LOTKA-VOLTERRA SYSTEMS
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ABSTRACT. Given a constant skew-symmetric matrix A, it is a difficult open
problem whether the associated Lotka-Volterra system is integrable or not.
We solve this problem in a special case when A is a Toepliz matrix where
all off-diagonal entries are plus or minus one. In this case, the associated
Lotka-Volterra system turns out to be a reduction of Liouville integrable sys-
tems, whose integrability was shown by Bogoyavlenskij and Itoh. We prove
that the reduced systems are also Liouville integrable and that they are also
non-commutative integrable by constructing a set of independent first inte-
grals, having the required involutive properties (with respect to the Poisson
bracket). These first integrals fall into two categories. One set consists of
polynomial functions that are restriction of the Bogoyavlenskij-Itoh integrals;
their involutivity was already pointed out by Bogoyavlenskij. The other set
consists of rational functions which are obtained through a Poisson map from
the first integrals of some recently discovered superintegrable Lotka-Volterra
systems. The fact that these polynomial and rational first integrals, combined,
have the required properties for Liouville and non-commutative integrability is
quite remarkable; the quite technical proof of functional independence of the
first integrals is given in detail.
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1. INTRODUCTION

The Lotka-Volterra model is a basic model of predator-prey interactions. The
model was developed independently by A. Lotka [20], and V. Volterra [25]. It forms

the basis for many models used today in the analysis of population dynamics.

The most general form of Lotka-Volterra equations in dimension n is

n
T; :Ei$i+ZAi7ja?i$j, 1=1,2,...,n. (11)
j=1

By now, many systems of the form (1.1) have been introduced and studied, often
from the point of (Liouville, Darboux or algebraic) integrability [3, 4, 14, 24, 22,
11, 17, 8, 6] or Lie theory [3, 4, 9, 2, 7], but also in relation with other integrable
systems [23, 10].

For the systems which will be considered here, all constants ¢; are zero (no linear
terms) and the constant matrix A is skew-symmetric. It is well-known that (1.1) is

then a Hamiltonian system with Poisson structure defined by
{Jii,x]’} = Ai7j$il‘j s (12)
and Hamiltonian function H := x1 +z2 + - - -+ z,,. We will, more precisely, only be

concerned in this paper with the n skew-symmetric matrices Ao, ..., A,_1 of the

Toeplitz!' form

0 1 1 - 1 -1 -1 - -1 -1
-1 0 1 - 1 1 =1 -+ -1 -1
-1 -1 0 - 1 1 1 .1 -1
Ae=1_1 -1 —1 v v o e e 1 —1 | (1.3)
1 -1 -1 o1
1 1 1T - -1 -1 -1 --- 0 1
1 1 | 1 -1 -1 .- 1 0

with —1 appearing k times on the first row. The size of the matrix Ay is n, which
we sometimes indicate explicitly by writing Af:’) for Ag. Also, the Poisson structure
(n

which corresponds to Ay, as in (1.2), is denoted by 7, or 7, ). The corresponding
Lotka-Volterra system (1.1) will be denoted by LV(n, k).

Two families of Lotka-Volterra systems LV (n, k) have already been studied from
the point of view of integrability. The first one, which we will refer to as the

Bogoyavlenskij-Itoh case, is when n = 2k + 1. Notice that A; is then a circulant?

1Recall that a Toeplitz matrix is a matrix in which each descending diagonal from left to right
is constant; when such a matrix is skew-symmetric, it is entirely determined by its first row.

2A circulant matrix of size n is a Toeplitz matrix A satisfying the additional property that
Ajp =Aipr11 fori=1,...n—1, so that each row is obtained from the previous row by rotating
it by one element to the right.
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matrix and the system has a symmetry of order n, given by permuting the vari-
ables in a cyclic way. In [15], Y. Itoh gives explicit combinatorial formulas for k+ 1
independent first integrals Ko, Ky,..., Ky of LV(2k + 1, k), where K; is a homo-
geneous polynomial of degree 2i + 1; in particular, K is the linear Hamiltonian
H. An alternative construction of these first integrals was given in [3] by O. Bo-
goyavlenskij, who obtains them as spectral invariants of a Lax operator which he
constructs. Next, Y. Itoh shows in [16] by a beautiful combinatorial argument that
the integrals Ko, K1,..., K} are pairwise in involution (Poisson commute). Since
the rank of the Poisson structure 7r,(€2k+1) is 2k, this shows that LV(2k + 1, k) is

integrable in the sense of Liouville, for all k.

More recently, another family of Lotka-Volterra systems came up in the study
of some polynomials (so-called multi-sums of products) which appear as invariants
of a discretization of some integrable equations, such as the modified Korteweg-de
Vries equation. This family consists of all LV(n,0), i.e., they correspond to the
matrix Ag, whose upper-triangular entries are all equal to 1. It was shown in [23]
"]

that these systems have [ independent first integrals which are pairwise in

involution. Again, this shows that LV(n,0) is integrable in the sense of Liouville,
since the rank of the Poisson structure ﬂ(()") is n when n is even, and n—1 otherwise.
In addition, it is shown in [23] that LV(n, 0) is also superintegrable, i.e., it has n—1
independent (rational) first integrals. This alternative viewpoint of the integrability
of these systems exhibits the integral curves of the Hamiltonian vector field (1.1)
as being confined to tori which are of lower dimension than what is expected from
Liouville integrability. This property has important implications to the dynamics

of the Hamiltonian system.

The starting point of the present paper is the observation that LV(n,0) is a
reduction of the Bogoyavlenskij-Itoh system LV(2n — 1,n — 1): setting the last
n — 1 variables of the latter system equal to zero, we get a Poisson submanifold
linearly isomorphic to R™, the restricted Poisson structure is 7y and the Hamiltonian
of LV(2n — 1,n — 1), restricted to the submanifold, is precisely the Hamiltonian
of LV(n,0). This does not mean that the Liouville integrability of LV(n,0) is a
consequence of the Liouville integrability of LV(2n — 1,n — 1); on the contrary,
except for the Hamiltonian H = K, each one of the first integrals K; becomes
trivial (zero) under the reduction; in particular, the rational integrals of LV(n,0)
cannot be obtained from the polynomial first integrals of LV(2n — 1,n — 1). The
natural question which arizes is the integrability of the systems that interpolate
between LV(2n — 1,n — 1) and LV (n, 0). In fact, it is easy to see that starting from
LV(2n — 1,n — 1) and setting successively the last surviving variable equal to zero,

one gets the following string of Lotka-Volterra systems:

IV2n—-1,n—-1)>LV(2n—-2,n—2) > --- > LV(n+1,1) —» LV(n,0) ,
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with corresponding Poisson structures m,_1, mn—2,...,71, 7o (in the appropriate
dimensions). In each step, precisely one of the polynomial first integrals becomes
trivial (namely, the one of highest degree), yet we will show that these Lotka-
Volterra systems are Liouville integrable by constructing, at each step, a sufficient
number of independent rational first integrals, which are themselves pairwise in in-
volution, but are also in involution with the (restricted) polynomial first integrals.
But what happens with superintegrability? Non-commutative integrability, which
interpolates between Liouville integrability and superintegrability is the answer!
Quickly stated (see Definition 5.1 below for a precise formulation), a Hamiltonian
system on an n-dimensional Poisson manifold is a non-commutative integrable sys-
tem of rank r if it has n — r independent first integrals, r of which are in involution
with all n — r first integrals (so the Hamiltonian is among them). Clearly, superin-
tegrability corresponds to r» = 1; also, Liouville integrability correspond to the case
in which r is half the rank of the Poisson manifold (all n —r first integrals are then
pairwise in involution). For the original definition of non-commutative integrability,
and its application to the study of the Euler equations on Lie algebras, see [21]; for
further developments on non-commutative integrability, in particular the existence

of action-angle variables, see [12, 13, 18].

