + 1 (1)

k=ng 'k
= - n(1— n(1-2 (2 n (h
= 2};;()1 (1= f(x l;;ol (1 + <k>> +1n (hyy, 1)
= ) @wf@+ow)— > (4atyk +o(w) +1n (b, 1)
k=ng k=ng
= (2f (z) — 4a&) sp + 0 (sn). (3.48)

Since 2f (z) — 4a& > 0, it follows in particular that lim,, .., II;2 (f (z)) h* = oo, and thus

lim,, oo H,, 2 (f (z)) = 0o. Moreover, we clearly have lim,,_,o, H2 (f (x)) /H2_; (f (z)) = 1. Now, set
€ € 10, — 5a[ such that lim,, . (ny,) > 2a/f (x) +€/2; in view of (3.41), and applying Lemma 3,
we get

n n -2 2
DY Varlin @] = 0 (Hi (F @) bt (152 (F (o) ) 3 e 0D ("”)”’“)

k=ng

— O(Hi(f(x))hnﬂnln( ) ki) ZH ) o (hith™ ))

k=ng

= o(1).

Moreover, in view of (3.42) we have E [|ﬁn (x)|3] = O (IL,2 (f (%)) 73h,?), and thus in view
of (3.48), we get
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The application of Theorem 1 in Mokkadem and Pelletier (2006) then ensures that, with probability
one,

i G @)5 @)y, g /I (122 7 ) 1) z)—E — 0.
n—00 \/2lnln(H§2 (f(a:)) n—00 \/2111111 (f (= ))) (T (2) ( (z )>) 0

Noting that (3.48) ensures that limy, .o Inln (H, 2 (f (2))) /Inln (IL,% (f (x)) hy) = 1, we get

lim h 2 [Tn (x) —E (Tn (x))] =0 a.s.,

n—oo

and Lemma 8 in the case a < a/5 follows from (3.34).

3.4.3 Proof of Lemma 9

Let us write

with
- - X
TW () = Uen ( YK <:17 k>
(z) ;;O 2 )by, Y ™
N - X
7@ (z) = WK (22 2k)
=ng

Lemma 9 is proved by showing that, for i € {1, 2}, under the condition lim, . (ny,) > (o —a) / (2¢),

e ifa> /5, then sup ‘T,(f) () —E (T,(f) (x))‘ =0 <\/’ynh In n) a.s., (3.49)

xel
e ifa> /5, then ilél}) E <Tn (m))‘ = <W 1nn> (3.50)
and by proving that, under the condition lim, .. (nvy,) > 2a/¢,
e ifa< /5, then ilé}; TW (z) - E (T}LZ) (:L'))‘ =o0 (hi) a.s., (3.51)
o ifa<a/5, then i}gE (Tn (ZC)) =0 (h2). (3.52)

As a matter of fact, Lemma 9 follows from the combination of (3.49) and (3.50) in the case a > «/5,
from the one of (3.49) and (3.52) in the case a = a//5, and from the one of (3.51) and (3.52) in the
case a < a/5.

The proof of (3.50) and (3.52) is similar to the one of (3.33) and (3.34), and is omitted. Moreover
the proof of (3.49) and (3.51) for ¢ = 2 is similar to the one for ¢ = 1, and is omitted too. To prove
simultaneously (3.49) and (3.51) for i = 1, we introduce the sequence (v,,) defined as

{ E\/anhn> if a > a/5,

W) = h-2 [lnn]z) if a < a/5.

(3.53)
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As a matter of fact, (3.49) and (3.51) are proved for ¢ = 1 by establishing that

ilé}j) TW (z) - E <T,§1) (a;))‘ =0 (v, 'Inn) as. (3.54)

To this end we first state the following lemma.

Lemma 18 There exists s > 0 such that, for all C > 0,
0 (@) B (70 @) 2 €] =0 (5.

We first show how (3.54) can be deduced from Lemma 18. Set (M,,) € GS (m) with m > 0, and
note that, for all C' > 0, we have

sup]P’[
zcl Llnn

Un ) 71 >
P[lnnxej (z) = E( " ($))‘_C
U ~
< (1) (1) > <
¢ -8t iz
+P |sup | Vx| > Mn] . (3.55)
k<n

Let (d,,) be a positive sequence such that d,, < 1 for all n, and such that lim, 7, ld, = 0. Let
Ii(n) be N (n) intervals of length d,, such that UN(n)Ii(n) = I, and for all i € {1,...,N (n)}, set
a;l(-n) S Il-(n). We have

Un_ (1) (1) > <
P llnnilé? Ty (z) — E(Tn (a;))‘ > C and Zglek\ < M,

TV () - E (Tél) (33))‘ > C and sup|Yy| < M,

n
k<n

<ZIP’! sup

Let us prove that there exists ¢* such that, for all x,y € I such that |x —y| < d,, and on
{supr<n |Yil < My},

T (2) = T ()| < & Muh 27 (3.56)

To this end, we write

T (z) — TM (y)‘ < Api(2,y) + Ang2 (2,y)

with

k=ng

An,l (xvy) = Z Ukn ’}/kh IYk |:K <x ;‘Lka> -k (y;”j(k>:| ’
f
f

e = | o (52 [t

k=ng
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e Since K is Lipschitz-continuous, and by application of Lemma 3, there exist k*, c] > 0 such that,
for all z,y € R satisfying |z — y| < dy, and on {supy<,, |Ys| < My}, we have :

Ay (,y) < KMy Y Uk () yhy *dn

k=ng

< G Myh2d,. (3.57)
e Now, let ¢} be positive constants; for j > ng and for p € {1,2} we have
(1 —%f(fﬂ))p _ (1 L) - f(fﬁ)))p
1=;f () 1—;f (y)
€55t >p
< |14+ ——
( 1=l flle
(1 + 2¢5v;dy)?
1+ ¢3v;dp. (3.58)

<
<

We deduce that, for £ and n such that ng < k < n,
p

-1

Ui (f (@) 1] 1] Lo @

UL (Fy) S Ll )

n
IT exp(cida) | -1
j=k+1

n
exXp Ci‘;dn’yr:l Z YiTn -1
j=k+1

IN

IN

exp | cidny, ' > vm| — 1
n>1

IN

exp ¢y ] — 1
S5y, ' exp [y, ]
cidnyy L. (3.59)

ININ A

The application of (3.59) with p = 1 and of Lemma 3 ensures that, for all x,y € I satisfying
|z — y| < dy, and on {supy<, [Yi| < M, }, we have :

1K oo M >~ Ukin (9) Wehy, " (chdnrn )

k=no

< GMyphy'yy tdy. (3.60)

An,2 (l‘, y)

IN

The upper bound (3.56) follows from the combination of (3.57) and (3.60).
Now, it follows from (3.56) that, for all z € Ii(n) and on {supy.<, [Yi| < M, }, we have

T (@)~ E (T ()|
T () = T4 ()| +

2¢* My bty td, +

n

IN

IN
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In view of (3.55), we obtain, for all C' > 0,

P s 740 (@) - B (10 )] = €
= %?P [l;}l—nn T <m(n)> -E (Trgl) (x(")))( + 2c*Mnhi—"nh;1’Y;1dn > C]
P Y| > M,].

Now, note that, in view of (3.53), (vn,) € GS (m*) where m* is defined in (3.9). Set (d,) €
GS (— (i + m* + a + «)) such that, for all n, 2¢* My, v, (Inn) "' b1y 1d, < C/2;in view of Lemma 18
and Assumption (A4)ii), there exists s > 0 such that

v

P [—n sup
Inn xel

TW (z) - E (T}}) (;n))\ > c}

< N(n)supP [U—"
zel Inn

0 (@) - E (T ()| > %} T nexp (—£ M) E (exp (Y1)
= 0 <d51n_% + nexp (—t*Mn)) .

Since (M,) € GS (1) with m > 0, and since (d,') € GS (v + m* + a + ), we can choose C large
enough so that

T ()~ B (T (@))| > c} < 0,

which gives (3.54).
It remains to prove Lemma 18. For all z € I and all s > 0, we have

P s (B0 @) - B (TP @)) 2 0] = Plew [s™o (T (2) - B (T () )] 2 nf]
58 op [ (102 200

IN

with

We have, for all z € I,

E (exp [S_lvk,n (55)])
< 14 LB [, @]+ E (7 [V 1)) 0 Vi 0]

1 - X
< 14 2520, Var [ K i i
2 ’ h

570 LK IRE | (Yl + (B (Vi) ) exp (s~ annll Koo (1Yl +E (¥]))) |
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Now, note that «y , can be rewritten as :

Since (v,) € GS (m*) with ¢ — m*& > 0 (where £ is defined in (3.6)), we have

B et (1)

Hn—l (90) Un—1 n
(1 - ’Vn‘:p) (1 =+ m*€7n +o (771))
1= (p—=m*) v +o0(m)

<1 for n large enough.
Writing
n—1
vnlln (0) 1 Vi1 llips (#)
velli () 25 willi(p)
we obtain
II

no<k<n vglly ((10)

and, since lim,, o v el = 0, we deduce that sup,, <x<, @k, < 0o. Thus, in view of Assumption
(A4) i), there exist s > 0 and ¢* > 0 such that, for all k¥ and n such that ng < k < n,

B[V + B (Vi) ) exp (57 apnll K o (1Yl + E (Y1) < .

From classical computations, we have sup,; Var [YkK ((a; — Xi) h,;l)] = O (hg). We then deduce
that there exist C],C5 > 0 such that, for all € I, for all £ and n such that ng < k <n,

E (exp [s 'WVin (2)]) < 14 CioiU2 . (©)viehy "+ CsviUR, (9) vohy®
exp [CTvaUL, (@) vihi ' + Caud Ui, (0) vihy*] -

A

Applying Lemma 3, we deduce from (3.61) that, for all C' > 0,

sup P [U—n (T,(Ll) (r) —E <T,§1) (m))) > C}

me[ hln
_c * - _ % - _
< n s exp |Civ? Z UR n (0) %0 (vi?) + Csvl Z Ug () %O (vi?)
k=no k=ng
= 0 <n_%) .
We establish exactly in the same way that, for all C' > 0,

sup P [U—n (E (T,(Ll) (x)) - T,ﬁl) (x)) > C} = 0 <n_%) )

xel Inn

which concludes the proof of Lemma 18.

83



tel-00131964, version 1 - 19 Feb 2007

3.4.4 Proof of Lemma 13
Set,

ik (2) = Wiyt () — 7 (%) Zgy1 (7)) - (3.62)

In order to prove Lemma 13, we first establish a central limit theorem for

n

D bk (@) —E(m ()]

=ng—1

1
22:1 gk i

In view of (3.37)-(3.39) and since hy/hr+1 =1+ o (1), we have

T, (z) —E(Th (z)) =

Var (ng (v)) = VC”’(WkH( ) + r? (x) Var (Zyga () — 2r () Cov (Wi (2), Ziga (2))

= W [Var[Y]X—x /K2 dz+o()]-

Noting that (¢2h,') € GS (—2¢ + a) with ¢ < (1 + a) /2, and using (3.18), we get

n

ve = > qVar(m(2)

k=ngp—1
= y q_,% ar =x|J(z 2(2)dz+o
= 3 e vermir=are [ @ o)
nguhy ' B
=~ T-9%+a [Var [Y]X = 2] f(w)/RK2 (2) dz—i—o(l)} . (3.63)

Now, set p € ]0,1] such that ¢ < (1+a(1+p))/(2+ p); it follows from (3.42) that

Zn: qurpE [m’f (x)|2+p] = 0 ( Zn: 71%: <|Yk —r ()PP K*P <$ thk>>)

k=no—1 k=no—1 "k

n qi+p
= 0 Z h11€+p :

k=ngp—1

In view of (3.63) and using (3.18), we get

1 ng 2+ph—(1+p)
=5 > s [l (@) 7] = 0<+

Un k=ng—1

The application of Lyapounov Theorem gives
> 1 Uk

\/na2hy!

(T ()~ BT @) BN (0 g Var X =al o) [ 82 ()a: )
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and applying (3.18), we obtain

"1+4+a—2q

o (T (2) ~ B [T, (2)]) B A (o o Varvix <ol @) [

K2 (2) dz> . (3.64)

Now, note that
E(Tn(z)) = ! Y G lE Wi (@) —a(@) =7 (2) (B (Zkpa () = f ()]

> k=1 Gk &

Since hp+1/hn =1+ 0(1), it follows from (3.44) and (3.45) that

=np—1

E (T, (1))
n 2 2
s 2wty ([v5Eena-r@ [ Fhena)on) [ 2K
= k=nog—1
= s 3wk [P @ 7@ o]
= k=no—1

Applying (3.18), we obtain

1 1-
Jim SR @) = o tm® @) f (@), (3.65)

and Lemma 13 follows from the combination of (3.64) and (3.65).

3.4.5 Proof of Lemma 14

Set

n

Su(@) = Y aqrlm (@) —E(n (x))]

k=ngp—1

where 7 is defined in (3.62), and H,? = nh,'q2. Let us first note that, since (nh;lqi) €
GS (1 + a — 2q) with 1+a—2q > 0, we have lim,, ., H,, 2 = co. Moreover, we have lim,, .o, H2/H?2 | =
1, and, by (3.63),

n

nan;O H? Z EVary ()] =1+a—2¢ ' Var [Y|X =z f (2) /RK2 (2)dz

k=nog—1

and, by (3.42), E [\qnnn (w)]g} = O (g2hy,?). Since, for all € > 0,

n H3 . ,
vr, 5 plmanor) - o S )

k=ngp—1
3
= O <n_3hﬁq;3 (n®+ nqzh;2)> ,

we have

LS B (1 @) = o (I (5] 7).

k=no—1
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The application of Theorem 1 of Mokkadem and Pelletier (2006) ensures that, with probability one,
the sequence

H,S, (x) - Zzzl ar Vnhy (T (z) = E(T;, (z)))
2Inln (Hy?) "n 2Inln (H,?)

is relatively compact and its limit set is the interval

1 1
[—\/mVar Y|X = x]f(af:)/RK2 (2)dz, \/mVar Y|X = :B]f(:n)/RK2 (2) dz] .

Since lim,,_ s Inln (Hg 2) /Inlnn = 1, and using (3.18), it follows that, with probability one, the

sequence (\/nhn (T, (z) —E(T, (x))) /v2Inln n> is relatively compact, and its limit set is the
interval

(1-— Q)2 B (1— q)z }
_\/mVar Y|X = x]f(a:)/R[@ (2) dz, \/mVar Y|X _:L‘]f(g;)/R[(? (2)d>

The application of (3.65) concludes the proof of Lemma 14.

3.4.6 Proof of Lemma 15

Let us write T), (x) as

Ty (x) =Ty (x) — 7 (2) T2 ()

with
1 " - X
Toi(z) = = &Ylﬁ-lK <w>
pyi— i Pyt Pyt
1 g <:13 - Xk+1>
Tho(r) = ——— K .
2 (2) 2k=1 Gk A= P s}

Lemma 15 is proved by showing that, for i € {1,2},
sup [Ty () —E (T, (z))] = O <\/n_1h;1 In n) a.s., (3.66)
zel

and that

Sup B (T, () =7 () B (T ()] = O (17) . (3.67)

The proof of (3.67) relies on classical computations and is omitted. Moreover the proof of (3.66)
for ¢ = 2 is similar to the one for i = 1, and is omitted too. We now prove (3.66) for ¢ = 1. To this
end, we first state the following lemma.

