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Abstract. In a pioneer work, Révész (1973) introduces the stochastic approxi-
mation method to build up a recursive kernel estimator of the regression function
x— E(Y|X = ). However, according to Révész (1977), his estimator has two main
drawbacks: on the one hand, its convergence rate is smaller than that of the non-
recursive Nadaraya-Watson’s kernel regression estimator, and, on the other hand,
the required assumptions on the density of the random variable X are stronger
than those usually needed in the framework of regression estimation. We first come
back on the study of the convergence rate of Révész’s estimator. An approach in
the proofs completely different from that used in Révész (1977) allows us to show
that Révész’s recursive estimator may reach the same optimal convergence rate as
Nadaraya-Watson’s estimator, but the required assumptions on the density of X re-
main stronger than the usual ones, and this is inherent to the definition of Révész’s
estimator. To overcome this drawback, we introduce the averaging principle of
stochastic approximation algorithms to construct the averaged Révész’s regression
estimator, and give its asymptotic behaviour. Our assumptions on the density of
X are then usual in the framework of regression estimation. We prove that the
averaged Révész’s regression estimator may reach the same optimal convergence
rate as Nadaraya-Watson’s estimator. Moreover, we show that, according to the
estimation by confidence intervals point of view, it is better to use the averaged
Révész’s estimator rather than Nadaraya-Watson’s estimator.

1. Introduction

The use of stochastic approximation algorithms in the framework of regression es-
timation was introduced by Kiefer and Wolfowitz (1952). It allows the construction
of online estimators. The great advantage of recursive estimators on nonrecursive
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ones is that their update, from a sample of size n to one of size n+1, requires consid-
erably less computations. This property is particularly important in the framework
of regression estimation, since the number of points at which the function is es-
timated is usually very large. The famous Kiefer and Wolfowitz algorithm allows
the approximation of the point at which a regression function reaches its maxi-
mum. This pioneer work was widely discussed and extended in many directions
(see, among many others, Blum, 1954; Fabian, 1967; Kushner and Clark, 1978;
Hall and Heyde, 1980, Ruppert, 1982, Chen, 1988, Spall, 1988, Polyak and Tsy-
bakov, 1990; Dippon and Renz, 1997; Spall, 1997; Chen et al., 1999; Dippon, 2003
and Mokkadem and Pelletier, 2007). The question of applying Robbins-Monro’s
procedure to construct a stochastic approximation algorithm, which allows the es-
timation of a regression function at a given point (instead of approximating its
mode) was introduced by Révész (1973).

Let us recall that Robbins-Monro’s procedure consists in building up stochastic
approximation algorithms, which allow the search of the zero z* of an unknown
function A : R — R. These algorithms are constructed in the following way : (i)
Zy € R is arbitrarily chosen; (ii) the sequence (Z,,) is recursively defined by setting

Zn = 4n-—1 +’7an7 (11)

where W, is an observation of the function A at the point Z,_1, and where the
stepsize (7,) is a sequence of positive real numbers that goes to zero.

Let (X,Y),(X1,Y1),...,(Xn,Ys) be independent, identically distributed pairs
of random variables, and let f denote the probability density of X. In order to
construct a stochastic algorithm for the estimation of the regression function r : x —
E(Y|X = z) at a point  such that f(z) # 0, Révész (1973) defines an algorithm,
which approximates the zero of the function h : y — f(x)r(x) — f(x)y. Following
Robbins-Monro’s procedure, this algorithm is defined by setting r¢(x) € R and, for
n>1,

ro(z) = rpo (z) + %Wn(x), (1.2)

where W, (z) is an “observation” of the function h at the point 7,1 (x). To de-
fine W, (x), Révész (1973) introduces a kernel K (that is, a function satisfying
Jz K (x)dz = 1) and a bandwidth (h,,) (that is, a sequence of positive real numbers
that goes to zero), and sets

Wa(z) = h, 'Y, K (b Mo — X,]) — b 'K (hy o — X)) (2). (1.3)

Révész (1977) chooses the bandwidth (h,) equal to (n~=®) with a €]1/2,1], and
establishes a central limit theorem for r,(x) — r(x) under the assumption f(z) >
(1 —a)/2, as well as an upper bound of the uniform strong convergence rate of r,,
on any bounded interval I on which inf,e; f(z) > (1 — a)/2. The two drawbacks
of his approach are the following. First, the condition a > 1/2 on the bandwidth
leads to a pointwise weak convergence rate of r, slower than n'/%, whereas the
optimal pointwise weak convergence rate of the kernel estimator of a regression
function introduced by Nadaraya (1964) and Watson (1964) is n?/° (and obtained by
choosing a = 1/5). Then, the condition f(z) > (1—a)/2 (or infzer f(z) > (1—a)/2)
is stronger than the condition f(x) > 0 (or infyer f(z) > 0) usually required to
establish the convergence rate of regression’s estimators.

Our first aim in this paper is to come back on the study of the asymptotic
behaviour of Révész’s estimator. The technic we use is totally different from that
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employed by Révész (1977). Noting that the estimator r,, can be rewritten as

(i (22t (2)
— <1 - %f@)) o (2) + % [f(x) —h'K (‘T ;LX”H rn-1(x)

1 —X,
+ RV K (‘T ) ,
n h

n

rn(x)

we approximate the sequence (r,,) by the unobservable sequence (p,,) recursively
defined by

pua) = (1= 5@ ) pua) 4 2 [ 1)~ 1t (2520 )

ht r— X
Mo’y i n 1.4
il ( - ) (1.4)

The asymptotic properties (pointwise weak and strong convergence rate, upper
bound of the uniform strong convergence rate) of the approximating algorithm (1.4)
are established by applying different results on the sums of independent variables
and on the martingales. To show that the asymptotic properties of the approxi-
mating algorithm (1.4) are also satisfied by Révész’s estimator, we use a technic of
successive upper bounds. It turns out that our technique of demonstration allows
the choice of the bandwidth (h,,) = (n~'/?), which makes Révész’s estimator con-
verge with the optimal pointwise weak convergence rate n?/°. However, to establish
the asymptotic convergence rate of Révész’s estimator, we need the same kind of
conditions on the marginal density of X as Révész (1977) does. To understand why
this second drawback is inherent in the definition of Révész’s estimator, let us come
back on the algorithm (1.1). The convergence rate of stochastic approximation al-
gorithms constructed following Robbins-Monro’s scheme, and used for the search
of the zero z* of an unknown function h, was widely studied. It is now well known
(see, among many others, Nevelsén and Has’'minskii, 1976; Kushner and Clark,
1978; Ljung et al., 1992 and Duflo, 1996) that the convergence rate of algorithms
defined as (1.1) is obtained under the condition that the limit of the sequence (nyy)
as n goes to infinity is larger than a quantity, which involves the differential of & at
the point z*. Now, let us recall that the Révész’s estimator (1.2) is an algorithm
approximating the zero y* = r(x) of the function y — f(x)r(xz) — f(x)y (whose dif-
ferential at the point y* equals —f(x)), and let us enlighten that the stepsize used
to define his algorithm is (7,) = (n™!) (so that lim, . n7y, = 1); the condition
on the limit of (nv,), which is usual in the framework of stochastic approximation
algorithms, comes down, in the case of Révész’s estimator, to a condition on the
probability density f.

Our second aim in this paper is to introduce the averaging principle of stochastic
approximation algorithms in the framework of regression estimation. As a matter
of fact, in the framework of stochastic approximation, this principle is now well
known to allow to get rid of tedious conditions on the stepsize. It was independently
introduced by Ruppert (1988) and Polyak (1990), and then widely discussed and
extended (see, among many others, Yin, 1991; Delyon and Juditsky, 1992; Polyak
and Juditsky, 1992; Kushner and Yang, 1993; Le Breton, 1993; Le Breton and
Novikov, 1995; Dippon and Renz, 1996, 1997 and Pelletier, 2000). This procedure
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consists in: (i) running the approximation algorithm by using slower stepsizes;
(ii) computing an average of the approximations obtained in (i). We thus need to
generalize the definition of Révész’s estimator before defining the averaged Révész’s
estimator.

Let (yn) be a sequence of positive numbers going to zero. The generalized
Révész’s estimator is defined by setting ro(x) € R, and, for n > 1,

T () = Tn—1(x) + 1 Wha (), (1.5)

where W, (x) is defined in (1.3). (Révész’s estimator clearly corresponds to the
choice of the stepsize (v,) = (n™!)). The estimator (1.5) with (v,) not necessary
equal to (n~!) was introduced in Gyorfi et al. (2002), where the strong universal
convergence rate of r,(x) is also proved. Now, let the stepsize in (1.5) satisfy
lim;, 00 My = 00, and let (g,) be a positive sequence such that > g, = co. The
averaged Révész’s estimator is defined by setting

() = Z qrri(z (1.6)
Ek 14
(where the ri(z) are given by the algorlthm ( .5)). Let us enlighten that the
estimator 7, is still recursive.

We establish the asymptotic behaviour (pointwise weak and strong convergence
rate, upper bound of the uniform strong convergence rate) of 7,,. The condition we
require on the density f to prove the pointwise (respectively uniform) convergence
rate of the averaged Révész’s estimator is the usual condition f(z) > 0 (respectively
inf,er f(x) > 0). Concerning the bandwidth, the choice (h,) = (n~'/%), which
leads to the optimal convergence rate n?/°, is allowed. Finally, we show that to
construct confidence intervals by slightly undersmoothing, it is preferable to use the
averaged Révész’s estimator 7,, (with an adequate choice of weights (g,)) rather
than Nadaraya-Watson’s estimator, since the asymptotic variance of this lattest
estimator is larger than that of 7,.

Our paper is organized as follows. Our assumptions and main results are stated
in Section 2, simulations study is performed in Section 3, the outlines of the proofs
given in Section 4, whereas Section 5 is devoted to the proof of several lemmas.

2. Assumptions and main results
Let us first define the class of positive sequences that will be used in the statement
of our assumptions.

Definition 2.1. Let v € R and (’Un)n21 be a nonrandom positive sequence. We
say that (v,) € GS (v) if

lim n {1 - ”"‘1} _ (2.1)

n— oo Un

Condition (2.1) was introduced by Galambos and Seneta (1973) to define regu-
larly varying sequences (see alsoBojanic and Seneta, 1973); it was used in Mokka-
dem and Pelletier (2007) in the context of stochastic approximation algorithms.
Typical sequences in GS () are, for b € R, n” (log n)b n” (loglog n)b and SO on.

Let g (s,t) denote the density of the couple (X,Y") (in particular f(z) = [, g(x,t)
dt), and set a (z) = r(z) f (x). The assumptions to which we shall refer for our
pointwise results are the following.
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(Al) K R — R is a nonnegative, continuous, bounded function satisfying
Jo K (2)dz=1, [ 2K (2)dz =0 and [; 2K (2) dz < co.

(A2) 4) ( n) € GS (—a) with a € | 2,1]; moreover the limit of (ny,) " as n goes
to infinity exists.
ii) (hn) € GS (—a) with a € | 152, %]

(A3) i) g(s,t) is two times continuously differentiable with respect to s.
ii) For ¢ € {0,1,2}, s — [, 199 (s, t) dt is a bounded function continuous at
s =z
For g € [2,3], s — [, [t|* g (s,t) dt is a bounded function.
iii) For q € {0,1}, [o [t|7]22 (x, t)‘dt < 00, and s — thqa (s,t)dt is a

bounded function contlnuous at s = x.

Remark 2.2. (A3) i) says in particular that f is continuous at .

For our uniform results, we shall also need the following additional assumption.
(A4) 4)K is Lipschitz-continuous.
i7) There exists t* > 0 such that E (exp (t* |Y])) < o0
iii) a € |1 —a,a — 2/3.
i) For ¢ € {0,1}, @ — [, [t|"| 2 (=, t)’ dt is bounded on the set {x, f(x) >
0}.

Throughout this paper we shall use the following notation :
¢ = lim (ny,) 7", (2:2)
and, for f (z) #0,

m®? (z) = Tl(x) U 222( ,t)dt—r(a:)/R%(x,t)dt]/RzzK(z)dz.

The asymptotic properties of the generalized Révész’s estimator defined in (1.5)
are stated in Section 2.1, those of the averaged estimator defined in (1.6) in Section
2.2.

2.1. Asymptotic behaviour of the generalized Révész’s estimator. For stepsizes satis-
fying lim,,_,~c 7y = 00, the strong universal consistency of the generalized Révész’s
estimator was established by Walk (2001) and Gyorfi et al. (2002). The aim of this
section is to state the convergence rate of the estimator defined by (1.5). Theorems
2.3, 2.4, and 2.5 below give its weak pointwise convergence rate, its strong point-
wise convergence rate, and an upper bound of its strong uniform convergence rate,
respectively. Let us enlighten that the particular choice of stepsize (7,) = (n™1)
gives the asymptotic behaviour of Révész’s estimator defined in (1.2).

Theorem 2.3 (Weak pointwise convergence rate of r,,).
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.
(1) If there exists ¢ > 0 such that v, 'h2 — ¢, and if lim, o (ny,) > (1 —
a)/(2f(x)), then

Vi (1 (2) = 7 (2))

by (YA @m® @) Varly|X =a]f .
N( [lo)—2a€ " (@ (0) - (1-a)e /K )
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(2) If v, thS — oo, and if lim,—oo (nyn) > 2a/f (x), then
L 5 @ @)

where 2 denotes the convergence in distribution, N the Gaussian-distribution and

L the convergence in probability.