We can now state the main theorem of this paper. Fix n and k with n > 2k + 1.
For:=0,1,...,k let Ki(n’k) denote the restriction of the polynomial first integral
K; of INV(2n — 2k —1,n—k —1) to LV(n, k). Also, for £ =1,...,n — 2k — 2 denote
by Hé"’k) the n — 2k — 2 rational® first integrals of LV(n — 2k,0), pulled back to
LV (n, k) (using the Poisson map in Proposition 2.3).

Theorem 1.1. Consider the Lotka-Volterra system LV(n, k), where n > 2k + 1.

(1) It is non-commutative integrable of rank k + 1, with first integrals
n,k n,k n,k n,k n,k n,k
H =K kM kR gk gk gk (1.4)

The first k 4+ 1 functions of this list have independent Hamiltonian vector
fields and are in involution with every function of the complete list (1.4).
(2) It is Liouville integrable with first integrals

H=K{"M k™Y kY g gin

where r := ["TH] — k.

As was pointed out by the anonymous referee, the LV(n, k) systems which we
consider here are particular examples of Hamiltonian systems that are obtained
by the method of descent, applied to the Bogoyavlenskij-Itoh systems (see [5]).
It is an interesting open problem to prove the Liouville and/or non-commutative

3The pullback of the Hamiltonian H of LV(n — 2k,0) is excluded from this list because it is
equal to K}(ﬂmk).
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integrability of the other Lotka-Volterra systems that are obtained in [5] by the

method of descent.

2. QUADRATIC POISSON STRUCTURES AND POISSON MAPS

We first introduce the Poisson structures which appear in the Lotka-Volterra
systems which we will construct in the next section. For any k with 0 < k < n we

define a skew-symmetric Toeplitz matrix AI(JL) of size n by setting, for 1 <1i < j < n,

, 1 m >/
A(")) — n+i h m._ ) 21
( E ) €pi; Where ¢€f 1 m<d. (2.1)
It is fully determined by its first row, which is given by (0,1,1,...,1,—-1,—-1,...,—1),

with —1 appearing &k times (at the end). When its size is clear from the context,
we also write Ay for A,(Cn)7 and similarly for the entries of this matrix. Using Ay we

(n)
k

consider the quadratic Poisson structure ;' = 7 on R”, defined by the following

brackets:

{zis ity = (Ak), Tz = GZI;xlx] . (2.2)
It is well-known that such quadratic brackets always satisfy the Jacobi identity,
hence they are indeed Poisson brackets (for a quick proof, see [5]). The rank of the

Poisson structures 7 is given by the following elementary proposition.

Proposition 2.1. The rank of m, = Wli") is n when n is even and n — 1 when n s

odd. In the latter case,
Lh+4+1Lk+3 -+ Tp—

k
C:=x120... 273 Tp—ktl -+ Tn_1Tn (2.3)
Th42Tk+4 - - - Tn—k—1

is a Casimir function of mj.

Proof. Tt is well-known (see e.g. [19, Example 8.14]) that the rank of the quadratic
Poisson structure 7y, (at a generic point) is equal to the rank of its defining ma-
trix Ag. Let us first show that the rank of A is n when n is even. To do this, we
show that the determinant of Ay is 1 modulo 2. This is done by replacing in Ay the
i-th row by the sum (modulo 2) of its é-th and (i + 1)-th rows, for i = 1,...,n —1;
also, we replace the last row by the sum (modulo 2) of all the other rows of Ay.
The resulting matrix is upper triangular, with all its diagonal entries equal to 1
modulo 2. This proves that when n is even, Ay is of rank n. When n is odd, Ag
cannot be of rank n because Ay is skew-symmetric, but the top left principal minor
of Ay is invertible, since it is of the above form (modulo 2), hence the rank of Ay
is n — 1. To prove that C is a Casimir of m; when n is odd it suffices to show
that {z;,C} =0 for i =1,...,n, which is easily done by direct computation, using

(2.2). Alternatively, one checks using (2.1) that the following vector

(1,1,...,1,1,-1,1,~1,...,1,-1,1,1,1,...,1)
N—— S——

k n—2k—1 k
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is a null vector of Ag. O

We show in the following two propositions how the Poisson structures 7y are

related.
Proposition 2.2. For £ =0,...,n, consider the inclusion map
1w R™ — Rt

2.4
($17£L'2,...,£Cn) = (1’1,%2,...,$5,0,$g+1,$[+2,...,$n). ( )

For any k with 0 < k < n, the linear subspace 1yR™ is a Poisson submanifold
of (R"1 7)), and so 1, is a Poisson map, when R™ is equipped with the reduced

Poisson structure:

a) If k << n—k, then the reduced Poisson structure (on 1,R™ ~ R™) is 7y;
b) If k =0, then the reduced Poisson structure is mo;

c) If £ =n and k > 0, then the reduced Poisson structure is mp_1.

In each one of these cases, the Hamiltonian system on (R"* 7) defined by a
function H restricts on 1R™ to a Hamiltonian system, with the restriction of H as

Hamiltonian.

Proof. Recall that a submanifold N of a Poisson manifold (M,II) is a Poisson
submanifold if all Hamiltonian vector fields of (M, II) are tangent to N (at points
of N). In our case N is the submanifold of M := R™"*!, defined by y,,; = 0, where
we denote by 41, ...,Yns1 the standard coordinates on R"*1. Let F be a function
on M and consider its Hamiltonian vector field, which is given by X := {-, F'}.
Thanks to the diagonal nature of the brackets Tr,(cnﬂ), we see that Xplyer1] =
{ye11, F} = y441G, for some function G on R"*1, hence the bracket vanishes on N.
So, X is tangent to N and N is a Poisson submanifold of (M, II). If we denote by
pe the natural projection of R**! on 3,R™ ~ R”, then for any function F on N an

extension of F to M is given by F := F o py, and so the reduced Poisson structure

on N is given by the following brackets:
{wi, 25}y = {ziopezjop ™ ow, 1<ij<n. (2.5)

Since x; o pg = y; when ¢ < £ and x; o pp = y;+1 when ¢ < 4, the right hand side of
(2.5) is given (for ¢ < j) by

n+i+1 . .
€tk 1TiT5 1<l<y,
e?:,2+1xixj , j<lorl<i.

