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ABSTRACT. In this paper we construct a family of integrable reduc-
tions of the dressing chain, described in its Lotka-Volterra form. For
each k,n € N with n > 2k 4+ 1 we obtain a Lotka-Volterra system
LVy(n,k) on R™ which is a deformation of the Lotka-Volterra system
LV(n, k), which is itself an integrable reduction of the m-dimensional
Bogoyavlenskij-Itoh system LV(2m + 1,m), where m = n — k — 1. We
prove that LVy(n, k) is both Liouville and non-commutative integrable,
with rational first integrals which are deformations of the rational in-
tegrals of LV(n,k). We also construct a family of discretizations of
LV(n,0), including its Kahan discretization, and we show that these
discretizations are also Liouville and superintegrable.
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1. INTRODUCTION

The dressing chain is an integrable Hamiltonian system, which was con-
structed in [20] as a fixed point of compositions of Darboux transformations
of the Schrédinger operator. It was shown in [7] that after a simple linear
transformation it becomes a Lotka-Volterra system, which is a deformation
of the Bogoyavlenskij-Itoh system [11, 4]. For the integrable reductions of
the dressing chain which we will study here, the Lotka-Volterra formulation
is the most convenient; also, we will use many results from [18, 13, 6, 7],
which are all written in that formulation.

For integers n and k, satisfying n > 2k + 1, the Hamiltonian system
LV(n, k) has as its phase space R™, which we equip with its natural coor-
dinates x1,...,2z,. It has as Hamiltonian H the sum of these coordinates,
H:=2z1+ - -+ x, and as Poisson structure a quadratic Poisson structure,
with brackets

{xi, x;} = AEE’k):cixj ,  where Ag;.’k) = {

+lifi+n>j+k,
—lifi+n<j+k,
when 1 < i < j < n. The Hamiltonian vector field X has the form
n
i‘i:ZAEZ’k)l‘i{L‘j, 1<i<n.
j=1
These systems were introduced in [6], where we also established their Li-
ouville and non-commutative integrability (see Definition 4.1), with rational
first integrals. For n = 2k + 1 one recovers the Bogoyavlenskij-Itoh system
whose deformation, which is the dressing chain, was constructed in [7]. Most
importantly, the systems for which n > 2k 4 1 can be obtained by reduction
from a Bogoyavlenskij-Itoh system LV (2m + 1,m), with m :=n — k — 1.
The same reduction can be applied to the deformed system LVy(2m+1,m),
leading to a Hamiltonian system, which we will denote by LVy(n, k). The
Hamiltonian vector field Xy now has the form

n
= (AlPea;+BGY) . 1<ign,
j=1

where all entries b; ; of the skew-symmetric matrix B(k)  gatisfying li —

jl ¢ {m,m + 1}, are zero and the other entries are arbitrary parameters.
Setting in this system all deformation parameters equal to zero, one recovers
LV(n,k). A natural question, studied here, is the integrability of LVy(n, k)
for all n and k. For LVy(2k+1, k) the answer is known [20, 7]: LV, (2k+1, k)
is Liouville integrable with polynomial first integrals which are deformations
of the first integrals of LV(2k + 1, k).
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The main result of this paper is that LVy(n, k) is on the one hand Liouville
integrable, with rational integrals which are deformations of the integrals of
LV(n, k), and is on the other hand non-commutative integrable, with such
first integrals. See Theorem 3.4 for the case of (n,0) and Theorem 4.9 for
the case of (n,k) with & > 0. In order to establish these results, we need
to construct the deformed integrals and show that they have the desired
involutivity properties; independence is in fact quite automatic and is proven
by a simple deformation argument.

Surprizingly, the construction of the deformed first integrals from the
undeformed ones is very simple, and is the same for all integrals of LV (n, k)
that we constructed in [6]: from such a first integral F' of LV (n, k) we obtain
a first integral F® of LVy(n, k) by setting F? := e F = F+D,F+ DT’%F—F- o
where

82

82
Do D B~ 2 B
1<i<k+1 7 +m 1<i<k 7 i+m+1

and where the indices of b and x are taken modulo 2m + 1.

The proof that we get in this way first integrals and that they are in
involution when the undeformed integrals are in involution needs however
extra work, as it does not follow directly from the definition. In the case
of LVy(n,0), studied in Section 3, there is only one deformation parameter
B = by, and the action of eP* on the rational integrals of LV(n,0) which
were constructed in [18] can be equivalently described as the pullback of
a birational map, which we introduce. Moreover, we show that this map
is a Poisson map between the deformed and undeformed systems (Propo-
sition 3.2). This yields the integrability results for LVy(n,0), since apart
from the Hamiltonian, all given first integrals are rational; the fact that
these rational integrals are in involution with the Hamiltonian, i.e., are first
integrals, can in this case be shown by direct computation (Proposition 3.1).

When k£ > 0 the above idea can also be used, but some care has to be
taken because there are now 2k + 1 deformation parameters, and they can
be added one by one, upon decomposing D = Z?:{l D(p), but in order to
be able to view at each step the action of e?® on the rational integrals,
as the pullback by some Poisson map, one has to add the parameters in
a very specific order. The reason for this is that in this process the form
of the integrals at each step is very important. With this, one gets that
the deformed rational integrals of LVy(n, k) are in involution (second part
of Theorem 4.2). This system has k 4+ 1 independent polynomial integrals,
which are by construction in involution, because they are restrictions to a
Poisson submanifold of the involutive integrals of LV(2m + 1,m), but they
also have to be shown to be in involution with the rational first integrals.
This is again done using the above Poisson maps, but since these do not
produce the deformed polynomial integrals, some extra arguments which are
again very much dependent on the particular structure of the integrals, are
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needed. In the end, this proves Theorem 4.9 which says that the deformed
systems LVy(n, k) are both Liouville and non-commutatively integrable.

A discrete system associated with the dressing chain was first consid-
ered in [2]. As was shown in [2], this discrete system preserves the Poisson
structure as well as the integrals of the underlying continuous system. The
discretization of the dressing chain was rediscovered in the context of the
Painlevé equations in [17], using the Lotka-Volterra formulation of the dress-
ing chain. We will construct in the final section of this paper a class of dis-
cretizations of the LVy(n, 0) system, including the Kahan discretization. We
prove that the discrete maps which we obtain are birational Poisson maps
and that they preserve the Hamiltonian as well as the rational first integrals
of the (continuous) LVy(n,0) system. These discretizations are therefore
both Liouville integrable and superintegrable. It would be interesting to
study the integrability properties of LVy(n, k), with n > 2k + 1 and k > 0.

The structure of the paper is as follows. We construct in Section 2 the
systems LVy(n, k) as (Poisson) reductions of the systems LVy(2m + 1,m),
where m := n—k—1, and we show that the inherited Poisson structure Hl()n’k)
is a deformation of the Poisson structure II(™*) of LV(n,k). In Section 3
we construct rational first integrals of LVy(n,0) as deformations of the first
integrals of LV(n,0), which were constructed in [18]. We show by using
a Poisson map, which we also construct, that half of these first integrals
are in involution, establishing both the Liouville and superintegrability of
LVy(n,0). We also give explicit solutions for this system. In Section 4 we
treat the more complicated case of k > 0, where we prove again Liouville
integrability, and also non-commutative integrability, a notion which is in-
termediate between Liouville and superintegrability. In this case we use
2k 4+ 1 Poisson maps, which are composed in a very specific order to obtain
the results. In Section 5 we construct a family of discrete maps for LV (n, 0)
as compatibility conditions for a linear system, associated to the Lax oper-
ator of LVy(n,0), and show their Liouville and superintegrability. We show
that the Kahan discretizations of LVy(n,0) is a particular case and deduce
from this the Liouville and superintegrability of the Kahan discretization.

2. THE HAMILTONIAN SYSTEMS LVy(n, k)

In this section, we construct the polynomial Hamiltonian systems LV (n, k).
Recall that n and k stand for two arbitrary integers satisfying n > 2k + 1.
We construct them as reductions of the deformed Bogoyavlenskij-Itoh sys-
tems, which we introduced in [7]; in the notation of the present paper, the
latter systems are the systems LV, (2m + 1,m), where m :=n — k — 1.

2.1. The deformed Bogoyavlenskij-Itoh systems. We first recall the
Bogoyavlenskij-Itoh systems LV (2m + 1,m), which have first been intro-
duced by O. Bogoyavlenskij [3, 4] and Y. Itoh [11], and their deformations
LVy(2m + 1,m), which we constructed in [7]. In both cases, the phase
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space of the system is R*™*+1 which is equipped with its natural coordi-
nates x1,...,ZTom+1. Since many formulas are invariant under a cyclic per-
mutation of these coordinates, we view the indices as being taken modulo
2m + 1, i.e., we set Zopm4e+1 = x¢ for all £ € Z. The Poisson structure 11"
of LV(2m + 1,m) is constructed from the skew-symmetric Toeplitz matrix!
A™ whose first row is given by

0,1,1,...,1,—-1,-1,...,—1).

N
m m

It leads to a quadratic Poisson structure II"™ on R?™*! upon defining the
Poisson brackets

{zi, 25} = Alwiwy 1<4,j<2m+1.

As Hamiltonian we take H := x1+x2+: - -+Z2m+1, the sum of all coordinates.
The corresponding Hamiltonian system is given by
m
j?i:l'iZ(;Ci_A,_j—«Ti—j) ) 1<i<2m+1. (2.1)
j=1
It is called the Bogoyavlenskij-Itoh system (of order m), and is denoted

by LV(2m+1,m). Given any real skew-symmetric matrix B™ of size 2m+1,
define

{zi, ;)" = Alhxixy + B 1<4,j<2m+1. (2.2)
These brackets define a Poisson structure, denoted II}*, if and only if all
uppertriangular entries b;; := B[ of B™, with j —i ¢ {m,m+1} are

zero (see [7, Prop. 3]). Under this condition on B™, we can consider the
Hamiltonian system on R?™*! with the same Hamiltonian H and Poisson
structure II}". It is given by
m
T; = x; Z(xi—i-j — fL’i_j) + biitm — bimmi 1<e<2m+1. (2.3)
j=1
It is called the deformed Bogoyavlenskij-Itoh system (of order m) and is
denoted by LV (2m+1,m). It is clear that setting all parameters b; j equal to
zero, one recovers LV(2m+1,m). A Lax equation (with spectral parameter)
for (2.3) is given by
(X +ATTA+AM) = [X + XTA+AM, D — AM™ ) | (2.4)

where for 1 < 4,7 < 2m + 1 the (i, 7)-th entry of the matrices X and M,
and of the diagonal matrices A and D, is given by
Xij = 0ijamTi s Dij = bigmjij, Mij:=diy1j,
D j = —0;j(xi + Tiy1 + -+ + Tigm) -
1L ater on, the matrix A™ (and similarly the matrix B™ and the Poisson structure II"™),

will have two superscripts; in that notation, A™ is written as A®™*1™) and similarly
for B™ and IT™.
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It generalizes Bogoyavlenskij’s Lax equation, which can be recovered from
it by putting all b; ; equal to zero, i.e., by setting A = 0.