The combination of Parts 1 and 2 of Theorem 2.3 ensures that the optimal weak
pointwise convergence rate of r, equals n?/®, and is obtained by choosing a = 1/5
and (7,) such that lim,, o (ny,) €]2/(5f (x)), oo[.

Theorem 2.4 (Strong pointwise convergence rate of r,,).
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.

(1) If there exists ¢ > 0 such that v, *h5 /In (> "1_, &) — ¢, and if
Jim (nyn) > (1 —a)/(2f(2)),
then, with probability one, the sequence

Y th,
< T r) (rn (x) =7 (I)))

is relatively compact and its limit set is the interval

cf@)m® (@) \/Var V|X = 2] f (2) [, K (2) dz
2 f(x) = 2a 2f (@) - (1-a)f) ’

2 f(x) —2a¢ 2f () = (1-a)f)

(2) If v, 'hS /In (37—, k) — o0, and if limy, oo (ny,) > 2a/f (x), then, with
probability one,

lim L (rp () —r(x)) =

cf@m® @) \/ Var [Y|X = 2] f (z) [, K () dz

f (@) m® ()
f(x) —2a8
Theorem 2.5 (Strong uniform convergence rate of r,,).
Let I be a bounded open interval of R on which ¢ = inf,er f () > 0, and let
Assumptions (A1) — (A4) hold for all z € I.
(1) If the sequence (v, 'h3/[Inn)?) is bounded and if lim,_oo(ny,) > 1 —
a/(2p), then

sup |ry, () —r(z)] =0 nhﬁl 1nn) a.s.
sup s o)1 (0] =0 (5
(2) If limp—oo (v, 05 /[Inn]?) = 00 and if limp oo (n75) > 2a/p, then

ité}:}) Irn (z) =7 (2)| =0 (hy) a.s.

Parts 1 of Theorems 2.3 and 2.5 were obtained by Révész (1977) for the choices
(Yn) = (n71) and (h,) = (n™%) with a €]1/2,1[. Let us underline that, for this
choice of stepsize, the conditions lim,, .o (1Y) > (1—a)/(2f(z)) and lim,,—c (ny5)
> (1 —a)/(2infzer f(z)) come down to the following conditions on the unknown
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density f: f(z) > (1 —a)/2 and inf,e; f(z) > (1 —a)/2. Let us also mention
that our assumption (A2) implies a €]0,1/3[, so that our results on the generalized
Révész’s estimator do not include the results given in Révész (1977). However,
our assumptions include the choice (v,) = (n7') and a = 1/5, which leads to
the optimal weak convergence rate n?/, whereas the condition on the bandwidth
required by Révész leads to a convergence rate of r, slower than n'/%.

Although the optimal convergence rate we obtain for the generalized Révész’s
estimator 7, has the same order as that of Nadaraya-Watson’s estimator, this es-
timator has a main drawback: to make r, converge with its optimal rate, one
must set a = 1/5 and choose (v,) such that lim, ... ny, = +* €]0,00[ with
~v* > 2/[5f(x)] whereas the density f is unknown. This tedious condition dis-
appears as soon as the stepsize is chosen such that lim,, .., ny, = oo (for instance
when (7,) = ((Inn)bn~1') with b > 0), but the optimal convergence rate n/° is
then not reached any more.

2.2. Asymptotic behaviour of the averaged Révész’s estimator. To state the asymp-
totic properties of the averaged Révész’s estimator defined in (1.6), we need the
following additional assumptions.

(A5) limy,—oe nyy (In (31— ’yk))71 =ocand a € ]1 —a, (4o — 3) /2].

(A6) (gn) € GS (—q) with ¢ < min {1 — 2a, (1 +a) /2}.
Theorems 2.6, 2.7 and 2.8 below give the weak pointwise convergence rate, the

strong pointwise convergence rate, and an upper bound of the strong uniform con-
vergence rate of the averaged Révész’s estimator.

Theorem 2.6 (Weak pointwise convergence rate of 7).
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

(1) If there exists ¢ > 0 such that nh> — c, then
nhy (rn (z) = (2))

Dol 10 o, (1—¢q)° Var[Y|X = 2] s
N( 1—q—2a 2()’1—i-a—2q f(z) /RKZ()d '

(2) If nhd — oo, then

1 P 1—g¢q
) @) B

n

R S )
1—q—2am (x).

The combination of Parts 1 and 2 of Theorem 2.6 ensures that the optimal weak
pointwise convergence rate of 7, is obtained by choosing a = 1/5, and equals n2/5.

Theorem 2.7 (Strong pointwise convergence rate of 7).
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f(x) # 0.

(1) If there exists c1 > 0 such that nhd /Inlnn — ¢y, then, with probability one,

the sequence
nhy,
( 2Inlnn (7 () =7 (:C))>
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is relatively compact and its limit set is the interval

Ceg (- Varly/X=a] [ .,
Clim()ﬂr)_\/l—i—a—?q e /RK (z)dz,

C1g (- VarlV/X=a] [ ..
Clim()(‘r)—i_\/l—l—a—Qq 7@ /RK (2)dz

(2) If nhS/Inlnn — oo, then

1 1-
nh_)rrgo 7z (Fn () =7 (2)) = T_qmlm@) () a.s.
Theorem 2.8 (Strong uniform convergence rate of 7).

Let I be a bounded open interval of R on which inf,cr f () > 0, and let Assumptions
(A1) — (A6) hold for all x € I.

(1) If the sequence (nh3/[lnn]?) is bounded, and if o > (3a+ 3) /4, then

sup |7, () — 7 (x)] = O (\/ n=1h,! 1nn) a.s.

zel

(2) If limp—.oo (nh3/[Inn]?) = oo, and if, in the case a € [a/5,1/5], o >
(da+1) /2, then

sup |7, () — 7 (2)] = O (h?l) a.s.
xzel
Whatever the choices of the stepsize (7,,) and of the weight (g,,) are, the conver-

gence rate of the averaged Révész’s estimator has the same order as that of the gen-
eralized Révész’s estimator defined with a stepsize (7, ) satisfying lim,, oo (ny,) "t #
0 (and, in particular, of Révész’s estimator). The main advantage of the averaged
Révész’s estimator on its nonaveraged version is that its convergence rate is ob-
tained without tedious conditions on the marginal density f.
Now, to compare the averaged Révész’s estimator with the nonrecursive Nadaraya-
Watson’s estimator defined as

n () = Dot Vi KK (b2 — Xi])
! Shoy K (ha'fr = Xi)

let us consider the estimation by confidence intervals point of view. In the context
of density estimation, Hall (1992) shows that, to construct confidence intervals,
slightly undersmoothing is more efficient than bias estimation; in the framework
of regression estimation, the method of undersmoothing to construct confidence
regions is used in particular by Neumann and Polzehl (1998) and Claeskens and
van Keilegom (2003). To undersmooth, we choose (h,,) such that lim,, ., nhS =0
(and thus a > 1/5). Moreover, to construct a confidence interval for r(x), it is
advised to choose the weight (g,,), which minimizes the asymptotic variance of 7,,.
For a given a, the function ¢ — (1 — ¢)?/(1 + a — 2q) reaching its minimum at the
point ¢ = a, we can state the following corollary.

Corollary 2.9.
Let Assumptions (Al) — (A3), (A5) and (A6) hold for z € R such that f (x) # 0,
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and with a > 1/5. To minimize the asymptotic variance of Ty, q¢ must be chosen
equal to a. Moreover, if lim, ., nh? = 0, we then have

Var Y|X =
Vil (7 (z) — 7 (2)) 2N (O, (1-a) Var[V]X = ] / K2 (2) dz) :
f (@) R
Let us recall that, when the bandwidth (h,,) is chosen such that lim,, . nh> =0,
Nadaraya-Watson’s estimator satisfies the central limit theorem

Vihn (7o (2) — 7 (2)) BN <o, Var[VIX = a] / K2 (2) dz> L (23)
f(z) R

It turns out that the averaged Révész’s estimator defined with a weight (g,) be-
longing to GS(—a) has a smaller asymptotic variance than Nadaraya-Watson’s es-
timator. According to the estimation by confidence intervals point of view, it is
thus better to use the averaged Révész’s estimator rather than Nadaraya-Watson’s
one. This superiority of the recursive averaged Révész’s estimator on the classi-
cal nonrecursive Nadaraya-Watson’s estimator must be related to that of recursive
density estimators on the classical nonrecursive Rosenblatt’s estimator, and can be
explained more easily in the framework of density estimation: roughly speaking,
Rosenblatt’s estimator can be seen as the average of n independent random vari-
ables, which all share the same variance v,,, whereas recursive estimators appear
as the average of n independent random variables whose variances v;;, 1 < k < n,
satisfy vj < v, for all k < n and v}, = v,.

3. Simulations

The object of this section is to provide a simulations study comparing Nadaraya-
Watson’s estimator and the averaged Révész’s estimator. We consider the regression
model

Y =r(X)+de,
where d > 0 and ¢ is N (0, 1)-distributed. Whatever the estimator is, we choose
the kernel K (z) = (27r)71/2 exp (—2%/2), and the bandwidth equal to (h,) =

n~1/5 (Inn)~" (which corresponds to a slight undersmoothing). The confidence
intervals of r (z) we consider are the following.

e When Nadaraya-Watson’s estimator 7,, is used, we set

T _ Z (1))2 2 (2) dz
I, = 196\/ nhfn) /RK()d,

2 o (X)) [
+196\/ nhnfn o) /RK (2)dz |,

where f, () = (nh,) "' Sp_, K (h;, ‘[z — X)) is Rosenblatt’s density es-
timator. In view of (2.3), the asymptotic confidence level of I, is 95%.

e To define the averaged Révész’s estimator 7,, we choose the weights (gy)
equal to (hy). This choice guarantees that (h,) and (g,) both belong to
GS (—a) (with a = 1/5 here), so that, in view of Corollary 2.9, the asymp-
totic variance of 7, is minimal. We also let (v,) = (n~°) (this choice
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being allowed by our assumptions). Moreover, we estimate the density f
by the recursive estimator f, (x) defined as

i) = (1= B faca () + s 8 (25,

n

where (8,) = (£n~!); this choice of the stepsize (3,) is known to minimize
the variance of f,, (see Mokkadem et al., 2009). Finally, replacing 7, and
fn by the recursive estimators 7, and f,, in the definition of I,,, we get the

recursive confidence interval

o Sy (Vi =7 (X0)) N ds
I, = l 196\/ nhnfn = /RK2()d,

Z (Xl)) 22 ~
+196\/ n2hfn() /RK()d].

The widths of the intervals I, and an are of the same order, but the asymp-
totic level of I, is larger than that of I,,. More precisely, let ® denote the dis-
tribution function of the standard normal; the application of Corollary 2.9

ensures that the asymptotic level of I, is 2® (1.96/\/4/5) —-1=97.14%.

We consider three sample sizes n = 50, n = 100 and n = 200, three regression
functions r(z) = cos(z), r (z) = 0.3exp(—4 (z 4+ 1)%) + 0.7 exp(—16 (z — 1)*), and
r(z) =1+ 0.4z, three points x = —0.5, x = 0 and 2 = 0.5, two values of d, d = 1
and d = 2, and three densities of X, standard normal, normal mixture and student
with 6 degrees of freedom. In each case the number of simulations is N = 5000.
In each table, the first line corresponds to the use of Nadaraya-Watson’s estimator
7, and gives the empirical levels #{r (z) € I,}/N; the second line corresponds
to the use of the averaged Révész’s estimator 7,, and gives the empirical levels
#{r(xz) € I,}/N.

The simulations results confirm the theoretical ones: the coverage error of the
intervals built up with the averaged Révész’s estimator is smaller than the coverage
error of the intervals built up with Nadaraya-Watson’s estimator.

Model r(z) = cos(z).

Distribution of X: A (0, 1)

x = —0.5 =0 x = 0.5
n=50 n=100 n=200 n=50 n=100 n=200 n=50 mn=100 n =200
d=1

96.5% 96.76% 96.5% 96.44%  96.62% 96.84% 96.7% 97.04% 96.92%
99.82% 99.9% 99.92% 99.8% 99.68% 99.76%  99.94%  99.86% 99.88%

95.42%  95.32% 95.7% 94.94%  95.44% 95.08% 95.4% 95.44% 96.2%
99.82%  99.86% 99.76%  99.66% 99.6% 99.44%  99.82% 99.9% 99.98%

Model 7(z) = 0.3 exp(—4(z + 1)?) + 0.7 exp(—16(z — 1)?).

