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A PDE for non-intersecting Brownian motions
and applications

Mark Adler!, Jonathan Delépine?, Pierre van Moerbeke® and Pol Vanhaecke®

Abstract

Consider N = n +ng + - - - +n, non-intersecting Brownian motions
on the real line, starting from the origin at ¢ = 0, with n; particles
forced to reach p distinct target points §; at time t = 1, with ) < B2 <
-+ < Bp. This can be viewed as a diffusion process in a sector of RN,
This work shows that the transition probability, that is the probability
for the particles to pass through windows E}, at times tj, satisfies, in
a new set of variables, a non-linear PDE which can be expressed as a
near-Wronskian; that is a determinant of a matrix of size p 4+ 1, with
each row being a derivative of the previous, except for the last column.
It is an interesting open question to understand those equations from
a more probabilistic point of view.

As an application of these equations, let the number of particles
forced to the extreme points 81 and 3, tend to infinity; keep the number
of particles forced to intermediate points fixed (inliers), but let the
target points themselves go to infinity according to a proper scale. A
new critical process appears at the point of bifurcation, where the bulk
of the particles forced to —/n depart from those going to \/n. These
statistical fluctuations near that point of bifurcation are specified by
a kernel, which is a rational perturbation of the Pearcey kernel. This
work also shows that such equations are an essential tool in obtaining
certain asymptotic results. Finally, the paper contains a conjecture.

!Department of Mathematics, Brandeis University, Waltham, Mass 02454, USA,
adler@brandeis.edu. The support of a National Science Foundation grant # DMS-07-
04271 is gratefully acknowledged

2Département de Mathématiques, Université Catholique de Louvain, 1348 Louvain-la-
Neuve, Belgium, jonathan.delepine@uclouvain.be

3Département de Mathématiques, Université Catholique de Louvain, 1348
Louvain-la-Neuve, Belgium and Brandeis University, Waltham, Mass 02454, USA,
pierre.vanmoerbeke@uclouvain.be. The support of a National Science Foundation grant #
DMS-07-04271, a European Science Foundation grant (MISGAM), a Marie Curie Grant
(ENIGMA), Nato, FNRS and Francqui Foundation grants is gratefully acknowledged.

4The support of a European Science Foundation grant (MISGAM), a Marie Curie Grant
(ENIGMA) and a ANR Grant (GIMP) is gratefully acknowledged.



Contents

1 Introduction
2 Non-intersecting Brownian motions and a chain of Coupled
Random Matrices
3 Integrable deformations I3l
4 The Virasoro constraints i rd
5 Virasoro constraints, restricted to the locus £ 23]
6 A PDE for the transition probability
7 Examples 31
7.1 One target point at the origin . . . . . . ... ... ... ... (311
7.2 Target points with some symmetry . . . . . .. . ... .. .. 32]
8 Pearcey process with inliers [34]
9 Appendix: evaluation of the integral over the full range 41l
1 Introduction
Consider N non-intersecting Brownian motions z,(t) < xq(t) < ... < xy(t)

on R (Dyson’s Brownian motions), all starting at source points v, < 7o <
- < vy at time t = 0 and forced to target points d; < dy < -+ < dy at
t = 1. According to the Karlin-McGregor formula [17], the probability that
the N particles pass through the subsets Ei, Ey ..., E,CR respectively at
times 0 < t; <ty < -+ < t, < 1is given by (setting ¢ty := 0 and ¢, 1 := 1),

- . (0) =n;, x:(1) =4,
P (ﬂ {all z;(ty) € Ek} fx(jr(j): 1% xf]\(f ) =0 )
- ey

N N N
1 1) (2) (m) (1)
- ||d( ”d du;’ det(p(ty — to; Vi, w; i
ZN /EN i /Eév i—1 Ui ~ || u; det(p(ty = to; i, U ) )1<ij<n

1 =1 Em i=1
x det(p(ta — ti;uf”, ul))icijen - - det(p(tmer — tmi ™, 0 1<ijen (1.1)
where p(t,x,y) denotes the standard Brownian transition probability,

1 _w-=)?
p(t,z,y) = ﬁ et . (1.2)
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There has been a great deal of interest in non-intersecting Brownian motions
and especially in some critical infinite-dimensional diffusions arising when the
number of particles N — oo. This in turn has been motivated by random
matrix theory and Dyson’s observation [14] that letting the entries of GUE
matrices run according to independent Ornstein-Uhlenbeck processes leads to
such non-intersecting Brownian motions for the random eigenvalues of the
matrix.

When some source points and some target points coincide, the formula
for the probability must be adapted by taking appropriate limits; see
[T7, 16, M0, [7]. In this paper, we consider the situation where the source
points all coincide with 0, while some target points may coincide. Consider
thus N = n; +ng + - - - + n, non-intersecting Brownian motions starting from
the origin at t = 0, with n; particles forced to reach p distinct target points
B at time t = 1, with 3, < f#y < -+ <, in R; see Figure[l]} )

Given positive integers n = (ny,...,n,), given m subsets Ey,..., E,, CR
and times tg =0 < t; <ty <--- <t <tny1 =1, this paper deals with the
probabilitﬂ P (t, E), as in 1) below (i.e., the probability for the particles to
pass through the windows EJ, at times #;,); as is well-known, (see [20, 10, 19, 7]),
IP’S? ) (t, IE) can also be viewed as the probability for the eigenvalues of a chain
of m coupled Hermitian random matrices, after some change of variables:

- m _ all Q?Z(O) = 0;
P;ﬁ)(@E) = P ﬂ {all x;i(ty) € Ek}‘ n; paths end up at 3; at t =1,
k=1 for1<j<p
m m—1
_1 2_ . CoAM,, ) I
= Ni e 21611(1;::1]\/11C 2k§1 6 My M1 —24M )Hde
Zn spec(My)€Ey i}
= P4(c,E). (1.3)

The change of variables is given by the following formulaeﬁ,

. 4 X N 7 X N [4 < N . 2<tm - tm71>
AI:dlag(bl,...,bl,bg,...,bg,...,bp,...,bp), Wlthbg: (1 ; )(1 ; )/Bg
—im —bm-—-1

~ 2(t — T t —1 b — tp—
B, = B, (thy1 — tr1) 2= (tey2 — trg1) (e — e 1)7 (1.4)
(tr — th—1) (trr1 — tr) (trre — tr) (trgpr — tr1)
for ¢ = 1,....,pand k£ = 1,...,m. It is quite natural to impose a linear
constraint on the rescaled target points 31, ..., 3,, namely

P P

> kB =0, with Y ke =1, set kg :=—1. (1.5)
=1 =1

SE=FEy X ...x Ep,.
SFor m = 1, the matrix integral above becomes a one-matrix integral with external

potential. The change of variables below becomes: by = /23, E=E t(l%t)



Of course, the same relation holds for the b;’s. For instance, a typical situation
is to take #; = —f, and have all the remaining target points in arbitrary
position between 3; and (3,. This case will be discussed in Section .