Lemma 19 There exists s > 0 such that, for all C > 0,

vnhn B e
smlél?]P’ lnn |Th1 () —E(Th1 (z))| > C —O(n s).
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We first show how (3.66) for ¢ = 1 can be deduced from Lemma 19, and then prove Lemma 19. Set
(M) € GS (m) with m > 0, and note that, for all C' > 0, we have

nhy,
[ sup 11 5) ~ B (T ()] 2 €]
nn ger
hy,
< P [\/n—SuP‘Tn,l (2) = E(Tp1 (2))| = C and sup [Yii| < My
Inn zel hsn

+P

o i > 0.
k<n

Let Ii(n) be N (n) intervals of length d,, such that Ui]i(ln)li(n) =1, and for alli € {1,...,N (n)}, set
a;l(-n) € Il-(n). We have

P [Msup]Tml (x) —E (T (x))] > C’}

Inn zel

N(n)
vnhy
< NP [ sup [T (2) — E (T ()] 2 C and sup [Yip| < M,
nn k<n

i=1 zer™

+P

sup [Yii1| > Mn] . (3.68)
k<n

Since K is Lipschitz-continuous, there exist k*, ¢* > 0, such that, for all z,y € R satisfying |z — y| <
dy and on {supy<,, [Yis1| < My}, we have :

1 g _ Tz — X - X
i - [ £ i (5 )

> k=1 Tk Pl hi1 P41

no—1

< k*M,d, qkh
Zk 194 kz P

< *M,h;%d,.

It follows that, for all = € Ii(n), on {supy<, |Yes1] < My}, we have
Tna () = E (T (2))]

T (2) — Ta (xgm) ‘ + T, (xgm) _E (Tn,l (xgm)) ( + ‘E (Tn,1 <x§">>> CE (T (2))

£ (47) 2 (5 ()]

In view of (3.68), we obtain, for all C' > 0,

<

< 2c¢*Myh,,

nhy,
P [ Y sup Ty (2) — E (T (2)] 2 €]
nn ger
N(n)
vnhy, (n) (n) v Vnhy
< : — : >
- 2_; P[ Inn Tua <$’ > E<Tn’1 (ml ))‘ 2¢° My Inn "l 2 C
+nP[|Y] > M,].
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Now, set (d,) € GS (=3 — 2a — 1) such that, for all n, 2¢* M,\/nh, (In n) ' hi2d, < C/2;in view
of Lemma 19 and Assumption (A4) i), there exists s > 0 such that

P[@jﬂglﬂl() E(Tn,l(w))lzc]
< N (sup? [V T, () - B (T ()] 2 5] +newp (1M, Eexp (V)

= O (dflln_fcs + nexp (—t*Mn)> .

Since (dy1') € GS (3 + 3a+m) and since (M,) € GS () with /= > 0, we can choose C' large
enough so that

Z]P’[ T tsup [T () — B (T (2 ))y>c] < o0,

n>0 zel

which gives (3.66) for ¢ = 1.
It remains to prove Lemma 19. For all z € I and all s > 0, we have

P [\{f (Tt () = E(Tnp (2))) 2 C] = Plexp [s7 /i (T (2) = E (T (2))] = 0¥ |
< n~ E <eXp s/ nhy (To1 (2) — E (T ( )))])
< ns ﬁ E (exp (s Uk, (2))) (3.69)
k=no—1

with

= St m (e (55))]
Uk (z) = Vi K [ ——2 ) —E( (Ve K | —— -
o (2) Shoi hk—i—l [ o ( i1 i Pt

For k and n such that k < n, set

nhn qk

Ckm = TSm 1 -
Zk:1 qrk Pkg1

We have, for all x € I,
E (exp [s‘lUk,n (a;)])
1
< 1+ §E [3_2U137n (:c)] +E [3_3 ‘Ug’n (:c)H exp [|Ug.n (2)]]

1 - X
< 14 zs2ai  Var [YkHK <w>]
2 ’ Pkt

57l L KIZE | (1Yol + E (Yisr)®) exp (s apnll Klloo (Visa] +E ([Yesa]))) |

Now, note that

\/kh_
ak,n = \/ 1hkh 2
<Zk:1 %> nh_ b
= ~n k .
D k1 Gk ; S

i=k Gj+11/ (G + 1) hily
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Since (qm /jhj_l) €3S (—q+ (1+a)/2) with —g+ (1 +a) /2 > 0, we have

g —1

a4/ Jh; 1+a\1 1
- 1—{—qg+ 5 —+o| -~
gj+14/ (G + 1) by J J

< 1 for j large enough.

It follows that supy<,, ax, < co. Consequently, in view of Assumption (A4) i), there exist s > 0
and ¢* > 0 such that, for all £ and n such that k < n,

E (1Yl + B (Yisa)®) exp (s~ apnll Klloo (Vera] + B ([Yiia)) | < e,

Recall that sup,¢; Var [YiK ((z — Xj) h,;l)] = O (hg). We then deduce that there exist positive
constants C7, such that, for all z € I, and for all £ and n such that £ < n,

2 5 3
E(exp [S_lUk,n(gj)]) < 1+Cfn7h”% CSMZ_@
k

(k=1 Qk)2 hi (k=1 Qk)3
3
* hn ql% * hz qg
< Ntk k1
= o [C?’ ngZ i T n2q3 i
Then, it follows from (3.69) that, for all C' > 0,
3
Vnhy, chn e~ @@ . b K a
sup P [ ] (T () —E(Th1 (2))) > C] < n s exp C3—2 ki +Ci— q—’;
zel nn i n2g3 = by
- o)
We establish exactly in the same way that, for all C' > 0,
nhn _C
—_ > frd s
supP [Vlnn (E(To1 (@) = Ta @) = €| = 0(n7%),
which concludes the proof of Lemma 19.
3.4.7 Proof of Lemma 16
In view of (3.20), we have
An(z) = AP (2)+AD (2),
with
AN (@) = D Upn (f (@) 9 (E[Zk (2)] = Zk (2) (r—r(2) — 7 (2)), (3.70)
k=ng
AP () = Y Uk (f @)% (f (@) = E[Zk (@)]) (rp-1(z) — 7 (2)). (3.71)
k=ng
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Let us first note that, in view of (3.45) and by application of Lemma 3, we have

‘Ag)(g;)‘ - ( ZH fykhkwk) a.s.

k=no

= ( Z H ’ka (mk) k) a.s.

k=no

= O (myw,) a.s.
Let us now bound A (z). To this end, we set

ex(x) = E(Zy(v) - Zk (2),
Gy (z) = Tk( ) —7r(),

Sp(x) = ZH ) Yrek () Gr_1 (),

and F, = o ((X1,Y1),..., (Xk, Yx)). In view of (3.38) and of Lemma 3, the increasing process of
the martingale (S, (z)) satisfies

n

<S>, (x) = Y E[LE(f (2)viek (2) Gioy (@) [Fiea]

k=no
=3 @) AEGE () Var 2 ()
k=ng
-0 (Z ;2 <f<x>m%w,%h) as
k=ng

= 0 (Z 2 (f (m))’ykm%w,%) a.s.
= 0 (H_2 (f (x)) m2w2) a.s.

n n-—-n

e Let us first consider the case the sequence (ny;,) is bounded. We then have (IL;! (f (z)) € S (71 f ())),
and thus In (< S >, (z)) = O (Inn) a.s. Theorem 1.3.15 in Duflo (1997) then ensures that, for any
6 >0,

IS0 ()] = o<<s>é () (In < S >, (m))%‘s>+0(1) a.s.

‘A,(ll) (:c)‘ = o(mnwn (lnn) 2 >—|—O( n(f(2)) as.

= o(mnwn(lnn)%>+o(mn) a.s.,
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which concludes the proof of Lemma 16 in this case.
e Let us now consider the case lim,,_,o (n7y,) = co. In this case, for all § > 0, we have

(2 (f(2) = > In(l—f(x)

k=no
n

= Y @uf (@) +olw)

k=no
= 0 (Z ’ykk5> .
k=1
Since (v,n°) € GS (— (a — §)) with (o — §) < 1, we have

o (yn’)
lim =——==1—(a—4).

It follows that In (II;2 (f (z))) = O (n'*%,). The sequence (m,w,) being in GS (—m* + w*), we
deduce that, for all § > 0, we have

In(<S>,(x) = O <n1+57n) a.s.

Theorem 1.3.15 in Duflo (1997) then ensures that, for any § > 0,

146

|Sn ()] = o << S >é () (In < S >, (z)) 2 > +0(1) a.s.

+4

= 0 <H,_L1 (f (x)) mupwy, <n1+57n> 12> +0(1) a.s.

It follows from the application of Lemma 3 that, for any § > 0,

146

‘Ag) (m)‘ = o <mnwn (n1+5’yn) 2) + O (IL, (f (2))) a.s.

143
2
= o (man (w1493,) ) as.

which concludes the proof of Lemma 16.

3.4.8 Proof of Lemma 17

Let us first note that, in view of (3.71), and by application of Lemma 3, we have

sup A,(f) (g;)‘ = O (Zn: <Sup U (f (m))) ykhiwk) a.s.

zel k=no zel

= O (Z Uk.n (@)%mkwk) a.s.

k=ng

= O (mywy,) a.s.

Now, set

A, = ilnn (3.72)

t*
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(where t* is defined in (A4) 7)), and write NS (defined in (3.70)) as

ALY (@) =y (f (2)) MY (@) + 1 (f (2)) S (2)

with
Snl@) = 30T @) (B (20 (@)] = 2 (@) (rrt () = 7 () Ly il 4
k=ng
k
M () = DTG @) 12 ()] = Z5 (@) (1) =7 (@) Taupye, yil<an

Let us first prove a uniform strong upper bound for S,,. For any ¢ > 0, we have

ZP[supm;lw#\Sm)!zc} = 0 ZP(sup Y1>An>)

n>0 Lz€l n>0 \lsn-l

n>0

= 0 ZnIP’(Y>An))

= 0 Z n exp (t*An))

n>0

It follows that

sup |Sy, ()] = O (myw,) a.s.
xel

To establish the strong uniform bound of MT(L")

(1997), page 209.

, we shall apply the following result given in Duflo

Lemma 20
Let (Mén))k be a martingale such that, for all k <mn, M,gn) — M]gT_L)l

D, (N) = ¢ ? (e)‘c —1- )\c). For all \,, such that \,c, <1 and all o, > 0, we have

< c¢p, and set

P (An (M,S") - MO")> > &, (\y) < MM >, +an)\n> < emnn,
In view of (3.21), there exists C* > 0 such that, on {sup;; [Y]| < Ay},
Iri () — 7 (z)] < C*k’ykh,zlAn.
Consequently, there exists C'y > 0 such that

M (2) = M) (@) (f (@) %122 (2) ~ E (Ze @)]| 051 (@) = 7 (@) Toupy__, i,
(F @) 9 (205 K loo) (€ (k= 1) 1k An)

CIL (f () kadhg A,

!
-1
Hk

IN AN IA
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— In the case lim, o (n7,) = o0, since (ny2h,?) € GS (1 —2a + 2a) there exists (uy) — 0
such that
(k= 1)y b2
kg

1 1
= 1—[1—2a+2a]E+O<E>
= 1+ ugyg-

It follows that there exists kg > ng such that, for all £ > kg and for all x € I,

L (f (@) (k= 1) 92 k2
;' (f (x)) ky2h; 2

(1= f () (1 + ugpyi)

= 1—f @) +uyr (1 —yf ()
L — e +ueye (L+ 7% flloo)
1.

VANVAN

Consequently, there exists C' > 0 such that, for all x € I and all £ < n,
M (@) = M (@) < CT(f () mah; 2 A (3.73)

— In the case lim;,_, (ny,) < 0o (in which case o« = 1), we set € € |0, min {(1 — 3a) /2; ¢! — m*} |
(where m* is defined in (3.9)), and write

M (@) = M, ()] <y [ O (@) K] An [y R y2ng?]

Since (m,'n'Ty2h;?) € GS (m* + 1 4 € — 2o + 2a) with

1—a

m +1+e—2a+2a < +e—142a
1
< 6—5(1—3a)<0,

the sequence (m,, 'n'T¢y2h; %) is bounded. On the other hand, since (n"*my,) € GS (—e — m*),

there exists (ur) — 0 and kg > ng such that, for all £ > kg and for all z € I,

I (f (@) (k= 1) g 17kf<>><1+<m*+6>%+0<%>>

T (7 (@) by (

(1= f () (L + (m* + €) Evi + upve)
(1 =) (1 + (m* +€) Evp + |uk| k)
1—
1.

<

D e SR
- 2

<

It follows that there exists C' > 0 such that, for all z € I and all & < n,
M (@) = M @)] < O (f () A, (3.74)

From now on, we set

_ [ OIM(f (@) nyihy Ay i iy (n7,) =
o (@) L (f (2) man™CA,  if lim, o (n,) <
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so that in view of (3.73) and (3.74), for all € I and all k¥ < n, we have
M(”) _M(") < ( )
w () v (@) < cp ().

Now, let (u,) be a positive sequence such that, for all n,

< O-1p=1~=212 A=1  ify; _
{un_C’ n=ty,fhs A it limy, o0 (ny,) = o0, (3.75)

up, < C7imy nfA; ! if limy, oo (nyn) < 00,

and set

Let us at first assume that the following lemma holds.

Lemma 21
There exist Cy > 0 and p > 0 such that for all z,y € I such that |z —y| < Can™", we have

A (@) M (1) = d () M ()] <1,
D@ O (2)) < MO >, (&) = @) O (1) < MO >, ()] < 1
Set
dn = an_p,
Va (:L') = A (l‘) Mv(zn) (:L') - (I)cn(gc) ()‘n (l‘)) < M(n) >n (:L') >
o (z) = (p+2)lnn
" An ()

Let Ii(n) be N (n) intervals of length d,, such that Ui]i(ln) =1, and for all i € {1,...,N (n)}, set
a;l(-n) € Il-(n). Applying Lemma 21, we get, for n large enough,

N(n)
P [sup V,, (x) > 2(p+2)1nn} < Z P| sup Vio(z)>2(p+2)Inn
wel =1 |zer™

N(n)

< Y rlv, <x(n)) r2> 2(p+2)1nn]
i=1

< N (n)supP [V, (z) > (p+2)Inn].

zel

Now, the application of Lemma 20 ensures that, for all x € I,

PV, (z) > (p+2)Inn] P | A, (2) M () — Qo2 (M (2)) < M™ >, (2) > o, (2) A, (z)

n

<
< exp[—ay (2) Ay (2)]
< n—(P+2)

It follows that

ZIP’ |:Sllan () >2(p+2) lnn] =0 (Zn2) < 400,
>1

n zel n>1
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and, applying Borel-Cantelli Lemma, we obtain

sup A (2) M{™ (z) < sup D, () (An (2)) < M®™ >, (2)+2(p+2)Inn a.s.
xel zel

Since ®. (\) < A% as soon as Ac < 1, and since A, (x) = u,IL, (f (z)), it follows that

upsup I, (f (@) MUY (2) < w2supIl (f (2)) < M™ >, () +2(p+2)Inn  a.s.
zel xzel

Establishing the same upper bound for the martingale (—M ,gn)>, we obtain

SupIL, (f (@) [M{) ()| < wasup I (£ (@) < M) >, (@) 4 21272000
zel el U,

Now, since sup,c; Var (Zy (x)) = O (h;l), we have

supIly, (f (z)) < M™ >, (x)
zel

n

= O > swU, (f (@)1 sup lre—r (2) = (2)* sup (Var [Z (2)])

k=no zel zel zel
= O Z Ui (9) Yehy fw} a.s. (3.76)

e Let us first consider the case when the sequence (n+v,) is bounded. In this case, (3.76) and
Lemma 3 imply that

supIl? (f () < M™ >, () = O Z U,?,n () emiw} a.s.
xel k=no

= O(m%wz) a.s.