Distribution of X: N (0,1)
xz = —0.5 z =0 x = 0.5
n=50 n=100 n=200 n=50 mn=100 n=200 n=50 n=100 n =200
d=1
95.04%  94.74% 95.08% 95.06%  95.28% 95.4% 95.44%  95.44% 95.84%
99.8% 99.62% 99.46% 99.24%  99.34% 99.06% 99.34%  99.34% 99.12%
d=2
95.26%  95.14% 95.34% 94.74%  94.88% 95.06% 94.48%  95.56% 95.62%
99.86%  99.76% 99.72% 99.64%  99.52% 99.38% 99.62%  99.74% 99.6%
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Model r(z) = 1 + 0.4z.

x = —0.5
n =250 n =100
96.32%  95.94%
99.84%  99.9%
95.46%  94.76%
99.82%  99.88%

Model r(z) = cos(z).

x = —0.5
n =50 n =100
96.96%  97.06%
99.96%  99.92%
95.6% 95.32%
99.82%  99.92%

Distribution of X: A (0,1)

=0
n=200 n=50 mn=100 n =200 n=>50
d=1
96.1% 96.24%  96.2% 96% 96.1%
99.6% 99.92%  99.82%  99.72%  99.86%
d=2
95.16% 95.56% 95.38%  95.54% = 94.98%
99.62% 99.88% 99.78%  99.68%  99.88%

Distribution of X: 1/2N (

—1/2,1) + 1/2N (1/2,1)

T =

n=200 n=50 mn=100 n =200 n =350
d=1

97.12% 97.26%  96.8% 97.1% 97.46%

99.88% 99.86%  99.8% 99.66% 99.96%
d=2

95.56% 95.08%  95.36% 95.64% 96.38%

99.74% 99.94%  99.78% 99.64% 99.96%

Model 7(z) = 0.3 exp(—4(z + 1)?) + 0.7 exp(—16(z — 1)?).

x = —0.5
n =50 n =100
94.9% 95.38%
99.74%  99.62%
94.54%  95.34%
99.82%  99.78%

Model r(z) =1 + 0.4z.

Distribution of X: 1/2N (

T =

—1/2,1) + 1/2N (1/2,1)
0

n=200 n=50 mn=100 n =200 n =350
d=1

95.3% 95.56%  94.56% 94.86% 95.24%

99.58% 99.44%  99.22% 99.1% 99.34%
d=2

94.92% 95.2% 94.4% 94.82% 95.24%

99.74% 99.84%  99.74% 99.6% 99.8%

Distribution of X: 1/2N (

—1/2,1) + 1/2N (1/2,1)
0

x = —0.5 xr =
n=50 n=100 n=200 n=50 mn=100 n =200 n=>50
d=1
96.32%  96.66% 96.84% 96.46%  96.74% 96.64% 96.6%
99.92%  99.88% 99.8% 99.94%  99.98% 99.84% 99.88%
d=2
95.18%  95.46% 96.1% 95.08%  95.52% 95.6% 95.58%
99.94%  99.86% 99.78% 99.88%  99.96% 99.7% 99.9%
Model r(z) = cos(z).
Distribution of X: 7 (6)
r=-0.5 r =0
n=50 n=100 n=200 n=50 mn=100 n =200 n =350
d=1
96.98%  97.54% 97.64% 97.02%  97.28% 97.52% 97.6%
99.9% 99.84% 99.62% 99.74%  99.86% 99.88% 99.98%
d=2
95.6% 95.96% 95.94% 95.4% 95.84% 96.06% 96.26%
99.88%  99.78% 99.82% 99.74%  99.72% 99.8% 99.98%
Model 7(z) = 0.3 exp(—4(z + 1)?) + 0.7 exp(—16(z — 1)?).
Distribution of X: T (6)
x = —0.5 xz=0
n=50 n=100 n=200 n=50 mn=100 n =200 n =350
d=1
95.3% 94.88% 95.08% 95.5% 95.06% 95.02% 95.28%
99.8% 99.68% 99.46% 99.16%  99.26% 99.18% 99.4%
d=2
94.88%  94.5% 94.8% 95.28%  94.8% 94.64% 95.06%
99.84%  99.82% 99.58% 99.64%  99.66% 99.58% 99.8%

x = 0.5
n = 100

96.24%
99.8%

94.96%
99.82%

x = 0.5
n = 100

96.94%
99.96%

95.7%
99.9%

x = 0.5
n = 100

95.24%
99.28%

95.06%
99.78%

x = 0.5
n = 100

97.1%
99.9%

95.62%
99.82%

x = 0.5
n = 100

95.48%
99.24%

95.3%
99.7%

n = 200

96.62%
99.76%

95.62%
99.68%

n = 200

96.94%
99.8%

95.34%
99.64%

n = 200

95.48%
99.06%

95.14%
99.58%

n = 200

97.2%
99.86%

95.74%
99.8%

n = 200

96.98%
99.86%

95.24%
99.68%

n = 200

95.56%
99.18%

95.3%
99.7%
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Model r(z) = 1 + 0.4z.
Distribution of X: 7 (6)

x = —0.5 x=0 z = 0.5
n=50 n=100 n=200 n=50 n=100 n=200 n=50 mn=100 n =200
d=1
96.62%  97.04% 97% 97.2% 97.08% 97.02% 96.36%  97.14% 97.22%
99.84%  99.9% 99.92% 99.94%  99.88% 99.82% 99.86%  99.84% 99.86%
d=2

95.04% 95.62%  95.54%  95.96% 95.58% = 95.88% = 94.94% 96.14%  95.86%
99.82% 99.9%  99.82%  99.84% 99.78%  99.66%  99.86% 99.84%  99.76%
4. Outlines of the proofs

From now on, we set ng > 3 such that Yk > no, 7% < (2||f]loe) " and Yihy I Koo <
1. Moreover, we introduce the following notations:

n
> %

Sp =
k:’ﬂo
b,
W, (z) = hi'YoK (x;X")

and, for s > 0,

Uk,n (8)

I
3
—
w
~
=
Eol
—_
—
»
~

Finally, we define the sequences (my,) and (m,) by setting

—1 . . —5\ __
(mn) = ( Ynhn ) if limy—oo (Ynhy,°) = o0, (4.1)
(h2) otherwise.
—1 e -5 —
() = (\/vnhn lnn) if lim,,— oo (vnhn lnn) = 00, (4.2)
(h%) otherwise.
Note that the sequences (m,,) and (1) belong to GS (—m*) with
m* = min {%, 2a} . (4.3)

Before giving the outlines of the proofs, we state the following technical lemma,
which is proved in Mokkadem et al. (2009), and which will be used throughout the
demonstrations.

Lemma 4.1.
Let (vy) € GS (v*), (7n) € GS (—a) with o > 0, and set m > 0. If ms —v* > 0
(where £ is defined in (2.2)), then

1

ms — v*€’

n—oo

lim v, 11" (s) Z IT.™ (s) Tk _
vk

kZ:’ﬂ()
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Moreover, for all positive sequence (ay,) such that lim, . an, =0, and all C,

lim v,II Z I, ™ —ak +C

k}’ﬂ()

As explained in the introduction, we note that the stochastic approximation
algorithm (1.5) can be rewritten as:

(@) = (1L=mZn (@) 1 (z) + W (2) (4.4)
= (1- ’Ynf( N rn—1(2) + W (f (@) = Zn(2)) ra—1(x) + 1 Wa(z).(4.5)
To establish the asymptotic behaviour of (r,) and (7,,), we introduce the auxiliary

stochastic approximation algorithm defined by setting p, (x) = r(x) for all n <
no — 2, Prg—1 () = rpe—1 (x), and, for n > ny,

p(@) = (L=mf(@)) pn1(@) + 9 (f(2) = Zn(2)) 7 (2) + 1 Wa(2). (4.6)

We first give the asymptotic behaviour of (p,,) and of (p,) in Section 4.1 and 4.2
respectively (and refer to Section 5 for the proof of the different lemmas). Then, we
show in Section 4.3 how the asymptotic behaviour of (r,,) and (7,) can be deduced
from that of (p,) and (py,) respectively.

4.1. Asymptotic behaviour of p,. The aim of this section is to give the outlines of
the proof of the three following lemmas.

Lemma 4.2 (Weak pointwise convergence rate of py,).
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.

(1) If there exists ¢ > 0 such that v, 'h2 — ¢, and if lim, o (ny,) > (1 —
a)/(2f(x)), then

Vo B (pn () =7 (2))

By (Y @ ) Var[YlX—x )
N( (o) —2a¢ " (2 () (a—a) /K ) 4.0

(2) If v, th2 — oo, and if lim,,— oo (nyn) > 2a/ f (z), then

L e F@)m® (@)
gz (o0 @) =7 () &

Lemma 4.3 (Strong pointwise convergence rate of p, ).
Let Assumptions (A1) — (A3) hold for x € R such that f (x) # 0.

(1) If there exists ¢ > 0 such that v, *h2 /In(s,) — ¢, and if lim, o (ny,) >
(1 —a)/(2f (x)), then, with probability one, the sequence

Yo hn
21n (Sn) (pn (JJ) -r (‘T))
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is relatively compact and its limit set is the interval

2 f(w)—20€ @f@)—(a-a))
¢ f(x)m® (x) N \/Var VX =z] f(z) [ K?(z)dz

< f (x)m® (x) \/ Var [Y|X = a] f () Jy K2 () dz

2 f(x) —2a8 2f () = (@=a)§)
(2) If v, 1hS /In(s,) — oo, and if limy, oo (nyn) > 2a/f (x) then, with proba-
bility one,
_— _ f(a)m® (z)
nlLH;o h_% (pn (z) =7 (2) = m-

Lemma 4.4 (Strong uniform convergence rate of p, ).
Let I be a bounded open interval on which ¢ = inf,er f (x) > 0, and let Assumptions
(A1) — (A4) hold for all x € I. If lim,,_ oo n7y, > min{(1 — a)/(2¢),2a/p}, then

sup |pn, () —r (z)| =0 <max{ YnhntInn, hi}) a.s.
zel

To prove Lemmas 4.2 and 4.3, we first remark that, in view of (4.6), we have,
for n > ng,

pn(@) —r(x) = (1 =mf (@) (pn-r(x) =7 (@) +m (W (2) =7 (2) Zn (1))
= I (f (@) Y T (f (@) (Wi (2) = 7 (2) Z (2))
k=ng
L (f @) (pug-1 () = 7 (1)
= T, (z)+ R, (x), (4.9)

with, since pn,—1 = -1,

S Ut (F @) 3 (Wi (@) — 1 (@) Zi ()

k:’no
By (2) = L (f(2)) (rng—1 () =7 (2)).
Noting that |r,,—1 (z) — 7 (z)] = O (1) a.s. and applying Lemma 4.1, we get

o
—
8
~
Il

’Rn(x)’ — O(L, (f(2)) as.
= o(m,) a.s.

Lemmas 4.2 and 4.3 are thus straightforward consequences of the following lemmas,
which are proved in Sections 5.1 and 5.2, respectively.

Lemma 4.5. The two parts of Lemma 4.2 hold when p, (x) —r (x) is replaced by

Lemma 4.6. The two parts of Lemma 4.3 hold when p, (x) —r (x) is replaced by
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In the same way, we remark that

sup Rn(x)} - O<supHn(f(x))> a.s.

xzel zel
O(IL, () a.s.
= o(my,) a.s.,

so that Lemma 4.4 is a straightforward consequence of the following lemma, which
is proved in Section 5.3.

Lemma 4.7. Lemma 4.4 holds when p, —r is replaced by T,.
4.2. Asymptotic behaviour of p,. The purpose of this section is to give the outlines
of the proof of the three following lemmas.

Lemma 4.8 (Weak pointwise convergence rate of py,).
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f (x) # 0.

(1) If there exists ¢ > 0 such that nh3 — ¢, then
nhn (pn (€) =7 (2))
2 —
S ( 1m0 ey, (1=0® Var mx) =4 1o dz) |
x R

1—q—2a "14+a—2q I
(2) If nhd — oo, then

e (o () =7 () & =L@ (a).

Lemma 4.9 (Strong pointwise convergence rate of p, ).
Let Assumptions (A1) — (A3), (A5) and (A6) hold for x € R such that f(x) # 0.

(1) If there exists ¢ > 0 such that nhd /Inlnn — ¢y, then, with probability one,

the sequence
nhy,
( 21n1nn(pn<x>—r<x>>>

is relatively compact and its limit set is the interval

l-q [c (1-q)° Var[Y/X =a]
1—q—2a\/gm(2) (x)_\/1+a_2q 7 (@) /RK2(Z)dZ7

1—¢q c (1—¢q)° Var[Y/X =z
1—q—2a Elm(2)(x)+\/1+a—2q f(2) /RK2(Z)dZ

(2) If nhS/Inlnn — oo, then

o l-q
Jim. hy (pn (x) =7 (2)) = mm@) () a.s.
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Lemma 4.10 (Strong uniform convergence rate of p, ).
Let I be a bounded open interval on which ¢ = inf,cr f (x) > 0 and let Assumptions
(A1) — (A6) hold for all x € I. We have

sup |pn (z) = r(z)| = O (max{\/ n=1lhp? 1nn,hi}) a.s.

xzel

To prove Lemmas 4.8-4.10, we note that (4.6) gives, for n > ny,
P (@) = pn—1 () = =V f (@) [pn—1(x) — 7 (2)] + 0 [Wh (2) — 7 (2) Zn (2)],

and thus

pn-1(x) —r(x) = 7 (13:) (Wi () =7 (x) Zy, (2)] — #(I) [on(z) = pn—1(x)].
It follows that
)=o) = S b))
= Lo po,
with
T,(x) = mk_nzo_lqk Wi () — 7 (2) Zis1 (2)]
O (z) = _r ” £ z) — pr(x
RO @) = g Z (@) = pela)].

