FIXED POINTS AND DETERMINING SETS FOR HOLOMORPHIC SELF-MAPS OF A HYPERBOLIC MANIFOLD

BUMA L. FRIDMAN, DAOWEI MA AND JEAN-PIERRE VIGUÉ

Abstract. We study fixed point sets for holomorphic automorphisms (and endomorphisms) on hyperbolic manifolds. The main object of our interest is to determine the number and configuration of fixed points that forces an automorphism (endomorphism) to be the identity. These questions have been examined in a number of papers for bounded domains in C^n . Here we extend these results to a finite dimensional hyperbolic manifold. In some important cases such extension is not obvious. A bounded domain can be equipped with an invariant Riemannian (Bergman) metric, and one can use differential geometry technics to obtain results. Such a metric is not always available on a general hyperbolic manifold. To overcome this obstacle we introduce locally a different invariant Hermitian metric.

0. Introduction

Let M be a hyperbolic manifold. H(M, M) is the set of holomorphic maps from M to M, i.e., the set of endomorphisms of M. A special case of endomorphisms are automorphisms of M, Aut(M) ⊂ H(M, M).

Definition 0.1. A set K ⊂ M is called a determining subset of M with respect to Aut(D) (H(M, M) resp.) if, whenever g is an automorphism (endomorphism resp.) such that g(k) = k ∀k ∈ K, then g is the identity map of M.

The notion of a determining set was first introduced in [FK1]. That paper was an attempt to find a higher dimensional analog of the following result of classical function theory [PL]: if f : M → M is a conformal self-mapping of a plane domain M which fixes three distinct points then f(ζ) = ζ.

This one-dimensional result is true even for endomorphisms of bounded domains D ⊂⊂ C . To prove this one needs to first use the well known theorem, stating that if an endomorphism of D fixes two distinct points, then it is an automorphism; and then use the above [PL] theorem.

2000 Mathematics Subject Classification. Primary: 32M05, 54H15. 1

Determining sets (for automorphisms and endomorphisms) in case of bounded domains in C^n have been further investigated in the following papers [FK2], [KK], [Vi1], [Vi2], [FM].

Let W_s(M) denote the set of s-tuples (x_1, . . . , x_s), where x_j ∈ M, such that {x_1, . . . , x_s} is a determining set with respect to Aut(M). Similarly, ^W_s(M) denotes the set of s-tuples (x_1, . . . , x_s) such that {x_1, . . . , x_s} is a determining set with respect to H(M, M). So ^W_s(M) ⊆ W_s(M) ⊆ M^s. We now introduce two numbers s_0(M) and ^s_0(M). In case Aut(M) = id, s_0(M) = 0, otherwise s_0(M) is the least integer s, such that W_s(M) ≠ ∅. The symbol ^s_0(M) denotes the least integer s such that ^W_s(M) ≠ ∅. Hence, s_0(M) ≤ ^s_0(M).

In [Vi2] the estimate ^s_0(D) ≤ n + 1 was established for all bounded domains in C^n . In Section 2 we generalize this by proving the same inequality for hyperbolic manifolds of dimension n. This certainly implies same inequality for automorphisms of a hyperbolic manifold M, s_0(M) ≤ n + 1. However for automorphisms much more information can be provided.

When M = D a bounded domain in C^n , the above estimate can be refined (see [FM]) to s_0(D) ≤ n for domains that are not biholomorphic to the unit ball B^n ⊂ C^n (i.e. the only bounded domains in C^n for which s_0(D) = n + 1 are those biholomorphic to the ball). Also, s_0(D) depends on how large the group Aut(D) is, and corresponding inequalities have been proved in [FM]. In this paper (Sections 3,4) we generalize all these estimates on s_0(M) for any hyperbolic manifold. If a positive integer s ≥ s_0(M), then W_s(D) ≠ ∅, so there are s points such that if an automorphism of M fixes these points it will fix any point of M. Now the question arises whether the choice of these s points is generic. The answer is positive ([Vi1],[FM]) for any bounded domain D in C^n : W_s(D) ⊆ D^s is open and dense if not empty. Again we prove here that the same is true for any hyperbolic manifold (section 5). The proof (in [FM]) of this last statement for a bounded domain used the Bergman metric on that domain. Such a Riemannian metric is not always available on a hyperbolic manifold. To overcome this obstacle we had to construct for any point x ∈ M an invariant (with respect to Aut(M)) Hermitian metric in a neighborhood (open but not necessarily connected) of that point (see Lemma 1.7).