The natural initial or rather “final condition” for the transition probability
(1.3)) is given by what happens when ¢, — 1, keeping ¢y, ...,¢,,_1, away from
0 or 1; namely,

lim PP (¢,E) = 0, when E,, p {61, .. . By} (1.6)

tm—1

It is also known (see ([19])) that the probability above P (tr, ... tm, By X
X Ep) = det(1 — X_, (a:)Ht%_) (z,y)X_,(y)) can be expressed as a matrix

Fredholm determinant of a matrix kernel

th 422V
e 1-tp It

dV/ dU

\/1 tk )(1—to) / ez
U- 3, 1

XH(V—@) U—v

H™) (2,0; 81, By)dy =

0, for tk 2 tg

— _\r=y)  _x= Y
W e T T for t, <ty

(1.7)

where C is a closed contour enclosing all the points [,., which is to the left of
the line I';, := L+iR by picking L large enough, guaranteeing Re(U — V') > 0.

These non-intersecting Brownian motions z1(t) < ... < zy(t) describe a
diffusion process in a sector {z; < x2 < ... < zx} of RY and thus satisfy a
diffusion equation. When the number /N of particles tends to oo, the transition

7 The Fredholm determinant of a matrix kernel ﬁmj (w,y) := xp, () Hye (2, 9)xE; (y):
det (I — 2(Hy,)1<i, j<m>

:H_Z( Z / Hda ..Hdozz(-m) det ((ﬁtkn (Ozl(-k)7 y))) 1<i<w> )
f—1 1 1<k E<m

0<r;<n 1<5<ry
S rg=n

where the n-fold integral in each term above is taken over the range
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Figure 1: Non-intersecting Brownian motions

probability would have to satisfy an “infinite-dimensional diffusion equation”,
which however would be very difficult to use. The main result of this paper
is to show that this transition probability P/ (c, E) satisfies a non-linear PDE
in the boundary points of Fi,..., F,,, the target points bi,...,b,, and the
couplings ¢y, ..., ¢pn_1. It is the determinant of a certain matrix of size p + 1;
p being the number of target points; so, when the number of particles tends
to 0o, the form of this equation remains the same, which will be exploited in
the limit discussed in Theorem Moreover, this determinant misses to be
a Wronskian by the last column only.

The PDE for the transition probability stems largely from integrable the-
ory; this at least is our approach in the present paper. The integrable theory
behind non-intersecting Brownian motions has been developed by us in [§];
the latter contains many different ingredients; among them, multi-component
KP hierarchies [I8 [6] and multiple-orthogonal polynomials [4, O, 10]. Tt is
— in our opinion — an interesting open question to understand the PDE from
a more probabilistic point of view and to use more conventional probabilistic
tools to derive them.

Throughout the paper, we shall use, without further warning, the following
notation: (i) The inverse of the following Jacobi matrix will play an important



role:

C1 —1

(ii) For any given vector u = (uy, ..., u,), we denote by

9 - 0
Oy = ; o €y 1= ;uZa—uz (1.9)

In particular, given any interval or disjoint union of intervals £ = U]_, [22;—1, 22,
we denote by

{ sum of partials in the
OE =

=y 2
boundary points of £ i=1 0z

I Euler operator in the | ZZT i (1.10)
E7 boundary points of B [ ~ 4=i=1 70z~
(iii) In view of the Theorem below, given b = (by,...,b,_1) and subsets E;,
define the linear differential operators:
0N 0 q0 oy
8{5) = Z(F&e - 5@,1')%, 815 )= 0, implying Z@IS ) = 0,
i=1 ! =1
a0 N Jii for (=0,
8 = 0 m;aﬂ_ x { T frlcl<p,
p—1
0]
= bl s
w2y
0
g0 = & — 01m — Clger m i G & T tnoig — (1.11)

For brevity in the statement of the Theorem, set " := Jy = > /" jliﬁEi.

Theorem 1.1 The probability P, := P4(c,E), as in , with the linear
constraint on the rescaled target points, satisfies a non-linear PDE in the
boundary points of the subsets Ey, ..., E,, and in the target points by, ..., by,
it is given by the determinant of a (p+1) X (p+1) matriz, nearly a Wronskian



for the operator’ := 0y,

F F, F ... F G
F, F F ... F G

det | FI Y OF ... F Gy |y, (1.12)
Fl(p) F2(p) FBEp) o FISP) Gp

where the Fy, and Gy are given by

Fg = —808glnPn—nej1m,
p (1) (2)
H: H:
= tE, L _ 9, — =
Goiq aoGer;(ao) i | Qo F 0; | Gy :=0,
HY = (ky(81m — €m)00 + 2T1mO ) In P, + C, (1.13)
H? = (5im — 0+ 2Timbed0) 0 In Py,

with

Cf = 2n€j1m (jmmbf - Z beriz b) . (114)
il t

The final condition (@ translates into an “initial condition” near ¢,,—1 — 0
and by — oo, upon using the fact that

Cm-1 = V1 —ty, cno1be~ O(1).