2.2. The reduced systems. The systems LVy(n, k), with n > 2k + 1, are
obtained by reduction from LVy(2m + 1,m), where m :=n —k -1 > k.
Consider the submanifold N,, of R?"*! defined by z,11 = Tpio = -+ =
Zam+1 = 0. It is a linear space of dimension n which we identify with R™ and
on which we take the restrictions of x1, 9, ..., x, as coordinates (without
changing the notation).

Proposition 2.1. If the entries of the skew-symmetric matric B satisfy
bij; = 0 whenever n +1 < i < 2m + 1, then N, is a Poisson submanifold
Of (R2m+1’ qun) )

Proof. We need to show that all Hamiltonian vector fields Xp = {-, F'}}",
where F is an arbitrary function on R?"*! are tangent to IV, at all points
of Ny,. This is equivalent to the vanishing of Xr[x;] = {z;, F'};" at all points
of Ny, for any i with n +1 <7 < 2m + 1. Since for such i, we have b; ; = 0
for all 7, and by the derivation property of the Poisson bracket,

2m+1 2m—+1
OF oF
DCF[x,] = {xl,F}Z"” = Z 87 (A%xza:] + bi’j) = Ty BTAT]l'] y
j=1 7 j=1 77
which clearly vanishes on the hyperplane x; = 0, and hence on NN,,. (I

Since N,, ~ R" is a Poisson submanifold of (R?"*+!, II}"), we can restrict

II;* (as given by (2.2)) to R", giving a Poisson structure Hgn’k), with asso-

ciated Poisson bracket

{zi, .Z'j}l()n’k) = AEZ’k){EZl‘] + Bz(g’k) , 1<4,5<n, (2.5)
where A and B("™*) denote the n x n matrices obtained from A™ and
B™ by removing its last 2m 4+ 1 — n rows and columns. Said differently,
Ak denotes the skew-symmetric n x n Toeplitz matrix whose first row is
given by

0,1,1,...,1,—-1,—1,...,—1).

m=n—k—1 k

Thus, all uppertriangular entries of the skew-symmetric matrix A" are
+1 and AZ(Z’k) =1ifand only if n +i > k + j. Also, B(™*) is the skew-
symmetric n X n matrix whose uppertriangular entries b; ; := BZ.(Z’k) with

j—i¢ {m,m+ 1} are zero. So when k > 0, the first line of B("*) is given
by

(0,0,...,0,b1 m+1,b1,m+2,0,0,...,0),
—— ———
m=n—k—1 k—1
while for k£ = 0 it has the form (0,0, ...,0, b1 ). We define LVy(n, k) to be the

Hamiltonian system with Hl()n’k) as Poisson bracket and H = x1+x9+- - -+z,
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as Hamiltonian. Explicitly, the Hamiltonian vector field X g of LVy(n, k) is
given by
n
i =3 (A w4+ BIY) . 1<i<n, (2.6)
j=1
Setting B(k) — (), one recovers the Hamiltonian system LV(n, k), in partic-
ular its Poisson structure TI(™*) which was constructed and studied in [6].
Therefore, the system LV, (n, k) is a deformation of the system LV (n, k).
We show in the following proposition that the above matrices B (n.k) are

the only ones for which the brackets given by (2.2) define a Poisson bracket
(on R™).

Proposition 2.2. Suppose that B = (b; ;) is a skew-symmetric nxXn matriz.
Then the brackets given by

define a Poisson bracket 11, on R™ if and only if all uppertriangular entries
bi,j of B, with j —i ¢ {m,m + 1} are zero. The rank of II, is 2 [2].

Proof. Let us denote by II the Poisson structure defined by A™*) and let
us denote the derived Poisson bracket by {-,-}. We know already from
what precedes that if all uppertriangular entries b; ; of B, with j — i ¢
{m,m + 1} are zero, then II, is the restriction of a Poisson structure to a
Poisson submanifold, hence it is a Poisson structure. We therefore only need
to show that if one of these entries b; ; with ¢ < j is non-zero, then Il is not
a Poisson structure. Suppose first that j —¢ < m and i # 1. Then

0
Ox;—1

[{{zic, i}, 25} g + ({zo 25} wia} g + {{mg, 2}, wi} )

= A by + A by = 2by; 0,
so that Il does not satisfy the Jacobi identity. When j —i < m and i = 1
it suffices to replace in the above computation ¢ — 1 by j 4+ 1 to arrive at
the same conclusion. Finally, when j —¢ > m + 1 one replaces in the above
computation ¢ — 1 by ¢ + 1 to arrive again at the same conclusion.

The rank of II is the rank of A" which is equal to n when n is even
and n — 1 when n is odd. Since Il is obtained by adding constants to the
quadratic structure II, its rank is at least the rank of A, However, the
rank of Il is even and bounded by n, so II; and II have the same rank,
which is 2 [2]. O

The proposition implies that from the above reduction process we get all
possible deformations of LV (n, k) obtained by adding to II(™*) a constant
Poisson structure.
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3. THE LIOUVILLE AND SUPERINTEGRABILITY OF LV(n,0)

We construct in this section enough independent first integrals for the
Hamiltonian system LVj(n,0) to prove its superintegrability and then select
from them enough first integrals in involution to prove its Liouville integra-
bility. Notice that since the phase space of LVy(n,0) is R™ and since the
Poisson structure on it has rank n or n—1 depending on whether n is even or
odd, we need to provide n — 1 independent first integrals to prove superinte-
grability and ["TH] independent first integrals (including the Hamiltonian)
in involution to prove Liouville integrability. Throughout the section, n is
fixed, and k£ = 0 also, so we will drop from the notations the label (n,0),

except in the statements of the propositions and the theorem.

3.1. First integrals. We first write down the equations for the vector
field Xz where we recall that H = x1 + x5 + - - - + x,, and that the Pois-

son structure I, = H,()n’o) is defined by (2.5); the matrix B = B9 has
all entries equal to zero, except for by, = —b,1, which we will denote in

this section by 8. Also, the skew-symmetric matrix A = A9 has all its
uppertriangular entries equal to (plus!) 1. Therefore, Xz is given by

1 = x(reta3+--+an)+0,
T; = xi(—xl—“-—xi_1+xi+1+~-+xn), l<i<n,
Tpn = Xp(—x1—29— " —Tp_1)—p0. (3.1)

We construct the first integrals of this system as deformations of the first
integrals of LV(n,0), which were constructed in [18, Prop. 3.1]. We first
recall the formulas for these integrals. For 1 < £ < [”TH], the following

functions Fy = F, f(n,O) are first integrals of LV(n, 0):

L20+1L2¢+3--- T . .
(14 zo 4+ To_1) * + “  if nis odd,
L20T20+42 - - - Tn—1

Fy:= (3.2)

T20+2X26+4 - - - T
(z1+ 22+ + 220
L20+4+12L2¢+3 - - - Tp—1

if n is even.

More first integrals were constructed by using the anti-Poisson involution
on R, defined by

1ar, ag,. .. an) = (an,an-1,...,01) , (3.3)

which leaves H is invariant, +*H := H o1 = H, so that the rational functions
Go:=1"F, ((=1,...,[%]) are also first integrals of LV(n,0). This yields
exactly n — 1 different first integrals, because when n is even, all F; and
Gy are different, except for F,,, = H = G,,/5, and when n is odd, all Fy
and Gy are different, except for F,, ;1) = H = G(,41)2 and F1 = Gy.
We recall also that the functions Fy are pairwise in involution, just like the
functions Gy, and that all these functions are independent, which accounts

for the Liouville and superintegrability of LV (n,0).
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In order to construct from these first integrals of LV(n,0) first integrals
of LVy(n,0) we use the constant coefficient differential operator Dy, which
we define for the n x n matrix B corresponding to LVy(n, k) by

02
D= Y b (3.4)
1<i<2m—+1 00T i4m
where we recall that m = n—k—1 and that the indices of B are taken modulo
2m + 1. In view of the conditions on B = B(™¥) (see Proposition 2.2), Dj
can be written as
82

62
Dy = Z bi,i+mm_ Z bi’HmHaﬂCz‘

T . (3-5)
1<i<k+1 1<i<k itm+l

In the present case, k = 0, and so the skew-symmetric matrix B has only a
single non-zero entry above the diagonal, hence

82
axlc‘)xn '
Notice that +* and D, commute, 1* o Dy = Dy o 1*. As said, we use the
operator Dy, to define some first integrals of LVy(n,0): we define for 1 < £ <
[241] the functions Ff = F""" and G& = GO by

0*F,
0210z,

We have used that when the operator Dy is applied twice to Fy, the result
is zero. This follows from the fact that the variables x; and x, appear
linearly in Fy (and hence are absent in Dy Fy), as is clear from (3.2). Explicit

formulas for the rational functions Fé’, with 1 < /£ < [”Tfl] are given by

Dy =4

F)=ePF =F+p G =2"F) . (3.6)

L241T2¢+3 - - - T . .
<m1+x2+~"+3«"2z71+w£> , if n is odd,
") XuT242 - - - Tn—1

F} =

L2422 44 «..T . .
(x1+x2+~-+332£+£) ettt “—, if nis even,

) Topy1%2043 -+ Tn—1 57)
3.7

and similarly for GY. Also, for £ = [2£}] the above definitions (3.6) amount
to I} = GY=H.