Let us note that RSZO) can be rewritten as

R (z)
e Y P (s (@) - r (@) — (o () (@))]

n
L=t G L e

n

— 1 Qk—l_ qk N
a 22_1%Z<’yk >(pk() (2))

k:’n,() ’7]{3-‘1—1

Adn 1 Gno—1
+== (pn-i-l (‘T) -r (.’L’)) - n
Ek:1 4k Tn+1 Ek:l dk Tno

_ 1 Z qk—1 [1 o Qp—17Vk ] (pk (:E) —T(I))

(Pno—1 () — 7 (2))

Dkt O Yk ar, Vet

1 qn L dne— iz
+ME (Pn+1 () =7 (7)) — m e (Prno—1 () ().

Since (q,;_llfyk) € GS (¢ — a), we have

- E] (e ) o

k:’n,()
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and thus

RO @)] = 0< ! [z F g1y o (@) = 7 (@) (4.11)

22:1 qk

dn Ano—1
i (@) = @)+ 22 o () v (“’”)'D |

k:no

The application of Lemma 4.3 ensures that

n

RO (@)] = O<ﬁ lZ(k—lqul) ((whic ' (51)* + 13

k=2

dn -1 3 2
+’Yn+1 ((vnhn In (s,))? + hn) + 1}) a.s.

Now, let us recall that, if (u,) € GS (—u*) with u* < 1, then we have, for any fixed
kO > 17

nu
n— oo Zk:ko Uk

and, if u* > 1, then for all € > 0, u,, = O (n‘“‘e) and thus

(4.13)

M=
S

I

Q
3

k=1

Now, set € € ]0,min {1 — ¢ — 2a,(1 + a) /2 — g}[ (the existence of such an € being
ensured by (A6)); in view of (A5), we get

1 11 1
RO @] = 0o (0 + g i () + g 02)
an

—I—L ((7 h,tIn (s ))% +h2) a.s

o (O n . 5.
€ /n—1p—1 2

- ol X+ n” hn —l—& a.s.

nqn nYn

(10 (50))

= o(\/n*lhﬁl—khi) a.s.

In view of (4.10), Lemmas 4.8 and 4.9 are thus straightforward consequences of
the two following lemmas, which are proved in Sections 5.4 and 5.5 respectively.

Lemma 4.11 (Weak pointwise convergence rate of 7},).
The two parts of Lemma 4.8 hold when p, (z) —r () is replaced by [f (z)] " T, (z)

Lemma 4.12 (Strong pointwise convergence rate of T},).
The two parts of Lemma 4.9 hold when p, (z) —r () is replaced by [f (z)] " T, (z)
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Now, in view of (4.11), the application of Lemma 4.4 ensures that

sup | R (:v)’ = 0(% lz ke Suplpk( ) =7 (x)|

xel k=no

I <x>—r<w>|])
Yn+1 zel

= <m [Z (Ko t) ((vkh,;l)%mmhg)

k:no
L (( h—l)%l 2)])
Ynh, nn+ h;, a.s.
Tn+1
Setting € € |0, min {1 — ¢ — 2a, (1 + a) /2 — ¢}[ again, we get, in view of (A5),

1 11
sup RSZO) (x)’ = 0 (— (nE + gnYn ;hn; Inn + qn”yglhi)
zel nqn

+%((”ynh )zlnn—l—hQ)) a.s.

¢ “lhy' 1 h?
0(" +—v"n”+_n>

ndn nyn nyn
= o0 (\/ n=th,' Inn+ hi) a.s.

In view of (4.10), Lemma 4.10 is thus a straightforward consequence of the
following lemma, which is proved in Section 5.6.

Lemma 4.13 (Strong uniform convergence rate of 7},).

Lemma /.10 holds when p, — r s replaced by T},

4.3. How to deduce the asymptotic behaviour of ry, and v, from that of p, and py,.
Set

Ay (z) = 1 (x) = pn(z)

and

Anle) = Ek 14 kzqkAk
= rn()_pn()'

To deduce the asymptotic behaviour of r,, (respectively 7,,) from that of p,, (respec-
tively p,), we prove that A, (respectively A,,) is negligible in front of p,, (respec-
tively p,). Note that, in view of (4.5) and (4.6), and since pp,—1 () = rpo—1 (),
we have, for n > ng,

An(z) = (1=7nf(2) Anor(2) + 7 (f (2) = Zn (2)) (1 () — 7 (7))
D Uk (f (@) (f (2) = Zi (@) (ri—1 () = 7 () - (4.14)

kZ:’ﬂ()

The difficulty which appears here is that A,, is expressed in function of the terms
r, — 7, so that an upper bound of r,, — r is necessary for the obtention of an upper
bound of A,. Now, the key to overcome this difficulty is the following property
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(P) : if (r,, —r) is known to be bounded almost surely by a sequence (w,,), then
it can be shown that (A,) is bounded almost surely by a sequence (w]) such
that lim,, . w/,w, ! = 0, which may allow to upper bound r, — r by a sequence
smaller than (wy,). To deduce the asymptotic behaviour of r, (respectively 7,)
from that of p, (respectively p,), we thus proceed as follows. We first establish a
rudimentary upper bound of (1, — 7). Then, applying Property (P) several times,
we successively improve our upper bound of (r,, —r), and this until we obtain an
upper bound, which allows to prove that A,, (respectively A,,) is negligible in front
of p, (respectively p,).

We first establish the pointwise results on 7, and 7, (that is, Theorems 2.3, 2.4, 2.6,
and 2.7) in Section 4.3.1, and then the uniform ones (that is, Theorems 2.5 and 2.8)
in Section 4.3.2.

4.3.1. Proof of Theorems 2.3, 2.4, 2.6 and 2.7. The proof of Theorems 2.3, 2.4, 2.6
and 2.7 relies on the repeted application of the following lemma, which is proved
in Section 5.7.

Lemma 4.14. Let Assumptions (Al) — (A3) hold, and assume that there exists
(wp) € GS (w*) such that |ry, () —r (x)] = O (wy) a.s.
(1) If the sequence (nvyy) is bounded, if lim, o ny, > min{(1 — a)/(2f(z)),
2a/f(z)}, and if w* > 0, then, for all 6 > 0,

(a+9)

A, ()] = O (mnwn (Inn)= ) +o(my,) a.s.

(2) If limy,— o (nyn) = 00, then, for all 6 > 0,
(a+é8)
30 @) = 0 (man (2145) 5 ) s

We first establish a preliminary upper bound for r, () — 7 (x). Then, we suc-
cessively prove Theorems 2.3 and 2.4 in the case (nv,) is bounded, Theorems 2.3
and 2.4 in the case lim,,_, o (ny,) = 0o, and finally Theorems 2.6 and 2.7.

Preliminary upper bound of ry, () — r (x).
Since 0 < 1 — v, Z, (z) <1 for all n > nyg, it follows from (4.4) that, for n > ng,

rn (@) < Jra1 (@) + 9 Yl By K s

oot @+ (00 93] ) 1K il 415)
=n k=1

IN

Since

P (sup |Y5| > n2) <nP(|Y|>n*) <n°E (|Y|2) ,
k<n

we have sup,<, |Yi| < n? a.s. Moreover, since (v,h,') € GS(—a+ a) with 1 —
a+a > 0, we note that >_;_, vh, ' = O (nynhyt). We thus deduce that

Irn (z) =7 (2)] = O (R®yh, ')  as. (4.16)
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Proof of Theorems 2.3 and 2./ in the case the sequence (nvy,) is bounded.
In this case, @« = 1, and Lemmas 4.3 and 4.14 imply that:

o |pn(z)—r(z)=0(my,Inn) a.s. (4.17)
o Ifd(w,)e€dS w*),w" > 0,such that |r, (x) —r (z)] = O (w,) a.s.,
then |A, (z)| = O (mpwy,Inn) +o0(my,) a.s. (4.18)

Set po = max {p such that — m*p+2+a >0}, set 5 € {0,1,...,po— 1} and
assume that

[rn () —r(z)] = O (m{l (n®y,h, ") (In n)J) a.s. (4.19)
Since the sequence (w,) = (m{l (n3ynhy, ') (In n)J> belongs to GS (—m*j + 2 + a)
with —m*j + 2 4+ a > 0, the application of (4.18) implies that

|A, ()] =0 (m{fl (n®ymh, ) (lnn)j+1> +o(my) a.s.

Since (mZLH (v hyt) (lnn)jH) €gGS(—m*(j+1)+2+a) with —m* (j +1) +
2+ a > 0, whereas (m,) € GS (—m™*) with —m™* < 0, it follows that

A, ()] =0 (m{fl (n®yuh, ) (lnn)j+1> a.s.,
and the application of (4.17) leads to

Irn (@) —r (@) < |pn (@) =7 (@) +[An ()]
= 0 (mffl (nPvyhyt) (lnn)jJrl) a.s.

Since (4.16) ensures that (4.19) is satisfied for j = 0, we have proved by induction
that

Iy (2) =7 (2)| = O (M (n*y,h, ') (Inn)?)  a.s.
Applying (4.18) with (wy,) = (m£° (n*y,h, ') (Inn)™) and then (4.17), we obtain
|rn () — 7 (z)|=O (mﬁ”"'l (n®y,h ) (lnn)pOJrl) + O (mylnn) a.s.

po+1

Since the sequences (m?flf”rl (n3ynhy, ') (Inn) ) and (my, Inn) are in GS(—m*(po+

1)+2+a) with —m* (po + 1) +2+a < 0 and GS (—m*) with —m* < 0 respectively,
it follows that

|rn () =7 (z)|=O ((lnn)_2> a.s.
Applying once more (4.18) with (w,) = ( (In n)_2> € GS (0), we get
A, (2)] =0 (mn (1nn)71> +o(my) =0(my) a.s.

Theorem 2.3 (respectively Theorem 2.4) in the case (ny,) is bounded then follows
from the application of Lemma 4.2 (respectively Lemma 4.3).
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Proof of Theorems 2.3 and 2. in the case lim,_,o (nyy) = oo.
In this case, Lemmas 4.3 and 4.14 imply that, for all § > 0,

o |pn(z)—r(z)=0(my) as. (4.20)
o If there exists (wy,) € GS (w*) such that |r, (z) —r (x)| = O (w,) a.s.,

146
then |A, (z)| =0 (mn (n'*0y,) wn> a.s. (4.21)

Now, set 6 > 0 such that ¢(0) = —m* + (1 4+0) (1 + 0 — @) /2 < 0 (the existence of
such a ¢ being ensured by (A2)). In view of (4.16), the application of (4.21) with
(wy) = (ngfynhgl) ensures that

146
An (z)] = O(mn (n'0v,) ngvnhnl) a.s.

and, in view of (4.20), it follows that

1

L&
[rn () —7r (z)] = O@mhy,)+0 (mn (n'*0y,) 2 n3"ynh;1) a.s.

Set p > 1, and assume that

1446

[rn () =7 (z)] = O (my,)+0 (mﬁ (n1+5”yn)p(T) n?"ynh;1> a.s.
The application of (4.21) with (w,) = (m,,) and with
146
() = (1 (1 #02) "5

ensures that

146

146 146

A, (z)| =0 (mn (n'*0y,) * Thn) +0 (mf;rl (n1+57n)(p+1) 2 n37nh;1) a.s.
146

The sequence (mn (n'*oy,) 2 ) being in GS (¢ (§)) with ¢ () < 0, it follows that

n

1+6
A, (2)] = o(mn)+ 0 (mPt! (n' 104, (P15 n3y,ht a.s.
n Y Y
and, in view of (4.20), we obtain
148
ro(z) =7 (@) = OO+ 0 (mett (n'0, P+ n3yht a.s.
n Y Inllp

We have thus proved by induction that, for all p > 1,

1446

[rn () =7 (z)] = O(m,)+0 (mﬁ (n1+5”yn)p(7> n?"ynh;1> a.s.
By setting p large enough, we deduce that
|rn () —7r(2)] = O((my) a.s.
Applying once more (4.21) with (w,) = (M), we get
146
A, (z)] = O (mn (n1+5”yn) 2 ﬁln) a.s. (4.22)

= o(my) a.s.
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Theorem 2.3 (respectively Theorem 2.4) in the case lim,,_,o (n7y,) = oo then follows
from the application of Lemma 4.2 (respectively Lemma 4.3).

Proof of Theorems 2.6 and 2.7.
In view of (4.22), and applying (4.12) and (4.13), we get, for all § > 0,

[An ()] = (Zk o Z(ka (K0 )%6) a.s.
L |5 =2 (146, \ 2
0] ——n + ngpm;, (n Wn) a.s.

In
146
= 0( gt +md (0 0y,) ) a.s. (4.23)

e Let us first consider the case when the sequence (nhi) is bounded. In this case,
we have a > 1/5, so that a > a/5 and m* = (o — a) /2. Noting that (A2) implies
a < 3a — 2, and applying (A6), we can set § > 0 such that

(1+a) (1+49)

5— +g<0a d“%a)—zmw (14+6—a)<0.