Similar properties for the determining sets of endomorphisms in general do not hold. We address related questions in the concluding part of section 5.

1. Preliminary statements

Throughout this section M denotes a hyperbolic manifold of finite dimension, Aut(M) is its group of holomorphic automorphisms.

Lemma 1.1. Aut(M) is a normal family.

Various versions of this statement have been used before. However, we cannot find a direct reference to this result in the literature. Therefore a brief proof is presented here.

Proof. It suffices to prove that if x_0 ∈ M, if f_j ∈ Aut(M) is a sequence such that the closure Q of the set {f_j (x_0) : j ∈ N} is compact, and if K is a compact subset of M, then S := ∪^∞_{j=1}f_j (K) ⊂⊂ M. Let d(·, ·) denote the Kobayashi distance. For x ∈ M, r > 0 let b(x, r) = {y ∈ M : d(x, y) < r}. Let ψ(x) = sup{r > 0 : b(x, r) ⊂⊂ M}. Now we set m = max{d(x_0, x) : x ∈ K}, δ = min{ψ(x) : x ∈ K}, and P = {x ∈ M : d(x, Q) ≤ m, ψ(x) ≥ δ}. Then P is compact and S ⊂ P . □

Now we note the following. Let a ∈ M, f : M → M a holomorphic map such that f(a) = a. Consider a small Kobayashi ball b = b(a, ε) that is biholomorphic to a bounded domain in C^n , and whose closure is compact in M. Since the Kobayashi distance is nonincreasing under holomorphic maps, we have f : b → b. If f ∈ Aut(M), then f |_b∈ Aut(b). The following three statements (cf. [Vi1]) hold for bounded domains in C^n ; by using this remark one can prove them for any hyperbolic manifold.

Lemma 1.2. Let a ∈ M, f : M → M a holomorphic map such that f(a) = a and f^′(a) = id. Then f = id.

Lemma 1.3. Let a ∈ M, f ∈ Aut(M) and f(a) = a. Then all the eigenvalues of f^′(a) are of modulus one, and the matrix f^′(a) is diagonalizable.

Corollary 1.4. In the assumption of the above Lemma, if f ≠ id, one can find an appropriate power k such that the k-th iteration of f, f^k = h ∈ Aut(M) will have the following properties: h(a) = a, h^′(a) has at least one eigenvalue with non-positive real part. 3

Let z ∈ M. Below we use the notion of an isotropy group I_z(M) = {g ∈ Aut(M) : g(z) = z}. Lemma 1.5 (H. Cartan). ([Ca1, p.80]) Let D ⊂⊂ C^n , let z ∈ D, and let I_z = I_z(D) be the isotropy subgroup at z of the automorphism group of D. Then there exists a holomorphic map ϕ : D → C^n such that ϕ(z) = 0, ϕ^′(z) = id, and for all f ∈ I_z one has ϕ ∘ f = f^′(z) ∘ ϕ.

As in [Vi1, thm 2.3], for the proof of this Lemma, we define ϕ : D → C^n by ϕ(ζ) = ∫ G_z f^′(z)^{−1}(f(ζ) − z) dμ(f), where dμ is the Haar measure on I_z. Then ϕ(z) = 0, ϕ^′(z) = id (and therefore ϕ is locally biholomorphic), and ϕ∘g = g^′(z)∘ϕ for each g ∈ I_z.