In cases a) and b) both formulas amount to e?_t,ixzxj = {z4,x;},, while they amount

in case ¢) to e;i,zilximj ={zy,z;}, 4. O

Notice that, since the reduced Poisson structure belongs again to our class of

Poisson structures, the use of the proposition can be repeated one or several times.
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For example, as indicated in the introduction, one can by repeated use of ¢) realize
LV(n,0) as a Poisson reduction of LV(2n — 1,n — 1).

Proposition 2.3. For any k with 0 < 2k < n, the map defined by

b (R™, x,) —  (R"%k )
(X1,29,...,&n) = X122 .. Tk(Trt1, Tht2y .oy Tk )Tkt .- LT s
(2.6)
18 a Poisson map.
Proof. Let us denote the natural coordinates on R™ 2% by 41, ..., y,_2r. We need
to show that
{i, yj (()W%) o ¢ = {yiodr,y; o ¢>k},(€n) (2.7)

for all 4,7 with 1 < ¢ < j < n — 2k. Let us denote by Py the product of the
first and last k coordinates of R", P, = z129...2kTp—k+1Tn—k+2---Ln. Then
Yi © ¢, = Pra;1k, and so the right hand side of (2.7) is given by

{Petisr, Powjii}y” = P2 @ik 0o}V 425 00Pe {in, Pod —2ipn Pe {wjn, P}

The first term in this expression is the left hand side of (2.7), since both are

equal to PZx;i,x;jik (no signs!); the second and third terms are both equal to

zero, because {xzg, z122. .. xk};") = —kxpzi2s ... 2, and {zp, Tp_k11 - 'xn}gl) _
kxoXp_g41--. Ty, for any £ with k < € < n— k. O

We will also make use of the involution ¢ : R — R"™, defined by

1/1(11,%2, s 7xn) = (xna s 739271'1) . (28)

Clearly it is, for any k with 0 < k& < n, an anti-Poisson map from (R", 7y) to itself.

3. DEFINITION OF THE SYSTEMS LV(n, k) AND THEIR FIRST INTEGRALS

We now introduce the Lotka-Volterra lattices which will be studied in this
paper. Fix n and k with 0 < k& < n. Let us recall from (2.1) that Ay de-
notes the skew-symmetric n x n Toeplitz matrix, whose first row is given by
(0,1,1,...,1,-1,-1,...,—1), with —1 appearing k times. The corresponding
Lotka-Volterra system is given by

n

i’i = Z(Ak)i,jxixj . (31)

j=1
We will denote this system by LV(n, k). It is a Hamiltonian system, with Hamil-
tonian H := x1 + 2o + - -+ + x,, and Poisson structure 7. As pointed out in the
introduction, the Liouville and superintegrability of LV (n,0) have been shown re-
cently by van der Kamp et al., [23] while the Liouville integrability of LV (2k + 1, k)
has been established by Bogoyavlenskij [4] and Itoh [15, 16]. The systems which
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will be considered here interpolate between these two integrable systems in the fol-
lowing sense. Counsider LV(n, k), where n > 2k + 1. On the one hand, setting the
last k coordinates of R™ equal to zero, we arrive at the reduced Hamiltonian system
LV(n—k,0), which is of the type studied in [23]. On the other hand, LV(n, k) can be
obtained by reduction from the Bogoyavlenskij-Itoh system LV(2n—2k—1,n—k—1)

by setting the last n — 2k — 1 coordinates of R2"~2k~1

equal to zero. In what fol-
lows, it is these systems LV (n, k), with n > 2k + 1, which we will analyze from the

integrable point of view.

For future reference we first give a Lax equation for (3.1). For the special case of
LV(2k + 1, k) the following Lax equation, with spectral parameter A\, was provided
by Bogoyavlenskij in [3]:

(X +AM) = [X + AM, B — AM**1] (3.2)

where for 1 < 4,57 < 2k + 1 the (4,7)-th entry of the matrices X, M and B is

respectively given by

Xij = 0ijanti, Mij:=0i11;, Bij:=bi:=—0i;(xi+zig1+---+zigp).
(3.3)
In the right hand side of these formulas, all indices are taken modulo 2k + 1 so
that, for example, Moi+1,1 = 1. To check that (3.2) is equivalent to (3.1) (with
n = 2k 4 1) it is sufficient to check that (3.1) is equivalent with X = [X, B] and
(since M is constant) that [M, B] —[X, M**1] = 0. For the latter, one finds at once

from (3.3) that
(IM,B] = [X,M**"]);j = 6is1,5(bj —bi — xi + xj40) = 0.

Also, since B is a diagonal matrix, [X, B]; ; = X; j(b; — b;), with non-zero entries
only when j =i — k; for these entries, one has from the Lax equation

&y = Xii—k = [ X, Blijick = xi(bi—k — b3) ,

which is the right hand side of (3.1) (recall that n = 2k + 1). The Lax equation for
the general case (n > 2k + 1) is obtained from this Lax equation by substituting 0

for the last variables.

3.1. The rational first integrals. We will first construct a set of rational first
integrals for LV (n, k), where n > 2k+2. To do this, we will use the map ¢y, defined
in Proposition 2.3: we construct n — 2k — 2 rational functions on R™ by pulling back
(using ¢y) the n—2k — 2 independent rational first integrals of LV (n— 2k, 0) (except
the Hamiltonian), which were constructed in [23]. We will then show that this yields
n — 2k — 2 independent first integrals of LV(n, k).

We first recall the explicit formulas for the rational first integrals that were in-

troduced in [23]. Setting m :=n—2k and r := [21] and denoting the coordinates
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on R™ by y1,...,Ym, the first set of rational first integrals of LV (n — 2k, 0) (roughly
the first half) is given for 1 < ¢ < r by

Y ¥ [P
(y1 gyt —|—y24_1) Y204+1Y2043 Ym
Y20Y2042 - - - Ym—1

Fp:= (3.4)

Y2u++2Y204+4 - - Y,
(Y1 + Yo + o ypg) AR o
Y204+1Y20+3 - - - Ym—1

when m is odd,

when m is even.

The other rational first integrals are obtained by using the involution 1 (see (2.8)):
set Gy := *Fy for 1 < ¢ < r. It leads to the following m — 1 different (in fact,

functionally independent) functions:

F1 = Gl,F27 N ,Frfl,Gg, .. -aGrflaFr = Gr, when m is Odd, (35)
F,...,F_1,G,...,Gr_1,F, = G,, when m is even. (3.6)

We denote the pull-backs via ¢y, of these functions (in that order) by H:fn’k), Hé"’k),

. ,Hr(:fikl). In formulas, this means that

H = gt H 0 for (=1, ,m—1, (3.7)

where HYL*%’O), . .,Hf,?:fk’o) stand for the functions in (3.5) or (3.6). In what
follows, we will not consider the last function, to wit H, 7(:;]? = ¢pFr = ¢;G,; in fact,
F, is the Hamiltonian of LV(m,0), F;. = y1 + ..., Ym, and so ¢y F, is a polynomial
first integral which we will recover in a different way in the next section, together

with the other polynomial first integrals.