In this case, we have thus proved that, for all positive sequence (u,,) satisfying (3.75), we have

supIL, (f (x)) ‘M,(L") (:c)‘ =0 <unmiw% + lnn> a.s. (3.77)

xel Un

Now, since the sequence ([m;lwglvln n} mnn_eAn> belongs to GS (— (w* + €)) with w* +¢€ > 0,
there exists ug > 0 such that, for all n,

ugm,, w, ' VInn < C 7l A

(where C'is defined in (3.75)). Applying (3.77) with (u,) = <u0m; L, 1v/In n), we obtain
supIL, (f (x)) ‘M,(l") (1‘)‘ = 0 (mnwn lnn) a.s.,
zel

which concludes the proof of Lemma 17 in this case.
e Let us now consider the case lim,_,o (ny,) = 0o. In this case, (3.76) implies that

supI2 (f (z)) < M > () = O (hy'w?)  as.
zel

95



tel-00131964, version 1 - 19 Feb 2007

In this case, we have thus proved that, for all positive sequence (u,,) satisfying (3.75), we have
(n) ~1,2 , Inn
supIL, (f (x)) ‘Mn (x)‘ = O (upymh, w; + o a.s. (3.78)
zel n

Now, in view of (3.30), of (3.72), and of the assumptions of Lemma 17, we have

[\/yﬁlhnlnnw ] [nvnh 2A] = O<\/7nh 1lnnw 1B)

= 0(1).

Thus, there exists ug > 0 such that, for all n,

um/v;lhnlnnw <Cn~ 7n2h2A L

Applying (3.78) with (u,) = <u0 e lnnw;1>, we obtain

SuII)Hn (f (x)) ‘M,(l") (m)‘ = 0 <\/vnh lnnwn> a.s.
jAS]
= 0 (mnwnvln n) a.s.,

which concludes the proof of Lemma 17.

Proof of Lemma 21
Let (6,) € GS(—06%), set z,y € I such that |z — y| < §,, and let ¢] denote generic constants. Let us
first note that

|2k () = Zi (y)| < cioahy”,

|Zk ()] < eshy ',

\Var[Zy (z)] = Var [Z (y)]]
= [E{(Zk(x) — Zk(y) — [E(Zk(z)) — E(Zk(y))]) (Zk(z) + Z(y) — [E(Zk(2)) + E(Zk(y))]) ]
< 8csh; 'E[|Zk () — Zi, ()]
< C§h;§35m

and that, in view of (3.21), on {sup,<;, |Yi| < 4,},
i (2) =7 (2)| < chkmchyt An.
Now, in view of (3.10), we have

i (v) =7 (x) = [1 =k ()] [rk—1 () — 7 ()] + 7% W (z) — 7 () Z) ()],

so that

[ri (x) —r(2)] = [re (y) — 7
= [1—mZ ()] r(@)] = [ = wZk W) [re—1 (y) — 7 (v)]
+1 (W () - Wk (y)] [r (x) Zy, (2) — 7 (y) Zk (y)])
= [1—7ka(w)]([rk 1 )] = [re—1 (y) —r )]
=k [ZK () — (y)] [rk 1(y) —r ()]
Wi (

9 (Wi (2) = Wi (y)] = 7 (2) [Z1 (2) = Zk (9)] = Zk (y) [ (2) =7 (9)]) -
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For k > ng, we have |1 —~;Z, ()| < 1. It follows that, for k > ng and on {sup,<;, [Vi| < A4, },

e (x) =7 (2)] = [r (y) — 7 (W)
< lrker (@) =7 (0)] = [re—a () = r W]+ 9 [ 2k () = Ze (W) [rr-1 (y) =7 (9)]
o (Yl + [ (@)]) |2k (2) = Zi ()] + v 121 ()] 1 (2) = 7 ()]

< lrkmr (@) = 7 (2)] = [ri—1 () — 7 @] + (cEkvRhy 200 An) + (chrmAnhy 0n) + (3rchy ' 6n)
< m (@) =7 (@)] = [re—1 (y) — 7 <>]|+c8mhk35nAn
< ¢ Z] 2h 360 A,

< cmk2 Vehy 360 Ap.
Moreover, we note that, on {sup,<;, [Vi| < A4, },

e (2) =7 @] = [ () =7 )|

k
< Al (@) =7 (@)] = rie () = r W e (2) =7 ()] + [re () — 7 ()]
< kSRR 10, A2

Using all the previous upper bounds, as well as (3.59) with p = 1, we get

= up Z U (f () 9 (B [Z) (2)] = Zk (%)) [rie—1 (z) — 7 ()]

k=ng

= Ukn (F W) 9 B [Ze @)] = Zi () [rr—1 () — 7 ()]

]lsuPlgk—1|Yl|§An

k=ng
< up Z Uk (f (@) vk [E [Zg (2)] = Z ()| [(ri—1 (x) =7 () = (rk—1 () = 7 ()] Lsup,o,,_, vi1<An
k=no
+u, Z Uk (f @) v =1 () — 7 W1 (1Zk () = Zi W+ E[1 2k () — Zk O)]]) Lsup,o,,_, vil<A,
k=ng
oy kz Ui ( % 1| bt () = 7 (125 @)+ E 12 @) Luupry i<
< Eatn Y Uk (9) % (") (K29hi?6nAn) + Eigtn Y Urn () v (kynhy, " An) (62027, %)
k=ng k=ng
gt Y Unn (9) (00 ') (kb ' An) (hiY)
k=ng

< c’{5unn27,%h;45n14n + c’fﬁunn%h;?’énAn + c’f7unnh;25n14n
In view of (3.72) and (3.75), it follows that there exist s} > 0 and S e GS(s7) such that

A (@) M (2) = An () MM ()] < 6,550 (3.79)

n
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Now, we have

(I)cn(x) ()‘n (x) < M(n) >n (x) - CI)cn(y) ()‘n (y)) < M(n) >n (y)

(I)cn(y) ()‘n (Z/))

— Ze@ N2 )« M) S () — X% (y) < M™ >, (y)

A2 (x A (y)
D, )y (An(z
n()\)%((x)( ) [)\2( ) < M@ < n (@)= A2 (y) < M™ > (y)]
De,(z) (An (2)) B D) An W) 2 ()
+[ 2 (z) X2 (y) ]A (W) < M= (1)

Since ¢y, (2) A (2) = ¢n () A (y) = B, we have

en@) An (7))~ : : enly) (An (9))
Bl B By (exp (Ba) -1~ By) = 2ol

Using the fact that ®.(\) < A? for Ac < 1, and applying (3.59) with p = 2, we deduce that

q>cn(:c) ()‘ (1’)) < M(n) >n (ZL') - (I)cn(y) ()‘n (y)) < M(n) >n (y)‘

< @ <ut > <>—Ai<y><M<">>n<y>\

< kz Ui n (f (@) 7V ar [Z (2)] [r— (2) — 7 ()]
- kz Ui (F @) 2Var (Zs @)] re—1 () = 7 (01| Loupyy s vil<An

< :Z U (f (@) 3RVar (2 (@) | s (@) =7 (@) = (me1 @) = 7 0))° | Laupc,vifea,
+up, kz Upn (f @) 7k (ri—1 (y) =7 (9)* IV ar [Z (2)] = Var [Zk ()] Lsup,o,_, <A
+us, é;o Ui (f (1) % — 13 (1 () = 7 (9)* Var [Zk (v)] Laupyo,,_, vil<An

< cigul Zn: UR . (0) 77 (h ") (Kb "0, A2) + cloul zn: Uk () 7k (K7 2 A7) (0nhy )

f— k=no

+esouy, zn: Ui o (9) (607 ) e (KPyihy 2 A7) Byt

k=no

In view of (3.72) and (3.75), it follows that there exist s5 > 0 and S e GS(s3) such that

®Cn(fﬂ) (An (7)) < M >n (@) — (I)cn(y) (A (y) < M >n (y)| < 5n§1(12)- (3.80)

Lemma 21 follows from the combination of (3.79) and (3.80).
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Chapitre 4

How to apply the method of
two-time-scale stochastic
approximation in the estimation of a
regression function
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4.1 Introduction

The purpose of this chapter is to introduce two-time-scale stochastic approximation algorithms
in order to define a class of recursive estimators of a regression function, and to study the asymptotic
properties of the estimators built up in that way.

The use of stochastic approximation algorithms in the framework of regression estimation has
been introduced by Kiefer and Wolfowitz (1952). The famous Kiefer and Wolfowitz algorithm allows
the approximation of the point at which a regression function reaches its maximum. This pioneer
work has been widely discussed and extended in many directions (see, among many others, Blum
(1954), Fabian (1967), Kushner and Clark (1978), Hall and Heyde (1980), Ruppert (1982), Chen
(1988), Spall (1988), Polyak and Tsybakov (1990), Dippon and Renz (1997), Spall (1997), Chen,
Duncan and Pasik-Duncan (1999), Dippon (2003), and Mokkadem and Pelletier (2004)).

The question of applying the method of stochastic approximation to estimate a regression
function at a given point (instead of approximating its mode) has been introduced by Révész
(1973). His approach is the following.

Let (X,Y),(X1,Y7),...,(X,,Y,) be independent, identically distributed pairs of random va-
riables, and f denote the probability density of X. In order to construct a stochastic approximation
algorithm for the estimation of the regression function r : x — E(Y|X = z) at a point = such
that f(x) # 0, Révész (1973) defines an algorithm, which approximates the zero of the function
h :yw— r(z)f(x) — f(z)y. Following the Robbins-Monro procedure, this algorithm is defined by
setting an arbitrary 7o(x) € R and, for n > 1,

Pn(z) = Tp_1(z) + 1 Wh(z) (4.1)

where the stepsize (7,) is a sequence of positive real numbers that goes to zero, and W, (z) is an
“observation” of the function h at the point 7,,_1(x). To define W, (z), Révész introduces a kernel
K (that is, a function such that [, K(z)dz = 1) and a bandwidth (h,) (that is, a sequence of
positive real numbers that goes to zero), and sets

Wa(@) = hyy Yo K (hy o = X)) = by 'K (hy o = X))o ().

Révész (1977) gives the pointwise weak convergence rate, as well as an upper bound of the strong
uniform convergence rate, of #, towards r. The main drawback of his approach is that it requires
the knowledge of a lower bound of the density f. More precisely, Révész (1977) chooses the stepsize
(vn) equal to (n™1), the bandwidth (h,,) equal to (n~%) with a € ]1/2,1[ and assume that f(z) >
(1 —a) /2 to establish a central limit theorem for #,(z) — r(x), and that inf,c; f(z) > (1 —a) /2
(where I is a bounded interval) to prove an almost sure upper bound of sup,c; |[Fn(x) — 7(2)].

The two-time-scale stochastic approximation algorithms have been introduced recently by Bor-
kar (1997), Konda and Borkar (1999), Baras and Borkar (2000), Bhatnagar, Fu, Marcus and Fard
(2001), Bhatnagar, Fu, and Marcus (2001), Konda and Tsitsiklis (2003), their convergence rate
established by Konda and Tsitsiklis (2004) and Mokkadem and Pelletier (2006a). They are algo-
rithms of search of the common zero (6*, u*) of two unknown functions by and hy. They are used
in frameworks where the approximation of only one of the two parameters 8* or p* is subject of
interest, the approximation of the other parameter being made only to allow the approximation of
the interesting parameter. They are built up in the following way : (i) 6 and pg are arbitrarily set ;
(ii) for n > 1, 0,, and p,, are defined by the recursive equations

On = Op_1+ W (4.2)
Hn = /Ln—1+ﬁnWr(Lz) (4.3)

where WT(LI) and WT(L2) are observations of hq(0,—1, fin—1) and ho(6,,—1, n—1) respectively, and where
the stepsizes (7,) and (f3,) are two sequences of positive real numbers that go to zero with different
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rates. In the case both algorithms (4.2) and (4.3) are “of Robbins-Monro type”, the first one is
/2
one is G 12 Thus, in the case the parameter of interest is u*, the stepsizes are chosen such that
lim,, o0 ﬁn%jl =0.

In order to construct a two-time-scale stochastic approximation algorithm for the estimation of
the regression function r at a point x such that f(z) # 0, we define an algorithm of search of the
common zero of the functions

known to converge weakly with the rate vy, ! , whereas the weak convergence rate of the second

hi :(y,z) — f(z) —y and he :(y,z)H%;(m)—z.

We thus proceed in the following way : (i) we set fo(z) = fo > 0 and ro(x) € R; (ii) for all n > 1,
we define

fn(w) = fn—l(x)+7nwr(zl)(w)
() = rp_i(z) + B W (2)

where W,V (z) and w2 (z) are “observations” of the functions h; and hgo at the point (f,,—1(z),rp—1(x)).

Following Révész’s approach, we set

T — X,
hy

W (z) = h 'K <

> — fn—1(z) and Wf)(x) _ hy_LlYnK <:17 — Xn> 1

e ) Ty )

The two-time-scale stochastic approximation algorithm we set up can thus be rewritten as :

fal@) = (1= ) far(@) + b K (%) (4.4)
(@) = (1= B0)rn1(z)+ Bpuh, 'V, K (”” ;l an> fn_ll Ok (4.5)

Since we have set fo(z) = fo > 0, choosing the stepsize in (4.4) such that 7, <1 for all n and using
a nonnegative kernel K ensures that the algorithm (4.5) is well defined for all x € R. To complete
the definition of the algorithm (4.4)-(4.5), let us specify that, since the parameter of interest is the
function regression r, we choose the stepsizes (7,) and (3,) such that lim, . 3,7, "' = 0.

We establish the pointwise weak and strong convergence rate of the estimator r, defined by
the two-time-scale stochastic algorithm (4.4)-(4.5) at any point  such that f(z) # 0. The optimal
weak convergence rate of 7, is n*/°, whereas the one of the estimator 7, defined in Révész (1977)
is smaller than n'/4. Moreover, the only condition we require to prove the convergence rate of r,,
is f(x) # 0, instead of f(x) > (1 —a) /2 as it is the case in Révész (1977). We also establish an
upper bound of the strong convergence rate of sup,c; |rn(x) — r(z)| for any bounded interval I on
which inf,c; f(z) > 0 (instead of on I such that inf,c; f(x) > (1 — a) /2, as in Révész (1977)).

To conclude this introduction, let us underline that the stochastic approximation algorithms
(4.4) and (4.5) are not “of Robbins-Monro type”. As a matter of fact, the use of the kernel K
and of the bandwidth (h,) to construct the “observations” Wr(Ll)(ac) and W, (x) is, in a certain
sense, very similar to the approximation of the differential of the regression function made in the
construction of the Kiefer and Wolfowitz algorithm, and it induces behaviours for the algorithms
(4.4) and (4.5) very comparable with the behaviour of the Kiefer and Wolfowitz algorithm. As a
consequence, the results on the convergence rate of the two-time scale stochastic approximation
algorithms obtained in Konda and Tsitsiklis (2004) or in Mokkadem and Pelletier (2006a) do not
apply in the present framework.