)b

Proposition 3.1. For/=1,..., ["—1] , the rational functions Fz(n’0

G(nvo)v

;r and
) b are first integrals of LVy(n,0).

Proof. Since 7 is an anti-Poisson map which leaves the Hamiltonian H in-
variant, it suffices to show that the rational functions ng are first integrals
of LVy(n,0). We do this for odd n, the case of even n being completely anal-
ogous. Let 1 < /£ < ["T_l] To prove that Fé’ is a first integral of (3.1) we
show that its logarithmic derivative (log(Fy)) = F?/F? is zero. Thanks to
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the particular form of the vector field (3.1), one easily obtains the following
two formulas:

<1Og<901+$2+"'+902z—1+f)> = $23+9E2£+1+"'+$n+£,
n n
<1 <$2£+1 Tn >> B p
0g i = T — T4l — Ty —
T2¢ Tn—1 Ty
Summing them up, we find (log(F}))" = 0, and hence that F = 0. O

3.2. Involutivity. We now show that the first integrals F, é’ of LVy(n,0) are
in involution. For doing this, observe by comparing (3.2) and (3.7) that
formally F, éb can be obtained from F; by replacing x; with z1 + /x,. Said
differently, if we denote by o : R® — R™ the birational map defined for
(a1,...,an) with a, # 0 by

olal,...,ap) = (a1 + f,ag,...,an> , (3.8)

n

then o*F) = Féb.

Proposition 3.2. The birational map o : (R”, {, ‘}gn,0)> — (R”, {, '}(n’0)>,
defined by (3.8), is a Poisson map.
Proof. It suffices to show that {o*z;, 0 2;}, = o™ {x;, z;} for 1 <i < j < n.

Since o*z; = x; for ¢ > 1, this is obvious when 1 < 7 < j. We therefore only
need to verify the formula for i =1 and j > 1. If 1 < j < n then

{U*xl,a*xj}b = {.731 + ﬁ,xj} = (1:1 + B) T = a*(xlxj) =0 {Jfl,l’j} ,
Tn b Ty

where we have used that {z,,z;}, = — {z;, 2} = —x;1,, with a minus sign
because j < n. If j = n then

{o*z1,0%2p}, = {xl + f,xn} ={z1,2n},
b

n
=x12, + 0 =0 (x120) = 0" {z1, 20} .
O
Corollary 3.3. The rational functions Fé(n’o)’b defined in (3.7) are in invo-
lution with respect to the Poisson bracket {-, -},(]n’o). Similarly, the rational

functions Gén’o)’b are in involution.
Proof. Let 1 < 4,0/ < [”T_l] Then, according to Proposition 3.2,
{Fé)aFéb'}b ={0"Fy, 0" Fu}y = 0" {F, Fpy =0,

where we have used in the last step that the functions Fy of LV(n,0) are
in involution ([18, Prop. 3.2]). The fact that the functions GY are also in
involution follows from the fact that 2 is an anti-Poisson map of (R",1I;). O
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Notice that although o is a birational Poisson isomorphism, it is not
an isomorphism between the Hamiltonian systems LV (n,0) and LVy(n,0)
because 0*H # H. In particular, (3.3) does not imply that the rational
functions F, é’ are in involution with the Hamiltonian H, i.e., that they are
first integrals of LVy(n,0); this requires a separate proof, which has been
given in Proposition 3.1 above.

3.3. Integrability. We now prove the Liouville and superintegrability of
LVy(n,0). As we will see, the main result that remains to be proven is that
the n — 1 constructed first integrals, to wit the Hamiltonian, the rational
functions sz (with ¢ = 1,..., ["T_l]) and the rational functions Glé (with
L=1,..., ["771] when n is even and £ = 2,..., ["Tfl] when n is odd) are
independent, i.e. have independent differentials on an open dense subset
of R™. Since these functions are rational, it suffices to show that their
differentials are independent in at least one point of R™.

To see this, we use the fact that the undeformed functions H, Fy and Gy
are independent (at some point P). Since the deformed functions depend
polynomially on the deformation parameter 5, they will still be independent
at P for 8 in a small interval, centered at zero. Notice that if we rescale all
variables by a factor A # 0 and rescale 3 by a factor A? all these functions
also get multiplied by a non-zero factor. It follows that the differentials of
the deformed functions are independent at P for all values of 3.

Theorem 3.4. For any n, the Hamiltonian system LVy(n,0) is super-
integrable, with first integrals the rational functions Fg(n’o)’b and ng’o)’b.

Moreover, it is Liouville integrable with rational functions Fg(n’o)’b, where
L =1,..., ["TH] ; also, it is Liouville integrable with rational functions

Gén’o)’b, where £ =1,..., [”TH]

Proof. Recall that a superintegrable system on an n-dimensional manifold
is a vector field (Hamiltonian or not), which has n — 1 independent first
integrals. As we have constructed precisely this number of independent
first integrals for LVy(n,0), we have proven its superintegrability. For Liou-
ville integrability of a Hamiltonian vector field on an n-dimensional Poisson
manifold of rank 2r we need n — r independent first integrals which are in
involution. Here, the rank of the Poisson structure Il is 2 [%} (see Propo-
sition 2.2) so that we need n — [%] = [”T‘H] such integrals, which is exactly
the number of independent first integrals F, f (or Gg) that we have, and they
are in involution by Corollary 3.3. Notice that each of these sets of first
integrals contains the Hamiltonian H. Notice also that when n is odd, F}

is a Casimir function of IIy. O
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Ezample 3.5. For n = 4 and k = 0 the matrices A®? and B*9 are given
by

0 1 1 1 0 0 0 B
-1 0 1 1 0 0 0 O
A= T0  0 1 B =10 00 0
1 -1 -1 0 —8 0 0 0
The corresponding system LV (4,0) is given by the formulas

1 = zi(va+azt+as)+ B,

Ty = zo(—x1 +x3+24),

T3 = x3(—71— T2+ T4),

g = xa(—21—22 —23) — 3,

and besides the Hamiltonian H = x1 + x3 + x3 + x4 it has two more inde-
pendent first rational integrals F' and G, namely
(4 +x3)T1 +

($1+x2)x4+6 and G:Z*F: ,
T3 €2

F=

where 2 is the anti-Poisson map defined in (3.3). The above three functions
give the superintegrability of the system LVy(4,0). The rank of the Poisson
structure is 4 and each one of the pairs (H,F') and (H,G) provide the
Liouville integrability of LV;(4,0).

3.4. Explicit solutions. The Hamiltonian vector field Xz of LV(n,0) can
be explicitly integrated in terms of elementary functions, as was first shown
in [13]. We show that such an integration can also be done for (3.1), the
Hamiltonian vector X of LVy(n,0). This is most easily done by intro-
ducing some new variables, depending linearly on the coordinates x;: for
i =0,1,...,n, let u; :== x1 + 2 + --- + x; and notice that ug = 0 and

u, = H. It is clear that (uq,...,u,) defines also linear coordinates on R",
so everything can be easily expressed in terms of the coordinates u; by
substituting u; — u;—q for z; (i = 1,...,n). As we will see, this simplifies

some of the formulas (for Xz, for example) and makes others more complex
(the rational integrals, for example). For the proposition which follows, the
formulas are the simplest when expressed in the wu; variables.

First, we need to express LV(n,0) in terms of the coordinates uy, ..., uy,.
The simplest way to do this is to first compute I in terms of the u; variables.
Since for i < j, {x;,x;}, = zix;, except that {x1,2,} = 12, + 5, we get

{uiuit, = wi(u; —u;) , it1<i<j<n,
{u, unty, = wilun —w)+ 46, fl<i<n. (3.9)

Since H = u,, we can compute Xy as {-,un},, which takes in view of the
above formulas the following simple, decoupled form:

ui = uz(H_u2)+Bv i:1,2,...,n—1,
in = 0, (3.10)
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which can easily be integrated, for any initial condition. We describe the
integration in a geometrical language, which will be useful when we use it
in Section 5. For any point P € R"™, we can consider the integral curve of
Xz, starting from P, which we will denote by ~vp. Usually, the domain of
an integral curve is taken to be an interval, but in the present case we will
take it to be all of R minus a discrete subset. On the one hand, it is natural
to do this because in the case of Xy the solutions are precisely defined on
such a set. On the other hand, the systems LVy(n, k) can equally be defined
on a complex phase space C" and then the integral curves, with complex
time, are defined for all of C, minus a discrete subset; the domain of the
real integral curves which we consider is just the real part of this complex
subset. Since it is convenient to express the integral curves in terms of
coordinates (here the u; coordinates) we will write, once P has been fixed,
u;(t) for u;(yp(t)). The u-coordinates of P will be denoted (P, ..., P,), so
P, =wu;i(P)fori=1,...,n—1and P, = u,(P) = H(P).

Proposition 3.6. Let P be any point of R™ and let yvp denote the integral
curve of (8.10), which is LVy(n,0), expressed in the u; variables, starting
from P. Denote by h the value of the Hamiltonian at P, i.e., h = H(P) =
un(P). Let Ag be a square root of h? + 43, which may be real or imaginary.
Then, fori=1,2,...,n—1,

P if P2~ Ph-§=0,

h 2P,—h A2 12 _
ui(t) =< 2 T 3iep Ay ifAf=h"+45=0,

(h+2A0)(h—Ag—2P;)—(h+Ag—2P;)(h—Ag)e t20
2(h—Ag—2P;)—2(h+Ag—2P;)e~t20 ’

otherwise.

(3.11)
Obviously, un(t) = H is constant.

4. THE LIOUVILLE AND NONCOMMUTATIVE INTEGRABILITY OF LVy(n, k)

In this section, we generalize the results of Section 3 on the integrability
of LVy(n, 0) to the case of LVy(n, k), where k € N satisfies 2k +1 < n, but is
otherwise arbitrary. We do not treat here the case of n = 2k + 1 because we
have already established the Liouville integrability of LVy(2k + 1,k) in [7].
We show in this section that if 1 < 2k 4+ 1 < n then LVy(n, k) is on the one
hand Liouville integrable, and on the other hand is non-commutatively inte-
grable of rank k+1. We start by recalling the definition of non-commutative
integrability (see [16, 14]), which we specialize to R™.