As a special case, we consider the one-time probability P (t,F) for 0 <
t; =t < 1. For this case, becomes a one-matrix model with external
potential P, := PA(E), thus with no coupling. The expressions for
can be replaced by simpler expressions; note that the Hél) in below
are not obtained from the Hél), as in , by setting m = 1; in fact, a
further simplification occurs in the equations; also the functions G, are only
specializations of the above Gy up to a sign —(—1)* and ' now denotes O
instead of Jy = —0g. In this statement, we use the operator 8154) as in (|1.11]),
and we use the following simple operator, in accord with :

pfl a
E = Eg — &p, with Ep = E bZ%
1 )

Corollary 1.2 When m =1 (the one-time case), then InlP,, = InP4(E) sat-
isfies the same non-linear PDE , but with simpler expressions Fy and



Hél) and with " = 0,

F, = <8(£) + k0, ) 0, InP,, + ny,
aY = ( ke + (e(e — 1) +2)(0° + waE)) P, + Gy,
H? = (1-e+2b0,) (a +/158>ln]P’n, (1.15)

P i7(1) (2)
H, o H,

G[Jrl = 8EG5+Z(8E)[F1 (5’ET2—8£) E > y GOZO,

Cy = —2ny <<1—l{g b£+zbg—b >

J#e

In section [7, we shall work out two examples, immediate applications of

the equations in Theorem and Corollary In the first example, we
describe nonintersecting Brownian motions, leaving from 0 and forced back to
0. The second example deals with the situation of several target points with
the extreme ones being symmetric with regard to the origin. That model will
also be used later in Section [§
Pearcey process with inliers: In section [§ we consider non-intersecting
Brownian motions leaving from 0 and forced to p target points at time ¢t = 1,
with the only condition that the left-most and right-most target points are
symmetric with respect to the origin, with p — 2 intermediate target points
thrown in totally arbitrarily; it is convenient to rename the target points
B < ... < [p, as follows:

a < —¢ <...< —Cp2 < —a
(1.16)

ny ny c. Np—2 n_

with the corresponding number of particles forced to those points at time
t = 1. The purpose of this section is to identify the critical process obtained

by letting n := ny, = n_ — oo and by rescaling a and the ¢; accordingly,
while keeping ni,...,n,_o fixed. We let @ go to —oo like —/n and —a to
oo like y/n. The target points —¢y,..., —¢,_o of the inliers move to oo as

well, but at a much slower rate, namely like —u, (g)l/ ‘A new process will
appear at the point of bifurcation, where the bulk of the particles forced to
—+/n depart from those going to \/n, namely the Pearcey process with inliers,
which generalizes the Pearcey process found by C. Tracy and H. Widom [19].
It describes the statistical fluctuations near that point of bifurcation; it will
be sensitive to the presence of inliers and will be different in the absence of
inliers (Pearcey process). We will compute the kernel governing the transition
probabilities and also apply the formulae obtained in Corollary [1.2]to compute
a PDE for the gap probability, which, to our surprise, appears to be an exact
p X p Wronskian. This is the content of Theorem [1.3]

8



Theorem 1.3 Pick times 71 < ... < Ty, subsets E; CR forj=1,...,m and

parameters uy for £ = 1,...,p— 2. Consider 2n + Z?;f ng non-intersecting
Brownian motions, such that

(1) all particles leave from 0 at time t = 0,
(i) n = ny particles are forced to +v/n at time t = 1,

(111) ng paths are forced to poz’nt —uy (%)1/4 at time t =1 (1 <0 < p).

Then the following Brownian motion limit holds for the gap probability, about
time t = 1/2, keeping n, fized,

m - Ef
wer(f e )]
PP (w1t2) <ﬁ {P(rj)NE VJ})

det( ( KP X, 1<m<m)’ (1.17)

where this probability is given by the Fredholm determinant of the Pearcey
matrix kernel with inliers, which is a rational perturbation of the customary
Pearcey kemelﬂ namely

Kft(X, Y: up, ..o up2)

_ ! [ av /m LT Y e U\
T 4m2 U-V ~%+%-vx PV
0 fort—s<0
_ L v (1.18)

2(t—s) —_
—%(t_s)e fort—s>0.

The log of the gap probability (E = E1 X --- X E,,)

Q(Th ey T Uty - e ,’up_g;]E) = ln]PP (w1, yup—2) (ﬂ {P(T]) M Ej = @})

=1

satisfies a partial differential equation, which is a p X p Wronskian with respect
to the operator 0, =Y ", 0,

W, |970-Q, 822@ a;aii, XL =0, (1.19)

E

8Note that those points belong to the interval [—/n, /n] for large enough n.
9X stands for the contour
>0<
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Figure 2: Pearcey process with inliers

wherd™

X:=(g—eu+2e; —2)85@-1—48“@@&@-1—883@—4@@&@—!—4 {0,6,Q, 8;@}% .
(1.20)
For one-time (m = 1), the expression X reads as follows:

0 0Q _2°Q oQ
X = (g, —ey,— 27— —2)0*°Q+40,0, — +8—~ 444 9, —, 0* . (1.21
(&5 —¢ Tor )0, Q+ L or + o3 * 2 or :Q o, (1.21)
Remark: The term 5,“8]3@ could be omitted in the definition of X, since
it is a linear combination of (p — 1) columns in the matrix (1.19) (from the
second xu; to the (p — 1)st column xwu,_3). We nevertheless keep this term

in the expression, in view of Conjecture [1.5

In the absence of inliers, one obtains, in particular, the PDE for the tran-
sition probability of the Pearcey process: it is a 2 x 2 Wronskian with X

as in (|1.20) and (1.21), but without the w-partials. In [3], it is shown that
the transition probability of the Pearcey process satisfies the simpler equation

X=0.

Corollary 1.4 [3] In the absence of inliers (p = 2),

Q(71, ..., Tm; E) := InP” (ﬁ{P(Tj) NE; = @})

j=1

—2
1%Remember for u = (u1,...,up—2) and 7 = (71,...,7m), one has 9, = >} %,
_ \P—2 [é) _ m 9 L m . .

Eu =1 Uiz 0r =3 a—n.One also needs e¢g := Y, cp, and the mixed time-space
derivative 9, := Y 1" 7,0, .

10



satisfies
(5 + 26, — 2)0°Q + 892Q — 40,0,0.Q + 4 {8,0,Q, a;Q}aE =0,
and for the one-time case (m =1),

0 9 2°Q 0Q B
(gE_275_2)8EQ+8%+4{8EE78E ) = 0.