Let M again be a hyperbolic manifold, x ∈ M, T_xM the tangent space of M at x, I_x = I_x(M) is the isotropy subgroup fixing x. The compact group I_x acts on T as differential maps: for g ∈ I_x , v ∈ T , g_∗(v) = dg(x)v. Since the above Lemma can be considered in a small neighborhood of x, and T is isomorphic to C^n the following statement holds.

Lemma 1.6. For any point x ∈ M there exists a small neighborhood V ∋ x, such that there is an injective holomorphic map ϕ : V → T such that g_∗ ∘ ϕ = ϕ ∘ g for g ∈ I_x, and dϕ(x) = id, the identity map of T = T_xM. Finally we will introduce an Hermitian invariant metric on a neighborhood of any point in M.

Lemma 1.7. Let M be a hyperbolic manifold, let G = Aut(M), and let x ∈ M. Then there is a neighborhood U of x such that G(U) = U, and a C^∞ Hermitian metric on U that is invariant under G.

Proof. Since M is hyperbolic, the automorphism group G is a Lie group (see [Ko]) and the isotropy group I_x is a compact subgroup of G. The orbit G(x) is an embedded submanifold of M. There is a neighborhood V of x in M such that G(V ) is naturally homotopic to G(x). Let T = T_xM be the tangent space of M at x. Then T is a complex vector space and is isomorphic to C^n . The elements of the compact group I_x act on T as differential maps: for g ∈ I_x, g_∗(v) = dg(x)v. Let h be a Hermitian metric on T invariant under I_x. By Lemma 1.6, if V is sufficiently small, there is an injective holomorphic map ϕ : V → T such that g_∗ ∘ ϕ = ϕ ∘ g for g ∈ I_x, and dϕ(x) = id, the identity 4

map of T = T_xM. The (real) subspace P of T consisting of vectors tangent to G(x) is invariant under I_x. So the orthogonal complement (with respect to the real part of h) Q of P is also invariant under I_x. Let S_1 = {v ∈ Q : ‖v‖ < δ}, where ‖ · ‖ is the norm induced by the Hermitian metric h, and choose δ > 0 so small that S_1 ⊂⊂ ϕ(V ). Note that S_1 is invariant under I_x. Let S = ϕ^{−1}(S_1). Then I_x(S) = S. Forthermore, for g ∈ G, g(S) ∩ S ≠ ∅ iff g ∈ I_x. The tube G(S) is diffeomorphic to the the normal bundle of G(x) in M and to the twisted product G ×_{Is} S. The pull-back h_0 = (ϕ|_S)^∗h is a Hermitian metric on the restriction to S of the tangent bundle T M. Now we define a Hermitian metric h_1 on U = G(S) as follows. If y ∈ U and u, v ∈ T_y, then there is a g ∈ G such that g(y) ∈ S, and we define h_1(u, v) = h_0(g_∗u, g_∗v). One can see that h_1 is well-defined, since if g(y), g^′(y) ∈ S, then g^′g^{−1} ∈ I_x. Now h_1 is a C^∞ metric on U that is invariant under G. □

2. An estimate for ^s_0(M)

We need the following lemma (Thm. 5.2 in [Vi2])

Lemma 2.1. Let D be a bounded domain in C^n , a ∈ D. Then there is an open U ⊂ D^n such that (a, ..., a) ∈ U and for all (z_1, ..., z_n) ∈ U, (a, z_1, ..., z_n) ∈ ^W_{n+1}(D). Theorem 2.2. Let M be a hyperbolic manifold of complex dimension n. Then ^s_0(M) ≤ n + 1.