Definition 4.1. Let II be a Poisson structure on R™, with associated Poisson
bracket {-,-}. Let F = (fi,..., fs) be an s-tuple of functions on R", where
2s > n and set r :=n — s. Suppose the following:

(1) The functions fi, ..., f, are in involution with the functions f1,. .., fs:

{fi, fi} =0,  (I1<i<rand1<j<s);
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(2) For P in a dense open subset of R":
dfi(P)A---ANdfs(P) #0 and :X:fl|P/\~-/\:XZfT|p750.

Then the triplet (R™,II, F) is called a non-commutative integrable system of
rank r.

The classical case of a Liouville integrable system corresponds to the par-
ticular case where r is half the (maximal) rank of IT; this implies that all the
functions fi, ..., fs are pairwise in involution. The case of a superintegrable
system corresponds to r = 1; in this case, condition (1) just means that
one has n — 1 first integrals, while the second condition in (2) is trivially
satisfied: superintegrability means, as recalled in the previous section, that
one has n — 1 independent first integrals.

In order to establish Liouville and non-commutative integrability in Sec-
tion 4.3 below, we first construct a set of polynomial first integrals for
LVy(n, k), which are pairwise in involution, and then we construct a set
of rational first integrals for LVy(n, k), which are also pairwise in involu-
tion. This will be done in the two subsections which follow. Throughout
the section, we suppose that 1 < 2k + 1 < n and that B = Bk ig a
skew-symmetric n X n matrix such that (2.5) defines a Poisson structure
on R™. Recall that this means that the uppertriangular entries b; ; of B
with j —i ¢ {m,m + 1} are zero.

4.1. The polynomial integrals. Recall from Section 2.2 that the systems
LVy(n, k) are obtained by reduction from the systems LVy(2m+1, m), where
m :=n—k—1 > k, where the last inequality comes from our assumption n >
2k 4+ 1. Recall also that in order to do this reduction, one supposes that the
last 2m+1—n rows and columns of the (2m+1) x (2m+1) matrix B are zero,
so that B can be viewed as an n X n matrix by removing these zero rows and
columns (see Proposition 2.1). Since LVy(2m + 1,m) is Liouville integrable,
with m 4 1 independent polynomial integrals, whose formulas are recalled
below, we obtain by reduction a set of first integrals of LVy(n, k), which are
automatically in involution with respect to the reduced Poisson structure,
which is by definition the Poisson structure Hl()n’k) of LVy(n, k). One has
however to be careful with the independence of the reduced integrals, for
example some of these reduced integrals are zero! Moreover, since n > 2k+1,
more integrals are needed for integrability, as we will see.

Let us first recall the formulas for the (polynomial) first integrals of
LVy(2m + 1,m). One method of constructing them is as coefficients of the
characteristic polynomial of the Lax operator L()\) := X + A™'A + \M,
which we recalled in (2.4). It is a classical fact that the coefficients of the
characteristic polynomial of a Lax operator yields first integrals for any Lax
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equation in which it appears [14, Sect. 12.2.5]. For L()\), the following ex-
pansion of its characteristic polynomial was obtained in [7, Prop. 8|:

2m+1 m
m 1 m—1i
det( L) —pTd) = X2 TT (bymg =M+ > ()™ KL L (41)
j=1 =0

Thus, the polynomials Kib in this expansion are first integrals of LVy(2m +
1,m). Setting the deformation parameters equal to zero, one recovers the
first integrals of LV(2m + 1,m), which were first constructed by Bogoy-
avlenskij [4] and Itoh [12]. We construct k + 1 first integrals of LVy(n, k) by
setting, for t = 0,...,k,

KMRb . b b

)
‘$n+1 =Tpqo2=""=Tom+1=0

where the notation introduced by the latter equality is a convenient short-
hand. By construction, these polynomials are first integrals of LVy(n, k)
and they are in involution. Also, K1 = H and K; is of degree 2i 4+ 1 for
1=0,1,... k.

We give an alternative description of the first integrals (4.2) as deforma-
tions of the polynomial first integrals of LV(n, k). On the one hand, this
description will be important for showing the independence of these first
integrals, and on the other hand it will provide information about the struc-
ture of these integrals, which we will use to prove some of their properties
(involutivity, for example).

It was shown in [7, Prop. 9] that the integrals K? of LV,(2m + 1,m) can
be obtained using the D; operator (see (3.4)) by the following formula, valid
fort=0,1,...,m:

)

1 1 .
: 1.

Let us show that Dy commutes with restriction to R™. Let I’ be a smooth or
rational function on R?™*!. In view of the conditions on B, the operator D
is given by (3.5) and we see that Dy, does not involve derivation with respect
to any of the variables @y, 11, Tnt2,..., Tam41 (recall that n = m+k+1), so
Dy, commutes with restriction to the subspace R™ of R?™*! which is defined
by Tpn+1 = Tnyo = -+ = Tamy1 = 0. It follows that

)b ok
Kz(’n ) — K’?‘Rn = (eDbKi> }Rn = egbKi’Rn = eDbKi(" ) (43)

)

1 1
= K"M 4 p,r™F 4 5@21(1.("”“) ot 5@;,}(.("”“) .

This shows that the polynomial first integrals K;"’k)’b of LVy(n, k) are de-

formations of the first integrals Ki(n’k) of LV(n, k). Notice also that (4.3)
implies that Ki(n’k)’b = 0 when ¢ > k since Ki(n’k) = 0 when i > k (see the
comments after Proposition 3.3 in [6]). That is the reason why we restricted

iin (4.2) to1=0,1,...,k rather than 1 =0,1,...,m.
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For later use, we quickly recall from [6] a combinatorial formula for K z("k)
Let m = (mi, ma,...,moiy+1) be a 2i + 1-tuple of integers, satisfying 1 <
mp < mg < -+ < mgi+1 < n. We view these integers as indices of the rows
and columns of A™*): we denote by A( ") the square submatrix of A(™F) of
size 2i + 1, corresponding to rows and columns mi, me,...,moj4+1 of Ank)
so that

(A,(ﬁ’k))st = (A("’k))ms,mt ,fors,t=1,...,20+1.

)

Letting
gk . {m|A£ﬂn,k) :A(2i+1,z‘)} ,

)

the first integral K (k) i given by

k)
K(n Z Ty Tmg - - - Trng « - - Tmgi ey - (4.4)

One immediate consequence is that every variable x; has degree at most one
: (n,k)
in K; .

4.2. The rational integrals. We now construct a set of rational integrals
of LVy(n, k). In order to follow some of the more technical arguments in
this subsection, the reader is advised to already take a look at Section 4.4
below, where explicit formulas for a few examples are given.

Recall that we assume in this section that £ > 0 and that n > 2k 4 1.
We define the rational integrals of LVy(n, k) as deformations of the rational
integrals of LV(n, k), which were first constructed in [6]. We first recall the
definition of the latter integrals as pullbacks of the rational first integrals

Fg(n’o) and ng,o) of LV(n—2k,0), which we recalled in Section 3.1. Consider
the polynomial map ¢y, : R” — R*~2¢ defined by

Pr(ar,az,...,an) == a1az ... ag(Ak41, At2y -+ -5 Onk)An—kt1 - - An—10n -
If we denote the standard coordinates on R™ by z1,. .., z,, and on R"~2* by
Yly - -+ Yn—2k, then ¢*y; = x129 . .. TxThtiTn—k41 ... Tp fori=1,... ,n—2k.
It was shown in [6] that for ¢ = 1,2,...,[®] — k, the rational func-

tions Fg(n’k) = gbZFg(n_%’o) and ng’k) = o5 gn—%,o) are first integrals of
LV(n, k) and that the integrals F, g(n’k) are pairwise in involution with respect
to {-, ~}(n’k), just like the integrals Gén’k). Setting s := 2¢ — 1 when n is odd
and s := 2¢ when n is even, so that s and n have the same parity, one
computes easily from (3.2) that

k
T
Fé(n’k) H T —i 2$]+k H _Lsthtat (4.5)
=1

Lstk+2t—1

When ¢ = [”TH] — k, the last product in this expression reduces to 1 and

SO Fg(n’k) is actually a polynomial function. Since some of the arguments
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below which depend on the structure of the integrals fail for the polynomial
first integrals, we will exclude these integrals in this section, and so we

will throughout this section only consider the rational integrals Fz(n’k), with

(=1,2,..., [”T_l] — k. Notice also that every variable or its inverse appears
precisely once in (4.5), with the k variables x1, ..., x; and the k+1 variables
Tp—k,---,Tn appearing linearly. This property will be important in what
follows.

We construct the rational first integrals of LVy(n, k) as deformations of
the integrals Fe(n’k) by using the operators Dy, (see (3.4) or (3.5)): for £ =
1,2,..., ["771] — k, we set

Fg(n,k),b — e’DbFe(n,k) — oD (¢ZF£(n—2k,0)> ’

and similarly for Gén’k)’b. The present subsection is devoted to the proof of

the following theorem, which says that the deformed integrals Fg("’k)’b a

first integrals of LVy(n, k) which are pairwise in involution.

re

Theorem 4.2. For1 </ <V < ["T_l] —k,

{Fe(”’k)’b,ﬂ}zn’k) —0 and {Fé("”“’b,F},”’k)’b}in’k) —0

The same result holds for the rational functions Gén’k)’b.