E

We now formulate a conjecture, stating that, even with inliers, the equation
for the transition probability reads X = 0, where X is given by ([1.20) and
(1.21)):

Conjecture 1.5 FEven with inliers (p > 2), we conjecture that the function

Q(71, -, T UL, - - -, Up_9; E) := InP” (u15esup—2) (ﬂ {P(r;) N E; = (Z)}>

j=1

satisfies

X = (g —cu+26,~2)9°Q+40,0,0,Q+897Q-49,0,0,.Q+4 {3,0:Q, 9Q}, =0,
(1.22)

and for the one-time case (m = 1),

B 0 2 oQ °Q 9Q _

X = (g, — £u = 275 — 2)0PQ+ 40,0, 5= + 87 +4{8E s - 0.

(1.23)

The PDE’s play a prominent role in obtaining certain approximations
which would be very hard to obtain without that technology. An example
will be given here, without proof, for the Pearcey process without inliers. At
the point of bifurcation, mentioned above, there appears a cusp in the Pearcey
scale & = j:%(ST)?’/ 2 such that, roughly speaking, most Pearcey process paths
stay completely to the left or to the right of this cusp. Upon comparing the
Pearcey process with, say, the right branch of the cusp in the new (crude)
space-scale (37)1/¢, and letting two different times 7, and 7, tend to oo in a
very specific way, one is led to the so-called Airy process A(t). The exact
approximation is given in the Theorem below taken from [I]:

Theorem 1.6 Let 7,7 — 00, such that

To—T1 1/3 t2 - tl 2t1t2 1
BEn_ 3 O(—=);
2(ty — 1) (Bm) "+ (3m)Y3  3n " <715/3)’

11



this specifies two new times t; and ty. The following approrimation, far out
along the cusp, of the Pearcey process by the Airy process holds:

2 T -2 Ti 3/2
PN {2 0 cm o))
= P (ﬂ {A(t;) N (—E;) =®}> <1+O(4i/3)> :

T

Remark: The O(Tf 4/ 3)—approximation, obtained via the PDE is much better
than any rough estimate one might predict. Also one expects that, in this
precise limit, the Pearcey process with inliers tends to the Airy process with
outliers; see [2].

2 Non-intersecting Brownian motions and a
chain of Coupled Random Matrices

Setting

1 1
Ty :=tpy1 — tp and — = + , for1<k<m,
O g —tg—1  tgp1 — Uk

and taking in (1.1 the limit v; — 0, for i = 1,..., N, leads to

P( {au xi(tk)eﬁk} 2;(0) =0, xj(l):éj,>

fory=1,...,N
1 m
= 7 Jin An(uy) g [det (e Tk

where Ay (uyp) stands for the Vandermonde determinant in the variables u; =
(u1.1,...,u1.v). Notice that each of the sets of variables uy, ..., u, appears
in exactly two of the determinants in the above integrand and that the other
factors are insensitive to a permutation, for fixed k£ with 1 < k& < m, of the
variables uy = ug.1,...,ugn. Therefore, taking the limit w,,41, = 6; — 5;,
fori =1,..., N, with n, of the J; going to (;, namely 41,1, .., Umt1n, —
(1, and so on, making m synchronized changes of variables, and using the

-

2
_uk;i

H e duk;i], (2.1)

) 16N 16N

12



symmetry of the integration ranges vis-a-vis these variables w1, . .., ug;n,

5(0) =0, (G =1,.... N),
- 2i(1) = -+ = an, (1) = b,
P ﬂ {all x; tk S Ek}
- N ny1(1) = o = an(1) = 6,

u(£)2 —1 Qu(e)u(ﬁ) 2Bpu 57?2

1 p _ TZn: 1;,2 + Z szk+lz —
= = ~NAN(UJ1)H Ane(urﬁ))ne R=1 T =t § H

m—1

P 0y U 0)2 L
1 (0) - éviz + Z ¢ vl(ez)vk-!)—l i Tbevy, vl )
= | Axe) ][ 2@ ]]e = IT ok,
EN ,

"
Zn _ _ .
(=1 i=1 1<iKN
1<k<m
m
1
= (v) H dvy,
YAU n
k=1
1 m 5 m—1 m
1 ﬁtr(z ME-2 % ckMkMkaZAMm)
= — e k=1 k=1 H de7

Zn Jspec(My,)€ By

where the diagonal matrix A, ¢, by and Ej, were defined in 1) or alter-
natively expressed below in terms of the o;’s and 7;’s. The last integration
is taken over Hermitian matrices, with spec(My) € Ej. Also the change of

integration variables u,(fz — v,(fz above is given by

© 2 (g) . vV OkOk+1 bg: \/20m 2 ~

Vg = Uy Ck = Be, By = | —E}.
Ok Tk Tm O
For k = 1,...,m and for £ = 1,...,p, the vector u,(f) = (u,(f)l,,u,(lel) is
defined by
1 1 2 2
(Uksts vy UeN) = (u,(c;i, u,(gzu,u“,.. u,(CZLQ,...,u,(fﬁ,...,ugip).

Concerning the Jacobi matrix (1.8), one needs the following formulas for
derivatives of J; they can be shown by recurrence:

0 0
Cl_jmm = _2‘-7112117 Cmfl—jml = _jm1(2jmm + 1) (24)
801 (9 1

[

3 Integrable deformations

In this section, we introduce a time deformation I,,(v) of the integrand I,,(v),
introduced in ([2.3). The deformation is chosen such that the resulting integral

13



is on the one hand a solution to the multi-component KP hierarchy (see [§]
and Proposition below) and satisfies on the other hand a set of Virasoro
constraints. We will impose on the rescaled target points by, ..., b,, which we

henceforth denote by bgl), e ,bgp ), a non-trivial linear constraint

p
> kbl = 0. (3.1)
/=1

Without loss of generality, we may assume (upon reordering) that s, # 0
and impose if ) ]k, # 0 that >)_, k¢ = 1; also define ko := —1. Thus, the
non-deformed integral which we will consider is

/]EN In(v)’zzf ,nglgokli[l duy. (3.2)