Proof. Pick a point a ∈ M. Let f : M → M be a holomorphic map such that f(a) = a. Consider a small Kobayashi ball b = b(a, ε) whose closure is compact in M, and such that b is biholomorphic to a bounded domain D in C^n ; let h : b → D be such a biholomorphic map. Note that since the Kobayashi distance is non-increasing under holomorphic maps, we have f : b → b, and therefore g = h ∘ f ∘ h^{−1} : D → D. By using the preceding lemma, one can pick n points z_1, ..., z_n ∈ D, such that Z = (h(a), z_1, ..., z_n) ∈ ^W_{n+1}(D). Consider the set of n + 1 points h^{−1}(Z) = (a, h^{−1}(z_1), ..., h^{−1}(z_n)) ⊂ b. If our function f ∈ H(M, M) (in addition to a) is also fixing all points h^{−1}(z_j ), i.e. f |_h−1_{(Z)}= id, then g |_Z = id and therefore g = id. We conclude that f |_b= id, and consequently f = id. So, h^{−1}(Z) ∈ ^W_{n+1}(M), and therefore ^s_0(M) ≤ n + 1. □

3. Estimates for s_0(M)

The goal of this section is to provide estimates for s_0(M) for a hyperbolic manifold M, dim(M) = n._5

Since s_0(M) ≤ ^s_0(M) theorem 2.2 implies

For any hyperbolic manifold M of complex dimension n, s_0(M) ≤ n+1.

Remark. In the next section we prove a refined inequality s_0(M) ≤ n for M not biholomorphic to the unit ball in C^n .

If H is (isomorphic to) a subgroup of the unitary group U(n), let k(H) denote the least number k of vectors u_1, . . . , u_k such that if h ∈ H and if h(u_j) = u_j for j = 1, . . . , k then h = id. For x ∈ M the isotropy group I_x(M) is isomorphic to the group of its differentials at x, and these differentials are unitary with respect to the locally defined Hermitian inner product (the existence of which was proved in Lemma 1.7) on the tangent space T_x(M). So I_x(M) is isomorphic to a subgroup of U(n). Theorem 3.1. s_0(M) ≤ 1 + min{k(I_x(M)) : x ∈ M}.

Proof. Choose x ∈ M so that k(I_x(M)) = min{k(I_x(M)) : x ∈ M}. Denote that number by k. Let u_1, . . . , u_k be vectors in T_xM such that if h ∈ I_x(M) and if dh(x)(u_j) = u_j for j = 1, . . . , k then dh = id (hence h = id). For each u_j, let x_j be a point on the geodesic through x in the direction u_j, so close to x that the geodesic is the unique length minimizing geodesic from x to x_j . Let f be an automorphism of M fixing x, x_1, . . . , x_k. Then df(x) fixes u_1, . . . , u_k. It follows that df(z) = id and f = id. Therefore, s_0(M) ≤ 1 + min{k(I_x(M)) : x ∈ M}. □

Let G be a subgroup of Aut(M). By s_0(M, G) we denote the minimum number of distinct points in M such that if g ∈ G, and g fixes all these points, then g = id. So, s_0(M) = s_0(M, Aut(M)).

Lemma 3.2. Let M be a hyperbolic manifold, let G be a subgroup of Aut(M), and let q = dim G. If q ≥ 1, then s_0(M, G) ≤ q. If q = 0, then s_0(M, G) ≤ 1.

Proof. First we consider the case where q ≤ 1. Let e denote the identity element of G, and let Q = G\{e}. For each g ∈ Q, the set {x ∈ M : g(x) = x} is an analytic set of M of dimension ≤ 2n − 2. The set W_1 := {(g, x) ∈ Q × M : g(x) = x} is an analytic set of Q × M of dimension ≤ (2n − 2) + q ≤ 2n − 1 < dimM. Let W denote the set of fixed points of nontrivial elements of G. Since W = π(W_1), where π : Q × M → M is the projection, and since dimW_1 < dimM, we see that W ≠ M. Therefore, s_0(M, G) ≤ 1.