Our main results are stated in Section 4.2, whereas Section 4.4 is devoted to the proofs.

104



tel-00131964, version 1 - 19 Feb 2007

4.2 Assumptions and main results

Let us first define the class of positive sequences that will be used in the statement of our
assumptions.

Definition 3 Lety € R and (v,),,>1 be a nonrandom positive sequence. We say that (vy,) € GS ()
if

lim n [1 - v"_l} = 7. (4.6)
n—oo Un,

Condition (4.6) was introduced by Galambos and Seneta (1973) to define regularly varying se-
quences (see also Bojanic and Seneta (1973)). Typical sequences in GS () are, for b € R, n7 (In n)b,
n? (Inlnn)® and so on.

Let g (s,t) denote the density of the couple (X,Y’) (in particular f (z) = [ g (x,t) dt), and set
a(x) =r(z) f (x). We establish the pointwise weak and strong convergence rate of the estimator
ry, defined by the two-time-scale stochastic approximation algorithm (4.4)-(4.5) under the following
assumptions.

(Al) K : R — R is a nonnegative, continuous, bounded function satisfying fRK (2)dz = 1,
JpzK (2)dz =0 and [ 22K (2) dz < oc.

(A2) iii) (hy,) € GS (—a) with a € ]0, 3[.
i) (Bn) € GS (=p) with 3 € |3a, 1].
ii) (vn) € GS(—a) with o € Jmin{3a,a+1— 3}, ]. Moreover, v, < 1 for all n and
hmn—>oo 551'7” (ln (ZZ:I ,Yk))_l = 0.
iv) limy, o0 (nBy) €] min{2a, (1 —a)/2}, o).

(A3) i) g (s,t) is two times continuously differentiable with respect to s.
ii) For ¢ € {0,1,2}, s — [p 199 (s,t) dt is a bounded function continuous at s = z.
For q € [2,3], s — [; [t|Yg (s, t)dt is a bounded function.
ii1) For q € {0,1}, fR\th I (x,t)
continuous at s = z.

dt < oo, and s — [, 175 ta g 7 (s,t) dt is a bounded function

Assumption (A2) iv) on the limit of (n3,) as n goes to infinity is usual in the framework of stochastic
approximation algorithms. It implies in particular that the limit of ([nﬂn]_l) is finite. Throughout
this chapter we will use the following notations :

¢ = lim (nB,)”"

and for, f (x) #0,

m® (z) = U S tdt—re )/gg(ac t)dt}/RfK(z)dz.

Theorem 10 (Weak convergence rate)
Let Assumptions (A1) — (A3) hold for x € R such that f (x) #0

1. If there exists ¢ > 0 such that 3, *h3 — c, then

VB b (1 () = 7 (2))

LY (1 _\/safm@) (2), (2‘16‘(2 }_/L‘LX — 2] /K2 > (@7)
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2. If B thD — oo, then

1 p_ 1 (@)
7 () =7 (@) 5 r—gam® (2).
where 2 denotes the convergence in distribution, N the Gaussian-distribution and L the conver-
gence in probability.

Remark 2 In the case lim, o (nG,) = 0o, we have & = 0. Let us consider the case lim,,_,o, (nf,) <
oo (in which case 3 = 1). In Part 2 of Theorem 10, we have a < 1/5, so that (A2) iv) implies
that limy, oo (nB,) > 2a, which guarantees that 1 — 2a& > 0. In Part 1, we have a > 1/5, (A2) iv)
ensures that lim,_,o (nB,) > (1 —a) /2, so that 2 — (1 —a)& > 0. Moreover, in the case ¢ # 0, we
have a = 1/5, so that the condition lim, . (nf3,) > (1 —a) /2 ensured by (A2) iv) also guarantees
that 1 — 2a€ > 0.

Let us underline that the convergence rate of the regression estimator r,, does not depend on
the choice of the stepsize (7,) used in the stochastic approximation algorithm (4.4), which defines
the density estimator f,. This phenomenon is similar to the one, which happens in the framework
of two-time-scale stochastic approximation algorithms.

For a given choice of stepsize (f3,), the optimal weak convergence rate of 7, is obtained by
choosing the bandwidth (h,) such that lim, .. 8,'h> = ¢ > 0. Now, choosing (3,) satisfying
limy, 0o nBn = 0o (in which case £ = 0) leads, whatever the bandwidth (h,,) is, to a convergence
rate of r, smaller than n%°. The advisable choice of stepsize is thus (8,) = (8*n~'), where 5*
must be set larger than (1 —a)/2 if @ > 1/5, and larger than 2a if @ < 1/5. The existence of
such conditions on the stepsize when this one converges at the rate n is usual in the framework of
stochastic approximation algorithms ; in our context (and unlike what often happens for stochastic
approximation algorithms), these conditions are not tricky at all, since they only depend on the
known parameter a.

In the case (3,) = (8*n~1), lim, oo nhS = ¢, and B* > (1 —a)/2, we have £ = [3*]~!, and (4.7)
can be rewritten as

D B* 2 B* Var [Y|X = z] 2
nhy, (ry () —r (x —>N<\/E m® (z), K (2)dz | .
Viha (7 () =7 ) T R I S
In particular, the optimal pointwise weak convergence rate of r, is obtained by choosing (h,) =
(cn_l/ 5), and equals n?/5. Let us recall that, to establish the pointwise weak convergence rate of
the estimator #, constructed via the single-time-scale stochastic approximation algorithm (4.1),
Révész (1977) sets (v,) = (n™1), (hy) = (n~%) with a > 1/2, and proves the central limit theorem

. D Var [Y|X = x] / 2
nhy (fn () — 7 (z N {0, K
i (5 (2) = 7 (2)) 2 4 (0, LT
so that the convergence rate of 7, is smaller than n'/%. Moreover, to prove this central limit theo-
rem, Révész (1977) requires the condition f(z) > (1 — a)/2; this condition is a typical example of
the tedious conditions, which are usual in the framework of stochastic approximation algorithms
when the stepsize converges at the rate n.

Let us now consider the problem of constructing confidence intervals for r. Hall (1992) shows
that, to minimize the coverage error of the confidence interval, avoiding bias estimation by a slight
undersmoothing is more efficient than explicit bias correction. We thus choose a bandwidth (h,,)
such that lim, .., nh> = 0. On the other hand, it seems interesting to minimize the asymptotic
variance of 7,,. The function 5* — 3*2[28 — (1 — a)]_1 reaching its minimum at the point §* = 1—a,
we can state the following corollary.
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Corollary 5

Let Assumptions (A1) — (A3) hold for x € R such that f (z) # 0, and choose (hy) € GS (—a) such
that lim,, ., nhd = 0. To minimize the asymptotic variance of vy, the stepsize must be chosen as
(Bn) € GS (—1) with lim,, . nB, =1 — a, and we then have

Ctem D . Var[Y|X = x] 2 (1) ds
Vi (2) =1 @) 2 A7 (0,00 - ) PEEEET [ 2y ac). (45)

Let us mention that the asymptotic variance of the estimator r, defined in Corollary 5 is smaller
than the one of the well-known (nonrecursive) Nadaraya-Watson kernel estimator

_ 2 YK (b (2 - X))
Zi:lK( n ( —Xz')) ’

whose asymptotic variance equals

Var[Y|X = z] 2.\ do
T LS

To deduce confidence intervals from (4.8), it remains to estimate f (which can be done by using
a recursive estimator defined in Chapter 1) and Var [Y|X = z].

The following theorem gives the pointwise strong convergence rate of r,.

Theorem 11 (Strong pointwise convergence rate)
Let Assumptions (A1) — (A3) hold for x € R such that f (z) # 0.

1. If there exists ¢ > 0 such that B, 'hd/In (3"F_, Bk) — c, then, with probability one, the
sequence

2In (S5 )

1s relatively compact and its limit set is the interval
m® ( Var] Y|X = x] /K2
1-— 2a£ (2—(1—a)
1 c Var[Y|X = x]
Zm@ K2 (2
1—m¢vgm (m4"¢2—41—a / ]

2. If B AR5 /In (37—, Bk) — 0o, then, with probability one,

(rn (z) =7 (2))

1
2
T 2a£m (x).

lim 7 (rp () —r(x)) =

n—o0

To establish a uniform strong upper bound of the convergence rate of r,, we need the following
additional assumptions.
(A4) i)K is Lipschitz-continuous.
i1) There exists t* > 0 such that E (exp (t*|Y])) < 0o
iii) a > 3a 4 5.
i) For g € {0,1}, z v [ [t]?|%2

2 (x, t)‘ dt is bounded on the set {z, f (z) > 0}.
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Theorem 12 (Strong uniform convergence rate)
Let I be a bounded interval of R on which infzer f (x) > 0 and let Assumptions (A1) — (A4) hold
forallx € I.

1. If( B LhS /[Inn) ) is bounded, then, with probability one,

sup |r, (z) — 7 (z)| = O (Wm) .

zel
2. Iflim, .o B, 'h2 /[Inn)? = oo, then, with probability one,

sup [ry () — ()| = O (h2).

zel

4.3 Simulations

The object of this section is to provide a simulations study comparing the (non recursive)
Nadaraya-Watson regression estimator, the averaged Révész estimator (studied in Chapter 2) and
the estimator computed with the help of a two-time-scale stochastic approximation algorithm. We
consider the regression model

Y =r(X)+de

where d > 0 and where € is N (0,1) distibuted. Whatever the estimator is, we choose the kernel

K (z) = (2m) 2 exp (—2?/2), and the bandwidth equal to (k) = <n_1/5 (In n)_1> (which corres-

ponds to a slight undersmoothing). The confidence intervals of r (z) we consider are the following,.
— When the Nadaraya-Watson estimator 7, defined in (4.9) is used, we set

= > i o (X2))°
I, = [ 196\/ n2hnfn ) /R K2 (z)dz,

> i i (X))
)+ 1. 96\/ - hnfn ® /R K2 (z) dz] ;

where f, () is the density Rosenblatt estimator. The asymptotic confidence level of I, is
95%.

— To define the averaged Révész estimator 7,, we choose the weights (¢,,) equal to (hy,). This
choice guarantees that (h,) and (g,) both belong to GS (—a) (with a = 1/5 here), so that the
asymptotic variance of 7, is minimal. We also let (vy,) = (n—o.g) (this choice being allowed
by the assumptions of Chapter 2). Finally, we set

Fooo_ E _Tn(XZ))z 2) dx
I, - [ 196\/ gL /RK2()d,

i (Yi — 7 (X5))?
x)+ 1. 96\/ 2h T (@) /RK2 (2) dz] ,

where fn (z) is the recursive density estimator with minimum asymptotic variance; recall
fn is defined as in (4.4) but with the “fast” stepsize (v,) = (4/5n™!) (see Chapter 1 for
the optimality of fn) Let ® denote the distribution function of the standard normal; the

asymptotic level of I, is 2® (1.96/\/4/5> —1=97.14%.

108



tel-00131964, version 1 - 19 Feb 2007

— For the estimator r,, defined by the two-time-scale stochastic approximation algorithm (4.4)-
(4.5), we set (1) = (n~%%%1), and (ﬂn) = (4/5n~1) (which is the choice which leads to the

minimum asymptotic variance of r,). We set

_ Yoy (Vi = rn (X2))° N ds
I, = [ 196\/ n2hnfn @ /RK2( )d

Soiey (Yi =7 (X0))?
z) + 1. 96\/ n2hnfn ® /R K2 (z) dz] ;

where the density estimator f,, (7) is defined in the same way as for I,,.
We consider three sample sizes n = 50, n = 100 and n = 200, three points * = —0.5, x = 0 and
x = 0.5 and three densities of X : standard normal, normal mixture and student with 6 degrees
of freedom. In each case the number of simulations is N = 5000. In each table, the first line cor-

responds to the Nadaraya-Watson estimator 7,, and gives the empirical level # {T (x) € fn} /N ;
the second line corresponds to the averaged Révész estimator 7, and gives the empirical level
# {7’ )€ I, } /N ; the third line corresponds to the estimator r, constructed with the two-time-
scale stochastlc approximation algorithm and gives the empirical level # {r (z) € I,,} /N. For conve-
nience, we recall the theoretical levels in the last column CL.

The simulations results confirm the theoretical ones : the coverage error of the intervals bluit
up with the recursive estimators is smaller than the coverage error of the intervals bluit up with
the Nadaraya-Watson estimators. Moreover it seems that the recursive algorithm defined in (4.4)-
(4.5), with (8,) = (4/5n71) and (v,) = (n~°%1) works slightly better than the averaged Révész
estimator 7, with (gn) = (hy) and (7,,) = (n7°?)

Model r (x) = cos (x)

X —N(0,1)
z=-—0.5 =0 =05 CL

n=50 n=100 n=200 n=50 n=100 n=200 n=50 n=100 n =200

d=1
96.5%  96.76%  96.5% 96.44% 96.62% 96.84% 96.7%  97.04% 96.92%  95%
99.82%  99.9% 99.92%  99.8%  99.68%  99.76%  99.94% 99.86%  99.88% = 97.14%
96.52% 99.34%  99.96%  97.28% 99.4% 99.98%  96.58% 99.12%  99.96%  97.14%

d=2
95.42% 95.32%  95.7% 94.94% 95.44%  95.08% 95.4%  95.44%  96.2% 95%
99.82% 99.86%  99.76%  99.66% 99.6% 99.44%  99.82% 99.9% 99.98%  97.14%
97.38% 99.4% 99.92%  97.98% 99.28%  99.96% = 97.72% 99.22%  99.98%  97.14%
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Model r (x) = sin (2x) + 2exp (—16x2)

n = 50

98.5%
88.4%
98.14%

96.16%
96.74%
97.88%

Model r (x) = 0.3 exp (—4 (x+ 1)2) + 0.7 exp <—16 (x — 1)2>

n = 50

95.04%
99.8%
97.56%

95.26%
99.86%
97.68%

r=—-0.5
n = 100

98.84%
93.04%
99.68%

96.46%
96.86%
99.6%

r=-0.5
n = 100

94.74%
99.62%
99.52%

95.14%
99.76%
99.68%

n = 200

99.16%
96.62%
99.96%

97.26%
97.84%
99.98%

n = 200

95.08%
99.46%
99.94%

95.34%
99.72%
99.98%

Model r (x) = 0.8 + sin (6x)

n = 50

97.36%
99.84%
97.82%

95.4%
99.86%
97.94%

z=-—0.5
n = 100

97.54%
99.8%
99.68%

95.86%
99.86%
99.62%

n = 200

97.66%
99.8%
99.98%

96.28%
99.8%
99.98%

n = 50

92.84%
82.54%
97.98%

93.34%
92.68%
98.24%

n = 50

95.06%
99.24%
98.58%

94.74%
99.64%
98.5%

n = 50

97.2%
99.84%
98.34%

95.36%
99.72%
98.62%

X — N (0,1)
z=0

n =100 n =200
d=1

96.42%  97.64%
89.94%  95%
99.42%  99.98%
d=2

94.92%  95.62%
94.02%  95.18%
99.72%  99.98%

X — N (0,1)
z=0

n =100 n =200
d=1

95.28%  95.4%
99.34%  99.06%
99.8% 99.98%
d=2

94.88%  95.06%
99.52%  99.38%
99.68%  99.98%

X — N (0,1)
z=0

n =100 n =200
d=1

97.46%  97.68%
99.9% 99.76%
99.66%  99.96%
d=2

95.64%  96.06%
99.78%  99.74%
99.74%  99.96%
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n = 50