The integrand I, (v) will be deformed by four sets of parameters: (i) A first
set, denoted by bgl), ey 5% ), deforms the parameters bgg). They are subjected
to the same constraint 1'

as the parameters b@, namel

p
> ke = 0. (3.3)
/=1

(ii) A second set of deformations consists of parameters corresponding to the

KP time variables; they are denoted by s (r € Zso) for the parameters
going with the starting point 0 of the Brownian motion and s (1<e<yp
and r € Z+) for the parameters going with the ¢-th end point of the Brownian
motion. (iii) There is furthermore a set of parameters AP 2<k<m-1
and r € Z) going with the intermediate times t,,...,t,,_; and (iv) a set of
parameters cﬁfi} (k=1,....,m—1 an (r,q) > (1,1)), going with consecutive
times tx, tey1-

For n = (ny,...,n,) and E = Ey X Ey x --- x E,,, where each FEj is the

union of a finite number of intervals in R, define

nE = ]n ‘ d s 3.4
w®) = [ 50y, g T o4

k=1

"The combination of the two constraints (3.1)) and (3.3) will in the formulas below be
denoted by Y ¥ wbgg =0.
12The inequality (r,q) > (1,1) means by definition that » > 1, ¢ > 1 and (r,q) # (1,1).

14



where

L,(v) = I,(v)x

0 (02 or (@ (o7, M=t r q
P ne 0,024 s (0,07 0,07 T s (b0 ff+12+2 5 0"

e r>1 k=1 (r,q)>(1,1) k=2 r>1
(=1 i=1
with
An(v1) R SR paptuisti
I,(v) = ek=1 k=1 .
) = ol H ( D11
We denote by L the locus corresponding to setting all deformation parameters
s = ]'m
S,(ﬂo), ceey 87(~p) =0, 7€ Zso,
), 0P =0,
L= 2(2) Q(mfl) (3-5)
Ve, Y =0, 7€ Zy,
cds . diV =0, (rg) >(1,1)
We list a number of operator identities, valid when acting on 7,,(E),
0 0 0
dby ds;”  Kpds)
p p—1
0 o O
> bl = =Y b —— hjef1,2} (3.7)
7 4 7 ¢ Y Y Y )
=1 852) =1 8b§b)
) ) d =
—_— = —(1—5@7 )——i—/@g
95" " on? Zl ds “ Z ab“
~ 0
= agfngﬁ, h=1,2 1<(<p, (3.8)
— Os,,
where for h = 1,2 and 1 < ¢ < p we define
p—1 9
¢
algh) = —(1 — 5(17 + Ry Z Z Rg — 5&2)8()(1)’ (39)
i=1 h
implying
- (0
> o) =o. (3.10)
=1

Using > ), /wbgf) = 0, one first establishes identity |D and then |D while

the first equality in l) is obtained by computing Zf:—ll %Ef) from (3.6) and
by using ) ,_, k¢ = 1 and the identity (3.6).

15



From section 7.3 in [§], it follows that 7,,(E) can be written as

(r(w) | 0@ 4
To(E) = det : ’ (3.11)
(y'ep(y) | #79(2))) 05 e<n,

where

1 ¢ ¢ .
puly) = exp <—§y2 + 0y 0y = sy > :

r>1

for ¢=1,...,p, and where the inner product (- | -) is defined by

() | gla)) = / /E  FWa@nte.y)drdy,

with
m—1 1
pla,y) = / ey (—Qwi + Z%ﬁk)wz’é) X
k2 Bk k=2 r>1
m—1 m—1
exp CLWEWE 1 + Z cff?w@wzﬂ H dwy,,
k=1 (r,q)>(1,1) k=2

wy := x and w,, := y. For m = 2 the latter formula for ; should be interpreted
as p(z,y) = 1, while p(z,y) = 6(z — y)er’/? (the delta distribution) in the
case of m = 1.

The above representation (3.11)) of 7, implies, in view of [8, Prop. 6.2],
that 7, is a tau function of the p + 1 component KP hierarchy, in particular
we have the following Proposition.

Proposition 3.1 The function 7, = 7,(E), as in (3.4), satisfies for 1 << p

02 02

—Z ~lInT, —Z ~lInT,
o Tore, 05050 L Tn 9 Ttes PROPRCESKE
TS T e o o T T (3.12)
- —Z—~1InT, - —Z—~1Inr,
S1 n—eyg 8550)855’3) n S1 n—ey 88(10)8850 n
where nt e, = (ny,...,ny) £eg:=(ny,...,np_1,ne £ 1,nppq,...,mp).

Both equations will play an important role in Section [6] below.
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4 The Virasoro constraints

Remembering the definition ((1.10)) of the operators dr and g and the defini-
tion 1) of the operators (?ée , define for £ =1, ..., p the operators:

B .= ZjlkaEk - 2j1mZb l), (4.1)
p—1 P
By = (Z TkOp, — 2Jmm2b’>a ) , (4.2)
0 rl a -
Bgo) = —E€p + 018_ + 51 m (Z bgl) Z ) (43)
p—1 3 p—1

-+ Z ) ’) +2> b )4.4)
i=1

We show in the following proposition, how the action of these operators on
the tau function can be represented by time derivatives.

Proposition 4.1 The integral 7,(E), as in , satisﬁeﬂ fort =0,...,p
and h =1,2,

() 9
By’ = 0, — ke <—5Em + Cm— 15 8b§i)

B;(f) In Tn:( 8({) + @z( ) InT, + @Té@’ (4.5)
Os),
where
(
—juNSS jlmzné - 81 a =0,
T = (4.6)
—jlmNs — T Z n( b(e — s? a #0,
\
( Z n;n; m =1,
1<i<j<p
T = ]\;(N +1)/2 a=0andm > 1, (4.7)
an(ng+1)/2 a#0andm >1,
L (=1

and each Eﬁf‘) s a homogeneous first order differential operator in all deforma-
tion parameters, except for the deformation parameters bg), so that Z,(f) .= 0,

and moreover, for k =1,2 and for { =1,...,p,

O 0 o )
[8835) ) Eh, ] - 6}17251,771 8856) ) [a (0 E == 61,77’1 asgo) . (48)

BRecall that kg = —1.
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Proof:  We give a detailed proof for the case of m = 2 (see remark for
the case of m > 2 and see remark for the special case of m = 1). Then
Cm—1 = €1, which we simply write as c¢. Also, J is the 2 x 2 matrix