Now we assume that q ≥ 2. There must be an orbit Q of G of positive dimension. Let x ∈ Q, and let H := G_x be the subgroup of G 6

consisting of elements g satisfying g(x) = x. Then dim H < dim G. By induction hypothesis, s_0(M, H) ≤ dim G − 1. Therefore, s_0(M, G) ≤ 1 + s_0(M, H) ≤ dim G. □

As a corollary we get

Theorem 3.3. If dim(Aut(M)) ≥ 1, then s_0(M) ≤ dim(Aut(M)). If dim(Aut(M)) = 0, then s_0(M) ≤ 1.

4. A characterization of the ball in C^n

This section is devoted to the proof of the following statement.

Theorem 4.1. Let M be a hyperbolic manifold of dimension n. s_0(M) = n + 1 if and only if M is biholomorphic to the unit ball B^n in C^n .

The estimate s_0(B^n) = n + 1 can be easily verified (see for example [FM]).

The rest of this section will be devoted to the proof that s_0(M) = n + 1 implies that M is biholomorphic to the unit ball. To prove this we need the following two lemmas.

Lemma 4.2. Let M be a hyperbolic manifold and x ∈ M. Suppose that the isotropy group I_x is transitive on the (real) directions at x. Then M is biholomorphic to the unit ball in C^n .

Proof. Since I_x is transitive on the directions at x, the group Aut(M) is not finite. Since the automorphism group of a compact hyperbolic manifold must be finite (see [Ko, p. 70]), we see that M is noncompact. By the main theorem in [GK], M is biholomorphic to C^n . □

For a subgroup H of the unitary group U(n) we use the notion k(H) introduced at the beginning of section 3. The following Lemma was proved in ([FM], Lemma 1.4).

Lemma 4.3. If H is a subgroup of U(n) with n ≥ 2 and if H is not transitive on S^{2n−1} then k(H) ≤ n − 1.

We are now ready to prove the remaining portion of Theorem 4.1 (i.e., s_0(M) = n + 1 implies that M is biholomorphic to the unit ball).

Proof. So, let s_0(M) = n + 1. If n = 1 the statement (M is biholomorphic to the unit disc B^1) is true. Indeed, if M is not biholomorphic to the disc or the annulus, its automorphism group is discrete. For each element g ∈ Aut(M), g ≠ id the set of fixed points is discrete. Therefore there is a point x ∈ M that is not a fixed point of any nontrivial automorphism. This point will then form a determining set, and so, 7

s_0(M) ≤ 1. For the annulus s_0(M) = 1. Therefore if s_0(M) = 2, M is biholomorphic to the unit disc.

Consider now the case where n ≥ 2. Let z ∈ M. Suppose that M is not biholomorphic to B^n. Then I_z(M) is not transitive on the directions at z, by Lemma 4.2. Since I_z(M) is (isomorphic to) a subgroup of U(n), by Lemma 4.3, k(I_z(M)) ≤ n−1. It follows (see Theorem 3.1) that s_0(M) ≤ 1 + k(I_z(M)) ≤ n if M is not biholomorphic to B^n. □

5. Determining sets W_s(M) are open and dense

Our aim in this section is to prove the following theorem.

Theorem 5.1. Let M be a hyperbolic manifold and s ≥ 1. Then W_s(M) ⊂ M^s is open; if in addition W_s(M) ≠ ∅, then W_s(M) is dense in M^s.

Denote W = W_s(M). First we prove that W ⊂ M^s is open.

Proof. Suppose W is not open. Then one can find a sequence of s-tuples Z_j = (x_1, ..., x^j_s) ∈ M^s that converges to Z = (x_1, ..., x_s) ∈ M^s and such that Z_j is not a determining set for M, and Z is. For each j there is an f_j ∈ Aut(M), f_j |_{Zj} = id, but f_j ≠ id. By Corollary 1.4 (replacing f_j by an appropriate iteration of f_j if needed) we may assume that the real part of at least one eigenvalue of f^′_j (x^j_1) is non-positive. Switching again to a subsequence, if necessary, we find a sequence of automorphisms whose limit (see Lemma 1.1) is g ∈ Aut(M), such that g |_Z = id , and one of the eigenvalues of g^′(x_1) is non-positive. Therefore g ≠ id which contradicts the original assumption that Z is a determining set for M. □

Remark. The above proof of the theorem for a bounded domain is given in [Vi1, Thm 3.1]. One can also prove Theorem 5.1 by using the idea of [FM, Lemma 2.3].