For the proof of Theorem 4.2, we need some extra notation. Since through-
out this subsection n and k are fixed, we will until the rest of the subsection
drop (n, k) from the notation, writing Feb for Fg(n’k)’b, writing B for Bk,
and so on. We will need a specific ordering of the entries of the matrix B.
Therefore, we label the parameters of B with single indices as follows (recall
that B is skew-symmetric and that its non-zero uppertriangular entries are

at positions (i,j) with j —i=n—korj—i=n—k—1):

0 b2k+1 —bap 0 . 0
0 bop—1 —bog—2 :
0
B_ bs —ba
0 by
0

Expressed in terms of a formula,

by = (—1)p+1bk+17[§]7”*[’%1] '
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For 1 < p < 2k + 1, we denote by B® the matrix obtained by setting in B
the parameters by11,bpy2, ..., bak41 equal to zero. We also set B equal to
the zero matrix. So B(!) contains only the parameter b; and BZ*+1) = B.
The corresponding Poisson structure, which can be obtained by setting in
II, = Hén’k) the parameters bp41,bp42,...,b2p+1 equal to zero, is denoted
by II(,). In particular, Il = II(ox11). The associated Poisson bracket is
denoted by {-, -}(p). We also associate to p the following constant coefficient
differential operator
82

=b . 4.6

(0T [5)0[232] o

Dy -
It is clear that Dy = Dgp41) + Diar) + -+ + D(2) + D(1) and, since these
operators commute, that

eDv — eDk+1) 6 Pk 6 ... 0 eP@ 0 P |

We could of course consider any alternative order of the operators, but we
will use the above one for some reason which will become clear later. Finally,
for any smooth or rational function F on R™ we set F®) := ¢Pw) F~1 for
1<p<2k+1,and F© := F. With this notation, F{ = F*"*1),

A crucial fact which we will use is that the partially deformed integral
Fe(p ) is the pullback of Ff(p -b by the birational Poisson map oy, defined for
1<t <nby

b . .
Tit s Ok i pis odd,
op i) = (4.7)
x; + m{)ﬁdﬁ,n+l—g if p is even.
Notice that
] A ) A P A P ()

independently of whether p is even or odd.
Proposition 4.3. Fg(p) = U;Fe(pfl) Jor1 < p < 2k+1and1 <0< [ ]—k.
Proof. We first show that if 0 < p < 2k then
(p) _
e O C O (19)
where F1 is independent of ZL‘n_[ 2] and of .%ki[ p-1), while F5 is independent
2 2

of Ty [2] = Tpopt when p is odd and is independent of x, 1] = Tpp1-p

when p is even. We do this for p odd, i.e., we show that when p is odd,
where Ej is independent of x, _p—1 and of z,_,-1, while F5 is independent
2

2
of #, _p-1. According to the explicit formula (4.5), we can write Fy = F, Z(O)
2
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as
/ 1"
by = $n—PTflxk—PTle€ +F£ )

where Fj and F;’ are independent of -1 and of -, p—1. Then,
2 2

1
FP =P pr) = <€D‘p)Fz)(p = (Fe+ Dy F) ™

where we have used in the last step that @%p) Fy = 0, which is a consequence

of the fact that Fy depends linearly on Ty g p-t and on x__p—1, which are
2 2
the variables with respect to which D, differentiates (see (4.6)). Since,
moreover, I’ is independent of x_,-1,
2

or;, \"
() _ ‘
Fﬁ = <Jln_p;1xk_1’§1Fé+Fé,+bpxk_pgla$k+1p—l> '
2

Since D1y, ..., D(p—1) do not involve the variables z_p-1 and z;_p-1,

p) 2

(p—1)
() _ (p—1) OF;
FZ = -Tn_%xk_%Fé + (Fé/+bp$k_1’;1%11)_l
2

= Taorp @ Bt By

where F4 is independent of x, p-1 and of z;_p-1, and Fj is independent
2 2
of z, _p-1. This shows our claim when p is odd. The proof in case p is even

2
is similar. We use the obtained formula (4.9) to show that F, e(p ) = o, F, g(p —
for any p. According to (4.9), we can write

(r=1) _
S G R I

where E is independent of 251 and of 7, +1-[2]> while Es is independent
2 2
of T, [p51] = Tpi1-2 when p is even and is independent of Tpyr[2] =

Ty q_pt when p is odd. Therefore, on the one hand,
2
FP = 0FP = BV 4 Do) (2, (o)t (5) B+ B2)

2
(p=1) 0
= FP Y4
L))

(e in- [y B+ B2)

= FP Y 4b,E,
while on the other hand,

-1 _
O';Fép = 0’; (xn_[%]xk+li[%]E1 —i—Eg)
2o (T anfg)) Bt B

e Tpgr—[2] T bp) By + By = F") 4 b5,
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which shows that F, Z(p ) = a;FZ(p Y. We have used in (%) that o, (E1) = Ey

and that 0;(E2) = FE5, which hold because E; and FEs are independent of
the only variable which is not fixed by o,,. (]

We next show that the maps o, are Poisson maps with respect to the
appropriate Poisson structures on R”.

Proposition 4.4. For 1 < p < 2k + 1 the birational map

op - (Rn, { '}(p)) — (Rn, {, '}(p_l)) )
defined by (4.7), is a Poisson map.

Proof. We give the proof in case p is even. Then (4.7) simplifies to

Tt g— ifi=n+1-3,
op (i) =
Z; ifi#n—i—l—g.

We need to show that o, {wi,xj}(p_l) = {og(xi),a;(xj)}(p) forall 1 <i<
j < n. Notice that if (i,5) # (k+1—5,n+1—58) then {:Ei,xj}(p) =
{xi,:ﬂj}(p_l) and otherwise {xi,mj}(p) = {:Ui,:vj}(p_l) — b, (recall that p is
even). It follows that, if i, 7 # n + 1 — p/2, then

op {xivxj}(pfl) = {xivxj}(pfl) = {l’ivxj}(p) = {U;(QUi)aU;(xj)}(p) )

as was to be shown. Suppose now that 1 <i=n+1— g < j. Notice that,
in this case, {z;, xj}(p) = {:Jci,xj}(p_l) = +x;x;, with a plus sign. Then

b
* . . = (x;x;) = i . j
%p {xz,x]}(p,n = op(i;) = <xl " $i+kz—n> h

while
{o}(xi), o5 (xj)} —{x-+ b x} = z;z; + xj
1) - K3 ) - 1 bl
p P (p) Titk—n J ) ! Litk—n !
where we have used that {ach_n,:L‘j}(p) = —Tj{kp_n;, With a minus sign

because i < j. Finally, suppose that 1 <i < j =n+ 1 — § and notice that
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j+k—n=k+1—5. Then,

* * b
{Up(xi),ap(xj)}(p) = {xi,xj + p }( |
P

Tjt+k—n

{xi,xj}(p) , if’i:k—i-l—g,

b o
{wi,2i}) = o @i @k}, HiFk+1-5,
jtk—n

_l'imj_bpa lfl:k?—l—l—g,
= Ty = ifi<k+1-15,
bpx; ip s

xixj+xjfﬁ, ifi>k+1-15,

while

* * _ bp
op {zi, xj} 1) = op(£aiz;) = £ <£L’j + xj+kn> ;

where the + sign corresponds to the case i > k + 1 — £ and the — sign to
the case i < k41— &. Clearly, this gives the same result as in (4.10). This
shows that o, is a Poisson map. O

Propositions 4.3 and 4.4 imply, in that order, that foranyp = 1,...,2k+1,
and for any 1 </ < /' < [”T_l] —k,
(p) (p)} _ { xp(p=1) _x (p—1) [ (-1 (pfl)}
F)"Fy, =10 F ,o I, =0, F I,
{ ¢ ¢ ®) P L pT L }(p) p { L ¢ (p—1)

and so, since the undeformed rational integrals Fy = FZ(O) are pairwise in

involution, an easy recursion shows that their deformations Fé’ = FE(%H)

are in involution as well. This shows the second part of Theorem 4.2.
We will next show that that the deformed integrals Fé’ are first integrals
of LVy(n, k). To do this, we first prove the following lemma.

Lemma 4.5. Let1 < /¢ < [”T_l] —k and denote s := 20—1 when n is odd and

s:=20 when n is even. If i ¢ {k+ 1,k +2,...,k+ s} then {xi,Fé’}bzo.

Proof. We prove by recursion on p that {xi, Fz(p) }( : =0forp=0,1,...,2k+
P

1. For p = 0 this amounts to showing that {x;, F;}, = 0, which was done in
[6, Prop. 3.1]. Let 1 < p < 2k + 1 and assume that the property is true for
p — 1. If i is such that o, (z;) = z;, then by Propositions 4.3 and 4.4,

(st} = (et ), =it ) =
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where we used the recursion hypothesis in the last step. Suppose now that

oy (x;) # x;. If p is even, this means that i =n 41— &, and so

P
(») _ * bp ) * (pl)}
@i, F, = o, | Ti — ,o0 F
{ ¢ }(p) { p( Titk—n pe (»)

= o) {CCZ - b Ff(pl)} =0
P Litk—n (p—1)

where we used again the recursion hypothesis twice: we could do so because
i+tk—n<ksothati+k—n¢{k+1L,k+2,....k+s}. If op(z;) # 2
and pis odd, then i =1+ k — %, so that

() _ * by ) % (p—l)}
Zi, F, = g Xy — , 0 F
{ ‘ }(p) { b ( Titn—k—1 Pt ®)

_ U*{xi_ by F(p—n} —0
b Titn—k—1 ¢ (p—1)

as before. O

Using the lemma and the fact that Fy is a first integral of LV(n, k) (see
[6]), we show that F} is a first integral of LV,(n, k). As before, we show by
recursion that {Fz(p ), H }( : = 0, the case of p = 0 already being established.

p

Suppose that {Fg(p_l), H}( N =0 for some p > 1. Then
—

() fp(p=1) by
FY H = F H -+
{ t }(p) {Jp ¢ ’Up< wt>}(p)

_ bs
= U;{Fz(p 1)7H_} =0,
Tt ) (p-1)

sincet = k+1-7%5 < kwhenpisevenandt:n—% > n — k when
p is odd; in either case, t ¢ {k+ 1,k +2,...,k+ s}, which proves the last
equality. We conclude that {F tf’,H }b = 0, which is the first statement of

Theorem 4.2.

4.3. Integrability. We have now most ingredients to state and prove the
Liouville and non-commutative integrability of LVy(n, k), where we recall
that £ > 0 and 2k + 1 < n. Since in this subsection (n, k) is fixed we will
again drop (n, k) from the notation, except in the statement of the propo-
sitions and of the theorem. We have constructed in Section 4.1 a set of
polynomial integrals for LVy(n, k) and in Section 4.2 a set of rational inte-
grals Fy. We first show that these polynomial integrals are in involution with
these rational integrals. To do this, we need a property of the polynomial
integrals, which we first define.