99.34%
99.98%
96.26%

96.5%
99.96%
97.64%

n = 50

95.44%
99.34%
98.22%

94.48%
99.62%
97.48%

n = 50

97.16%
99.96%
97.78%

96%
99.84%
97.62%

r=0.5
n = 100

99.32%
99.96%
99.1%

96.88%
99.92%
99.46%

r=0.5
n = 100

95.44%
99.34%
99.52%

95.56%
99.74%
99.68%

z=0.5
n = 100

97.72%
99.86%
99.36%

95.98%
99.66%
99.5%

n = 200

99.3%
99.98%
99.92%

96.72%
99.84%
99.96%

n = 200

95.84%
99.12%
99.98%

95.62%
99.6%
99.94%

n = 200

98.14%
99.86%
99.96%

96.1%
99.86%
99.94%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%
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Model r (x) = x + 2exp (—16x?)

n = 50

99.28%
98.34%
99.44%

99.92%
96.36%
99.98%

r=—-0.5
n = 100

99.68%
99.02%
99.96%

97.1%
99.04%
99.82%

Model r (x) =1+ 0.4x

n = 50

96.32%
99.84%
98.3%

95.46%
99.82%
98.3%

Model r (x) = cos (x)

n = 50

96.96%
99.96%
97.66%

95.6%
99.82%
98.10%

z=—-0.5
n = 100

95.94%
99.9%
99.76%

94.76%
99.88%
99.66%

z=—-0.5
n = 100

97.06%
99.92%
99.68%

95.32%
99.92%
99.7%

X — N (0,1)
z=0

n=200 n=50 n=100 n =200

d=1
99.4% 96.4%  98.08%  99.16%
99.18%  89.5%  94.64% 97.7%
99.98%  99.36% 99.9% 99.98%

d=2
97.16%  94.62% 95.92%  97.3%
98.78%  94.78% 95.38%  96.88%
99.98%  98.76% 99.82%  99.98%

X — N (0,1)
z=0

n=200 n=50 n=100 n =200

d=1
96.1% 96.24%  96.2% 96%
99.6% 99.92% 99.82%  99.72%
99.98%  98.7%  99.76%  99.98%

d=2
95.16%  95.56% 95.38%  95.54%
99.62%  99.88% 99.78%  99.68%
99.98%  98.66% 99.72%  99.98%

n = 50

99.58%
99.98%
98.94%

97.14%
99.94%
98.18%

n = 50

96.1%
99.86%
97.54%

94.98%
99.88%
97.28%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n =200 n=2>50

97.12%  97.26%
99.88%  99.86%
99.94%  98.18%

95.56%  95.08%
99.74%  99.94%
99.92%  98.44%

rz=0

n=100 n=200 n=2>50

d=1
96.8%
99.8%
99.44%
d=2
95.36%
99.78%
99.7%
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97.1%
99.66%
99.96%

95.64%
99.64%
99.98%

97.46%
99.96%
97.48%

96.38%
99.96%
98.04%

r=0.5
n = 100

99.68%
99.98%
99.82%

97.52%
99.96%
99.72%

= —0.5
n = 100

96.24%
99.8%
99.5%

94.96%
99.82%
99.48%

z=0.5
n = 100

96.94%
99.96%
99.5%

95.7%
99.9%
99.6%

n = 200

99.68%
99.98%
99.98%

97.64%
99.92%
99.98%

n = 200

96.62%
99.76%
99.98%

95.62%
99.68%
99.6%

n = 200

96.94%
99.8%
99.96%

95.34%
99.64%
99.98%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%
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Model r (x) = sin (2x) + 2exp (—16x2)

n = 50

98.12%
86.8%
98.92%

96.26%
96.88%
98.48%

Model r (x) = 0.3 exp (—4 (x+ 1)2) + 0.7 exp <—16 (x — 1)2>

n = 50

94.9%
99.74%
98.14%

94.54%
99.82%
98.02%

r=-0.5
n = 100

98.88%
92.24%
99.7%

96.76%
97.36%
99.66%

r=-0.5
n = 100

95.38%
99.62%
99.72%

95.34%
99.78%
99.68%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n=200 n=2>50

98.18%
94.94%
99.98%

96.82%
97.38%
99.96%

93.92%
84.46%
98.22%

93.96%
93.6%
98.46%

rz=0

n=100 n=200 n =50

d=1
96.52%
89.02%
99.46%
d=2
95.12%
94.4%
99.62%

97.54%
94.76%
99.98%

95.06%
96.06%
99.98%

99.08%
99.98%
97.18%

96.84%
99.94%
97.72%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n=200 n=2>50

95.3%
99.58%
99.98%

94.92%
99.74%
99.98%

Model r (x) = 0.8 + sin (6x)

n = 50

96.86%
99.82%
98.3%

95.52%
99.84%
98.22%

z=—-0.5
n = 100

97.38%
99.8%
99.82%

95.82%
99.82%
99.78%

95.56%
99.44%
98.6%

95.2%
99.84%
98.58%

rz=0

n=100 n=200 n =50

d=1
94.56%
99.22%
99.66%
d=2
94.4%
99.74%
99.66%

94.86%
99.1%
99.98%

94.82%
99.6%
99.98%

95.24%
99.34%
98.32%

95.24%
99.8%
98.28%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n =200 n=2>50

98.06%
99.96%
99.98%

96.08%
99.86%
99.98%

97.22%
99.96%
98.5%

95.56%
99.98%
98.54%

z=0

n=100 n=200 n=2>50

d=1
97.18%
99.92%
99.64%
d=2
95.3%
99.88%
99.66%
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97.56%
99.86%
99.96%

95.62%
99.76%
99.96%

96.98%
99.98%
98.42%

95.68%
99.92%
98.3%

r=0.5
n = 100

99.38%
99.98%
99.68%

96.9%
99.9%
99.74%

r=0.5
n = 100

95.24%
99.28%
99.7%

95.06%
99.78%
99.68%

z=0.5
n = 100

97.56%
99.96%
99.64%

95.82%
99.88%
99.62%

n = 200

99.26%
99.98%
99.98%

97.08%
99.88%
99.98%

n = 200

95.48%
99.06%
99.98%

95.14%
99.58%
99.98%

n = 200

97.04%
99.9%
99.98%

96.18%
99.84%
99.98%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%
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Model r (x) = x + 2exp (—16x?)

n = 50

99.4%
99%
99.66%

97.1%
99.3%
98.8%

r=-0.5
n = 100

99.82%
99.48%
99.98%

97.62%
99.5%
99.84%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n=200 n=2>50

99.76%  97.52%
99.64%  92.6%
99.98%  99.46%

98.02%  95.78%
99.5% 95.92%
99.98%  98.98%

Model r (x) =1+ 0.4x

n = 50

96.32%
99.92%
98.8%

95.18%
99.94%
98.52%

Model r (x) = cos (x)

n = 50

96.98%
99.9%
99.06%

95.6%
99.88%
99.24%

z=—-0.5
n = 100

96.66%
99.88%
99.98%

95.46%
99.86%
99.76%

z=—-0.5
n = 100

97.54%
99.84%
99.92%

95.96%
99.78%
99.92%

rz=0

n=100 n=200 n =50

d=1

98.84%
96.08%
99.96%
d=2

96.64%
96.42%
99.88%

99.42%
97.98%
99.98%

96.96%
96.08%
99.98%

99.88%
99.96%
99.48%

97.88%
99.96%
98.92%

X — 1/2N (=1/2,1) + 1/2N (1/2,1)

n=200 n=2>50

96.84%  96.46%
99.8% 99.94%
99.98%  98.9%

96.1% 95.08%
99.78%  99.88%
99.98%  98.76%

n =200 n=2>50

97.64%  97.02%
99.62%  99.74%
99.96%  99.24%

95.94%  95.4%
99.82%  99.74%
99.94%  99.52%

rz=0

n=100 n=200 n =50

d=1
96.74%
99.98%
99.9%
d=2
95.52%
99.96%
99.86%

X—>T(6)
z=0

n =100 n =200

d=1

97.28%
99.86%
99.96%
d=2

95.84%
99.72%
99.96%
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96.64%
99.84%
99.98%

95.6%
99.7%
99.98%

97.52%
99.88%
99.98%

96.06%
99.8%
99.98%

96.6%
99.88%
98%

95.58%
99.9%
97.84%

n = 50

97.6%
99.98%
99.16%

96.26%
99.98%
99.2%

r=0.5
n = 100

99.72%
99.98%
99.96%

97.6%
99.9%
99.82%

z=0.5
n = 100

96.72%
99.9%
99.82%

95.44%
99.86%
99.76%

z=0.5
n = 100

97.1%
99.9%
99.96%

95.62%
99.82%
99.96%

n = 200

99.92%
99.98%
99.98%

97.68%
99.98%
99.98%

n = 200

97.2%
99.86%
99.98%

95.74%
99.8%
99.98%

n = 200

96.98%
99.86%
99.98%

95.24%
99.68%
99.98%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%
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Model r (x) = sin (2x) + 2exp (—16x2)

n = 50

98.28%
87.42%
99.42%

96.32%
96.78%
99.36%

Model r (x) = 0.3 exp (—4 (x+ 1)2) + 0.7 exp <—16 (x — 1)2>

n = 50

95.3%
99.8%
99.46%

94.88%
99.84%
99.44%

r=-0.5
n = 100

98.74%
92.18%
99.96%

96.56%
97.2%
99.92%

r=-0.5
n = 100

94.88%
99.68%
99.94%

94.5%
99.82%
99.94%

n = 200

99.04%
95.46%
99.98%

96.86%
97.78%
99.96%

n = 200

95.08%
99.46%
99.96%

94.8%
99.58%
99.96%

Model r (x) = 0.8 + sin (6x)

n = 50

97.22%
99.86%
99.44%

95.8%
99.96%
99.44%

z=—-0.5
n = 100

97.36%
99.8%
99.98%

95.58%
99.78%
99.96%

n = 200

97.96%
99.82%
99.98%

96.42%
99.68%
99.98%

n = 50

93.48%
83.7%
99.46%

94.14%
93.66%
99.58%

n = 50

95.5%
99.16%
99.58%

95.28%
99.64%
99.56%

n = 50

97.16%
99.92%
99.56%

95.6%
99.9%
99.5%

X =T (6)
z=0
n = 100

d=1

96.12%
89.84%
99.98%
d=2

95.14%
94.26%
99.96%

X — 7 (6)
=0
n = 100

d=1
95.06%
99.26%
99.94%
d=2
94.8%
99.66%
99.94%

X — 7T (6)
=0
n =100

d=1

97.32%
99.88%
99.96%
d=2

95.76%
99.76%
99.96%
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n = 200

97.7%
94.84%
99.98%

96.04%
95.42%
99.98%

n = 200

95.02%
99.18%
99.96%

94.64%
99.58%
99.96%

n = 200

98.02%
99.94%
99.98%

96.22%
99.76%
99.98%

n = 50

99.22%
99.94%
98.96%

96.94%
99.9%
99.2%

n = 50

95.28%
99.4%
99.48%

95.06%
99.8%
99.5%

n = 50

97.06%
99.88%
99.36%

95.9%
99.9%
99.34%

r=0.5
n = 100

99.18%
99.96%
99.94%

96.48%
99.9%
99.98%

r=0.5
n = 100

95.48%
99.24%
99.9%

95.3%
99.7%
99.9%

z=0.5
n = 100

97.5%
99.92%
99.92%

95.74%
99.9%
99.94%

n = 200

98.86%
99.98%
99.98%

96.56%
99.82%
99.98%

n = 200

95.56%
99.18%
99.96%

95.3%
99.7%
99.98%

n = 200

97.92%
99.9%
99.96%

95.84%
99.74%
99.98%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%
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Model r (x) = x + 2exp (—16x?)

n = 50

99.6%
99.44%
99.92%

97.78%
99.46%
99.62%

r=-0.5
n = 100

99.84%
99.58%
99.98%

97.84%
99.36%
99.98%

n = 200

99.9%
99.8%
99.98%

98.34%
99.52%
99.98%

Model r (x) =1+ 0.4x

n = 50

96.62%
99.84%
99.48%

95.04%
99.82%
99.22%

z=-—0.5
n = 100

97.04%
99.9%
99.98%

95.62%
99.9%
99.92%

n = 200

97%
99.92%
99.98%

95.54%
99.82%
99.96%

n = 50

97.6%
93.46%
99.86%

95.54%
95.54%
99.76%

n = 50

97.2%
99.94%
99.66%

95.96%
99.84%
99.7%

4.4 Proof of the results

X =T (6)
z=0
n =100 n =200
d=1
99.08%  99.58%
96.88%  98.82%
99.98%  99.98%
d=2
96.68%  97.72%
96.94%  97.48%
99.96%  99.98%
X — 7 (6)
z=0
n =100 n =200
d=1
97.08%  97.02%
99.88%  99.82%
99.98%  99.96%
d=2
95.58%  95.88%
99.78%  99.66%
99.96%  99.98%

Throughout the proofs, we use the following notations :

Sn

@n

Un
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= >
k=1
= H(l_fyj)v
j=1
> Brs
k=1
(1_63)7
j=1
o z—X,
- hnK< = )
1 z—X
h,, YnK< I

n = 50

99.84%
99.96%
99.78%

98.24%
99.96%
99.64%

n = 50

96.36%
99.86%
99.44%

94.94%
99.86%
99.4%

r=0.5
n = 100

99.86%
99.96%
99.98%

98.06%
99.98%
99.94%

z=0.5
n = 100

97.14%
99.84%
99.98%

96.14%
99.84%
99.96%

n = 200

99.94%
99.98%
99.98%

98.34%
99.98%
99.98%

n = 200

97.22%
99.86%
99.98%

95.86%
99.76%
99.98%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%

CL

95%
97.14%
97.14%

95%
97.14%
97.14%



tel-00131964, version 1 - 19 Feb 2007

We first note that (4.5) can be rewritten as :
o () =7 (z)

= (1= ) (a1 () = @)+ ( el <x>)

355 RRTINCCRRENS, TR

k= 1] k+1

= 1 ()—x Tolx) —T (T
_ nzn (3 = @) 10,0 (@) = ()

o -1 (z) =7 (2) fr1 (v) ro(z) — 7 (x
- anE:lek g () 1 0) (0]

f(x) = fr1(x)
Jr—1(x)

_ % ST Be (Wi () = 7 (@) fimn (@) [1 + } 1 (ro () =7 (x))
k=1

= % Z lelﬁk (Wi () —r (2) fr—1 (x)]
k=1

(@)= (@) = @) (o o) - £ @) | HE D)

+IT,, (1o (z) — r (x)) . (4.10)
Now, in view of (4.4), we have
fior (@) = Zi(@) — = [fe (@)~ fo ()]
Vk

Thus, relation (4.10) can be rewritten as

Tn \T r\r == —1 X T’(ZL') (0) X —1 (1) X 1 (2) X
r(z) L) (4) (4
o Y @)+ RO (2)

where

M () — -1 oy | £@) = fi1 (@)
RO = TSI W ) - B V) | O
@@ - m3 o1 [£@) = fema ()
o) e k:1Hk . )=l )][ Ji—1(2) ]’
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In order to prove Theorems 10-12, we show that the asymptotic behaviour of r,, — r is given by the

one of T;,, the terms Rgf ), 0 <7 < 4, being negligeable in front of T},. More precisely, we establish

the following lemmas 22-26 stated below.