-1
-1 ¢ -1 /(1 ¢
j_(c —1) S 1-c (c 1)‘
In this case, referring to (3.4)), there are two sets of variables v; and vs, which

we denote by x and y, there are no deformation parameters %gk) and there is

a single set of deformation parameters 07(31), which we will denote by ¢,,. For

Ey, E> C R, and taking into account the usual constraint ) ,_, ligbgg =0,

1 ~
Tn(E1, B ::—// I, (z,y) dz dy, 4.9
BB = [ ) (4.9)

5 p ng 9 2
T(z.y) = m(@H(Aw@)He%%‘“ B B I R 1))

(=1 i=1

2 s T T
HOYO% s 3 (00000 3 0700
e 1 (ra)>(1,1)

We first compute the action of the operators Jg, and eg, on the tau func-
tion (4.9). We start with dg,. Using the fundamental theorem of calculus and

18



the fact that SV -2 Ay(y) = 0, we compute from (4.10) that

Zlay

OmaTn = // Za

P ng
Yy (_y]u’)Jrcx D400 =3 ksl (O 4 20y 0

k>1

+ D] qcrq(ﬂfg@)r(y;l))q”) In(z,y) dz dy

(rg)>(1,1)

p
0
// (Z PRgl 3(0)+ZW (0 — sy’ +sz3k T

15) 0s
pNxpy \=1 %1 =1 0=1k>2 k-1

) 9 |7
_QZb (e) +ZC:1 (0) + Z chm I, (x,y) dzdy

r>2 (ryq) > (1,1)
q>2
~ d 0 - 0 _ 40 (0) =, 0
= Za @ +ca ) +Z”f(b1 +sz (5) Zb2 2500
=1 051 51 =1 =1 k>2 =1 1
Ve Y g |
T (0) Tq 8CT q_l ns
r>2 (ryq) > (1,1) >
qz2

where we have used the identity (3.7), which follows from the constraint
S /{gb% = 0, in the last step. The computation for dg, is similar, but simpler:

aElTn
B // Za
EN EN’L 1
S (¢ 0y, (¢ (O)rr Ovg | 7
= / ZZ +C%)+Z’“ ) ())k L Z TCWI("E] ) (j( )| Lz, y) de dy
ENxEy =171 k=21 (ra)>(1,1)
0 KO (0) 9
= 8 (0) Cza o +Zk PRON chlq Z Terqg—— | o
=1 081 E>2 k;71 (=1 ¢>2 Sq (rrq) > (1,1) r=lq

> 2
For the computation of the action of £, and €, on the tau function, note
N

! d Yoo ~
28_ z, f) = Nf+zl"z f, Zifz%AN(x) = wAN(@,
i=1 i=1 v

19



and so from (4.10f), compute using 1} and the constraints » * /wbgg =0,

EEyTn = // Z a yz n iC y dib’dy

I
Q
A/~
=
+
M@

S
LF
|

ENXEY =1
o 0? 0 (e) 0, () (GYNON: 0, (0?2
Z -y, tex; +01y; —stk (y; )" +2by"y;
=1 j=1 E>1

(r,g)>(1,1)

+ wM?U@%ﬂ>memw

_ // (zp:nz(né—kl)Jrzp: E)(Z)""C*_Zb(e) +sz(ﬁ)7

N gy \{=1 1= 083 1 0=1k>1 Eg
—Qib(l)i—&— c 9 I (x,y)dzd
2 88(5) qCrq acrq n\L, Y Y
=1 2 (r,q)>(1,1)
(4.11)
ne(ne+1) g~ 0 O S PRI
Z 5 +Za +C*+Z <e>+ZZ a(e)
=1 =1 by 0=1k>1
0
—l—QZb (13) Z qCW@T Th-
(r,q)>(1,1) e
Similarly,
EE,Tn = //Za L (x,y)) de dy
ENxpy =t
N(N +1) 0 0
= - +c— + k ~o T re Th.-
2 asg)) 80 ;21 6 rqg(l 1) Tq& '

In order to deduce ({4.5)) from these formulas it Sufﬁces for h = 1, to substitute
in the first line the deﬁmtlons for B and in the second line the

20



expressions for dg, 7, and Og, T, inﬁ

B\ _ ] (m 0), O (O
B )™ 0 k) \ O =220 5 ) o) [ T

0

—_ (0)
e ) (e el N YL (s L
a;wz 0 re) 7\ mb? = 51) | 7\ ket

Os (l)

_ % ) ko(T® + £)
pRG] fw(T(@ +31)

where we used (3.8) (for k£ = 1) in the third line, and where we set

0)_o P 9
0 — — i T o
AN Zk>2 ks’ © im1 2g>2 Clqa @ +2. o 02D Trage,
O} 9
2 Zk>2 ksk 9s <Z> + Zr>2 Crla @+ o )z EAr—
(4.12)

Thus we see that Z(O) and Z ) are homogeneous first order differential op-
erators in the deformation parameters and that they are mdependent of
sgl), .. sﬁp , and of b(l) .. b2 , leading to the stated properties of E ) and
Eg ) For k = 2, it suffices to substitute the found expressions for eg, and €p,,

acting on 7,, in the definitions 1’ and 1} of 15’50) and Bg), to wit:
0
BéO)Tn = (—€E1 + c—> T

Oc
9 N 1) (©) ‘
BRI Sk 2 Teg | T
Sy k>1 Sk (rg)>(1,1) "
0 N(N +1) (0)
= + Ko + KJOZ Tn,
(asg» 2 2
and
_ —1
s = (0 (el S oS 2 ))
(€ -
= <8b2 + Ky Z m‘i‘ (4'13)
=1 2
n;( nl +1)
o S0 D) ZZ’% PR q%a g
i=1 i=1 k>1 k (r,g)>(1,1)

0 i n;(n; + 1
= (s wz;@)
=1

2

1Recall that m = 2 and that kg = —1.
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wherd™]

Zéo) = Z O Z rcrq ,
k21 k (ra)>
0 = ZP:Z (4.14)
=1 k>1 Sk (r,q)>
]

Remark 4.2 For m > 2 the proof goes along the same line, but it has extra
terms, coming from the deformation parameters %(«k) . As it turns out,

Zj;ﬂ (8]5 (QPZI)E — +anb(€)>) T, + O(L),

(4.15)
while — 1) 7, are as before, mod O(L), so the —57, are only needed to solve

for 88( 5T, in terms of the (Op, — ;m(x))Tn, but they do not enter into the

actual solution of (1) 7, mod O(L).