For example, when n is odd, the fact that ¢;y; = 172 ... TeTipkTr—ky1 ... Tn_1Tn
implies for / =1,...,r— 1= "7_1 — k that

(n,k) Tk 2041 T k42043 - - - Tn—k
H, = T1®2... Tk (Thg1 + T2 + -+ Thgor—1)
Th4+20Tk+20+42 « - - Tn—k—1

ok
= ngn )(Ik+1+$k+2+"'+117k+2£—1),

where we have introduced in the last line a notation*, which will turn out to be
k) and f]gn’k), with £ = r,...,n — 2k — 2 can be

obtained by applying ¥* to these functions, because ¢ and 1) commute.

very useful. The functions H, é

We will now show that the functions H, Z("’k) are first integrals of LV (n, k). To do

this, we will use the following lemma:

Lemma 3.1. Let £ =1,...,n— 2k — 2 and let j denote an index which is present
in the sum which appears in Hén’k) (see (3.8)).
) - p(ngk) g\ _
(1) If the variable x5 appears in x;H, then {xs,xjHe }k =0;

N N (n)
(2) If the variable xs does not appear in Hén’k) then {a:s, Hé"’k)}k =0.

iFor n even, IA{é"’k) is defined in the same way, to the effect that ngn’k)
Ar(n,k
ngn ) (Tht1 + g2+ + Tht2e) -

Tp—k+1

e —1Ty

(3.8)
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Proof. We give the proof for n odd. Using the involution 1 if necessary, we may
suppose that 1 < ¢ < ”T_l — k. Then j satisfies k < j < k 4 2¢. In order to prove
(1), let us first suppose that 1 < s < k. Then it follows from (2.1) and (2.2) that

{zs,x129... 25} = (k — 25+ V)zsz129 ... T |
{Tsy Tn—pt1-  Tn1Zn} = (28— k — 2)TsTp—41 ... Tn_1Tn , (3.9)

{rs,z;} =xs2;, and {xs,xp1/m}=0ift=k+2(,....n—k—1.

It follows from these formulas that {xs, leflén’k)} =0 when 1 < s < k. The proof

for s satisfying n — k + 1 < s < n is essentially the same. When s = j, the above

formulas (3.9) get replaced by

{zs,x129 ... 2} = —kx 2129 . .. 7 |
{x& Tn—k+1 - - xn—lxn} = kmsxn—k-‘rl c o Tp—1Tn , (310)

{zs,2;} =0, and {zs,z41/xe}=0ift=k+2(,....n—k—1,

and one arrives at the same conclusion. Finally, when k + 2¢ < s < n — k the
first two formulas and the last formula in (3.10) are still valid, the third one gets
replaced by {z,z,;} = —zsz;, and the last one gets replaced, depending on whether

s is even or odd (in that order) by

— _ .2
s = : — = —1 -
{I‘s .I‘s+1/1'3} $31'3+1/JU5 or {.IS,IS/IS 1} Qfs/l’s 1

In either case, it follows again that {xs, xjﬁén’k)} = 0. This finishes the proof of

item (1). Item (2) is an immediate consequence of item (1) because if s does not
appear in ﬁé"’k) then (still assuming that 1 < ¢ < ”Tfl +k)k<s<k+2¢and so
0= {xs,xs.ﬁ[é"’k)} =z, {ms, I:Ién’k)}. [l

Proposition 3.2. For any k such that n—2k—2 > 0, the rational functions Hén’k)
with £ =1,...,n— 2k — 2 are first integrals of (3.1).

Proof. Again we give the proof only for m odd. Since (3.1) is the Hamiltonian
vector field associated to H = Z?:l x;, it suffices to prove that Hé"’k) and H are
in involution. This is shown in the following computation, where we use item (1)

of Lemma 3.1 in the second step and item (2) in the fourth step:

k+20—1 n k+20—1 k+20—1
{ngn’k),H} = {ﬁén,k) Z xl,le}:{ﬁén’m Z x;, Z Jii}

i=k+1 i=1 i=k+1 i=k+1

k+20—1 k+20—1
. {Agnvkx > x} S 0.

i=k+1 i=k+1
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3.2. The polynomial first integrals. We will now construct & independent poly-
nomial first integrals for LV(n, k), besides the Hamiltonian H. We do this by using
the polynomial invariants which Bogoyavlenskij constructed for LV (2k + 1, k) from
the Lax equation (3.2). The characteristic polynomial of X + AM has the form

k
det(X + AM — pld) = NRFL — 2Rl N = e Akt (3.11)
i=0
where, by homogeneity, each K; is a homogeneous polynomial (in x1,...,Zokt1)

of degree 2i + 1. One has Koy = x1 + 29 + -+ + Zop+1 = H, the Hamiltonian,
and Ky = x1x3...Tog41, which is a Casimir of LV(2k + 1,k). Being a coefficient
of the characteristic polynomial of the Lax operator X + AM, each one of the K;
is a first integral of LV(2k + 1, k). In view of Proposition 2.2, the restrictions of
these integrals K; to LV(2k, k — 1), LV(2k — 1,k — 2),...,LV(k + 1, 0) lead to first
integrals for these systems, but these restrictions may be trivial (zero). In order to
find simpler formulas for these restrictions and to see when they are zero, we give
a combinatorial description of the polynomials K;; the description that we give is

a matricial reformulation of Itoh’s original combinatorial description, given in [15].

Fix n and k with 1 < 2k + 1 < n and consider the matrix Ay := Agcn) defined
in (2.1). Fixi € {1,...,k} and let m = (my, ma, ..., ma;+1) be an 2i + 1-tuple of
integers, satisfying 1 < my < mg < -+ < mg;11 < n. We view them as indices of

the rows and columns of Ag: we denote by B,, the square submatrix of Ay of size

2i + 1, corresponding to rows and columns my,mo, ..., mg;+1 of Ag, so that
(Bm)s,t = (Ak)mam, » for s,t=1,...,2i+1. (3.12)
Let
8imk) = {m | By, = AE”*”} . (3.13)

As was pointed out by Bogoyavlenskij, the polynomials K; which appear in the
characteristic polynomial (3.11) can be written as
K; = Z Ty Trng - Ty -+ - Trng oy - (3.14)
mesg2k+l,k)
For example, S(()%H’k) ={1,2,...,2k+ 1} and S,(C%H’k) ={(1,2,...,2k+ 1)}, so

that Ko =21 + 22+ -+ + ®ox4+1 and Ky = 2122 ... Tog41, as above.