Lemma 22 (Weak convergence rate of T},)
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0

1. If there exists ¢ > 0 such that 3;'h2 — ¢, then

1

|6 h Ty () B N <1 —C§2a§m(2) (@) f (@), Va(rz[ilX :z / K2 ( )

2. If B71h2 — oo, then

1 P 1

T (@) % g™ @) f (@),

Remark 3 Note that (8 —a)& # 0 if and only if lim, . (nG3,) = B* € ]0,00[, in which case
6 = 1. The variance of the Gaussian law in Part 1 of Lemma 22 is thus equal to the one, which
appears in Part 1 of Theorem 10. We keep the parameter 3 in the statement of Lemma 22 to help
the reader throughout the proofs. The same remark can be made for the following lemma.

Lemma 23 (Strong pointwise convergence rate of 7))
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.

1. If there exists ¢ > 0 such that 3,1k /1In (u,) — c, then, with probability one, the sequence

B
2T (ay) " )

1s relatively compact and its limit set is the interval

1 c Var [Y|X x| f (z
[1 —2ut 3 @) f (@) - \/ 2—(B—a)f) / K
1 _12(1€ \/gm(z) (@) f () + \/Vag”z[):’X =z g / K2 (2 ]

2. If 1A /In (u,,) — oo, then, with probability one,

1
1—2a&

lim iT () = m® (2) f (z).

Lemma 24 (Strong uniform convergence rate of 7},)
Let I be a bounded interval on which infyer f(x) > 0 and let Assumptions (Al) — (A4) hold for all
xel.

1. If (ﬁ;lhi/[ln n]2) s bounded, then, with probability one,

sup|T;, (x)| = O P 1lnn>
up T, (2) (\/
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2. Iflim, o B, 1h2 /[Inn)? = oo, then, with probability one,

sup T, (a)] = O (h2) .
zel

Lemma 25 (Strong pointwise convergence rate of Rg))
Let Assumptions (A1) — (A3) hold for x € R. For i € {0,1,2,3}, we have

R (z) =0 <maX {\/ Brhnt, h%}) a.s.

(i))

Lemma 26 (Uniform strong convergence rate of R,

Let Assumptions (A1) — (A4) hold for all x € I. For i € {0,1,2,3}, we have

sup | R (x)‘ =0 <max {\/ Bnhn'nn, h%}) a.s.

zel

Theorem 10 (respectively Theorem 11) follows from the combination of Lemma 22 (respectively
Lemma 23) and Lemma 25. Theorem 12 is a consequence of the combination of Lemmas 24 and 26.
Before giving the proofs of Lemmas 22-26, let us state two lemmas, which are proved in the first
chapter.

Lemma 27 (Technical Lemma)
Let (v,) € GS (v*), (an) € GS (—a*) with o* > 0, and set m > 0. If m — v* lim, s (nay,) " > 0,
then

n n k o 1
. — k

lim v, Hl(l—aj)m > 1(1—0@') " o

‘7:

k=1 | j=

m — v* lim,, oo (nan)_l .

Moreover, for all positive sequence (uy) such that lim, .. u, =0, and all C,

n n k
. m -m| @k _
7}1—{%02}” I |1 (1—ay) kg 1 | |1 (1—ay) U_kUk +C| =0.

Jj= = =

Lemma 28 (Convergence rate of the density estimator defined by (4.4))
1. Under Assumptions (A1)-(A3), we have

Ifn(z) = f(2)] = O(max{“%,hi}) a.s.

2. Let Assumptions (A1) — (A4) hold, and let I be a bounded interval of R ; we have

_ _ /. -1 2
S;é}l)|fn(:n) f(z)] O(max{ Ynhn lnn,hn}> a.s.

Our proofs are now organized as follows. Lemmas 22, 23 and 24 are proved in Sections 4.4.1, 4.4.2
and 4.4.3 respectively. Section 4.4.4 is devoted to the proof of Lemmas 25 and 26.
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4.4.1 Proof of Lemma 22
We establish that

o ifa > /5, then

Vit (1, ) - £, @) 24 (0, = ALE) 2 Gyaz) .

e ifa> (3/5, then \/ By 'hE (T}, (2)) — 0, (4.12)
o ifa<B/5, then hE (T, (x) — - _12a e () f (@), (4.13)
o ifa< B/5, then h;2 (T, (z) — E (T, (z))) — 0. (4.14)

As a matter of fact the combination of (4.11) and (4.12) (respectively of (4.11) and (4.13)) gives
Part 1 of Lemma 22 in the case a > (/5 (respectively a = [(/5), the one of (4.13) and (4.14)
(respectively of (4.11) and (4.13)) gives Part 2 of Lemma 22 in the case a < /5 (respectively
a = [3/5). We prove (4.11), (4.14), (4.13), and (4.12) successively.

Proof of (4.11) Set
e () = 15 By Wi (2) — 7 (2) Zg, ()] (4.15)
so that T}, () — E (T}, (z)) = I, 4y [k (2) — E (g (x))]. We have
Var (g (z)) = ;262 [Var (Wi (2)) + 7% (2) Var (2 (2)) — 2r (z) Cov (Wi (), Z (2))] -

In view of (A3), classical computations give

Var (W (z)) = hik _ [V2|X = 2] /K2 ydz +o(1 ] , (4.16)
Var (Z (z)) = hik /K2 )dz+o(1 ],
Cov (Wi (z), Zk (z)) = hik _ /RK2 2)dz +of 1)}
It follows that
Var (ng (x)) = H';hiﬂk [Var Y|X = z] /K2 )dz+o(1 ] , (4.17)

and, since lim,,_,o, (nf3,) > (1 — a) /2, Lemma 27 ensures that

vy = ZVW(W(%))

= EhI I at [Var VX =z] f /K2 ydz+o(1 } (4.18)
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For all p € ]0,1], and in view of (A3), we have

£ (\Yk —r (z)[*TP K2t (%:Q))

. / ly — 7 @)[27 K2 () g (x — hys, y) dyds

< ottrn / { [ sy dy+ 1r@F [ oG msdy} 5290 6)ds
R
= O(h (4.19)
Now, set p € ]0, 1] such that lim,, o (n3,) > ;j:g (1 —a). Applying Lemma 27, we get
n n —2 pﬂ2+p z— Xy

SE[m@P] = o SRl - @R (1)
k=1 U h

n —2 pﬁ2+p

= 0 <Z 1P )
k=1 k

1 ﬁl—i—p
= 0 2+p h1+p :
Using (4.18), we deduce that
L 5 B\
i DB [l @) = 0((?) )
k=1 "
= 0(1)7

and (4.11) follows by application of Lyapounov Theorem.

Proof of (4.14) In view of (4.17), since a < /5, and since lim,_. (n3,) > 2a, the application
of Lemma 27 gives

n

-2
Var (T, (z)) = H2Z ﬁk [Var Y|X =z|f (a;)/RK2 (z2)dz+o0(1)

= 12 Z 11, % Bro (hyy)

k=1
= 0 (hi) )

and (4.14) follows.

Proof of (4.13) We have
E(T, () = Iy LB [(E(Wk(2) —a(z) —r(2) (E(Zk (2)) — f (2))]-
k=1
In view of (A3) we obtain

2
B (@)~ o) = 54 [ 58 @adyllvo()] [ 2K ()ds

R

1
21t
2
B(Zu@)~ @) = 30 [ 55 wmdyli+o) [ 2K ()=

R
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Since lim,,—, o (nfy) > 2a, it follows from the application of Lemma 27 that

B (T, (2)) = anfj:ln,;lﬁkhz ([t ena—ro [ e o] [ 2K e

= YT B [m® () f () + 0 (1)]
k=1

- - _12a£hi [m® (@) f (@) +0(1)].

which gives (4.13).

Proof of (4.12) Since a > (/5 and lim,,_. (n3,) > (1 — a) /2, we have

B @) = WY 1 o (/o)
k=1
= o).

which gives (4.12).

4.4.2 Proof of Lemma 23
Set

where 7, is defined in (4.15).
e Let us first consider the case a > (/5 (in which case lim, .o (n8,) > (8 —a)/2). We set
H? =112 37 'h,, and note that, since (ﬁ;lhn) € GS (B — a), we have, by setting 3y = hg = 1,

n

In(H,?) = —2l(Il,)+In <H M)

k=1 ﬁk_lh’f

= 2> m(1-B)+>. In (1— ﬁ;%‘)(%))
1 k=1

= > 2B +0(Be) — Y_((B—a)éBe+o0(B)

k=1 k=1
= (2-&§(B—a))un+o(un). (4.20)

Since 2 — £ (3 —a) > 0, it follows in particular that lim, .o, H,? = co. Moreover, we clearly have
lim,, oo H2/H? | =1, and by (4.18)

lim H? Z Var g (z)]=2— (8—a)&] ' Var[Y|X = z] f (z) /RK2 (2) dz.

n—00
k=1
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In view of (4.19), E [|nn|3] = O (I,;*B3h,?). Now, since lim, . (nB3,) > (8 —a) /2, applying
Lemma 27 and (4.20), we get

v B (1nl’) = 0

The application of Theorem 1 in Mokkadem and Pelletier (2006b) then ensures that, with proba-
bility one, the sequence

( H,S0 () \ [ VB (T, (z) — E(T,, (2))

2Inln (Hy?) 2Inln (H,?)

is relatively compact and its limit set is the interval

_ |Var [Y|X = 1z /K2 ., Var [Y’X = ] /Kz (4.21)
2—-(B—a) (2—(8—a)
In view of (4.20), we have lim, .o Inln (H,;?) /Inu, = 1. It follows that, with probability one, the

sequence (\/ B thy (T, (x) — E (T, (x))) /+v/2In un> is relatively compact, and its limit set is the

interval given in (4.21). The application of (4.12) (respectively of (4.13)) concludes the proof of
Lemma 23 in the case a > (/5 (respectively a = (3/5).

e Let us now consider the case a < 3/5 (in which case lim, o (n8,) > 2a). Set H,,? = 11,2}, (Inln (IT

and note that, since (h,*) € GS (4a), we have

n h_4
In (H;2hi) = —2In(Il,) +1n <H hk_—41>
k

k=1
" " 4a 1
= -2 n(1-Fx)+ > In{l——+o0|—
= D (2B +0(B) =Y (4B +0(Br))
k=1 k=1
= (2—4a)u, +o(uy). (4.22)

Since 2 — 4a¢ > 0, it follows in particular that lim,, ., II;2h} = oo, and thus lim,, ., H,,? = co.
Moreover, we clearly have lim,, o, H2/H2 | =1,E [|77n|3} < 0o0. Now, set € € |0, 5 — 5a such that
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lim, o0 (nBn) > 2a + €/2; in view of (4.18), and applying Lemma 27, we get

n " L )
H2Y Var[np(z)] = O (Hih,f‘ Inn (I5,2K2) > HkTﬂk)
k=1 |k

k=1
= 0 (Hih,ﬁ Inln (IT,%A3) Y "I, % B0 (hﬁk—f))

k=1
= o(lnln (H;2hf‘b) n=)
= o(l).

Moreover, applying (4.22) and Lemma 27, we obtain
1 ¢ 3\ _ I hy,© =274
m;E(]Hnnk\) - 0< 2 (o (11,20))
113 b6 _ 3
- 0< o (Inln (I1,%A}))2 (ZH *Bro ( h6)>)

I3 h, 6 B 3
_ <nf 358 (I n (11 n2hi))2>

~( (nin (12))?
. n

= o(m (3] ™).

[ V1[N
(_\
M=

=

>

w

Y
TW
~_—
~_—

The application of Theorem 1 in Mokkadem and Pelletier (2006b) then ensures that, with proba-

bility one,

\/lnln 2h4
lim M = lim h,? T, (z))) = 0.
e /2InIn (H oo 1/21In ln

Noting that (4.22) ensures that limy .o Inln (H,?) /Inln (II;2Ah}) = 1, we get

lim h,2 [T, (z) —E (T, (x))] =0 a.s.,

n—oo

and Lemma 23 in the case a < (/5 follows from (4.13).

4.4.3 Proof of Lemma 24
Let us write T, (x) as

with

N _ z—X
T () = annklﬁkhklykf(< I k)
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Lemma 24 is proved by showing that, for i € {1,2},

e ifa> /5, then sup|T\¥ (z) — E <T,£i) (m))‘

\/ Buhn 1 8. :
Sup O< Brhn nn> a.s., (4.23)

e ifa> /5, then sup |[E (T, (z))] =0 <\/ﬂnh;1 lnn> , (4.24)

zel

e ifa< (3/5, then sup
zel

o if a < /5, then sup [E(T}, (z))| = O (h2). (4.26)
zel

T () — E <T,§i) (x)) ‘ —o(h2) as., (4.25)

As a matter of fact, lemma 24 follows from the combination of (4.23) and (4.24) in the case a > [3/5,
from the one of (4.23) and (4.26) in the case a = 3/5, and from the one of (4.25) and (4.26) in the
case a < (/5.

The proof of (4.24) and (4.26) is similar to the one of (4.12) and (4.13) and is omitted. Moreover
the proof of (4.23) and (4.25) for ¢ = 2 is similar to the one for ¢ = 1, and is omitted too. To prove
simultaneously (4.23) and (4.25) for i = 1, we introduce the sequence (v,,) defined as

Vi) i a8/,

(vn) = h.2 [lnn]2> it a<p/5.

(4.27)

As a matter of fact, (v,) € GS (v*) with v* = min {%, 2a}, and to prove that (4.23) and (4.25)
for ¢ = 1, we establish that

sup
zel

Lemma 29 There exists s > 0 such that, for all C > 0,
T (z) - E (T (1‘))‘ > C} =0 (n%).

We first show how (4.28) can be deduced from Lemma 29, and then prove Lemma 29. Set (M,,) €
GS (m*) with m* > 0, and note that, for all C > 0, we have

TV (2) - E <T,§1) (a;))‘ =0 (v, Inn) a.s. (4.28)

v
supP [—"
me[ lnn

Un_ M) () — (1) >
P [lnn ilg) 7" (x) - E (Tn (a;))‘ >C
< P [ﬂ sup [TV (z) — E (T,(Ll) (m))‘ > C and sup|Y| < Mn]
nn zer k<n
+P |sup Y| > Mn] . (4.29)
k<n

Set pp, = poM,; 'v7 1 h2 where py is chosen such that p,, < 1 for all n. One can choose N (n) intervals
I.(n), i€ {l,...,N(n)}, of length p,, and such that NI ™) — I For all i € {1,...,N (n)}, set

i =1 "4

:L"Z(.n) S Ii(n). We have

P [ sup [T () ~ E (T (1) )| > € and sup |vi] < M,
Inn zel h<n
N(n)
v
< _n (1) . (1) S _
< ; P a2, T () (7 @))] = € and sup | < I,
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Since K is Lipschitz-continuous, and by application of Lemma 27, there exist k*, ¢* > 0, such that,
for all z,y € R, satisfying |z — y| < p, and on {sup,,, |Yi| < M,}, we have :

S _ z—X - X
I, I By 'Y, [K( . k)—K<y = ’“>H
k=1

T (2) - T ()| =
k

n

< K MIly Y T Bk pn
k=1

< c*Mnhfpn.