In view of (4.23), we then obtain

v/ nhy, ‘A ‘—0 1) a.s.

The first part of Theorem 2.6 (respectively of Theorem 2.7) then follows from the
application of the first part of Lemma 4.8 (respectively of Lemma 4.9).

e Let us now consider the case when lim,_, (nhf’z) = 0o. Noting that (A2) then
ensures that 6a < 3a — 1, and applying (A6), we can set § > 0 such that

(149)

2a4+0—14¢<0and 2a—2m* + (14+06—-a)<0.

It then follows from (4.23) that
h? | A ()] =0(1) a.s.

The second part of Theorem 2.6 (respectively of Theorem 2.7) then follows from
the application of the second part of Lemma 4.8 (respectively of Lemma 4.9).

4.3.2. Proof of Theorems 2.5 and 2.5. Set
B, = ny,h, ' nn. (4.24)

The proof of Theorems 2.5 and 2.8 relies on the repeted application of the fol-
lowing lemma, which is proved in Section 5.8.

Lemma 4.15. Let I be a bounded open interval on which ¢ = infyer f (x) > 0,
let Assumptions (Al) — (A4) hold for all x € I, and assume that there exists
(wp) € GS (w*) such that sup,e; |rn (x) — 7 (2)| = O (wy,) a.s. Moreover,

e in the case when (ny,) is bounded, assume that im,, ., ny, > m* /¢ and that
w* > 0;

e in the case when lim, o, ny, = oo, assume that ( 1B vV Ynhn lnn s a
bounded sequence. Then, we have

sup |A,, ()] =0 (mnwnvlnn) a.s.

xel
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We first establish a preliminary upper bound of sup,c; (|rn () — 7 (2)|) (which
is better than the pointwise upper bound (4.16) since the random variables Y}, are
assumed to have a finite exponential moment in Theorems 2.5 and 2.8). Then, we
successively prove Theorem 2.5 in the case when (nvy,,) is bounded, Theorem 2.5 in
the case when lim,, o (nv,) = 00, and finally Theorem 2.8.

Preliminary upper bound.
Proceeding as for the proof of (4.16), we note that, for all n > ng,

n
sup I (@)] < $Up [rmg—1 ()] + (sup |Yk|) 1Ko S by,
xzel xzel k<n 1

with, this time, in view of (A4),
3
P |sup Y| > - lnn] < nP [exp (t* [Y]) > n’] < n7?E (exp (t*[Y])).
k<n

We deduce that

ilgl) |rn () —r ()| = O (Bn) a.s.

Proof of Theorem 2.5 in the case (nvyy) is bounded.
In this case, we have a = 1, (B,) € GS(a) (with a > 0); the application of
Lemma 4.15 with (wy,) = (B,,) ensures that

sup|A, (z)| =0 (manvlnn) a.s.
zel
Applying Lemma 4.4, we get

sup [y (z) =7 ()] < sup|pn () —r ()] + sup |An (z)]
zel xel xel

= 0 (manvlnn) a.s.
Since (man\/ In n) € GS (—m* + a) (with —m* 4+ a < 0), it follows that

ilé[}) |rp () —r(z)] = O ([lnn]fl) a.s.

Applying once more Lemma 4.15 with (w,,) = ([ln n]_l), we get
) a.s.

Theorem 2.5 in the case when (n7,) is bounded then follows from the application
of Lemma 4.4.

N|=

sup |A, ()] = O (mn (Inn)~
xzel

= o(my,) as.

Proof of Theorem 2.5 in the case lim,,_, o (nyn) = oco.

The sequence (\/*ynh; 'In n) being clearly bounded, we can apply Lemma 4.15
with (w,) = (By); we then obtain

sup |A, ()| =0 (manvlnn) a.s.

xzel
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The application of Lemma 4.4 then ensures that

Slép [rn () —r(z)] = O@(m,)+0 (manvlnn) a.s.
= 0O (manvlnn) a.s.
-1
Since (man\/ In n) B/ Amhnt Inn = m ' \/y,hn' = O (1), we can apply once

more Lemma 4.15 with (w,,) = (man\/ In n); we get
sup|A, (z)] = O(mlB,lnn) as. (4.25)
xel
Noting that (m,B,lnn) € G§ (—m* + 1 — a + a) with, in view of (A4) i), —m* +
1—a+a<0,it follows that

sup|A, ()] = o(m,) a.s.
zel

Theorem 2.5 in the case when lim,,_,+, (n,) = oo then follows from the application
of Lemma 4.4.

Proof of Theorem 2.8.
e In the case when the sequence (nh5 /Inn) is bounded, we have, in view of (4.25),

V/nhy, (Inn)~* sup|A (\/ﬁm B ) a.s.

Now, in this case, we have a > 1/5 > «/5 and thus m* = (a —a) /2. Tt follows
that (vnh,m2B,) € GS (3(1+a)/2—2a) with 3(1 +a) /2 — 2« < 0, and thus

sup | A, ( (\/ n=1lhp? lnn) a.s.

xzel

The first part of Theorem 2.8 then follows from the application of Lemma 4.10.
e In the case when lim, . (nhJ/Inn) = oo, (4.25) ensures that

h,?sup |A, (z)] = O (h,*m2B,Inn) a.s.,
zel

with (h,?m2B,Inn) € GS (3a —2m* + 1 — ). Noting that the assumptions of
Theorem 2.8 ensure that 3a — 2m* + 1 — a < 0, we deduce that

sup |A, (2)| = O (h2)  a.s.
zel

The second part of Theorem 2.8 then follows from the application of Lemma 4.10.

5. Proof of Lemmas

5.1. Proof of Lemma 4.5. We establish that, under the condition lim,, . (nvy,) >

(@ —a)/(2f (2)),

o ifa>a/5, then \/~,*! (Tn(iﬂ ( T (x )))

D VarY|X = 2] f (x)
V(0BT

: .
o ifa>a/5, then \/yi hn (n )-»o, (5.2)
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and prove that, under the condition lim, . (n7y,) > 2a/f (z),

e ifa < a/5, then h°E (Tn (:v)) — %, (5.3)
o ifa< /5, then h)> (Tn () — E (Tn (:17))) 2o (5.4)

As a matter of fact, the combination of (5.1) and (5.2) (respectively, of (5.1)
and (5.3)) gives Part 1 of Lemma 4.5 in the case a > a/5 (respectively, a = a/5),
that of (5.3) and (5.4) (respectively, of (5.1) and (5.3)) gives Part 2 of Lemma 4.5
in the case a < a/5 (respectively, a = a/5). We prove (5.1), (5.4), (5.3), and (5.2)
successively.
Proof of (5.1). Set

i (2) =TI (f (2)) 9 [(Wi () — 7 (2) Zi ()] (5.5)

so that T}, (z) — E (Tn (:v)) =1L, (f () Xopen, [k () = E (1 (x))]. We have

Var (i (x)) = T2 (f ()i [Var (W (2)) + 12 (z) Var (Z ()
=27 (x) Cov (W, (), Zy (2))] .

In view of (A3), classical computations give

Var (Wi (z)) = hik _ [Y?1X =z /K2 )dz +o(1 ] (5.6)
Var (Zy (z)) = hik / K?(2)dz +of } , (5.7)
Cov (Wi (z),Zk (z)) = hik /RK2 )dz+o 1)} . (5.8)

It follows that

152 (f ()72

Var (i (a)) = 2=

[Var [Y|X = 2] /K2 Ydz+o(1 ] , (5.9

and, since lim,, o (n7y,) > (v —a) / (2f (2)), Lemma 4.1 ensures that

B > Var (i ()

k:’n,()

v

o= A @) Af ar - 2(2)dz + o
= k;[)ihk [V [Y|X = 1] /K )dz + ]

Il 2 (f (%))
hn[2f(2) = (o — a)¢]

[Varypc—x /K2 )dz + o(1 } (5.10)



88 Abdelkader Mokkadem, Mariane Pelletier and Yousri Slaoui

For all p € ]0,1] and in view of (A3), we have

E (lYk ()PP K2 (x%@))

k

— b [ o= @R (5) g o~ s, y) dyds
R2

< 21+phk/ {/ >t g (z — hys,y) dy+|r(w)|2+p/g(w—hksay)dy}
r U/r R
K?'P (s)ds
= O(h). (5.11)

Now, set p € |0, 1] such that lim, oo (ny,) > (1+p) (@ —a)/ ((2+p) f (z)). Ap-
plying Lemma 4.1, we get

n

> E [l ()]

k:’n,()

e e (e C D))

k=ng
L (f ()T
= O(kz k h}g*? Tk

L e
) (H?ﬁ” e h}ﬁp) . (5.12)

Using (5.10), we deduce that

i 3 B[] =0 ((Z—)) —o().

k:no
and (5.1) follows by application of Lyapounov Theorem.

Proof of (5.4). In view of (5.9), and since a < a/5 and lim,,_, (n7,) > 2a/f (x),
the application of Lemma 4.1 ensures that

Var (Tn (:v))
= T2 (f(x . w ar =z|f(x 2(2)dz+o
= ) 3 B VX = ) [ K)ot
= (@) 30 T2 (F @) wo (i) = o ()
k=ng
which gives (5.4).
Proof of (5.3). We have
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In view of (A3) we obtain

E (W () —a(z) = % / 8—9 2,y)dy[l+o(1 )]/RZQK(z)dz, (5.13)
E(Zy (z)) - f(x) = % /a—g z,y) dy 1—|—0(1)]/RZ2K(Z)dz. (5.14)
Since limp o0 (yn) > 2a/f (z), it follows from the application of Lemma 4.1 tha
E(Tn (x)) - kzgon ) eh? RzzK(z)dz
[3 </ 29 gy —r (@ )/%m,y)dy)wu)}
— ML kz I (f (@) 3k [m® (@) £ () + 0 (1)
1

G [m“’ (#)1 @) +o(].

which gives (5.
Proof of (5.2

E(Tn(x)) - ZH 7k0< ykh,;)

kno

- o ( Fynh’nl) 9

5.2. Proof of Lemma 4.6. Set

3).
). Since a > «/5 and lim, oo (ny,) > (1 —a) / (2f (z)), we have

which gives (5.2).

where 7, is defined in (5.5).

e Let us first consider the case a > «/5 (in which case lim, o ny, > (a —
a)/(2f(x))). Weset HZ (f (z)) =12 (f ()) ¥, *hn, and note that, since (v, 'h,) €
GS (o — a), we have

In (H,? (f (x)))
n —1
= —2In(I,(f(z))) +In ( 11 7’“_1?'“_1> +10 (Yo —1hy—1)
k=ng ,yk hk
S t2m < (%)) 1 (g 1)
k=ng =

= Y (@f @) wm+o(w) Z (a—a) &y + o0 (k) +In (Yng—1hy) 1)

k=ng k=

= 2f(z) —&(a—a)) sn—l—o(sn). (5.15)
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Since 2f () — & (o — a) > 0, it follows in particular that lim, o H,, 2 (f (x)

x)) = o00.
Moreover, we clearly have lim,, .o, H2 (f (x)) /H2_, (f (z)) = 1, and by (5.1

0),

lim H; (f (2) Y Var [i ()]

k=ng
= 2@ (-0 VarVIX =al @) [ K2 ()i
and, in view of (5.11),
E [l @] = 0 (157 ( @) 73h;?)

Now, since (v,,*

S B (i () )

_ 0 (Hi(fix)) (Z I <J;L§x>>wz>>

hn) € GS (o — a), applying Lemma 4.1 and (5.15), we get

=
Il
3

The application of Theorem 1 in Mokkadem and Pelletier (2008) then ensures
that, with probability one, the sequence

B @) Sut) | _ (Vo e (T @) —E (T @)
\/2Inln (2 (f (2)) V2l (H:2 (£ (2)))

is relatively compact and its limit set is the interval

Var[Y|X = a]f(z) Var[Y|X —af
_\/ 2f(x) — (o — )€ /RKQ(ZW’\/ 2 (@) — (@ — ) /K ] . (5.16)
In view of (5.15), we have lim, . Inln (H;2 (f (:1:))) /Ins, = 1. It follows that,

with probability one, the sequence (\/nghn (Tn (x) —E (Tn (x))) /v/21n sn) is
relatively compact, and its limit set is the interval given in (5.16). The application

of (5.2) (respectively of (5.3)) concludes the proof of Lemma 4.6 in the case a > «/5
(respectively a = a/5).

e Let us now consider the case a < a/5 (in which case lim,, .o (ny,) > 2a/f (x)).
Set Hy2(f (z)) = H;2(f () b4 (Inln (I;2 (f (z)) h4)) ", and note that, since
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(k") € GS (4a), we have

In (I, (f () )
= —2In(I, (f () +In <k11 f;’?) +1n(hi )
= —2;;0111 (1—yf (z kzgoln (1— — (i)) +n (Rt )
= Zn: (29 f () + 0 () = Zn: (4agyk + 0 () + 1 (R, )
= I(c;}m(x)—ﬁlaﬁ) $n +0(sn) -k:no (5.17)

Since 2f(z) — 4af > 0, it follows in particular that lim, . I, 2(f(x))hi = oo,
and thus lim,,_, H*Q(f(a:)) = oco. Moreover, we clearly have hmnﬁOo H,Ql(f( ))/
H2_,(f(x)) = 1. Now, set € €]0,« — 5a[ such that lim,, .. ny, > 2a/f(x) + €/2;
in view of (5.10), and applying Lemma 4.1, we get

)) D Varli (2)]

k=ngo
= 0 (Hi (f (2)) by Inn (2 (F (@) b)) > %}W)
k=no
) O<H’2’(f(x))h Ul (02 (F () 1) 3 032 (F (@) o (k- )>
k=nq

Il
s}
—
—_
~

Moreover, in view of (5.11) we have

E [l @] = 0 (157 ( @) 73h2?) |

and thus in view of (5.17), we get

M S E (1Ha (f @) e @)

k=no
H% x h;ﬁ _ 3 LN 7)) ~3
_ O( @I (11 (1122 (5 () 1)) (Z : (‘2( m))
3 T —6 3
(—Hn LED R (o (11,2 7 () 12)) (Z 1% (f (@) o (hi)))

(nln (12 (f (x)) h4))?
ny/n

= 0

I
S
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The application of Theorem 1 in Mokkadem and Pelletier (2008) then ensures
that, with probability one,

oy 0 (f (@) S ()

n—e0 \/2 Inln (Hﬁ2 (f (2)))

lim 2 VIt (T2 (£ () hit)
n—00 \/21n1n (Hﬁ2 (f (x)))

Noting that (5.17) ensures that

lim Inln (H, > (f (z))) /Inln (IL,” (f (2)) hyy) = 1,

n—oo

we get
nh_)rrgo h. 2 {Tn () —E (Tn (:v))] =0 a.s.

and Lemma 4.6 in the case a < «/5 follows from (5.3).