Now suppose that W ≠ ∅. We need to prove that W is dense in M^s.

First we introduce some notation. If G is a subgroup of Aut(M), W_s(M, G) denotes the set of s-tuples (x_1, . . . , x_s), where x_j ∈ M, such that each element g ∈ M satisfying g(x_j ) = x_j for j = 1, . . . , s has to be the identity.

Let ρ_x(·, ·) denote the metric introduced in Lemma 1.7 for a point x ∈ M. Let b(x, r) denote the ball with center x and radius r in that metric. Let b(x, r) be the closure of b(z, r) in M. 8

Lemma 5.2. Suppose that G is a subgroup of Aut(M). If W_1(M, G) ≠ ∅ then W_1(M, G) is dense in M.

Proof. In this proof, let W = W_1(M, G). Suppose that W is not dense in M. Then the closure K of W in M is not equal to M. Let p be a boundary point of K in M. Denote ρ(·, ·) = ρ_p(·, ·). Choose r > 0 such that the closure of b(p, 4r) in U is compact, where U is a neighborhood from Lemma 1.7 (chosen for the point p), and such that each pair of points of b(p, 4r) is connected by a unique length-minimizing geodesic segment in that metric. There exist points z, w such that ρ(z, p) < r, ρ(w, p) < r, w ∈ W , and z ∉ K. Note that the orbit of w, G(w) ⊂ W . Let Q = G(w) ∩ b(p, 4r). Then Q is compact and Q ⊂ W . Let u be a point of Q nearest to z. Then u is also a point of G(w) nearest to z, and R := ρ(z, u) ≤ ρ(z, w) < 2r. Choose a point y on the unique length-minimizing geodesic segment from z to u such that y ∉ K and y ≠ z. For each point x of G(w), we see that ρ(z, y) + ρ(y, x) ≥ ρ(z, x) ≥ ρ(z, u), and that the two equalities hold simultaneously only if x = u. Hence, ρ(z, y)+ρ(y, x) > ρ(z, u) = R for each x ∈ G(w), x ≠ u. It follows that ρ(y, x) > R−ρ(z, y) = ρ(y, u) for each x ∈ G(w), x ≠ u. Therefore, u is the unique point of G(w) nearest to y. Since y ∉ K, there is a nontrivial g ∈ G such that g(y) = y. Now ρ(y, u) = ρ(g(y), g(u)) = ρ(y, g(u)) forces g(u) = u. Since u ∈ W , the map g must be the identity, contradicting the fact that g is not trivial. Therefore, W_1(M, G) is dense in M. □ Proof of Theorem 5.1. We have already proved that W_s(M) is open in M^s. Suppose now that W_s(M) ≠ ∅. For g ∈ Aut(M) let Q_s(g) denote the mapping

Q_s(g) : M^s → M^s, Q_s(g)(z_1, . . . , z_s) = (g(z_1), . . . , g(z_s)).

Let G = {Q_s(g) : g ∈ Aut(M)}. Then G ⊂ Aut(M^s), and W_1(M^s, G) = W_s(M). By the previous lemma, W_s(M) is dense in M^s.

By using the same approach as in Theorem 5.1 in [Vi2] one can establish the following

Theorem 5.3. If M is a taut manifold then ^W_s(M) is open in M^s for all s ≥ 1.