We use the latter description to give a combinatorial formula for the restrictions
of the integrals K, obtained by setting the last few variables equal to zero. Suppose
that we put the last £ < k variables xok_¢i2, Tok—r43,...,Tok+1 equal to zero,
which leads us by reduction to LV(2k +1 — ¢,k — £). Consider a first integral K; of
LV(2k+1, k), as defined in (3.14). Since the restriction of K; to LV(2k+1—¢,k—¢)
is obtained by replacing the last ¢ variables xog_y42, Tog—¢43,--.,Togt+1 by 0, the
sum in (3.14) can be restricted to the (2¢ + 1)-tuplets m = (mq1,ma, ..., M2i41),

with me;11 < 2k — € + 1; thus, we can view these integers now as the rows and
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columns of a submatrix of A,(fkﬂ) obtained from it by removing from it its last ¢

. 2k —0+1
rows and columns, i.e., as the rows and columns of Ai_ ’ D For future reference,

we state this in the following proposition.

Proposition 3.3. Suppose that 1 < 2k +1 < n. Fori=0,...,k the polynomial
K™F) | defined by

(n,k) |
K; = E Ty Ty - Trng -+ Ty (3.15)
mesgn,k)

is a first integral of LV(n, k).

Notice that Ki(n’k) is homogeneous and has degree 2¢ + 1. Notice also that
when ¢ > k the set SEn’k) is empty; said differently, when i > k the restric-
tion of K; to LV(n, k) is zero. We will see below that the polynomials Ké"”“) =
H K™

not trivial.

K ,i"’k) are actually functionally independent, in particular they are

Since the polynomials K ™*)

p are defined in terms of the sets Sl(-n’k), we need

a characterization of the elements of the latter sets. It is given in the following

proposition.

Proposition 3.4. Suppose that n > 2k + 1 and let m = (mq,...,m2;41) be a
strictly ordered 2i + 1-tuplet of elements of {1,2,...,n}. Then m € Sgn’k) if and

only if the following conditions are satisfied:

(1) mi+s<ms+n_k<mi+s+l fOTSZI,...,’i,'

(2) Moit1 < Miy1 +n —k.

Proof. Suppose that m = (my,...,me;41) with 1 < myp <mg < -+ < mg;11 < n.
In view of the definitions (3.12) and (3.13) of B,,, and Sgn’k), we have that m € Sgn’k)
if and only if

(A,g"))m L= (AEQ"“))S . for 1<st<2i41.
Using (2.1) this condigion can be translated into
n+mg>k+m; when i+1+s>t,
n+ms<k+my; when i4+14s<t,
which is equivalent to
n+ms>k+m;y when i+s=t, (3.16)
n+ms;<k+my when i+1+s=t¢. (3.17)

The latter equivalence is a direct consequence of the fact that m is strictly in-
creasing, i.e., ms < my; when s < t. The conditions (3.16) and (3.17) yield for
s =1,...,i precisely item (1), while item (2) is obtained by taking s = ¢ + 1 in
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(3.16), which is the only remaining possible value for s in (3.16) and (3.17) such
that 1 <4,7 <20+ 1. O

We list a few properties of the elements m of Sgn’k) which are direct consequences

of Proposition 3.4.

Corollary 3.5. Let n and k be integers with n > 2k + 1. Suppose that m =

)

(my1,ma,...,majy1) € Sgn’k and denote by m' the vector m with its middle entry

miq1 replaced by m;_ ;.

(1) m; < k;

(2) mipoa >n—k>2k+1;

(3) m' € Sgn’k) if and only if moip1 —n+k <mj <mi+n—k;
(4) m' € Sgn’k) when k <mj , <n—Fk+1.

Proof. If we take s := i in Proposition (3.4) (1), we find m; < maoiy1 —n+k < k,
which is item (1). The first part of item (2) is obtained similarly by taking s := 1 in
the same inequality; the second part of item (2) follows from n > 2k 4+ 1. When we
replace m;11 by mj,, the only inequalities in Proposition (3.4) which get affected
are (1) with s := 1 and (2); they become precisely the two inequalities in item (3).
If k <mj ; <n—k+1then mgi; —n+k<mj,, <mi+n—EFk, soitem (4)is a

consequence of item (3). O

One more property of the elements m of Sgn’k) is given in the following example.

Ezample 3.6. Let n > 2k + 1 and suppose that m = (mq,ma,...,mgj11) € Sgn’k)
with mo; 1 < n. Then from the conditions given in Proposition 3.4 it easily follows
that m’ = (my + 1,ma + 1,...,mg;11 + 1) also belongs to Sz(-"’k). In the case
n=2k+1,if m = (m,ma,...,majy1) € ngk) with mg;41 = n then m’ :=
(mf,mh,...,my 1) = (1,m1 +1,mp +1,...,mg; + 1) belongs to Sgn’k). Indeed
the only condition needed to be checked is the mj ; < mj +n —k < mj,, which
translates to m; < k+ 1 < m;41. This follows from Corollary 3.5 (items (1) and
(4)). This shows that the cyclic group of n elements acting on R™ by permuting

J¢(2RFLE)

the variables, leaves the first integrals invariant.

4. INDEPENDENCE OF THE FIRST INTEGRALS

We have constructed in the previous section n — k — 1 (polynomial and rational)
first integrals for LV (n, k), where n > 2k + 1. We prove now the following result,

concerning the independence of these first integrals.

Proposition 4.1. The n—k—1 first integrals H{"’k), o Hfﬁ,}:)_w Ké"’k), Kf"’k),
ey K,g"’k) of LV(n, k) are functionally independent.
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The proof of this proposition is quite long and technical; it will take up this
whole section and can be skipped on a first reading, as the rest of the paper only

depends on the statement of the above proposition, and not on its proof.

We only need to show that the differentials of the above first integrals are in-
dependent at some point of R™: since these functions are polynomial or rational,
their differentials will then be independent on an open dense subset of R™, proving
their functional independence. To do this, we show that the Jacobian matrix of
these first integrals with respect to the n — k variables z1,...,x,_ is of maximal
rank (n —k—1) at the point 1 =(1,1,...,1) of R™. More precisely, we show that
there exist constants p, and ¢; (with £ =1,2,...;n —2k —2 and ¢ = 1,2,...,k)
such that the Jacobian matrix at 1 of the following functions (which are the above

first integrals, shifted by a multiple of the Hamiltonian H = Kén’k)),

ngn,k) —pH for £=1,2,....,.n—2k—2,
Ki(n,k) _qu fori:1727...,k,

has the following form

0n—ok—2k Pn_ok—2n-2k
1k 1y 2k ) (4.2)
Ak 0% n—2k
and is of maximal rank; in this block matrix, the subscripts denote the dimension
of the different blocks. Also, the matrices 1 and 0 have all entries equal to 1,

respectively to 0.