Definition 4.6. A polynomial function K on R" is said to be (n, k)-admissible
if
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(1) K is of degree at most one in each of its variables x;;

(2) K can be written (uniquely) as K = LK’ + K", where K" is in-
dependent of zpy1,...,2,—r and L is the sum of these variables,
L=xpp1 +xpq2+ -+ Tpk-

A key property of the polynomial Hamiltonians is that they are (n,k)-
admissible:

Proposition 4.7. Fori = 0,1,...,k, the polynomial first integral Kl-(n’k)’b

is (n, k)-admissible.

Proof. As said, we write in the proof K; for Ki(n’k) and K? for Ki(n’k)’b.
The fact that K; is (n, k)-admissible follows from the following observation
made in [6, Cor. 3.5(4)]: if we denote for m € SE"

m with its middle entry m;1 replaced by mj,, then m’ € SSn’k) when
k <mj, , <n—k+1. According to the formula (4.4) for K; this means that
when some term of K; contains a variable z; with k+1 < j < n —k, then it
contains also a similar term with x; replaced by any z; with k+1 <1 < n—k.
Considering the sum of these substitutions yields a polynomial which is
divisible by L. Therefore, K; is (n,k)-admissible. Let us show that if for

some p > 1, KZ-(pfl) is (n, k)-admissible, then so is Ki(p) = eD<P)Ki(p71).

We can write Ki(p_l) = LK’ + K", where K’ and K" are independent of
Tkt1, .-, Tn—k, and D, differentiates with respect to the variables Tpi1-[2]
2

and Ty [251]- When p # 1 and p # 2k + 1, these variables are outside the
2
range k + 1,...,n — k, hence D(p)KZ-(p_l) = LD K"+ Dy K, with D, K’

and D K" independent of x 1, ..., T,_, so that Ki(p) is (n, k)-admissible.
Forp=1,

k) by m’ the vector

2
I S R P
OK'
= KZ(O) + LD(l)K, + 'D(l)K” + by Y

showing that Ki(2) is also (n, k)-admissible. The proof for p = 2k + 1 is
very similar, since D ;1) differentiates with respect to the variables
and z,,_k. O

We are now ready to show that every polynomial integral is in involution
with every rational integral.

Proposition 4.8. For ¢/ =1,2,..., [”T_l] —kandi=0,1,... k,

{Fg("’k)’b, KR }("’k) —0.
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Proof. In view of Proposition 4.7, we can write K = LK’ + K" where K’
and K" are independent of zxy1,...,2Z,_ . Using Lemma 4.5 twice,

{F;,Kf} :{F;,LK’+K”} :{F;,LK’} :K’{F;,L}
b b b b

The Hamiltonian H is of course also (n, k)-admissible, H = L+ H", with H"
independent of the variables xx1,...,Z,_§. Using that Fy is a first integral
(Theorem 4.2) and Lemma 4.5, we can conclude that

{F;,Kf} :K’{F;,H—H”} :—K’{F;,H”} —0.
b b b
0

Combining the results obtained in this section, we can state and prove the
main theorem on the integrability of the systems LVy(n, k), with n > 2k+1.

We denote, in that order, by an’k),HQ(”’k), ,Hr(ﬁig the following first
integrals:

FP=Gb F) ... F° |,GS,...,G° |, F’=G®, when n —k is even,

Fp ... F° ,Gb ... ,Gb | F? =GP, when n —k is odd,

where r := ["Tfk]

Theorem 4.9. Consider the system LVy(n, k), where n > 2k + 1.

(1) When n > 2k + 1, LV(n, k) is non-commutative integrable of rank
k4 1, with first integrals
(n,k)

H = K0 g R R g R e gt

The first k + 1 functions of this list have independent Hamiltonian
vector fields and are in involution with every function of the complete

list.
(2) LV(n, k) is Liouville integrable with first integrals
H — K((]nvk)7b’ K:Envk)J) R K]E;nvk)’b’ Hl(n7k)7b, HéTL?k)vb’ ceey Hiia’f"):b ,

where s 1= ["TH] — k.

Proof. We first consider (1). We have already checked the first item of
Definition 4.1, namely that the k + 1 polynomials K; are first integrals
of LV(n, k), and are in involution with both the polynomial and rational
integrals (Section 4.1 and Proposition 4.8). We need to check the second
item which says that the differentials of these first integrals are independent
on a dense open subset of R", and similarly for the Hamiltonian vector
fields associated to the polynomial integrals. To do this we use the fact
that the undeformed first integrals have this property, as they define a non-
commutative integrable system of rank k+1 (see [6, Theorem 1.1]). Since all
integrals are rational functions and since the Poisson structure is polynomial,
it suffices to prove that the differentials (resp. vector fields) are independent
at some point. The argument is the same as the one used in Section 3.3 to
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derive the independence of the integrals of LV (n,0) from the independence
of the integrals of LV(n,0): since the property is true at some point P when
all parameters are zero, it is still true on a neighborhood of P for small
values of the parameters; by rescaling the variables and parameters, one
finds that at P the property is true for all values of the parameters. This
proves (1). We now consider (2), the Liouville integrability. Since the rank
of IT is n when n is even and n— 1 when n is odd, we need n/2 independent
integrals in involution when n is even and "TH when n is odd. Clearly, the
above list in (2) contains k + s = 21 functions, which is the right number,
we know that they are pairwise in involution, and by the above argument
they are independent. So they define a Liouville integrable system. ([

Item (1) in the theorem takes a slightly different form when n = 2k + 1.
The constructed first integrals are then polynomial and they define a non-
commutative integrable system of rank k, which is equivalent to saying that
it is Liouville integrable, which is stated in (2), and was already proven in
[7]. The reason of this drop in the rank of the non-commutative integrability
when n = 2k +1 is because, even though we have k+ 1 polynomial integrals
that are in involution with all integrals, like the general case of the LVy(n, k)
systems, now one of these £ + 1 polynomial integrals is a Casimir and in
order to establish the condition (2) of Definition 4.1 one has to exclude the
Casimir from the first set of integrals.

4.4. Examples. For explicitness, we give below two examples, LV;(4, 1),
which is the smallest new system with & > 0 and LV;(7,1), where one can
see some non-trivial examples of the integrals which we consider.

Ezample 4.10. For n =4 and k = 1 the matrices A% and B®1) are given
by

0 1 | 0 0 by —by
-1 0 1 1 0 0 0 b
A=t o | B 0 0 o
1 -1 -1 0 bo —-b O 0
The corresponding system LV, (4,1) is given by

1 = mi(v2+ 23— 14) +b3— b2,

To = wo(—w1+x3+24)+ b1,

i3 = x3(—71 — T2+ 74) — b3,

gy = wyg(wy — w2 —3) +bo— b1 .

Besides the Hamiltonian H = z1+z9+z3+x4 it has an additional polynomial
integral Ky = (x124 + b2) (22 + x3) 4 bgxg + byz1 which is easily seen to be a
(4, 1)-admissible polynomial. The above two polynomials give the Liouville
integrability of the system LVy(4,1) which coincides in this case with the
non-commutative integrability of rank k+1 = 2 just like in all LV, (2k+2, k)
systems.
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Example 4.11. We now consider the case n = 7 with &k = 1. The matrix A :=
A is the skew-symmetric Toeplitz matrix with first line (0,1,1,1,1,1, —1)
and B := B(™) is the skew-symmetric matrix whose only non-zero upper
triangular entries are by g = b3, b7 = —bg and by 7 = b1. The corresponding
system LVy(7,1) is given by the equations

7
T; :Z(Ai,jxixj+bi,j)7 for 1=1,2,...,7.
j=1

Besides the Hamiltonian H = z1 + 9 + - - - + z7, the system LV,(7,1) has
one more independent polynomial first integral K, given by

K= (ZL‘Q + 23+ x4+ 25 + ZL‘G)(331.’L‘7 — b177) + bl’g$7 + b1xg ,

which is a (7, 1)-admissible polynomial. It has also three rational first inte-
grals given by

(x127 4 b2)Towame + b3xoxsxy + bix1246 + b3b1 24

Fl - )
x3Ts5
j2 (l‘lx7 + bz)(xz + x3 + 1‘4)296 + 53(582 + x3 + 1‘4)1‘7 + b1($1$6 + b3)
2 = )
Ts

and Go = 1Fy. The rank of the Poisson structure Hg’l) is 6 and Fj is a
Casimir, invariant under *. It can be seen that the above integrals are
obtained from the undeformed ones (obtained by setting the parameters
equal to zero), by applying on them the operator e which now becomes

5 92 92 92
b= (T+b3—— ) ([+bo=—— ) (I .
€ < + b3 3$18$6> < + b2 8x18m7> < + bl 33328.%’7)

The system LVy(7,1) is non-commutative integrable of rank 2 with first
integrals H, K1, F1, Fo, G2 and is also Liouville integrable with first integrals
H, Ky, Iy, Fy or H, Ky, F1, Go.

5. DISCRETIZATION OF LVy(n,0)

In this section we construct a family of discretizations of LVy(n,0). They
are obtained from a discrete zero curvature condition, which is the com-
patibility condition of a linear system LY = AU,V = NV, where L is the
Lax matrix of LV(n,0), which appears in (2.4). We prove that an impor-
tant class of these discretizations, which includes the Kahan (also called
Kahan-Hirota-Kimura) discretization of LV (n,0) has the following integra-
bility properties: it has the rational integrals of LV(n,0) as invariants, and
so it is both Liouville and superintegrable; also it has an invariant measure.

Throughout this section, (n, k) = (n,0) is fixed and so we will drop (n,0)
from the notation for the invariants, the Poisson structure, and so on. Also,
since we have in this case only one parameter by ,, we will denote it by 23,
as we did in Section 3.
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5.1. Preliminaries. We first recall a few basic definitions and properties
of discrete maps and their integrability. By a discrete map of R™ we mean
an algebra homomorphism ® : R(x1,x9,...,2,) — R(x1,x2,...,2,), where
T1,...,Ty are as elsewhere in this paper the natural coordinates on R".
Such a map is the pullback of a unique rational map ¢ : R” — R", i.e.,
for any rational function F', one has ®(F) = ¢*(F) = F o ¢. We will
also use the convenient abbreviations F' for ®(F). Similarly for a matrix
P = (pi ;) whose entries are rational functions of R", we will write P for the
matrix (p; ;).