In general ^W_s(M) does not have to be open in M^s (see [FM]), nor be dense in M^s (cf. [Vi2],[FM])._9

References

[BDK] J. Bland, T. Ducamp, M. Kalka, A Characterization of C P^n by its automorphism group, Complex analysis (University Park, Pa., 1986), Lecture Notes in Math., 1268, Springer, Berlin, 1987, 60–65.

[Bo] N. Bourbaki, Intègration, Hermann, Paris, 1963 [Ca1] H. Cartan, Les fonctions de deux variables complexeses et le problème de la représentation analytique, J. Math. pures et appl., 9^e série, 11 (1931) 1-114.

[Ca2] H. Cartan, Sur les fonctions de plusieurs variables complexes. L’itération des transformations intérieures d’un domaine borné, Math. Z. 35 (1932) 760-773.

[FF] S. D. Fisher and J. Franks, The fixed points of an analytic self-mapping, Proc.

AMS, 99(1987), 76–78.

[FK1] B. L. Fridman, K. T. Kim, S. G. Krantz, & D. Ma, On fixed points and determining sets for holomorphic automorphisms, Michigan Math. J. 50(2002), 507–515.

[FK2] B. L. Fridman, K. T. Kim, S. G. Krantz, & D. Ma, On Determining Sets for Holomorphic Automorphisms, to appear in Rocky Mountain J. of Math.

[FM] B. L. Fridman, D. Ma, Properties of Fixed Point Sets and a Characterization of the Ball in C^n , preprint, arXiv:math.CV/0507574.

[GK] R. E. Greene and S. G. Krantz, Characterization of complex manifolds by the isotropy subgroups of their automorphism groups, Indiana Univ. Math. J. 34 (1985), no. 4, 865-879.

[GKM] D. Gromoll, W. Klingenberg, and W. Meyer, Riemannsche Geometrie im Grossen, 2^{nd} ed., Lecture Notes in Mathematics, v. 55, Springer-Verlag, New York, 1975.

[KK] K. T. Kim, S. G. Krantz, Determining Sets and Fixed Points for Holomorphic Endomorphisms, Contemporary Math. 328 (2003), 239-246.

[K1] W. Klingenberg, Riemannian Geometry, 2^{nd} ed., de Gruyter Studies in Mathematics, Berlin, 1995.

[Ko] S. Kobayashi, Hyperbolic manifolds and holomorphic mappings, Marcel dekker, New York, 1970.

[Le] K. Leschinger, Über fixpunkte holomorpher Automorphismen, Manuscripta Math., 25 (1978), 391-396.

[Ma] D. Ma, Upper semicontinuity of Isotropy and automorphism groups, Math.

Ann., 292(1992), 533–545.

[Mas] B. Maskit, The conformal group of a plane domain, Amer. J. Math., 90 (1968), 718–722.

[PL] E. Peschl and M. Lehtinen, A conformal self-map which fixes 3 points is the identity, Ann. Acad. Sci. Fenn., Ser. A I Math., 4 (1979), no. 1, 85–86.

[Su] N. Suita, On fixed points of conformal self-mappings, ⁀Hokkaido Math. J., 10(1981), 667–671.

[Vi1] J.-P. Vigué, Sur les ensembles d’unicité pour les automorphismes analytiques d’un domaine borné, C. R. Acad. Sci. Paris, Ser. I 336(2003), 589–592.

[Vi2] J.-P. Vigué, Ensembles d’unicité pour les automorphismes et les endomorphismes analytiques d’un domaine borné, Annales Institut Fourier, 55 (2005), p. 147-159.

fridman@math.wichita.edu, Department of Mathematics, Wichita State University, Wichita, KS 67260-0033, USA 10 dma@math.wichita.edu, Department of Mathematics, Wichita State University, Wichita, KS 67260-0033, USA

vigue@math.univ-poitiers.fr, UMR CNRS 6086, Université de Poitiers, Mathématiques, SP2MI, BP 30179, 86962 FUTUROSCOPE, FRANCE