5.3. Proof of Lemma 4.7. Let us write

T (2) = TV (@) = r (2) T?) (x)

with

@) = 3 Uk (@) whi YK ()

TP (@) = Y Uka (f (@) whi K (xZXk)

k:’no k

Lemma 4.7 is proved by showing that, for ¢ € {1,2}, under the condition lim,,
e if a > /5, then sup

> (o —a)/(2¢),
Sup TW(z) - E ( [ (I))} =0 <\/’ynh;1 1nn) a.s.{5.18)

e if a > /5, then sup |[E (Tn (3:))’ =o0 (\/Fynhrfl lnn> (5.19)

xel

and by proving that, under the condition lim,, o (nvy,) > 2a/¢,

e ifa<a/5, then sup [TV (z) —E (Tff) (x))‘ =o(h2) as., (5.20)
zel

o ifa<a/5, then supE (Tn (a:)) =0 (h2). (5.21)
zel
As a matter of fact, Lemma 4.7 follows from the combination of (5.18) and (5.19)
in the case a > /5, from that of (5.18) and (5.21) in the case a = a/5, and from
that of (5.20) and (5.21) in the case a < /5.
The proof of (5.19) and (5.21) is similar to that of (5.2) and (5.3), and is omitted.
Moreover the proof of (5.18) and (5.20) for ¢ = 2 is similar to that for i = 1, and is
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omitted too. To prove simultaneously (5.18) and (5.20) for ¢ = 1, we introduce the
sequence (v,,) defined as

\/WElhn) if a > /b,
(vp) = _2 N (5.22)
h,?(Inn) ) it a < a/5.
As a matter of fact, (5.18) and (5.20) are proved for i = 1 by establishing that

sup [TV (z) — E (T,gl) (x)) ’ =0 (v, Inn) a.s. (5.23)
zel

To this end we first state the following lemma.

Lemma 5.1. There exists s > 0 such that, for all C > 0,
TW (z) —E (T,g” (a:)) > c} -0 (nfg) .

We first show how (5.23) can be deduced from Lemma 5.1. Set (M,) € GS ()
with m > 0, and note that, for all C' > 0, we have

* [ -2 (7 ) 2 ]

< P [v_n sup

nn zer

sup]P’{
zel Llnn

n

TW () - E (T,El) (CU))‘ > C and sup|Yy| < Mn]
k<n

+P {sup |Yi| > Mn} . (5.24)
k<n

Let (d,,) be a positive sequence satisfying d,, < 1 for all n and lim,, .., 7;, 'd,, = 0.
Let IZ-(") be N (n) intervals of length d,, such that U, (n)I(n) I, and for all i €
{1,...,N(n)}, set :Cl(-") € IZ-("). We have

P {v_n sup | TV (z) — E (T,gl) (ZC))‘ > C and sup |Y;| < Mn]
k<n

Inn xzel
N(n) v ~ B
< Z P|— sup |T'V(z)—E (T,gl) (x))’ > C and sup |Yi| < M,
i=1 Inn zel™ k<n

Let us prove that there exists ¢* such that, for all 2,y € I such that |z —y| < d,,
and on {sup,<,, [Vi| < M,},

T (@) =T )] < e Muh; 7 (5.25)
To this end, we write

70 @) =T 0)] £ Aua (2,9) + Anz (2.9),

with
oo =[S e (52) (52|
ot = [ v (52) [ |
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e Since K is Lipschitz-continuous, and by application of Lemma 4.1, there exist
k*,ci > 0 such that, for all z,y € R satisfying [z — y| < d,, and on {sup,<,, [Yx| <
M, }, we have:

Ani (2,y) < KMy Y Upin () Wby 2dn

k:’n,()

cyMyh,%d,,. (5.26)

IN

e Now, let ¢ be positive constants; for j > ng and for p € {1,2} we have

L= f(x)\" vi (f (y) = f(2)\"
(1—”ij(y)) B (1+ 1—;f(y) )
vidn "
: (1 " 1—w||f||oo)
(1 +2¢3y;dn)"
1+ c3vdy. (5.27)

<
<

We deduce that, for k£ and n such that ng < k <mn,

p

-1

Up (f () Bl —if ()
o) 1} Il =77

j=k+1

H exp (c37v;dn) | — 1
J=k+1

IN

n
exp |chdny, Z Yivn| —1
J=k+1

IN

exp [ cidny ' > vp| — 1

IN

n>1

exp [cgdn’y;l] -1
C;dn”Yr:l exp [C;dn%:l}
cadnyn b (5.28)

ININ A

The application of (5.28) with p = 1 and of Lemma 4.1 ensures that, for all z,y € T
satisfying |z — y| < dp, and on {supy<,, |Yx| < M, }, we have:

An,2 (Iay) < HK”ooMn Z Ukn (90) %h;l (ngn'}/;l)

kZ:’ﬂ()

< EMyh . (5.29)

The upper bound (5.2
Now, it follows from (

) follows from the combination of (5.26) and (5.29).
25) that, for all z € I and on {suppe,, [Ya| < M, }, we

[ ERSL
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have
70 (@)~ E (7 (@)
‘j;gn( T<1>( )‘ ‘Tu)( <n>) E(Tw (ﬂ’”))‘
e () 20 )
< 2 Moy N, +’T1)( ") (I (2 <n>))‘

In view of (5.24), we obtain, for all C' > 0,

() (0) B (100 ) 2 €]

JP[U
Inn 4eg
N(n)

Up,
< 2P

1=

pe (a:§.")) (Tu) ( <n>))’ N QC*Mnlz_nnh;Llﬂygldn > C}

+nP[|Y| > M,].
Now, note that, in view of (5.22), (v,) € GS (m*) where m* is defined in (4.3). Set

(dy) € GS (— (M 4+ m* + a + a)) such that, for all n, 2¢* M,v, (Inn) " htytd, <
C'/2; in view of Lemma 5.1 and Assumpt1on (A4) u) there exists s > 0 such that

b
< N(n )itgﬁ”{m M (x )—E(Tv(zl)(x))‘ 2%]

Fnexp (1 M) E (exp (£ [V])
= 0 (d;ln_% + nexp (—t*Mn)) .

Since (M,,) € GS () with /m > 0, and since (d,') € GS (i +m* + a + ), we can
choose C' large enough so that

Z]P’ [m ilgl) W (z) — E(T,gl) (x))‘ > C} < o0

which gives (5.23).
It remains to prove Lemma 5.1. For all x € I and all s > 0, we have

Pl (1021 )) =]
- Flealrn (02 (50 0)] 27

< 0B (e [s7hon (T (@) - E (T ) )]
< n -5 ﬁ E exp( Wi (z ))), (5.30)
k=no

with

Vin(@) = wnUkn (f (2) by [YkK(””‘Xk) —E(YkK(””‘X’f))].

hi
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For k and n such that ng < k < n, set
e = Uk (0) Wby
We have, for all z € I,
E (exp [silvkﬁn (x)})
< 1+ SB[V, ()] + B (7 V2, () exp [ Vi (2)]

1 - X
1+ =s2a; Var |y K z b
2 ’ hy

5% IKILE [ (1Y + (B (¥)*) exp (sl Kl (1Yl + E (1Y) -

IN

Now, note that ay, can be rewritten as:

vnlly, () -1
Ok = ——— VKD
k, oelly (80) kYK
Since (v,) € GS (m*) with ¢ — m*& > 0 (where £ is defined in (2.2)), we have
M (¢) v ( 1 (1))
—nlP) = Q=) (1+m* = +o0~
anl ((P) ,Un71 ( /y SD) n n

= (1=mp) (1 +m v +o0(7n))
= 1_(@_m*§)7n+0(7n)

<1 for n large enough.
Writing
unlly (p) ﬁ vip11lig (9)
oIl () uill; (0)
we obtain
sup Unlln () (¥) < 00

no<k<n Vellg (@)

and, since lim,, .~ vxYthir = 0, we deduce that SUD,, <k<n Qkn < OO. Thus, in view
of Assumption (A4) i), there exist s > 0 and ¢* > 0 such that, for all k£ and n such
that ng <k <n,

< c*.

E[(1Yf® + (B (Yi)*) exp (5~ 1K o (Yl + E (1))

From classical computations, we have sup,; Var [YkK ( (x — Xi) h,;l)] O
We then deduce that there exist CF,C5 > 0 such that, for all z € I, for k and
n such that ng < k <n,

E (exp [s*lv,m (z)])

IN

1+ ColUr y (0) viehy, 't + Csvi UR L () vidhy
exp [CTvaUR , (@) vihy ' + CovdUR , (9) vihi®] -

IN
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Applying Lemma 4.1, we deduce from (5.30) that, for all C' > 0,

e [ (1015120 )) =]

xel

_c
< n sexp

Civa Y Ui ()30 (v.%) + C3vl Y Ui, (9) w0 (vk?’)]

k:’n,() k:’n,()
_C
= 0 (n B ) .

We establish exactly in the same way that, for all C' > 0,

e [ (820 0) - 200) 2] - 0(r-%).

xzel

which concludes the proof of Lemma 5.1.

5.4. Proof of Lemma 4.11. Set
M (@) = (Wi (2) = 7 (&) Zisa (1)) (5.31)

In order to prove Lemma 4.11, we first establish a central limit theorem for

n

T, (1) = B (T (1) = g 3wl -En @)
In view of (5.6)-(5.8) and since hy/hr11 =1+ 0(1), we have

Var (y ())
= Var (Wi (@) + @)V ar (Zis1 () — 2r(@)Cov (Wit 1 (), Zia (¢))

- L [VarY|X—:17 /K2 )dz + o )}

Noting that (¢2h,') € GS (—2¢ + a) with ¢ < (1 + a) /2, and using (4.12), we get

vy = Z RVar (m (x))

k=no—1
_ - _7% ar = x 2 z)az o
_ kgl k{v vix ]f()/RK()d + (M}
n 1
Sl Var VX =a] F (o) [ K2 () as o). (52

Now, set p € ]0, 1] such that ¢ < (1 +a (1 +p)) /(2 + p); it follows from (5.11) that

Z q2+pE [ )|2+p]

k}’ﬂol

< o £ n(nerorien (52)))

k:’n,() 1 k

n qu,»p
o( > 1+p>-

kZ:’ﬂ() —1 k
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In view of (5.32) and using (4.12), we get

1 n nq721+ph;(1+10)
—= Y GVE[m@P] = 0<7+

Un'" plng—1 (ngZha')

= O< p1£>—0(1).
nzh2

The application of Lyapounov Theorem gives

ZisLb (7, (o) E[T, (2))
ng2hy !
2N (o, ﬁV@T [Y|X = x]f(x)/RK? (z)dz)

and applying (4.12), we obtain

V/nhy, (T, (z) — E[T,(x)])

DN (o, %Var[}/p( _ :zr]f(:zr)/RKQ(z)dz> . (5.33)
Now, note that
= ﬁ > @ (B (Wi (2) — a() — r(x) (B (Zesa (2) — f(2))]-
=1 k=no—1
Since hpy1/hn =1+ 0(1), it follows from (5.13) and (5.14) that
= 71 Y 2 22 V4 z
B = s 3wk |G
1 o2 o°
5 (55 @na-r@ [ F2wnd)+ow)]
1 n
= s 2 i [m® @) f (@) +0(1)].
Applying (4.12), we obtain
Jm ZE(T @) = mptm® @) f (@) (5:3)

and Lemma 4.11 follows from the combination of (5.33) and (5.34).