We first prove the existence of the constants p; and ¢;. When n is odd, it follows
from (3.8) that

n,k
81;‘5;(1):26—1, for j=1,....k, (4.3)
and so, since gTZ =1, it suffices to define pp :=2¢—1for £ =1,2,...,n—2k—2 to
obtain the upper left block of zeroes in (4.2). Similarly, when n is even, p,; := 2¢ does
the job. Also, it follows from (4) in Corollary 3.5 that the number of monomials in
Ki("’k) containing x; does not depend on j when £ < j < n — k + 1; their number
is the number ¢; needed to obtain the lower right block of zeroes in (4.2) since all

‘(n,k)

. . o
these monomials have a coefficient 1, and so —-— = ¢;.
J

It remains to be shown that the matrix (4.2) has maximal rank. It is shown
in [23] that the Jacobian matrix

n—2k,0 n—2k,0
O HID) )

a(yla Y2,... 7yn72k)
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is of full rank (n — 2k — 1). Since Hé”’k) = Hénf%’o) o ¢, we have

aHén,k) aH(n—Qk,O)

1) = £ 1), for j=k+1,....n—k,
oz (1) D0k (1) j

and so the rank of the Jacobian matrix

n,k n,k
oHM™M . H™Y
) (14)
O(Tht1s Tht2s s Tnk)

is also maximal. Now ®,,_ox_2 ,,—2k is given by

a(an’k) -piH, ..., Hén_l;;)c_g — Pn—ok—2H) ()
0Tkt 1, Tht2s -+ s T—k) ’

and all entries below it (in (4.2)) are equal to 1. Tt follows that the matrices (4.4)

q)n72k72,n72k =

D, or_9mn_ok .. . . .
and < " 1 " coincide, up to some row operations; in particular, they have
1,n—2k

maximal rank.
We still need to show that Ay ; also has maximal rank. For the proof, we need
several notations and relations which are of combinatorial nature. We first introduce

the notation that we will use. First, we denote by K or K("*) the Jacobian matrix

(n,k) (n,k) (n,k)
Golnb) 8“% e Zk) )(1) . so that %) = ‘”;;ju) @)
For m = (my,ma, ..., moj+1) we denote by m the vector m with its middle element
removed,
o= (M1, Moy My M2y« e Mt ) -

We deduce from the definition (3.13) of SEH’k) three related sets
SEZ’/C) = {m € SE””“) |je {ml,...,mi+1}} ,
509 = Ll me sP) 800 = [ e8| e s, omid )
where j = 1,..., k. Finally, we put
o) = HEETIR) (4.6)

In the following proposition we relate the entries of the matrix Ay, with those of X
and with the numbers chj) for which we give a formula; combining these relations,

we will prove that Ay j is of maximal rank.

Proposition 4.2. Let n,k be such that n > 2k +1 and let i,j € {1,2,...,k}.

(1) The entries of X are given by
(n,k) _ (n,k) .
Ki,j = #Si’j ;
(2) The entries of Ak and of X are related by
(Aki)ig = fKZ(-Z-’k) —

(3) The assignment m — m', where m/, := mg for s =1,...,;i+1 and m/, :=

ms+1 fors=i+2,...,2i+1 defines a map p: Sgnfl’k) — SEn’k);
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(nfl,k) 6(n,k)

— 8§, and p; : gin=bk) _, ngk)

(4) The map p induces bijections p : $ i

forj=1,... k. In particular,

#ngk) = gl(f“j) foralln>2k+1;

(5) The entries of X and the numbers ag)kj) are related by

X(@,k) . j{(n'—l,k) (k)
1,7

0. =0ij

(6) Forj <k,
i—2

(2 —k+s), (4.7

*® w1
Ths T 0T (9 2)1

where the right hand side is, by definition, equal to 1 when i = 1.

Proof. From the definition (3.15) of Ki(n’k)7 combined with (4.5), we find that
x%k) =# {m € ngk) | j € {m1,ma,... 7m22‘+1}} .

In order to derive (1) from it suffices to use the inequalities j < k < mjy2 (see
item (2) in Corollary 3.5 for the second inequality). In view of (4.1) and (4.2), the

matrix Ay j is by definition given by

IEM —qH, .. K" — q.H)

Ay =
ok 8(m1,x2,...,xk)

s

1),

from which item (2) follows. In order to prove item (3), we need to show that when
m satisfies the two conditions of Proposition (3.4), then m’, as defined in item (3),
also verifies them (with n replaced by n + 1). In these conditions, every term is
augmented by 1, proving their validity, except for condition (1) with ¢ = 1, where
one has to check that m;11 < my +n —1—k implies that m;;1 < mi; +n —k, but
this is trivial. This proves (3).

Since the map m — m amounts to removing the middle entry of its argu-
ment and since, by definition, Sgnk) is the image of this map, p induces a map
p: Sgnfl’k) — 3§n’k), which is by construction injective; explicitly it is given by
(ma,...,mi,mita,...,moiy1) — (M1,...,my,miya +1,...,mai41 + 1). To show
that p is surjective, choose as representative m’ for a given m’ € Sg"”“) the one
for which mj,,; = k + 1; this yields indeed an element m’ of Sgn’k), according to
item (4) in Corollary 3.5. Thanks to this choice, m' = p(m) with m € 81(4”_1’@,
by the same use of Proposition (3.4) as above: the exceptional case of (1) with
i = 1 now amounts to checking that m;+; = k+1 < my +n — 1 — k, which is
fine since 2k + 1 < n. Then p(1) = m’, so that p is surjective, hence bijective.
For future reference, notice that if one can pick a representative m’ in Sgnfl’k) for
m’ with m;,, < k+ 1, then this representative is also in the image of p. If, in

the bijection p, j appears as one of the (first ¢) indices of m, the same will be true
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for m/, and vice versa. Therefore, p; is also bijective, for j =1,...,7. From it and

from the definition (4.6) of (T(k,») , we get
o) = #8ZFTIE = 48P for allm > 2k + 1

This proves the different claims in (4). We next prove (5). In view of items (1)

and (4) we need to show that
#8(WH) = y8{" IR 4 4glnmLh) (4.8)

C_ (n,k) (n,k)
Let us denote for all n > 2k +1 and for j = 1,...,k by SZT; Coni,, and S/;<m1+1 the
subsets of Sz(zk) consisting of those m for which j = m;, 1, respectively for which
j < mit1. In view of item (2) in Corollary 3.5 these subsets form a partition of

8", We will show that

#80E = S0, and 80, =8I 8T (49)

1,J =M1 2,) <M1 2,]<Mj41

which proves (4.8). First, let us consider the restriction of the injective map p to

(n—1,k) . o .
SE-J-:;W+1 Its image is contained in 8Z e m 5 in fact, its image consists of zill ?f
n,k . . . n,k
Si’j:mi+1 since, as we pointed out in the proof of item (4), any element m’ € 8§,

with mj,, < k belongs to the image of p. This proves the first equality in (4.9).
For the second equality, consider the following diagram:

(n—1,k) P (n,k)
2,]<Mj41 1,J <M1

6(n—1,k) hj o(n,k)
S ——=—> 38,

The maps 7, in it are defined by m + m. Clearly this diagram is commutative.
The lower line is a bijection in view of (4) and the upper line is injective. We claim

that for every element m of 8 -, k),

L+ #r, 2 {ih) = #7, {pi()}) (4.10)
Indeed, according to Corollary 3.5 (3) and (4), given m € ng_l’k) the m such that
Tn—1(m) = m are precisely those for which m;; satisfies the inequalities m;11 <
mi+n—1—kand mo; 41 < mip1+n—1—k, so there are 2(n—1—k)+my—magjy+1—1
of them. Therefore
#T,;_ll{@} =2n—1—k)+my —mait1 —1=2(n—k)+my —maiy1 — 3,
#r, {pi()} =2(n— k) +my —mb;; —1=2(n—k) +my —maip1 — 2.
This proves (4.10). From it, the second equality in (4.9) is clear, because p is

injective and the maps 7,, are surjections.

The proof of item (6) will be given at the end of the section. O

We now show our main claim, to wit that the matrix Ay j is of maximal rank.

We do this by analyzing the structure of this matrix. As before, k and n are fixed
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(k)

0,5 0
(of size k x k). For fixed ¢, the right hand side of (4.7) is zero for ¢ — 1 consecutive

and n > 2k+1. Consider the integers o, , which we view as the entries of a matrix
integer values of j, namely for [E=43] < j < [E£=L] and it is positive for all other
integer values of j, because for such values of j, either all factors are negative or all
factors are positive, and the number of factors is 2¢ — 2, hence even. This means

(k) verify the following properties: for all ¢ € {1,2,...,k} and

that the integers o,
je{L,2,... )k —1}
k—i+3 E+i+1
(? > UZU;)H with equality iff [;Jr ] <Jj< {+;+ } .
The entries of K(™*) enjoy the same property: in view of items (4) and (5) of
Proposition (4.2), KEZ’k)—JCE?]kH’k) = (n—2k—1)o 1(13), also K(Qkﬂ *) is independent
of j (see example 3.6), so that

4,J

n k—i+3 , k+i+1
UC ) > UC(jH with equality iff [H] <j< {W} .

2 2
In fact, according to item (2) of Proposition (4.2), the entries of A = Ay also enjoy
the same property, since the cited item says that the lines of K("*) and A are the

same, up to an additive constant. So the matrix A has the following structure:

Aij = Ay j1 with equality iff [k_;_H))] <j< [k—i_;—i_l} .
It follows that A is of maximal rank. Indeed, the above property says that the
entries of the i-th row are decreasing in j with exactly ¢ elements (in the middle)
equal. Furthermore if the elements A; j,,...,A;;, of the i-th row are also equal,
then the elements A;y1j,,..., A1, of the i 4 1-th row are equal. Subtracting a
suitable multiple of the last line (whose elements are all equal, and different from
zero) from line ¢ we can make the i equal elements of line ¢ zero. Doing this for
i=1,...,k —1 and rearranging the columns, we obtain a lower triangular matrix
with non-zero diagonal elements. This shows that A is of maximal rank, and hence
terminates — modulo the proof of item (6) in Proposition 4.2 — the proof of
Proposition 4.1.

In order to prove item (6) of Proposition 4.2 we need two recurrence relations

(k)

for o, ; which we prove in the next lemma.

Lemma 4.3. Letk >i>2 and k> j > 2. Then

1) o) =0V v 200+ kit )oY

% k=1 k—1 k—2 kej+1
(2) ‘71(7,7')* 1(7 1)7L z(l,j)lJr 1(1])2+ JFUZ( 131+)

Proof. Using item (1) of Proposition 3.4 we deduce that for any 1 < m} < m} <
. < m} < ksuch that j € {m],...,m}} and any n > 2k + 1 we have

#{mGS( K me = ml for £=1,2,...,i} = (mh—m)(mh—mb) - (k+1—m)).
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Therefore

#8{H) = 3 (ma —ma)(ms —ma) -+ (k+1—my).  (4.11)
1<mi<me<...<m;<k
je€{mi,maz,...,m;}

From this formula we see that #ég?k) is independent of n, which also follows from
item (4) of Proposition 4.2. Therefore the choice n = 2k + 1 is reasonable. Since
for 1 € Sg?lkﬂ’k) we have that m; =1, it follows
#{m € 8GN iy = 0} = (h+1-0)0(Y
for all i < ¢ < k. Partitioning the set S 2k+1 k) as
S(2k+1 k) _ — U {me 8 2k+1 k) )
we get the proof of item (1).

For the proof of item (2) first note that there is a correspondence between the

sets

{(mi,ma,...,m;):2<my <mg<...<my <kandje{my,ma,...,m;}}
and
{(mi,ma,....m;):1<my <mg<...<my <k—1and j—1€ {my,ma,...,m;}}.

The correspondence is given by the function
(ml,mg,...,mi) — (m1 —1,mg—1,...,m; — 1).

Using the formula (4.11) we get that #{m € 8(2k+1 M my # 1} = al(lj 11) Now we

analyze the case m; = 1. For any £ € {2,3,...,j}, formula (4.11) gives
#{m € 8(2k+1 )y =1,mg = 0} =

(0 —1) > (ms —€)(mg —ms) - (k+1—m;)
{<mz<...<m;<k
je{t,ms,....,m;}

and therefore
#{m € Sg?jkﬂ’k) imp =1} =
J
Z(ﬁ—l) Z (mg—f)(m4—m3)~-~(k+l —mi). (412)

(=2 t<ms<...<m;<k
je{t,ms,....,m;}

This is because mo can only take the values 2,3,...,5. In a similar manner as in

the case my # 1, for 2 < 5/ < j we have

Z S (ms—0(ma—mz) (b +1—my) =
l=j"l<m3<...<m;<k
je{t,ms,....,m;}

J=3'+1
> (ms — £)(ma —mg3) -~ (k= j' +2—m;)

=1 ft<mz<...<m;<k—j' +1
j—3'+1€{t,ms,....m;}
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(k=j'+1)
i—1,7—j'+1"

can only take the values m; = 1,2,...,7 — 5/ + 1. Combining

which is exactly o, This is because the first entry of any vector in

S(2k 25'+3,k—j"+1)
i—1,j—j'+1

with formula (4.12) and the case m; # 1, we get item (2).
0

Before giving the general proof of item (6) of Proposition 4.2. we will prove it

for the special cases ¢ = 1 and ¢ = k. We do this in the following example.

Ezample 4.4. For the case i = 1 we easily get (see for example (4.11) or Proposition
3.4)
o =k—j+1, =12k

Therefore o'(k) - a§’“j 41 = L. For the case i = k, we already pointed out that the

set 8 (EFLE) pag exactly one element, namely 8 (Zk+1E) {(1,2,...,k,k+ 2,k +
3,...,2k+1)}. It follows that or,(”) =1, 7=1,2,...,k, and the sequence al(ck]). is

constant.