When R" is equipped with a Poisson structure II, then saying that & is
a homomorphism of Poisson algebras is tantamount to saying that ¢ is a
Poisson map; we will simply say that ® preserves the Poisson structure II.
Also, on R™ we have a natural n-form, dzi A --- A dx,, which allows us to
identify rational measures with rational n-forms and with rational functions.
We will say that ® is measure preserving, with preserved measure F, if it
preserves the n—form Fdxq Adzy A ... Adx, in the sense that

Fdzy Adas A ... Adz, = FdZ; Ad@s A ... AdZ, .

A rational function F is called an invariant of ® if F = F. We also recall
the definition of an integrable map [19].

Definition 5.1. Suppose that ® is a discrete map of R™.

(1) The map ® is Liouwville integrable if there exist n — r functionally
independent invariants of ®, which are in involution with respect to
a Poisson structure II, where r is half the rank of II.

(2) The map ® is superintegrable if it has n— 1 functionally independent
invariants and is measure preserving.

In order to simplify some of the computations below, we introduce a few
more notions and notations which are related to the symmetries of the Lax
matrix L of LV(2m + 1,m). Recall that

L=X+XATA+M (5.1)

is the square matrix of size 2m + 1, where
Xij = 0ijym®i, Dij:=biymjbij, M;j:=0dit1 . (5.2)
The entries of the above matrices are functions of z1,xo, ..., Tomt1 Where

all the indices are considered modulo 2m + 1. It is a 7-circulant matrix, in
the sense of the following definition:

Definition 5.2. Let p,q € N and let 7 be a map 7 : RP — RP of order gq.
Let C = (¢;,;) be an g x ¢ matrix whose elements are functions on RP. Then
we call C' a 7-circulant matrix if it has the following property:

* . .
Cit+1,54+1 = T Cij, for all Z,]:1,2,...,q.

If v is the first line of C' we will also denote C' by C(v).
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Taking for 7 the identity map, one recovers the definition of a circulant
matrix. As in the case of a circulant matrix, it is clear that a 7-circulant
matrix is determined by its first line. It is easy to see that a matrix C
is 7-circulant if and only if MCM~! = 7%(C), where M is the circular
permutation matrix, defined in (5.2), and 7%(C) is the matrix obtained by
applying 7* to all entries of C'. As an immediate consequence, we see that the
product of two 7-circulant matrices is 7-circulant; to compute the product
of two such matrices one has to compute only the first line of the product,
a property which we will find useful.

In order to see that the Lax operator L is 7-circulant, let us consider R*™+2

with coordinates x;, by, 1i; for i = 1,2,...,2m + 1. The map 7 from R"+2
to itself is defined by 7*(x;) = 41 and 7" (bm+ii) = bmtiti1,i+1 for @ =
1,2,...,2m + 1. Since all indices are considered modulo 2m + 1, the map 7

is of order 2m + 1. To see that L is 7-circulant, we show that the matrices
which define L are 7-circulant, which is clear from the following formulas:

X =¢(0,0,...,0,21,0,...,0), with 21 in the (m + 2)-th position,
A = C(bmi11,0,...,0), M =€(0,1,0,...,0).

5.2. Discrete maps from a linear problem. Recall that LVy(n,0) is by
definition a reduction of LV, (2m+1, m), with m := n—1. The discrete maps
of LV(n,0) which we will consider below are in the same sense reductions
of discrete maps of LV (2m + 1, m), which we first construct. We construct
a discrete map ® by considering the compatibility conditions of the linear
System

LU =)\0,¥ =NV, (5.3)

where L is the Lax matrix of LVy(2m + 1,m), recalled above, and ¥ is an
n-dimensional eigenvector of L. Recall that W is the vector ¥ with ® applied
to its entries. The (2m + 1) x (2m + 1) matrix N is defined as

N=D-\K, (5.4)

where K; j := 0; j4m and D; j := 0; jd; for some functions d; that will be de-
termined from the compatibility condition of (5.3), which reads LN = NL.
Since N is invertible, it means that L = NLN ! and therefore the coef-
ficients of the characteristic polynomial of L, which are rational functions
on R?™+1 are invariants of ®. The above ansatz for N was taken so that
NLN™! equals L at the entries with constant values. Therefore, the com-
patibility condition LN = NL reduces to a system of equations for the Z;
and d; variables, which we make explicit in the following proposition:

Proposition 5.3. The compatibility condition LN = NL of the linear sys-
tem (5.3) is equivalent to the following system of equations:

dig1 —di +Tmp145 — T =0, and  dpi144%; — di%i + bi g1+ — bmgis = 0,
(5.5)
fori=1,2,...,2m+1=2n—1.
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Proof. Notice first that N is 7-circulant, if we extend 7* to the variables d;,
by setting 7*d; := d;y+1. The compatibility condition LN = NL amounts
therefore to the equality of the first rows of LN and NL, which are respec-
tively given by

1 ~ -
<)\bm+l,ldla A(dQ - xl)y 0) cee 705 dm+2$1 - bm-i—l,lu _)‘27 07 cee 70> P

1
<)\bm+1,1d17 A(dl - xm+2)7 07 cee 707 dlxl - bl,m+27 _)‘27 07 v 70> )

where the non-zero components of the above vectors appear at the positions
1,2,m 4+ 2 and m + 3. From the equality of these first lines, we get

dy —dy + T2 —21 =0, and dyi271 —d121 +b1my2 — bpy11 =0,

which is (5.5) for ¢ = 1. The other equations follow from it by 7-circularity.
O

We now reduce these equations to LVy(n,0), setting x; = &; = 0 for
t=n+1,n+2,....2m+ 1 and by4;; = 0 for i = 2,3,...,2m + 1, where
we recall that m = n — 1 and that we denote the single parameter by, of
LV(n,0) as b1, = . The system (5.5) is then transformed to the following
one:

T =dj11 —d; 1=1,....,n—1,
jnzml‘i‘dn—&—l_dn?
Tit1 = dnti — dntit1 t=1,...,n—1,
3 ) (5.6)
dptit1Tit1 = dip1Tit1 i=1,...,n—-2

dn+121 = d1z1 — 8,
dl'%n = dnxn + 67
where the first three equation are instances of the first equation in (5.5)
and the last three equations of the second one. Before solving the above
system, we recall from Section 3.4 the alternative coordinates uq, ..., u, for
R™, in which the system LVy(n, 0) completely separates. They are defined by
u; =) " jxjforalli=0,1,2,...,n. Fori=n, u, is just the Hamiltonian,
U =H =214+ 290+ ...+ 2.

Proposition 5.4. For any rational function R € R(zy,...,xy,), different

from the n functions u; — H, with ¢ = 1,...,n, the reduced compatibility
equations (5.6) have a unique solution for Zi,...,Z, and for da,..., do,_1,
with di = R. It is given by
ii:dprl*di, 2'21,2,...,77,*1,
jnzwl"i_dn—i-l_dny
R(R+H)-0 . (5.7)

TRy H —ui
dpyi =R+ H —u; , i=1,2,...,n—1.



30 C. A. EVRIPIDOU, P. KASSOTAKIS, AND P. VANHAECKE

Proof. We first show how the third and fourth equations in (5.7) are derived
from (5.6). The last equation is obtained from the third equation in (5.6):
fori=1,...,n—1,

n n
H—u; = Z T = Z (dpyj—1 — dpyj) = dpyi — R,
j=it1 j=it1

where we have used that, by periodicity, do,, = dom+o = di = R. In order
to derive the third equation in (5.7), one first uses the first three equations
in (5.6) to substitue Z; (i = 1,...,n) and z; (i = 2,3,...,n) in the fourth
and fifth equations in (5.6), to obtain, in that order,

diJrldnJri = di+2dn+1+i 5 1= 1, ey — 2 5

5.8
:R(xl + dn+1) = d2dn+1 + 5 . ( )

The first equation in (5.8) says that d;y1d,,+; is independent of ¢ for i =
1,...,n—2, while the second equation says that this constant value is equal
to R(x1 + dpy1) — 5,

dit1dnti = R(w1 + dpy1) = B=R(R+ H) - 3, (5.9)

for i = 1,...,n — 2. By our assumption on R, the d,+; = R+ H — u;
with ¢ =1,...,n — 1 are all different from zero, so that we can divide (5.9)
by dp+i. It yields the third equation in (5.7). This shows that (5.7) is the
only possible solution for (5.6) with d; = R. That it is indeed a solution is
easily verified by substituting the formulas (5.7) in (5.6). O

We now define a discrete map using the solution of (5.6) given in the
previous proposition. Let R be a rational map, with R # w; — H for all
1=1,2,...,n—1, and let @5 be the discrete map x; — I;, defined by the
formulas

T = R(R+H) -5 i=1,2,...n—1

(] Z(R—l—H—uZ)(R—FH—uZ_l) bl ) ) ) ) (5.10)
R+ H)+ B

N

where we have set ug = 0. Using the first n equations in (5.6), we get
#; = d;11 — R and therefore the map is given in terms of the coordinates u;
by t, = u, and

o Rul - ,8

o R+ H — U; ’
Since the map ®4 is by construction isospectral, it has the coefficients of
the characteristic equation of the Lax matrix L as invariants. However, as
we noted just after equation (4.4), we get in this way only one invariant,

namely the Hamiltonian H. We show in the following proposition that &
also preserves the rational first integrals of LVy(n,0).

Us

i=1,2,....n—1, (5.11)
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Proposition 5.5. Let P be any point of R™ for which Q := ¢x(P) is de-
fined. Then Q belong to the integral curve of the continuous system LV(n,0)

starting at P. In particular, the discrete map ®¢ preserves all the integrals
of LVy(n,0).

Proof. Since ®g is a rational map and the integrals of LV;(n,0) are rational
functions, it suffices to show that for a generic P of R™ for which @ := ¢x(P)
is defined, @ belongs to the integral curve of the continuous system LV (n, 0)
starting at P.

We use the notation of the proof of Proposition 3.6: we denote by ~p the
integral curve of (3.10) starting from P, and we write u;(t) = w;(yp(t)). We
denote by h the value of the Hamiltonian at P and by Ag a square root of
h? + 43, which may be real or imaginary. Also, let 79 denote the value of R
evaluated at P and Q = (Q1,Q2,...,Qn).