5.5. Proof of Lemma 4.12. Set

n

Su(@) = > anlne (@) —E (g ()]

kZ:’ﬂ() —1

where 7, is defined in (5.31), and H,, %2 = nh, '¢2. Let us first note that, since
(nhy'q?) € GS(1+a—2q) with 1 +a —2¢ > 0, we have lim, .o H;? = oc.
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Moreover, we have lim,, .o, H2/H?2 ; =1 and, by (5.32),

lim H? Z GVarin (@) =1+a—2¢ ' Var[Y|X = 2| f (z) / K?(2)dz
n—oo k1 R
and, by (5.11), E [|qnnn (x)|3] =0 (q3h,?). Since, for all € > 0,

$ 2(maner) - o 3 1)

=ng—

= 0 (n_3h?I q;S (n® + nqih;Q)) ,

we have

w2 (@) =o (I (5]

The application of Theorem 1 of Mokkadem and Pelletier (2008) ensures that, with
probability one, the sequence

Hy,S, (2) _ | k=1 & VI (T (2) — B (T (2)))
2Inln (Hy; %) nqn 2Inln (H,?)

is relatively compact and its limit set is the interval

-/ ﬁdw% el

with o(z) = Var [Y|X = 2] f (z) [z K? (2) dz. Since limy, oo Inln (H;?) /Inlnn =
1, and using (4.12), it follows that with probablhty one, the sequence (v/nhy, (Ty(x)—
E(T,(z)))/v2Inlnn) is relatively compact, and its limit set is the interval

(1—g)° (1—g)°
_\/1 +a— QqU(x)’ \/1 +a— 2qa(x)

The application of (5.34) concludes the proof of Lemma 4.12.

5.6. Proof of Lemma /.13. Let us write T, (z) as
T, () =Tha (x) — 7 (x) T2 ()

with
1 - - X
Tt (2) = —r—— q—kYkHK <M)
k=1 Gk S P P41
1 - qr T — Xpq1
Tn72 (I) = —=n K ( .
P k:%;l P41 P41

Lemma 4.13 is proved by showing that, for ¢ € {1, 2},

sup [Ty, () —E (T, ()] = O (\/ n=1lhp? lnn) a.s. (5.35)

xzel



100 Abdelkader Mokkadem, Mariane Pelletier and Yousri Slaoui

and that

sup [E (Ty1 () =7 (@) E (T2 (2))] = O (h) - (5.36)

The proof of (5.36) relies on classical computations and is omitted. Moreover the
proof of (5.35) for ¢ = 2 is similar to that for ¢ = 1, and is omitted too. We now
prove (5.35) for ¢ = 1. To this end, we first state the following lemma.

Lemma 5.2. There exists s > 0 such that, for all C' > 0,
T

nn

c

" Ty (2) = E (o (2))] > c] —0(n %),

sup P
xel

) for i = 1 can be deduced from Lemma 5.2, and then

We first show how (5.35
(M) € GS (m) with m > 0, and note that, for all C' > 0,

prove Lemma 5.2. Set

we have
nhy,
P [ sup T (0) ~ E (T (o)) 2 €]
nn gzer
hn
< P | sup [T (o) = B (T (2)] 2 € and sup Vi < M,
Inn ,er k<n

+P [sup YVisa| > Mn] .
k<n

Let I be N (n) intervals of length d,, such that UN(V 1™ = I, and for all i €
{1,...,N (n)}, set z{™ € I, We have

nh,,
P {Vl SUp|To 1 () — B (T ()] > c}

nn ger

N(n)
vnhy,
< ST P|Y sup [T (2) ~ E(Th (2))] > C and sup Y| < M,
i1 Inn o k<n
+ P {sup [Yit1| > Mn] . (5.37)
k<n

Since K is Lipschitz-continuous, there exist k*, ¢* > 0, such that, for all z,y € R
satisfying |z — y| < d,, and on {sup<,, |Yit1| < M.}, we have:

Ton1 (2) = Toa ()]

1 i _ z—X - X
s 3 et [i () e (1)

h h
hmr1 k+1 k+1

IN

k*M,,d, Z akhi iy
Zk 1

< C*Mnh;an.
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It follows that, for all z € I™ | on {suppecp, [Yes1] < My}, we have

(Tot () =B (Tos (2)
a0 (4 1 ()20 )
+ |B (Tos (7)) = E (T (@)
Thr (xgm) _E (Tn,l (xm)))’ '

In view of (5.37), we obtain, for all C' > 0,

<

< 2¢*M,h,%d, +

vnhy,
P[ 0 Sup [T (2) — E (T (2))] c]
nn zer
nhy (n) (n) ‘ % vnhy _9
< _ ) — . >
< ;P[ el (8 (:17 ) E(Tml (33 )) + 26 M, b2y 2 O
+nP[|Y] > M,].

Now, set (d,) € GS (=4 — 3a — m) such that, for all n, 2¢* M,\/nh,(Inn) =k, 2d,

< (C/2; in view of Lemma 5.2 and Assumption (A4) i), there exists s > 0 such that

i |
P
In xzel

- sup [T 1 () —E (T 1 (2))| > C

< N (n) ité;I)P [% |Th (z) = E(Th1 (2))] > %}

+ nexp (—t"My) E (exp (¢* [Y]))
= 0 (d;ln_% + nexp(—t*Mn)) .

Since (d,') € GS (3 + 2a+m) and since (M,) € GS (m) with m > 0, we can
choose C' large enough so that

hp,
zpp”mmnmwﬂmuwmﬂ<m
n>0 Inn ey

which gives (5.35) for i = 1.
It remains to prove Lemma 5.2. For all x € I and all s > 0, we have

s [T

Inn

(T (z) —E(Tp1(x))) > C} (5.38)

— B [exp [s71 Vit (T (0) — E(Tun (@)))] 2 o]

< nSE (exp [s_lx/nhn (Tn1 (z) —E(Ths @:)))D
< n s H E (exp (s ' U (2))), (5.39)
k=ng—1
with
Uk,n (CL‘)

= =—— Vi K| ——— | —E| (Vi1 K | ——— .
Zk:l qk h’k+1 h hk+1 s hk+1
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For k and n such that £ < n, set

nhn dk
S b1 Gk hi

Qk.n
We have, for all z € I,
E (exp [s7 Uk (2)])
< 14 %E [s72U2, ()] + E [s~3 U2, (2)]] exp [[Uk.n (2)]]
4 go o Var [k (2250 ) | foal, i

hyt1
E[(1¥1? + E(Yir1)*) exp (57 apn | K lloo (Vicsa| + E (Ve )] } -

Now, note that

IN

v\ @ fFh :
<ZZ_1 %) nh 1\/Thk+1
n ol gy /ihy
(o) (T —2 ) s,

=k g/ + 1)

(07 %7)

Since (qj, /jh;l) €GS(—q+ (14 a)/2) with —¢+ (1 +a) /2 > 0, we have

gj\/ih; ! 1 1 1
’ 1—(—q+ﬂ>—.+0(—.)
(j+ 1) b 270\

j+1

qj+1
< 1 for j large enough.

It follows that sup,<, ax, < 0o. Consequently, in view of Assumption (A4)ii),
there exist s > 0 and ¢* > 0 such that, for all k¥ and n such that k < n,

E[(1¥erl® + E (V1)) ) exp (s annl Klloo (Vs | + E ([Yera )| < e,

Recall that sup,c; Var [V K ((z — Xi) hi')] = O (hi). We then deduce that there
exist positive constants C7, such that, for all € I, and for all £ and n such that
k<n,

3
_ nh, ¢ (nhn)?  q}
E(exp (s Uk (@)]) € 14 Cf gtk + 05— b
(Zk 1%) hi (> ket ar) hig
3
C Cj —=.
Rhie T tnigyh}

IN

exp

Then, it follows from (5.38) that, for all C' > 0,

No
supP[ "ho (g, (@) — E(Ty, (2))) 20]
zel Inn
n 9 2 n 3
' . ha qj _c
< n Sexp C3 — +Cy - :O(n S)
q%;; k n%q;ik;hi
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We establish exactly in the same way that, for all C' > 0,

aup? [V (57, ()~ Ty () 2 €] = 0(-%),

which concludes the proof of Lemma 5.2.

5.7. Proof of Lemma /.1j. In view of (4.14), we have

An(z) = AP (2)+ AP (),
with
AP (z) = Z Uk (f(2)) v (B [Zk(2)] = Zk(2)) (ri—1(z) —r(2)), (5.40)
k=no
AP(@) = Y Uea(f@)w (f(2) = E[Ze(@)]) (r—1(z) — r(x)) . (5.41)
k=no

Let us first note that, in view of (5.14) and by application of Lemma 4.1, we have

I, (f Z Hkl khkwk> a.s.

kno

|
.

A (@)

= O(Hn ZH ) 71O (my;) ;g) a.s.

kn()

= O (mywy) a.s.

(1)

Let us now bound A, (x). To this end, we set

ek (2) E(Zk (%)) — Zk (x),
Gi(z) = Tk( ) —r(z),
Sn(x) = ZH ) vkek (2) Gr—1 ()

and Fr, = o ((X1,Y1),...,(Xk, Y%)). In view of (5.7) and of Lemma 4.1, the in-
creasing process of the martingale (S, (z)) satisfies

<S>n(x) = D E[IZ(f(2)vieh (@) Gioy (2) | Fr]
k=ng
= Z I, "Gy (@) Var [Z (z)]
k=ng
= <kzn:oﬂ fykwkhl ) a.s.
= (Z H %miwi> a.s.
k=ng

= 0 (H72 (f (@) m2w?) a.s.

n n
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e Let us first consider the case the sequence (n7y,) is bounded. We then have
(I (f () € GS (671 f (2))), and thus In(< S >, (z)) = O (Inn) a.s. Theorem
1.3.15 in Duflo (1997) then ensures that, for any § > 0,

Sa@] = of<s >2 (z)(In< S >, (x))%“) +O(1) as.
= o (H;l (f (z)) mpwy, (lnn)l_f) +0(1) as.

It follows that, for any § > 0,

1446

‘AS)(J:)‘ - o(mnwn(lnn)T)—I—O(Hn(f(a:))) @.s.

1446

= o(mnwn (Inn)—= )—l—o(mn) a.s.,

which concludes the proof of Lemma 4.14 in this case.
e Let us now consider the case lim,, . (ny,) = co. In this case, for all § > 0, we
have

n

In (2 (f(2) = > W(—wf(@)”
k=ng

= > @uf(@+ow)
k=ng

= O (Z vkk6> .
k=1
Since (7,n%) € GS (— (a — §)) with (aw— &) < 1, we have

i M mn?)
n—oo 370 kO

It follows that In (II;2 (f (z))) = O (n'™y,). The sequence (m,w,) being in
GS (—m* + w*), we deduce that, for all 6 > 0, we have

=1—(a—9).

In(<S>,(@x) = O (n1+67n) a.s.
Theorem 1.3.15 in Duflo (1997) then ensures that, for any § > 0,

1446
2

1S, ()] = o(<5>é (z)(In < S >, (x))_)—i—O(l) a.s.

oOmuwmwwwmﬁj+mna&

It follows from the application of Lemma 4.1 that, for any § > 0,

146

}Agll) (:17)} = o <mnwn (n1+5’yn) 2 ) +O0 {0, (f (x) a.s.

— o(mnwn (n1+57n) 25) a.s.,

which concludes the proof of Lemma 4.14.

-
+
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5.8. Proof of Lemma 4.15. Let us first note that, in view of (5.41), and by appli-
cation of Lemma 4.1, we have

o (ki (Sup Uk (f (iv))) %hiwk> a.s.

sup [A2) (z)]

xel xel

=ngo

= O ( Z Uk,n (ga) ”ykmkwk> a.s.

k:’n,()

= O (muwy,) a.s.

Now, set

A, = t%lnn (5.42)

(where t* is defined in (A4)4)) and write ALY (defined in (5.40)) as
A (@) = I (f (2) MY (2) + 1L (f (2)) Sn ()
with

n

Su(@) = > T (f (@)1 (B[Zk(2)] = Zi(@) (re—1(2) = 7(2)) Daup, oy, vif> Ans

k:no

k
M @) = 30 T @)y (BIZ5 )] = Z5(2)) (5-1@) = (@) Dawpr,, 731 A

Let us first prove a uniform strong upper bound for S,,. For any ¢ > 0, we have

Z]P’[supm;lwgwsn(xﬂz% = 0 ZP(sup |Yl|>An>

n>0 LTEl n>0 Nsn-l

= 0 nP(Y]>A4,)

n>0

= 0 Z nexp (—t*4,)

n>0

It follows that

sup|S, ()] = O (myw,) a.s.
zel

To establish the strong uniform bound of Mr(Ln), we shall apply the following result
given in Duflo (1997, page 209).

Lemma 5.3.