Proof of item (6) of Proposition 4.2. First we prove (using induction on k) that
k k+i-—1 .
2(1)—< 0 1 ),foralllgzgk. (4.13)

For ¢ = 1 this formula says that 0’5 1) = k, which is included in the Example 4.4.

Assuming that a(k) = (k;izl) for all 1 < k' < k and all « < &/, then using the

recurrence relation of item (1) of Lemma 4.3 we get
) (k+i-3 kE+i—4 . 213 k+i—1
= 2 4 (k= 1 = .
il ( sig )T gimg )T TR DLy g 2 —1

For our proof we will also use induction. For £ = 1 and k£ = 2 the proof is in
the Example 4.4. We suppose k > 2 and we consider the case 2j —k+i—2 >0
(the case 2j — k + i —2 < 0 being the same). In this case we will show that

(Z) (”;)H = (¥ F117%) (in the case 2j — k +i — 2 < 0 we have to show that

(2) O'i(,kj)_,'_l = (- Qj;;]f;i_l)). Assuming the truth of this formula for ¥’ < k, then

using the recurrence relation of item (2) of Lemma 4.3 we get

(k k) k—1 k—1 k—j+/4 k—j+/4 k—j
J) (,J+1 _U(,g 1) 'fj )+Z z( ljé ) - z( 1,Je+1))_ffi(f1,71) =
2j—k+i=3 +"§ C—ktjti=3) _ (k=j+i=2) _
21— 2 — 21— 4 21— 3

2j—k+i—3 N 2 —k+i-3\ [(—k+j+i-2\ [(k—j+i-2) _
2 —2 2 —3 2i—3 2 —3 N

2j—k+i—2
2 — 2
which follows from the formulas

2j—k+i—3 N 2 —k+i—3\  [(2j—k+i—2
2 —2 2 —3 h 2 —2
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—k4j4i—2 k—j+i—2
2 —3 2i—-3 )

5. NON-COMMUTATIVE AND LIOUVILLE INTEGRABILITY

and

In this section, we use the results of the previous section to prove our main
result, Theorem 1.1, which states that the Lotka-Volterra systems LV(n, k) (with
n > 2k + 1) are Liouville integrable as well as non-commutative integrable (of rank
k+ 1). First, let us recall the following definition (see [21, 18]).

Definition 5.1. Let (M,II) be a Poisson manifold of dimension n. Let F =
(f1,...,fs) be an s-tuple of functions on M, where 2s > n and set r :== n — s.

Suppose the following:

(1) The functions f1,..., f, are in involution with the functions f,..., fs:
{fi, f;}=0,  (I<i<randl1<j<s);
(2) For m in a dense open subset of M:

dfitm) A---Adfs(m) #0 and Xplm A---AXy | #0.

Then the triplet (M, I1, F) is called a non-commutative integrable system of rank r.

The classical case of a Liouwville integrable system corresponds to the particular
case where r is half the (maximal) rank of IT; this implies that all the functions
f1,..., fs are pairwise in involution. The case of a superintegrable system corre-

sponds to r = 1; in the latter case, the Poisson structure does not play any role.

We first consider the non-commutative integrability (of rank k + 1) of LV (n, k)
(with n > 2k 4+ 1). The n — k — 1 first integrals which we consider are H =
Kén’k), Kf"’k), . ,K,i"’k) (see Subsection 3.2) and Hf"’k), HQ("’k), e Hf:ig,l_z (see
Subsection 3.1). We know already from the previous sections that all functions are
first integrals of LV(n, k). Notice that when n is odd, H{"’k) is just the Casimir
function C (see (2.3)). It was shown by Itoh (see [16]) that the functions K; are

in involution, hence the functions K f”’k)

are also in involution, being restrictions
to a Poisson submanifold. We show in the following proposition that the functions

KZ-("’k) are in involution with the functions Hén’k).

Proposition 5.2. For { = 1,...,n— 2k — 2 and for i = 1,...,k the functions

Ki("’k) and Hé"’k) are in involution.

Proof. We give the proof for n odd and we write {-,-} for {-, }fcn) By using the
involution v, if necessary, we may assume that 1 < ¢ < an + k. Suppose that

X is a polynomial in x1,...,2, of the form X = (L + L)Y, where L and L'
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are linear, Y and L’ are independent of the variables xgy1,...,2,_x and L is the
sum of these variables. We will show that {ngn’k),X} = 0; since by items (3)

and (4) of Corollary 3.5, KZ-(n’k) is a (finite) sum of terms of this form, it follows
that {Hén’k),Ki("’k)} = 0, which was to be shown. First, since every variable
which appears in L’ or Y also appears in each term of H én’k) (in fact it appears in
ﬁén’k)), we know by item (1) in Lemma 3.1 that {Hén’k),L'Y} = 0. It remains
to be shown that {Hé"’k), LY} = 0, where we recall that L = x341 + -+ + Tp—.

Using again item (1) of Lemma 3.1 in the two first equalities that follow, and item

(2) of the same lemma in the fourth equality, we get

n—k n—=k n+20—1
{Hé"’k),Y 3 x} Y{Hé”’k), 3 xs}:Y{Hé"’k), 3 x}

s=k+1 s=k+1 s=k+1
n+20—1 n+26—1
=Y Z {xjHén’k),xs} = YHén’k) Z {zj,zs} .
j,s=k+1 j,s=k+1
The latter sum is zero because of skew-symmetry of the Poisson bracket. O

To finish the proof of non-commutative integrability, it remains to be shown that
n,k) K(n,k)
- 5

are independent on an open dense subset on R™. When n is even, the Poisson

the Hamiltonian vector fields, associated to the k41 first integrals K é

)

structure is symplectic, and so this follows from the functional independence of

Kén’k), .. .,K,g"’k). When n is odd, the Poisson structure is of rank n — 1 and a
Casimir is given by the rational function H 1(”7k), and so the functional independence
of Hf"’k), én’k)7 K§n’k) ... ,Kén’k) leads to the same conclusion.

Let us now consider Liouville integrability. We know from [23] that the functions
Fy, ..., F._1 are in involution, with r := [%ﬂ] — k. According to Proposition 2.3,
¢r. is a Poisson map, and so the pullbacks H{n’k), e Hﬁ’ilk) are also pairwise in
involution. The upshot is that the ["7“} independent functions H{"’k), ceey Hﬁ’f),
K(g"’k), . K,i”’k) are in involution. Since w,(cn) is of rank n when n is even and of
rank n — 1 when n is odd, this proves Liouville integrability. Notice that, rather
than using the functions Fi, ..., F,._1, one can also use the functions G1,...,G,_1,

because they are also in involution (since ¢ is an anti-Poisson map).

This finishes the proof of Theorem 1.1.
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