It follows that, for all x € IZ-("), on {supy<, |Y| < M}, we have
) (@) - B (T{) ()|
070 () ¢ 1 o) 10 () o 5 o) -5 )

() <2 (1 ()|

In view of (4.29), we obtain, for all C' > 0,

IN

IN

2c* Mnhfpn +

P [ 1)~ (1) 2]
< SR () B (20 (o)) 2w =

FnP[|Y| > M,).

Now, for n large enough, we have 2¢* M, v, (Inn)~' h2p, < C/2. In view of Lemma 29 and As-
sumption (A4)ii), there exists s > 0 such that, for n large enough,

P [v_n sup
Inn zel

TO (2) —E (T,(Ll) (m))‘ > c}

< N(n)supP [v—n
xel hln

W (z) — E (T,gU (x)) ‘ > %} + nexp (—t* M) E (exp (£*|Y]))
= 0 (,o;ln_% + nexp(—t*Mn)) .

Since N (n) = O (p,,*) with (p,!) € GS (v* +2a + m*), and since (M,) € GS (m*) with m* > 0,
we can choose C' large enough so that

and (4.28) follows.
It remains to prove Lemma 29. For all x € I and all s > 0, we have

P [ Un (T,(Ll) (r) — E (T,§1> (1‘))) > C}

Inn

_p [exp [8_1% (TT(LI) (r) —E <ng1) (x)))] > ng]

< B (o [, (10 (0) - (1) )]

< n_% ﬁ E (exp (8 Ukn (3’3))) (4:30)
k=1
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with

Uin(a) = eallalig g i€ (5% ) < (v (%) )|
k k

For k and n such that k < n, set
g = vaILIL ' Brhyt
We have, for all € I,
E (exp [s'Upn (z)])
< 14 5B [207, ()] +E [0}, @)]] exp [s7 Uk ()]

1 - X
< 14 2520, Var [V K i i
2 ’ h

570 LK IRE | (Yl + (B (Vi) ) exp (s~ annll Koo (1Yl +E (¥]))) |

Now, note that «y , can be rewritten as :

vpll
’UkH

n 1
O = v Behy .
k

Since (vy,) € GS (v*) with v* = min{ﬁ;“, 2a}, we have 1 —v*¢ > 0, and thus

I, w, v* 1
Hn—l Un—1 - (1 - ﬁn) <1 * g o <;>>
= 1-(1=2v")Bp+0(Bn)

< 1 for n large enough.
Writting
-1
onlly h vl
oplly 2o uill ’
we obtain
vp 1L,
sup sup < 0.
n k<n Urllg

Moreover, in view of (4.27), we have limy_, (vkﬂkhlzl) = 0. It follows that supy, o, < oo.
k<n
Consequently, in view of Assumption (A4)ii), there exist s > 0 and ¢* > 0 such that, for all £ and

n, (k <),
B[V + (B (Vi) ) exp (s apnll K o (1Yl + E(¥4])) ] < .

From classical computation we have sup,c; Var [V, K ((z — X) h,;l)] = O (hg). Now let C},C5 >
0 be generic constants that may vary from line to line. Noting that, in view of (4.27), the sequence
(Bnhglv,%) is bounded, we obtain, for all x € I, and for all k, n, such that & < n,

E (exp [8_1Uk’n (m)])
< 1+ CropIRIL 263 + Coop I I ih,

3 1 _3
exp |CTo2II2IL 2By, ® (Brhy vp) + Cva I Brvy® ([mh,;%] 282h, 2>]

< exp [CoII2IL, * Byvy, 2 + C3ol I I 2 Broy P

IN
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Applying Lemma 27, we deduce from (4.30) that, for all C' > 0,

sup P [U—n <T,§1) () —E (T,(Ll) (a;))) > C]

xel lnn

_c
< n sexp

n n
Croalll > T2 Bevy + CodTIs > H,;?’ﬁkv,;?’]
k=1 k=1
= 0 (n_%> .
We establish exactly in the same way that, for all C' > 0,

e (2 (3(08010) -1 ) ] = 0(r5).

zel nn

which concludes the proof of Lemma 29.

4.4.4 Proof of Lemmas 25 and 26

Let (my,) and (m,,) be the sequences defined as :

hfl) otherwise

) {(Mﬁnh,;llnn) if 1imy, oo (Bphy® Inn) = oo, (4.32)

(M) = 9 .
(hn) otherwise

and note that (my) and (m,) are in GS (—m™*) with m* = min{%ﬂa}. Lemmas 25 and 26
are proved by establishing that ‘Rg) (:c)‘ = o(my) a.s. and that sup,¢; ‘Rg) (:c)‘ = o(my,) as.
respectively. We prove Lemmas 25 and 26 for ¢ = 4, ¢ = 0, ¢ = 2, and ¢ = 3 in Sections 4.4.4.a,
4.4.4.b, 4.4.4.c, and 4.4.4.d respectively. Section 4.4.4.e is devoted to the proof of Lemma 25 for
i =1, and Section 4.4.4.f to the one of Lemma 26 for ¢ = 1.

4.4.4.a Proof of Lemmas 25 and 26 for ¢ =4
We have sup,¢; ‘RS‘) (:c)‘ = o(II,) a.s. Since (m,') € GS (m*) with 1 — m*¢ > 0, Lemma 27
ensures that
I, = o(my), (4.33)

which proves Lemmas 25 and 26 for ¢ = 4.
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4.4.4.b Proof of Lemmas 25 and 26 for : =0

We have
n —1
RO () = I, Z ﬁ‘“ 2) — £ (@) — (fos (@) — £ ()
B 1ﬁk I} Bt e
- kz( ) (1, ) )
Bn 61
(o 0 @) = T (o)~ @),

_ 1ﬁk My Brr1 } B
_ o, Z 1 g ) f (o)
b,

+, o (@) = f (@) = g5

Since (ﬁk_lyk) € GS (B — a), we have

L Mk B %] _ 1 ( B e >

et Br Vs (1= Brt1) \ B e+t
= 1—(1+ Br+1 +0(Br+1)) <1— (ﬂ;a)+o<%>>
= O (Bk)-

It follows that

n —1 2
O@| = o(mY % @) - @I+ P @ - @) @)
=y, g/

n

The application of the first part of Lemma 28 gives :

Ba

n

Hn> a.s.

1 1 1
_ O<Hn ﬁk[ vk1n<sk>>z+hi . <wn<sn>>2+hi .
‘ hi, hn
- 0<

1, S 107 6y (B In (s1)) ® o/ Bebit + 10, ZH Br (B ') b
k=1

+ (Born 1 (n))%\/ﬂ ha' +(5w,71)hi+ﬂn> a.s.

In view of Assumption (A2) i), we obtain

- 0 (Hn S I o <\/ﬁkh,;1> +10, > T Bro (RE) + o <\/ﬁnh;1> +o(h2) + Hn> a.s.
k=1 k=1

= O (Hn Z 1! Bro (mk)> +o(m,)+0l,) a.s.

k=1
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In view of (4.33) and applying Lemma 27, we get
‘R;O) (1‘)‘ = o(m,) a.s.,

which proves Lemma 25 for ¢ = 0. Now, in view of (4.34), the application of the second part of
a0 <x>1
zel

Lemma 28 implies that :
1ﬁ o ) 2
= 0 (2R g2 ) 4 R2| 410, | as.
k 1 h hn

= 0O ( Br (B, )% \/ Brhy tInk + 11, Zﬂglﬂk (Beve ') b

k=1
+ (Bnvm )% \/ Buhntlnn + (ﬁn’Yn ) h? + Hn> a.s.

In view of Assumption (A2)1i), (4.33), and applying Lemma 27, we obtain

sup ‘R%O) (x)‘ = 0 (Hn Zn: H,;lﬂko <\/6kh;1 In k) + 11, Zn: H,;lﬂko (hi)
k=1

zel k=1

0 <\/ﬂnh;1 In n> +o(h2)+0 (Hn)> a.s.
= 0 (Hninglﬂko(mk)> + o0 () a.s.

k=1
= o(m,) a.s.,

L Bn

’Yn

which proves Lemma 26 for ¢ = 0.

4.4.4.c Proof of Lemmas 25 and 26 for : = 2
We have

[f (z) = fr—1 ()]
Jr—1(x) .

The application of first part of Lemma 28 and then of Lemma 27 gives

n—1
R (@)] = c>(HnEZImiﬁui+lu<m>—fkuﬂ) @.s.

k=0

= 0 (HHZlelﬂkhzo (1)) a.s.
k=1
= O (Hn Z H,;lﬁko (mk)> a.s.

k=1
= o(my,) a.s.

R (2 ZIIank Wi (x)) — a ()

which gives Lemma 25 for ¢ = 2. Lemma 26 for i = 2 is obtained exactly in the same way (except
that it is the second part of Lemma 28 which is applied).
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4.4.4.d Proof of Lemmas 25 and 26 for : = 3

The application of first part of Lemma 28, and then of Lemma 27 ensures that

R (x) = 0<HnZH;16k<fk_1<w>—f<x>>2>

k=1

= O (anﬂglﬂk <%}fsk> + hi)) a.s.

k=1

= O<HnZHglﬁko(h%)> a.s.

k=1

= O(HnZlelﬂko(ka a.s.
k=1
= o(my,) a.s.

which gives Lemma 25 for ¢ = 3. Lemma 26 for i = 3 is obtained exactly in the same way (except
that it is the second part of Lemma 28 which is applied).

4.4.4.e Proof of Lemma 25 for i =1
We set

ep () = Wi(z) —E Wi (2)),

Gy (a) = [—f )

M, (z) = ZH "Brer (2) Gy (2)

so that RY (x) = I, M, (x). Set F, = o ((X1,Y1),...,(Xk, Ys)); in view of (4.16) and applying
the first part of Lemma 28, we note that the increasing process of the martingale (M, (z)) satisfies

<M >, (x) = ZE *Bier (v) Gy () | Frr]

— Z L 2BGE_, (z) Var [Wy (z)]

_ <ZH;2§’; <M ;¢>> 0. (4.35)

hy

e Let us first consider the case lim,,_, (n(3,) = co. The application of Lemma 27 gives

<M >, (z) = ( 26,{)/” h21n (sp)+ 11, 2ﬁnh?’) a.s.
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Now, note that, for all € > 0, we have

In (II,;?) = Zn:ln(l—ﬂk)_2
k=1

= ) (2B +0(Br))

k=1
= 0 (Z 5%6) .
k=1
Since (B,n¢) € GS (— (6 —€)) with (6 —€) < 1, we have

n (Bunc)
S S Bk

and thus In (H;z) =0 (n”eﬂn). The sequences (ﬂn’yn h721In (sn)) and (ﬂnh%) being in GS, it
follows that, for all € > 0, we have

In(<M>,(x) = O (nHeﬁn) a.s.
Theorem 1.3.15 in Duflo (1997) then ensures that, for any é > 0,

=1-(8-¢)

M, (z)] = o << M >2 (2)(In< M >, (a;))l?s> +O(1) as.

hé)( 1heg,) >+0( ) as.

Sl

= o <H;1 (ﬁém% By (I (50))% + 8

1 145
Set € > 0 and § > 0 such that ([%Lh;l] 2 [nrteg,] 2 > € GS (u*) with u* < 0 (the existence of

such real numbers € and ¢ being ensured by the condition o« > a + 1 — (3). We obtain

1L, | M,

(x)
_ ( () o) ™ st a2 () (“%)H>+O< W as.

> +o(my) a.s.

= o(mn

which gives Lemma 25 for i = 1 in the case lim,,_,o, (n3,) = co.
e Let us now consider the case the sequence (nf,) is bounded. In view of (4.35), and applying
Lemma 27, we have, for all sequence (£,) € GS (0),

<M >, (z) = 0(211,;2@ [(Behi ') (vshy "I (sg)) + (Brhy ') hi]) a.s.

k=1

= <ZH 26y, [0 (Bihy, Ek)—i—o(hkﬁk)]) a.s.
= o<;11,;25k [o(mzck)]> a.s.

= O(Hfmiﬁn) a.s.
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Moreover, since (nf3,) is bounded, we have II;' € GS (¢71), and thus In (II;*mZ2L,) = O (Inn).
Applying Theorem 1.3.15 in Duflo (1997), we deduce that, for all § > 0,

146

M, ()] = o << M >2 () (n< M >, (:C))2> +0(1) as.
= o (10, (£,)7 (1nn) 2 ) +0(1)  aus.
Setting for instance d = 1 and £,, = (Inn) "2, we get
I, M, ()] = o(my) a.s.,

which concludes the proof of Lemma 25 for ¢ = 1.

4.4.4.f Proof of Lemma 26 for i =1
Set G (x) = [f (x) — fr (x)] and (Ay) € GS (a*), where a* is chosen such that

o ifa> (/5 then 0 < a* < min {nh_)ngo (nBn) — %,a - g - ga,a} , (4.36)

e ifa< (/5 then 0 < a* < min {nlggo (nfBn) — 2a,a0 — g - ga,a} . (4.37)
We write R (z) as

RO () — s I o 1 g 1 @

with
k
M (@) = Y TBG @) W5 @) Lyi<a, — B (W5 @) Tivi<a, )]
j=1

Sn(z) = ZﬂglﬂkGZ—l (@) [We (@) Lo, — B (We (@) Lyvyp>a,)]

k=1
n _ " 2
U0 @) = TSI o) - B (o) D
k=1 -
n 2
UP (x) = anﬂglﬂk Wi (z) — E (W (2))] & (m)fk— {k(;l) (@) Lsupye, [Yil>An-
k=1 -

We prove a uniform strong upper bound for UT(LI), T(Lz), I1,,5,, and HnMT(Ln) successively.

Upper bound of U,(ll)
Noting that

Wi (2) = E (W (2))] Loup, ., Vil<An < hy; Al K [loc,

and applying the second part of Lemma 28, we get

sup
zel

Ué”(w)\ = O<AanZH;1ﬁkh;1 (%h;l(lnk)2—|—hﬁ>) a.s.
k=1
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In view of (4.32), of Conditions (4.36) and (4.37), and applying Lemma 27, we obtain

sup
zel

v (@) = 0<Annn§jn,;1ﬁko(A,;lmk)> a.s.
k=1
= o(m,) a.s.

Upper bound of Ur(Lz)
In view of (A4) i), we have, for all ¢ > 0,

Z]P’ [supmgz U2 (:c)‘ > c} = 0 Z]P’ (sup]Yk\ > An>)

n>0 xzel n>0 k<n

- 0 ZnIP’(Y>An))

n>0

n>0

= 0 Z n exp (t*An))

It follows that

sup [U?) (1‘)‘ = 0 (mi) =o(m,) a.s.

xzel

Upper bound of I1,,.5,
Let us first note that, in view of (4.4),

LZ'—Xk

k=1

> + anOy

(4.38)

(with @, = [17—; (1 —~;)). It follows from the application of Lemma 27 that there exists ¢* > 0

‘]:
such that

|Gy (@)

IN

[fo (@) + | (2)]
< Qn Z lelwkhgl

k=1
< pt
= n

K (37 ;f’@)' 1 @)+ Qufo + 1l

Now, let ¢! denote positive constants. In view of (A4) i), we have

E (Wi (@) 1] < (E[WE@)])E PVl > A)?