Remark 4.3 For m = 1 (one time) the proof of Proposition is simpler,
but a few adjustments are needed. Denoting the subset E1 cCR by E, setting

= —1 and 8 = 8b2 := 0, the operators B and 82 can for £ =0,...,p,
be ertten as

0 _ _
B = +m<aE 2Zb azﬂ)

p—1 p—1
YA 7 ) a
Bg) = b2 —|— Ky (eSE E bg b(z g bg)w> , (416)
2

i=1 i=1
while T}, := T ) and Y are independent of o and take the simple
form
p
T, = Ns9+ ng(bge) — s{, Ty = Z nin;, (4.17)
L= I<ii<p
- (0 _0
2 = ZZkS So= Y ks 7 (4.18)
(=0 k>2 k—l (=0 k>1 k

5Notice that Egg) is independent of ¢ for 1 < £ < p.
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5 Virasoro constraints, restricted to the locus

L

Restricting the operators B;, T; and ¥; ((4.1]) — (4.7))) to the locus £, defined
by setting all deformation parameters equal to zero (see (3.5))), yields new
operators for £ = 0,...,p,

BY = 815? — wZ@EZ, X { Jii for £ :2
=1

jmi fOI'1< <p

; 0 0
B = o — — — bl = , for £2>1.(5.1
2 bo Ry EE, +c 1867”71 + Z 1 8[)1 or ( )

i=1

while all El(f), defined in ‘} and 1} restrict to zero, T Q(K) = TQ(E) for
0</<pand

7" = =FinN(br), T = =FpunN(b1), for 1 <L<p, (5.2)
where N (b)) :==>7_, ngbgg). It leads, on the locus L, to the identities:

Proposition 5.1 For ¢/ =0...,p and h = 1,2, the following formulas hold
on the locus L:

0

—pInT = l’;’,(f) InT, — /iﬂA’,EZ), (5.3)
8sh
while for second derivatives and ¢ = 1,...,p, also on the locus L,
o _ 3040 _
Wlnm = BBy InT, + neJim = —F,
0s; ' 0sy
0? 5 5
—o—m T = (B + 6,08 Inm, — 272,50 (br), (5.4)
95V 9s!? 7
2 051
0? 5 5
—O T = (BYY) = k461.) B In 7y — 2T 10 (Trimbie N (by) + 8154) In7,).
950950 ’ '
1 05

Proof: The first set of identities (5.3)) follows at once from restricting the iden—
tities |) of Proposition 4.1{ to the locus L and using that (,5) and Bk are

first order differential operators. The identities 1nvolv1ng second deriva-
tives are shown as follows. Concerning the first one, observe from Proposition
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1.1] that

L0 )
BB mr,| =B"8"mr,| =B (—w + @zgf)) lnr,| + w87 T
c c ds) c c
) )
= o T figEge) Bf” In7,| = 0 B%O) In7,
0s; L 0s £

- jlmnfa

0 0 0?
= (( —+/€oE§O))lnTn+/ioT1(O)> ’ ——— —InT, .

6358) 8350) c 03963&0)

where we used in the last equality the relations %Tfo) = Jimne (see 1'

and [ﬁj}go)] = 0, (see ) This yields the first identity in 1} To

prove the third one, we use that

pfl a pfl a
§ : (0) (3, (@) _§ : 5 _ A0
- abg (b2 )ab(i) = ("W 5&1) 8b(i) - abl )

1 =1 1

as follows from (3.9)), and

X =0 0
(&) (0) _ 1m (i)
By T s KeCm—1 e N(by) + KeJim ;:1: b (%gi) N(by)

= _’ifjlm(QJmm + 1>N(b1) + ’féjlmN(bl) = _QKZJImemN(bl)a

by using 1} when m > 1, and Bée)Tl(O)‘ = —r¢N(b1), by Remark for
c

m = 1, so that

Bée)Tl(O)‘E = _HEN(b1)<2\71m\7mm - 51,m)7
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for all m. Using these identities, (4.1]), (4.4), Proposition [4.1] (4.§) and (5.3)),

compute
Bé“é‘ﬁo) In7, ’L

p—1 i a
+2J1m Z 8{5? () PG

i=1 1

0 0)
= Béf) (0 + KJOZE ) InT,
(‘35§ )

9 ©) \ 12(0)

1

BB 1n Tl

InT,

—i— Ko B O)‘ + 2J1m(“)(e In7, .

+ ke N (b1) 2Trim Tmm — 01,m) + 2j1m ln Tn -

0 0
= (= +#m ) mr, + w1z ‘ + BN (01) 2T imTmm — 1.m) + 2Tim 0L 7,
0s; 05y L c
0? 0 0 (0
= Wh’l’rn —+ Ky W,EQ lnTn +I€gN(b1)(2jlmjmm _61,m) +2j1m8b1 lnTn
0s; ’ 0ss L 0s; L £
0? 0 )
= — ln Tn —|— 01 mbke In7,| —N(b1) | +2Tim(keN(b1) Trmm + 0, InTy| )
8550 832 85& ) L ' L
02 R
= —gm T+ 51.mkeBO M| 4 2T1m (5N (b1) T + 087 In 7| ),
851 88; ) L L 1 L

which yields the third relation 1} Using B T(Z ‘ = N(bl)(QJlm m),

which follows from . and . the second identity in is proven
in a similar fashion, using ) and . namely

~ A

BB In,|

- 350)550 In7,|

0
— BY (a 7 + e >> I,

0 ¢ 0
= (6 0 —i—/ngg)) Bé 'n, .

0 0
= % ((835) + /foz ) InT, + HOT( )) ‘L + /wN(bl)(Qme — O1.m)

BT

+ /WN(bl)(ijm - 51,m)

InT,

c + :‘igN(bl)(leQm — 51,m)

o |92 so
(‘355@8550) £ (93%[)7 ’
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= i |, ~ Oy 0T A RN (1) (275, — 1)
83?)85&0) c 9! (0) 1

= % In7,| +2kN(by) T2, — 61mB InT,
057’05, L .