It is clear from the above that we only need to show that for each P such
that @ is defined there exists a t, depending only on P, such that Q; = u;(t)
forall i =1,2,...,n— 1. It is also clear that we may consider our system
LVy(n,0) living on C™ and therefore the integral curves are defined on all of
C minus a discrete set (see Section 3.4 for details and comments).

We only need to consider the case that Ay # 0. In this case the solution
of LVy(n, 0), for

In (h+2r0+AO )

= h+2ro—2Ag
= A 7
gives @Q; = u;(t) for all 7, as it can be seen by comparing the formulas (5.11)
and the explicit solution of LVj(n,0) given in Proposition 3.6. O

5.3. Integrable discretization of LVy(n,). For a general rational func-
tion R, the map ®x = ¢% cannot be expected to have any integrability
properties. We establish in this subsection a few results under the assump-
tion that R is a first integral of LV(n,0), or under the stronger hypothesis
that R depends on H only. We first prove that, under these conditions, ¢
is birational.

Proposition 5.6. Suppose that R is a first integrals of LVy(n,0). Then ¢x
s a birational map, so that ® is an algebra isomorphism.

Proof. Let R be as announced, so that R = R, in view of Proposition 5.5.
Let ¥ be the involutive algebra homomorphism, defined by ¥(z;) := Zp41—4
and V(d;) := dap41—i for i = 1,...,n; notice that d; is fixed under ¥. If we
apply ¥ to the reduced compatibility equations (5.6) we get the same set
of equations: the first and third equations are permuted, as well as the last
ones, while the other two are unchanged. Since we know from Proposition
(5.4) that given d; := R the reduced compatibility equations (5.6) have a
unique solution for Z1,...,T, and for ds,...,do,—1, in terms of x1,...,xy,
this means given d; := R =R, they also have a unique solution for x1, ..., x,



32 C. A. EVRIPIDOU, P. KASSOTAKIS, AND P. VANHAECKE

and for ds, . .., do,_1, in terms of Z1, ..., T,. Therefore, the map ®5, defined
by the solutions of the system (5.6), is birational. O

We now prove that @5 is, under the same assumption on R, measure
preserving.

Proposition 5.7. Suppose that R is a first integral of LVy(n,0). Then the
discrete map @ preserves the rational n-form

dxi Adxo A --- Adx,
T1T9 ... Ty + Brox3 ... Tp_1 '

Qb =

Proof. We need to show that
dxi Adzo A - -+ Adx, dzi Adxa A --- Adzy,

T1T9 ... Ty + Broxs3 ... Tp_1 T1T9...Tn + BToT3 ... Tp_1

Since the coordinate change between the coordinates u; and x; have trian-
gular form, and since the functions @; depend in the same way on the ;,
Le., @; =Y 5_; ¥;, we have that

0(Z1, T2, ...,Tn)

—— — =1
O(ty, Ug, ..., Uy)

)

B ‘8(u1,uz, ceeyUp)
C0(z1, w2, )
where the above determinants are the Jacobian determinants of these two
transformations. This implies that we need to show that

dui; Adug A - -+ A du,, du; Adug A -+ Aduy,

T1T9 ... Ty + Bxox3 ... Tp_1  T1To...Tn + BToT3...Tpn_1

We assume for the moment that R is any function and we denote by R; the

partial derivatives % and by w; ; the partial derivatives gﬁ?. The explicit
1 J
formulas for u; give, for any ¢ =1,2,...,n — 1 and any j # ¢,n, that
ijlli

_ :Ri’drFRH#»RQfﬁ
AISO, ui,i = W

tives of the #@; with respect to u,,, as we will see, the explicit formulas are not
important, we will only use the fact that @, = u, and therefore u,_ ; = d, ;,
which holds for any function R. Differentiating (5.11) and rearranging, we
get

forall i =1,2,...,n — 1. For the partial deriva-

n
d’LNLZ': E uinUj, iZl,Q,...,TL.
Jj=1

Taking the wedge product of the above n equations we obtain
day Adag A -+ Adiy, = det(U) dug Adug A -+ Aduy, ,

where U = (u;;). The last line of U is the vector (0,0,...,1) and there-
fore expanding the determinant det(U) with respect to the last line we get
det(U) = det(V) where V is the minor of U obtained by removing its last
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row and last column. According to the formulas (5.12) the determinant of
the (n — 1) x (n — 1) matrix V has the following form:

Rldl +r ng’dQ Rg’dg s Rndn_l
1 :lel,l RQ?:LQ +r ng’L'Lg s Rndn_l
V = = det le’l'l,l fR,Z’l:LQ Rgﬂg +r .- Rnun—l ,
S . . .
:Rl’l'l,l ng’dQ :Rg’L'Lg e :Rnﬂn_l +r

where s = H;le(ﬁ + H +u;)? and r = RH + R? — 3. The above matrix is
written as W + rI,,_1, where I,,_1 is the (n — 1) x (n — 1) identity matrix
and W has n equal lines. This means that W has only two eigenvalues Ay
and Ay. The first one is A\ = Z;:ll Rjtu;, which is of multiplicity 1 and the
other one is Ao = 0 of multiplicity n — 2. In the particular case where R is a
first integral of LV,(n,0), the eigenvalue A\ reduces to zero (since 4, = 0).
This shows that, in that case,

Tn—l _ (RH—}—CRQ _ B)n—l
s I R+ H—wy)?

Therefore, what we need to show is that

det(V) =

j lfRH—i-fRQ—ﬁ T1T9 ... Ty + BIoT3 ... Tpn_1

e (R+H —w;)?  m29...05 + Brows... Ty 1

1=

A comparison with the explicit formulas (5.10) gives that

To2X3 ... Tp—1 (fRH + R? — ,B)n_l RH + R? — 154

ToZ3 . T 1 [[IM(R+H )2 (R+H —u)(R+H —uy1)

To complete the proof, it remains to be shown that

jli'n_f’ﬁ_ RH‘l‘fRQ—IB
t12n+08 (R+H—u)(R+H—up_y)

This can be done by substituting the formulas for Z; and &, given in (5.10).
U

In order to preserve the Poisson structure, one needs stronger conditions
on R, as given in the following proposition:

Proposition 5.8. Suppose that R is a rational function of the Hamilton-
tan H. Then the map ®5 preserves the Poisson structure II;.

Proof. We give the proof using the coordinates u; (see Section 3.4, in par-
ticular the formulas (3.9) for the Poisson structure in terms of these coordi-
nates). According to (3.9) we need to show that {;,1;}, = @;(%; — @;) and
that {tg, up}y = t(tn — ) +Bforl1 <i<j<mnand1<l<n.



34 C. A. EVRIPIDOU, P. KASSOTAKIS, AND P. VANHAECKE

The derivatives of u;, for any ¢ < n, with respect to u; and u,, = H are

Ou;  RH+R*—f

o T @ (5.13)
, 0t RpuH — Rpu? 4+ Ry p — Ru; + 8 .
Y S, R+ H — ;)2 ’
where Ry = 3—3}. We then have, for all 7,7 and ¢ as above,
{ai, a5}, = vy {ui, uzhy +viv) {ug, un 'ty — vivy {ug, un},
i —u;) (B — Ruy) (RH + R? —
(fR—i— H — ui)Q(fR—i— H — ’U,j>
_ (RH + R* = B)(Hup —uj + ) _ _ N
H = — U H —
{uae, H}, R 1 —up)? a(H — ) +
which establishes the required equalities, since 4, = u, = H. U

The above propositions lead to the following theorem.

Theorem 5.9. Let R be a rational function, depending on the Hamiltonian
H only. Then the discrete map ®5 of LV(n,0) has the following properties:
(1) It is birational;
(2) It preserves the Poisson structure 11,;
(3) It is measure preserving: it preserves the volume form Qp;
(4) It is Liouville integrable with H and the rational functions F} as
muvariants;
(5) It is superintegrable with H and the rational functions Fé’ and GZ as
mnuariants.

Under the weaker hypothesis that R depends only on the invariants of
LV(n,0), items (1), (3) and (5) still hold, but (2) and (4) may not hold.

5.4. Kahan discretization of LV;(n,0). In this subsection we consider
the Kahan discretization of the systems LV (n,0). We show that the Kahan
map is of the form ®4, for a specific choice of the rational function R,
depending on the Hamiltonian H only, and so all integrability properties
that we have seen in Theorem 5.9 hold for the Kahan map as well.

We first define the Kahan map for LV;(n,0). Since the Kahan discretiza-
tion commutes with any linear change of variables, we can do the Kahan
discretization in the wu; coordinates, instead of the x; coordinates, i.e., ap-
ply it on the vector field (3.10). Following the recipe [5], we obtain for the
Kahan discretization with step size 2¢ the following system of equations:

ﬂi—uizeui(H—ﬂi)—Feﬂi(H—ui)—l—Qﬁ, 1=1,2,....,n—1, (514)

where we have used that H = wu,. Since H is a linear first integral of
LVy(n,0), it is an invariant for the Kahan map. The system (5.14) is diagonal
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with solution

af:ﬁtfgﬁ;:@ i=1,2,...,n—1 (5.15)
and @, = u,. This defines the Kahan map. Comparing the formulas (5.15)
and (5.11) it is clear that the Kahan map is of the form ®g, with
1+eHd

2¢

Notice that R depends on H only. Therefore, we get by Theorem 5.9 the fol-
lowing results on the Kahan discretization of LVy(n, 0), which generalize the
results on the integrability results on the Kahan discretization of LV(n,0),
which were first established in [18]:

Theorem 5.10. The Kahan map of LV(n,0) has the following properties:
(1) It is birational;

R=— (5.16)

(2) It preserves the Poisson structure 11;

(3) It is measure preserving: it preserves the volume form Qp;

(4) It is Liouwville integrable with H and the rational functions Fé’ as
mvariants;

(5) It is superintegrable with H and the rational functions Fé’ and Glt? as
moariants.

As a byproduct of our analysis, we find that the Kahan map of LVy(n, 0)
arises as the compatibility conditions of a linear system. It would be inter-
esting to see if there are other examples where the Kahan map is of this
form, as it links the Kahan map to isospectrality, so it may have non-trivial
applications to the study of the integrability of the Kahan map of other
integrable systems.
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