IN

_1
¢ty ? [P (exp ([EYk]) > exp (°4,))]2

et b exp (=15 ) B lexp (Y2

IN

(M

IN

2

-1 t*A
c3hy * exp <— 5 n) .

IN
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Applying (4.39) and Lemma 27, it follows that

zel

- s t*A,
< B/ Br b I Y I By, 2 exp (— 5 )

k=1

_1 t*A
< CgﬁthgleXp<— 2n>-

sup \/ Bl T > T8 |Gy (2)| B (1W (2)] Ly 5a,,)
k=1

Set C' > 0 and note that, since (A4,) € GS (a*) with a* > 0, we have, for n large enough,
_1 .
g Bn 2hy, texp (—%) < C/2. For n large enough, we get

P [Sup\/ﬂﬁlhn I1, |S, (x)| > C]

zel
§ P [Sll}[)\/ﬂﬁlhn HnZlelﬂk ‘GZ—I (ZC) Wk (a;)‘ ]l\Yk\>An
+ sup B i T > T By |Gy ()| B (W ()] Ly p5a,,) = C
z k=1
- C

< P |supy/Bnth, 10, I8 |Gy () Wy (2)] 1 > —
= LEII) B kZ:l kﬂk‘ kl() k()‘ Yk;>A7L—2]
< P Sup’Yk‘ zAn

k<n
< nexp(—t*Ap) E (exp (¢ |[Y])).

Since (A,) € GS (a*) with a* > 0, it follows that
Z]P’ [sup \/ B thy 10, | Sy (2)] > C] < oo,
n>0 zel

and thus

supTl, S, ()] = O<W>:0(mn) a.s.

zel

Upper bound of HnMr(Ln)
To establish the strong uniform bound of MT(L"
(1997), page 209.

), we shall apply the following result given in Duflo

Lemma 30 Let <M,£n)>k be a martingale such that, for all k <mn, Mén) — M,gri)l < cn, and set
D, (N) = ¢ ? (e)‘c —1- )\c). For all \,, such that \,c, <1 and all o, > 0, we have

i (An (M,gn> - MO">> > B, (An) < MM >, +an)\n> < emonAn,
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Set € such that

|
@ o

(The existence of such an € is ensured by the condition a* < a — %ﬁ — %a in (4.36), and in the
case (4.37) by the condition a* < oo — %ﬂ — %a < a—4a). We first prove that, for all k¥ < n, we have

M (@) = M (@) < o

with
C1 AL B, k2 it lim,—oo (nG,) > B — 2a,
cn =< CLAJI B8R 20 if limy—oo (nBR) = B — 2a, (4.40)
Ci14,, it lim, o0 (nG,) < B — 2a

where C7 > 0 and A,, is defined in (4.36) and (4.37). To this end, we note that, in view of (4.39),
there exists ¢j > 0 such that,

M (@) = M, @) < T B (W () Ty 2, — B (Wi (2) <) | |G (2)]
< Ik (2400 K Nloo) (¢Fhycty)

< A, (I ' Behi?)

Now, since (8,h,?) € GS (2a — ), we have

0 By 1 1
W = (1 f) (1— [2a—mg+0 E))

(1= 8k) (1= [2a — B] Bk + 0 (Br))
= 1-(1—[B8-2a]&) Bk +0(B)-

e In the case lim, . (nB,) > B — 2a, it follows that there exists kg such that the sequence
(H,;l ﬁkh,f) k>ho is increasing. Consequently, there exists C'; such that, in this case,

M @)= M, @) < CiAn (I 6uh?) VR <.
e In the case lim, .o (n3,) = 8 — 2a, we first note that, for all k < n,
M @) = M @) < eiAn (17 Bahi )
and prove similarly that there exists C7 such that
‘M,ﬁ”) () — M) (m)‘ < Oy, (I;18,h%0¢) Yk < n.

e Finally, in the case lim,,_,o, (nf3,) < 8 — 2a, we note that the sequence (H,;l ﬁkh,f) is bounded,
so that there exists C7 such that

‘M,g’“ () — M™, (m)‘ < CiA, Vk<n.

which concludes the proof of (4.40).
Now, let (w,,) be a positive sequence such that w,, < IT; ¢, ! for all n (where ¢, is defined in (4.40)),
and set A\, = II,w, and ¢ such that

q>28—4a if lim,_ (nB,) > 06— 2a,
qg> 21 if  lim, oo (nBn) < B — 2a.

Let us at first assume that the following lemma holds.
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Lemma 31 There exist Co > 0 and p > 0 such that, if |x — y| < Can™", then

M () = M) (1)

n

IN

I, A,n9,
(< M® >, (2)— < MM >, (y)‘ < 242070
Set p, = Con™? and
Vi (2) = Ao M (2) — @, (An) < MM >, (2).

Let Ii(n) be N (n) intervals of length p,, such that Ui]i(ln)li(n) =1I,and for alli € {1,...,N (n)}, set
a;z(.n) € Ii(n). We have

N(n)
P <sup V() > an)\n> < Z P < sup V, (z) > an)\n) .

Applying Lemma 31, and using the facts that ®.(\) < A? as soon as Ac < 1, that \,, = IT,,w,, and

that w,, < II;'c, ! successively, we note that, for all z € T i(n),

R )
o On) [< MO >, (@) = < M 5, (2)]

< v, ( (n) ) F WL 94, + @, (\,) 520142
< Vu < En ) +w,n 14, + w,%n_qA%
< W < f")) + 10, e, 'n A, + 11, 2, 2n 1A

In the case lim,_, (n8,) > [ — 2a, in view of (4.40) and since q > 23 —4a, we get, for all x € IZ.(n),

Va(@) < Vo (o) +Crl 0 h2n 0+ Cr20, 2™

< V, ( (n)) +1 for n large enough.

In the case lim,—,« (n3,) < —2a, we have (H;l) €gs (5_1) ; in view of (4.40) and since ¢ > 2671,

we obtain, for all x € Ii(n),
Va (o
< Ve

Vi (z)

IN

) + 11t 4 112
Z( )) +1 for n large enough.
Set av, such that ap A, =2 (p + 2) Inn. Applying Lemma 30, we deduce that, for n large enough,

N(n)

an Ay (n) anAn
P i‘éII)Vn(l‘)Z 5 } < ;P[Vn($i )ZT]
Qp A,
< N(n)sup]P’[ (x) > }
zel 2
= o (-552))
= O(n )

136



tel-00131964, version 1 - 19 Feb 2007

It follows that
ZIP’[supV >2(p+2)lnn} < 00,
n>0 Lrel

and Borel-Cantelli Lemma then ensures that

sup Ay M (2) < XNsup< MW >, () +2(p+2)Inn  a.s.

zel zel
Establishing the same upper bound for the martingale <—M ]gn) (1‘)), we deduce that, since \,, =
1L, wy,

2)1
(n) (1‘)‘ < wpsupll2 < MM >, (2) + QW a.s.
xzel n

sup 11,
zel

Now, applying the second part of Lemm 28, and then Lemma 27, for any sequence (L) € GS (0),
we have

sugl) <M™ > (x) = <ZH 2ﬁk sup‘Gk 1 ( ‘suII)‘Var [Wk (1’)]l|yk|SAn”)
S k=1 A

<ZH 232 <% (k) —i—hg)) a.s.

= O(Zﬂfﬂkmiﬁk> a.s.

k=1
= 0 (H;zmiﬁn) a.s.
(where (my,) is defined in (4.31)).

We have thus proved that, for all positive sequence (w,,) such that w, < II-'c.!
n (4.40)), and for all sequence (£,) € GS (0),

(with ¢, defined

sup 11,
zel

e Let us first consider the case a > 3/5. If lim,,,o (nfB,) > B — 2a, then, since € < /2 —3a/2 — a*,
we have, in view of (4.40),

3
ncn\/ﬁn h,lnn < (} nﬁnhnznelnnegs <a —§+2a+e>

— 0 as n— oo,

and, if lim,, oo (nB,) < 3—2a, then, II,! € GS (5_1), and, since a* < €1 —3/2+a/2 (see (4.36)),

we get
Mo/ BnthpInn < CiIL,Ap\/ B thylnn € GS <—§_1+a*+é—g>

) x)( ~0 (wnm Lo+ m—") a.s. (4.41)

Wn

2 2

— 0 as n — oo.

It follows that there exists wo > 0 such that, for all n, wo\/By 'hyInn < I e, . Setting (wy,) =
<w0\/ﬂ,{1hn In n) and (£,) = (Inn)™" in (4.41), we obtain

n)(l‘)‘ = O<W> a.s,

= o(m,) a.s.

sup 11,
zel
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e Let us now consider the case a < 4/5. If lim,,—,o (n3,) > 8 — 2a, then, since € < § —4a — a*, we
have, in view of (4.40),

Menh? (Inn)? < CLALL.h 0 (Inn)? € GS (o — B+ 4a +€)
— 0 as n — oo,
and, if lim, oo (nB3,) < B — 2a, then, since a* < €71 — 2a (see (4.37)), we get
M,coh;?(Inn)? < Ci,Auh 2 (Inn)? € GS (=1 +a* + 2a)
— 0 as n — oo.

Consequently, there exists wg > 0 such that, for all n, woh,,? (In n)2 < I 'c; . Applying (4.41)
with (w,) = (wohg2 (In n)z) and (£,) = (Inn)™3, we obtain

supII,,
zel

M,(L")(x)‘ = O<h%(lnn)_l> a.s,
= o(m,) a.s.

which concludes the proof of Lemma 26 for ¢ = 1.

Proof of Lemma 31
Set z,y € I such that |x — y| < p,,, and let ¢ denote positive constants. In view of (4.38), we have

G (@) = Gia )] < i1 (@) = fir W)+ 1S (2) = £ ()]

= 1 1 r— X y—Xj
Qs 3 0 oty i () - & (M) 1 @) - £
j=1

J

IN

k—1

< Qi1 Y Q7N ihy 7 + cipn
j=1

A

< chipahy?

Moreover, we get

(Wi () = Wi ()| 11y, <a, Aphi?t

IN

r — Xg y — Xk
K —K(—
< hi ) < hy )‘

CZAnpnh];2a

A

and
Wi (@) Lyvijca, < Anh 'K loo-
Using (4.39), it follows that

M) () = M ()]

< S I8 |Gy (@) — Gioy ()] (W (2)| Ly <, +E (Wi (2)] Ljyg<a,])

k=1
+ D T8 Gy ()] (W () = Wi () Ly <, + B [IWe (2) = Wi ()] Ly <, )
k=1
< Y I8 (pahy?) 240k K o) + ciAn D T Behy on
k=1 k=1
< AL LS. (4.42)
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Similary, we get

< M) >, (1) = < MO >, ()]

<

IN

<

<

S0 G2 () — i ()] Var [Wi () Ty ]
k=1

+ ) 2R |GRE ()] [Var [Wi (@) Lyyy<a,] = Var [Wi (9) Ly, j<a, ]|
k=1

Y 26 |Gt (2) = Gy W) |Gy () + Gy (9)| Var [W (@) Ty, <a,]
k=1

+ZH§251% 1Gi2 1 )| E (Lyyi<a, [Wk (2) = Wi ()] Wi (2) + Wi (9)])
P

+ Zn: IL 287 |Gi2y ()| E [[Wh (2) — Wi ()] Ly < a, ] E [[We () + Wi ()| Ly, <a, ]

k=1
n n
cipn Y T2 BEh 4+ AT pn > T2 67
k=1 k=1
cloAnpall, Buhy,”. (4.43)

For all ¢ > 0, there exists p > 0 such that lim,_ h;?’n_p = 0 and lim,_. ﬂnh;‘r’n_p = 0.
Lemma 31 Thus follows from (4.42) and (4.43).
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NOM : Yousri Slaoui

Titre : Application des méthodes d’approximation stochastique & ’estimation de la densité et de la
régression

RESUME L’objectif de cette thése est d’appliquer les méthodes d’approximation stochastique & ’estimation
de la densité et de la régression. Dans le premier chapitre, nous construisons un algorithme stochastique a pas simple
qui définit toute une classe d’estimateurs récursifs a noyau d’une densité de probabilité. Nous étudions les différentes
propriétés de cet algorithme. En particulier, nous identifions deux classes d’estimateurs; la premiere correspond a
un choix de pas qui permet d’obtenir un risque minimal, la seconde une variance minimale. Dans le deuxiéme cha-
pitre, nous nous intéressons a lestimateur proposé par Révész (1973, 1977) pour estimer une fonction de régression
r:z — E[Y]X = z]. Son estimateur r,, construit & l’aide d’un algorithme stochastique & pas simple, a un gros in-
convénient : les hypotheses sur la densité marginale de X nécessaires pour établir la vitesse de convergence de r, sont
beaucoup plus fortes que celles habituellement requises pour étudier le comportement asymptotique d’un estimateur
d’une fonction de régression. Nous montrons comment ’application du principe de moyennisation des algorithmes
stochastiques permet, tout d’abord en généralisant la définition de I’estimateur de Révész, puis en moyennisant cet
estimateur généralisé, de construire un estimateur récursif 7,, qui possede de bonnes propriétés asymptotiques. Dans
le troisieme chapitre, nous appliquons & nouveau les méthodes d’approximation stochastique & ’estimation d’une
fonction de régression. Mais cette fois, plutot que d’utiliser des algorithmes stochastiques & pas simple, nous mon-
trons comment les algorithmes stochastiques & pas doubles permettent de construire toute une classe d’estimateurs
récursifs d’une fonction de régression, et nous étudions les propriétés asymptotiques de ces estimateurs. Cette ap-
proche est beaucoup plus simple que celle du deuxiéme chapitre : les estimateurs construits & ’aide des algorithmes
a pas doubles n’ont pas besoin d’étre moyennisés pour avoir les bonnes propriétés asymptotiques.

TITLE : Application of stochastic approximation methods to estimate a density and a regression func-
tion

ABSTRACT The objective of this thesis is to apply the stochastic approximation methods to the estimation
of a density and of a regression function. In the first chapter, we build up a stochastic algorithm with single stepsize,
which defines a whole class of recursive kernel estimators of a probability density. We study the properties of this
algorithm. In particular, we identify two classes of estimators ; the first one corresponds to a choice of stepsize which
allows to get a minimum mean squared error, the second one a minimum variance. In the second chapter, we consider
the estimator proposed by Révész (1973, 1977) to estimate a regression function r : z — E[Y|X = z]. His estimator
Ty, built up by using a single-time-scale stochastic algorithm, has a big disadvantage : the assumptions on the marginal
density of X necessary to establish the convergence rate of r,, are much stronger than those usually required to study
the asymptotic behavior of an estimator of a regression function. We show how the application of the averaging
principle of stochastic algorithms allows, by first generalizing the definition of the estimator of Révész and then by
averaging this generalized estimator, to build up a recursive estimator 7, which has good asymptotic properties. In
the third chapter, we still apply stochastic approximation methods to estimate a regression function. But this time,
rather than to use single-time-scale stochastic algorithm, we show how the two-time-scale stochastic algorithms allow
to build up a whole class of recursive estimators of a regression function, and we study the asymptotic properties of
these estimators. This approach is much easier than the one of the second chapter : the estimators built up using the
two-time-scale algorithms do not need to be averaged to have good asymptotic properties.
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régression nonparamétrique.
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