Let (M,gn))k be a martingale such that, for all k < n,

set
D, (N) = c2 (e’\c —1- )\c). For all \,, such that \,c,, <1 and all o, > 0, we have

M,gn) — M,E’l)l < ¢p, and

P (O (M = M) > @, () < MO >, anh, ) < e,
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In view of (4.15), there exists C* > 0 such that, on {sup;<; [Yi| < A, },
Iri () —r(z)] < C*k%h;lAn.
Consequently, there exists C7 > 0 such that
M (@) = M, (@)

< IS (2) vk 1 Zk (@) — B (Zg (2 |‘ k-1 (2) =7 (2)) Loup,,_, Ivi|<4,
< I (F (@) e (205 K loo) (CF (B = 1)y hyt An)
< CiII(f (@) kvihy A,

e In the case lim, o (n7,) = 00, since (ny2h,;?) € GS (1 — 2a + 2a) there exists
(ux) — 0 such that

(k—1) 71% 1h1;21
kwkh_

1 1
= 1—[1—2a+2a]E+0(E)
= 1+ upvk.

It follows that there exists kg > ng such that, for all £ > ko and for all x € I,
Hl;l1 (f (2) (k—1) 71% 1hlil
! (f (@) ka2hy,

(1= f (@) (1 + wryr)

L=y f (z) +upye (1 — v f (2))
< 1=+ uryk (1 + 9% flloo)

< 1
Consequently, there exists C' > 0 such that, for all x € I and all k < n,
M (@) = M, ()] < O (f () m2hi A (5.43)

e In the case lim, oo (ny,) < oo (in which case o = 1), we set € €]0, min{(1 —
3a)/2; 01 —m*}[ (where m* is defined in (4.3)), and write

M (@) = M @) < O (f @) k] A [y R 2R
Since (my,'n'Ty2h,?) € GS (m* + 1 + € — 2 + 2a) with

1
m-+1+e—2a+2a < Ta+e—1—|—2a

IN

1
€5 (1—3a) <0,

the sequence (m,,*n*T<y2h,?) is bounded. On the other hand, since (n~=m,,) €
GS (—e —m*), there exists (uk) — 0 and ko > ng such that, for all k£ > k¢ and for
all z € I,

Hk11(f($))( 1) my - _ - e 1 . 1
TR s @) (140 0 o (7))
(1= f (@) (14 (m* + €) Evp + uryr)

< (=) L+ (m" +€) Evi + ur] k)
< 1 (p — (m*2+ €) &) Yk
< 1.
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It follows that there exists C' > 0 such that, for all x € I and all k < n,
‘M,En) () — M,Eﬁ)l ()] < CH'(f(z)n  m,A,. (5.44)

From now on, we set

(2) = { OO (f (@) myphyAn if litng o (ny) = 0o,
Cn \T) = CILY (f (z)) mun™¢A,  if lim, e (ny,) < 00,

so that in view of (5.43) and (5.44), for all € I and all k < n, we have
M @) - M @) < @),
Now, let (u,,) be a positive sequence such that, for all n,

Uy, < C_ln_lfy;2h%A;1 if lim,, oo (n’Yn) = 00, (5 45)
Up < C7tm tncA ! if limy o0 (nyn) < 00 '

and set

An (2) = unIly (f (2)) -

Let us at first assume that the following lemma holds.

Lemma 5.4.
There exist Co > 0 and p > 0 such that for all x,y € I such that |x —y| < Con™?,
we have

IN
[y

A () M) (@) = X () ML) (1)

Do) O (@) < MO >0 (@) = @y O (1) < M >0 ()] < L.

Set
dn = OQ’Ilip,
Vi (@) = Mo(@) MM (2) = D, () (An () < M >, (2),
(@) = (p+2)lnn
o (T = W

Let Ii(") be N (n) intervals of length d,, such that Uﬁi(ln) = I, and for all i €

{1,...,N(n)}, set :Cl(-") € IZ-("). Applying Lemma 5.4, we get, for n large enough,

N(n)
]P’suan(:E)22(p+2)lnn] < Z]P’ sup Vp(2) >2(p+2)Inn
i=1

zel wel™
N(n)
< Z]P’[Vn (zgn))+222(p+2)1nn}
i=1
< N (n)supP[V, (z) > (p+2)Inn].

xel
Now, the application of Lemma 5.3 ensures that, for all x € I,

PV, (z) > (p+2)Inn]
P Ay (2) M{™ (2) = @, () On (7)) < MM >, (2) > a (2) Ay (2)

IN

exp [_an (x) An (x)]
n—(P12)

IN N
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It follows that
Z]P {sup Vi(z) > 2(p + 2)lnn] =0 an < 400
n>1 @€l n>1
and, applying Borel-Cantelli Lemma, we obtain
sup A () M{™ (z) < sup Q. (2) (A (2)) < M™ > (2)+2(p+2)Inn  a.s.
xzel xel
Since ®. (\) < A% as soon as Ac < 1, and since A\, (z) = u,IL, (f (x)), it follows
that

y sup I, (f () M (z) < w2 sup T2 (f(z)) < M™ >, (z) +2(p+2)Inn  a.s.
xcl zel

Establishing the same upper bound for the martingale (—M ,5")), we obtain

sup IL (£(@)) [M{(2)| < o sup I (£(@) < MO >, (z) 22T 2000
xzel el "

Now, since sup,¢; Var (Zy (z)) = O (h; "), we have
supll} (f (x)) < M™) >, (x)
zel

O ( > sup Ui (f (2)) 7k sup [ri—1 (z) = ()] sup (Var [ Z (I)]))
k:noze re TE

O ( Z Uz, () vzhklwi> a.s. (5.46)

kZ:’ﬂ()

e Let us first consider the case when the sequence (n7y,) is bounded. In this
case, (5.46) and Lemma 4.1 imply that

su;l)l_[?l (f(x)<M™ >, () = O (Z Uz, () vkm%w,%> a.s.
rE

kZ:’ﬂ()
= O(miw}) as.
In this case, we have thus proved that, for all positive sequence (u,) satisfy-
ing (5.45), we have
1
supIl, (f (z)) ‘M,(l") (:17)‘ =0 <unm,21w,21 + ﬂ) a.s. (5.47)

el Unp,

Now, since the sequence ({m;lwgl In n} mnn’eAn) belongs to GS (— (w* + €))

with w* + € > 0, there exists ug > 0 such that, for all n,

ugm,, "w, *VInn < C7tm, ALY
(where C' is defined in (5.45)). Applying (5.47) with (u,) = (uomglwglvln n),
we obtain

supIl, (f (z)) ‘M,(l") (x)‘ = O (mnwn lnn) a.s.,
zel
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which concludes the proof of Lemma 4.15 in this case.
e Let us now consider the case lim,, o (ny,) = oo. In this case, (5.46) implies that

supIl2 (f () < M > (z) = O (vahy'w?)  as.
zel

In this case, we have thus proved that, for all positive sequence (u,) satisfy-
ing (5.45), we have

1
SléII)Hn (f (z)) ‘Mfln) (;p)‘ = 0 <“"7nhn1w72z + %) a.s. (5.48)

Now, in view of (4.24), of (5.42), and of the assumptions of Lemma 4.15, we have

[t odniza) = oy o s, )
= 0(1).

Thus, there exists up > 0 such that, for all n,

uo\/Yn "R Innw, b < C7In Ty 22 AL

Applying (5.48) with (u,) = (uox/’yﬁlhn lnnwgl), we obtain
supIl,, T ‘M,(l”) x‘ = O< nhgllnnwn> a.s.
supl, (7 (0) [V (0) v
= 0 (mnwn lnn) a.s.,

which concludes the proof of Lemma 4.15.

Proof of Lemma 5.4. Let (6,) € GS(—0%), set x,y € I such that |z —y| < d,,
and let ¢ denote generic constants. Let us first note that |Zx (z) — Zi (y)| <
cionhy %, that | Zx ()| < c3h; ', that

\Var [Zy (z)] = Var[Zy (y)]] = [E{(Zk(z) — Zk(y) — [E(Zk(2)) — E(Zk(y))])
(Z1(x) + Zi(y) — [ (Zk(@)) + E(Zk ()}
< 8cshy 'E[|Z (x) — Zi (y)]]
< cghlzgén

and that, in view of (4.15), on {sup;<; [Yi| < A, },
Iri, (2) — 7 (2)| < cikyphy P A,

Now, in view of (4.4), we have

i (@) —r(z) = [1 = w2k (@)] [re—1 () = r (@)] + % Wk (2) — 7 (2) Zk (2)],
so that

[k () =7 (@)] = [re (y) = (y)]
= [ =22 (@)][re—1 (2) = (@)] = [1 = w2k W)] [re—1 (y) =7 (v)]
e (W (2) = Wi (9)] = [r (2) Zi (2) =7 (y) Zk (y)])
= =k (@) ([re—1 () =7 (2)] = [re—1 () = (Y)])
— e [Zk () = Zk ()] [re—1 (y) — 7 (y)]
Tk (Wi (2) = Wi (y)] =7 () [Z1 (2) = Zk ()] = Zk () [r (2) =7 (¥)]) -
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For k > ng, we have |1 — ;7 (z)] < 1. Tt follows that, for & > ng and on
{sup,<), V| < An},

|l (z) =7 (@)] = [re (y) = r (W]
< k=1 (@) =7 (@)] = [re—1 (v) = r W]+ v |25 (2) = Zi (Y)| [re-1 (y) —r ()]
+y6 ([Ye| + | (@)]) [ Zk (x) — Zi (Y)| + v [ Zk (9)] |7 (2) — 7 ()]
< e (@) =7 (@)] = [re—1 (v) — 7 W] + (5FvRhyg 00 An) + (cimmAnhy 20n)
+ (crymhy 'on)
< lrer (@) = 7 (@)] = [re1 (y) — 7 @) + 5k, 260 An
k
< 5 vy S An
j=1
< CGok?EhgP0n A,

Moreover, we note that, on {sup;<; |Yi| < A, },

[k (2) = 7 (@))% = [k () = 7 (9)|
|

Tk
< Ak (@) = r(@)] = [re (y) = W Ire (@) — 7 (2)] + [re (y) — 7 W)]|
< kP ihy 16 AL

Using all the previous upper bounds, as well as (5.28) with p = 1, we get

A (@) M (2) = Ao () M ()

> Ukn (f () 1 (B [Zk (2)] = Zk (2)) [re—1 () — 7 (2)]

k=ng
— > Uk (f W) % (B[Zk ()] = Zi ) [ri—1 (1) = 7 ()] Leup, o, vi/< A,
k=ng
< un Y AUkn (f (@) % |E [Zk (2)] = Zi (@)
k=ng

(1 (@) = 7 (@) = (-1 (9) = 7 () Daupyy it }

tun Y AUk (f (@) e lri—1 (y) = 7 ()]

k=no
12k (2) = 2 )] +E (12 (2) = Z& 0)]) Laupyy_, mii<a,
+u, Z {U;m (f (v) % — 1 vk |re—1 (y) — 7 (v)]

k:’ﬂ()

(17 (@) + E[1Zi (@)]) Loup,.,_, w124, }
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< Claln Z Uk (©) Vi (h;l) (kQ’yzh,;BénAn)

k:no

+ gt Y U (9) W(kyhy,  An) (5nhy %)

k:’n,()

+etgtn Y Uk () (0n7 ) W (bvehy " An) (b )

kZ:’ﬂ()

< cft—)unnzﬁlh;‘l&nAn + cfﬁunnvnh;?’énfln + cf7unnh;26nAn.

In view of (5.42) and (5.45), it follows that there exist s} > 0 and S e GS(st)
such that

An (@) M () = Ao (y) MV ()| < 6,550, (5.49)

D, () An (2) < MM >, (2) = D, () (Mn (1) < M™ >, (y)
(z " N (y)
P2 132 (@) < MO 5, (@) = X2 (0) < MO >, ()]

By Onled _ By 00 0)
A7 () A2 (y)

Maly) < M >, (y)

] X2 (y) < M® >, (y).

Since ¢, () A\ () = ¢, (y) A\ (y) = By, we have

Using the fact that ®.(\) < A2 for Ac < 1, and applying (5.28) with p = 2, we
deduce that

Doy (o () <MD > (2) = @) O (1)) < MO > ()]

<

X2 (1) < M@ >, (@) = 22 (y) < M®) >, ()|

Y Ul (f () 7iVar [Zi (2)] [rai (2) = r ()

k:no

= UL (f W) iVar [Ze )] re— (v) —r ()

k:’no

IN

2
Up,

]]'SUPLSJC71‘YZ|§ATL
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ul Y A{UL, (f @) viVar (2, (z)]

<
k=ng
(rie1 (@) =7 @) = (%1 (1) = 7 0| Loupycy, it |
2 S {UR (F @) (o () = 7 ()
k=ng
Var (2 (@) = Var (Ze 0] Tap,., ,ivi<a, |
u2 = 2 Ul?,'n, (f (.I)) _ 2 r _r 2
Var [Zk (y)] ]lsuplgkfﬂyﬂﬁAn}
< csul Zn: UR ()i (hi ) (KPARhy 60 A2)
k=ng
teioul Y UL, (0) 7k (K2 9ihy 2 A2) (0nhy )
k=ng
tesouz Y U, (9) (0avn ) vk (K297hy 2 A2) byt
k=ng

In view of (5.42) and (5.45), it follows that there exist s5 > 0 and 5P e GS(sh)
such that

q)cn(w) (An () < M™ > (7) — (I)cn(y) (An (y) < M™ >n (y)’ < 5n‘§7(12)-

(5.50)
Lemma 5.4 follows from the combination of (5.49) and (5.50).
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