6 A PDE for the transition probability

This section aims at proving Theorem which leads at once to Theorem [I.1]
In order to do so, we shall need two propositions:

Proposition 6.1 For 1 < ¢ < p, the function X, := 8b B 'In Tal . satisfies
the equation
_ (1) (2)
{Xe, Fi}go = { H} ,Fg}égo) — { ,Fg}éga, (6.1)
where (n = (n1,...,nyp))
Fg = —B%O)By) lnIP’ — néjlma
HY = (5e(01m — em)BY + 2T1m0y) ) I B, + C,
H? = (B + 61 + 2710 B )B§€ InP,,
o = 0
Em = €E, — Cm-1 — b — (62)
acm_l @z—; 1 8b§£)
— (o) i
i V1 1
Proof:  From (j5.3) and (5.2)), one finds, along £, for £ =1,...,p,
O | Tote 5(0) 1 Toter ()
88—50) In T e, - Bl In Tn—_e[ — lembl y (64)
a n+e 5 n+e
e g0 It o, 7, b0, (6.5)
835 ) Tn—eg Tn—eg

A direct substitution of these formulas, as well as the formulas (5.3 and (5.4 .,
in -, leads, along L, for £ =1,...,p, to

5 n+e 1 5 A
BO i Tntee o, 50 — —= ((Bg@ + 6,8 T, - QJEWN(bl)) ,
Tn—ep y4
5 Tn+te 1 5 5
BOm e fog, 7 b0~ Z (<Bgf> — 15001) B In 7,
Tn—e, FE

2T (TN (br) + 05 0 7))
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where F, = —B(O)B(@ InT, L ngjlm (See ) Eliminating from these

equations the term which contains ¢, which can be done by applying B

n EZ
to the first equation and Bl to the second equation, and using that these
operators commute, we get the single equation
2Timb\V Fy — (BL + 61,,)B" In7,,
Fy

—|— 2‘712m/€gN(b1>

BY

(B — 1) B 7| = 2F0(FotieN (1) + 03 7,

Fy

)

= B

Using the fact that the derivative of a ratio amounts to a Wronskian, by
clearing the denominator, and writing Béf) as Bg) = 8;? + Ko em (see 1) and
(5.1)) and using the formula for Fj, one can rewrite the latter equation as

) (0
— {8;;8% )lnTn o

FZ}B 0 (6.6)

— {BY + 61+ 2j1mb§£)l’5’§0))l’5’¥) 7,

+ 272, — K NO), B},
B

1

+ {(w( — 51 m)BY — 271,0") In ™|,

- 2ff€u71mu7mmN(b1)7 FK}BA(O) '

1

Finally the integral 7,, (as in (3.4))), but integrated over the full range R, equals
(see the Appendix)

mm (@2 1 ) P
T R™)| = gale) e H BT @) oy, (67)
£ 1<i<j<p
with g,(c) a function, depending on ¢y, ..., ¢,—1 and n only. Thus one has,

restricted to L,

, (6.8)

lnTn(E)‘L = WP,(E) + In7,(R™)|

In Tn(Rm)‘ = jmm Z ne(b Z nin; (b — ") + In g(c).

L
1<i<j<p

When is substituted in (6.6)), a few terms will appear where In 7,,(R™) is
acted upon by a differential operator. We derive the formulas which will be

used. First, it is clear that B{”7, (R™) = 0. Therefore, since [B(O) B! } 0,

F,=-BY8" 1 Tn(E)’ JTedim = _BOBYMP,(E) — neTim.  (6.9)
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Also, using 8éf)b§i) = Ky — 0y, valid for 7 = 1,...,p, one computes

Oy In 7, (R™) = = Tm(neb” = keN (b)) =m0y — b—

1AL V1 —b

and therefore, since B\ In7,(R™) = 0, and by (5.1) and (2.4)

(B 4 810+ 27100 BOYBO 1n 7, (R™) )E

0 i m
= (cla—1+51m+(51m2b( ) A In 7, (R )‘E
= 2~712m(’i€N(b1)_Wb1 )

and

/\

(e(em — 61.,)BY — 27,0, )an(Rm)L_ 21, 1mn(Rm)L

- _2\71771 ( mm nfb - KJZN bl nﬁz b( ))
1

£l

Substituted in (6.6)), yields the identity

) FZ} A(O)

_ {(B 461+ 270 b O BB In P, Fg}

~{90B" m,

‘(@)

+{(elem = 81,0)B = 271005 P, —OK,FE}

This ends the proof of Proposition [6.1]
For ¢ =1,...,p, using the shorthand notation,

X, =B mz,| . H = {Hél)7Fg}B(0) - {H( ) Fg} »

L

and ' := [S’f’), the equations 1’ become (taking into account ) j_, 815? =

p
(X, F}=H, 1<(<p, with » X,=0.
/=1

53(0)
B;

(6.10)

(6.11)

0)

Proposition 6.2 Given for ¢ = 1,...,p functions H, and F,, such that the
Wronskian of the derivatives Fy, ..., F} is non-zero, the system of ODE’s

{XﬁaFé}:H€7 1<£<p
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subjected to the condition > ,_, X, = 0, has a unique solution (Xi,...,X,),

where X, 1s given by
4

L
F F F - —Gy - F
F F' F' F' ... Gy .- F
X, = “L et .1 .2 .3 ) ! . (6.12)
D : : : : :
F® p®» g ... _g ... FP
In this formula, D is the Wronskian of the functions FY,..., I,
K F F - F
) 2 /A 2 )
Di=det| . 7 P #0
and the G;’s are defined inductively as
H, F( " H
Gio1 =G+ Z L Go=0, Gi=)_ ?f (6.13)
¢
1
Moreover
R F F ... F, G
N F F ... B G
det | F1 KK ... B Gy | oo (6.14)
Fl(p) FZ(p) F?Ep) . Fp(il’) Gp

Proof: If X, is a solution of the equation {X,, F;} = Hy, subjected to the
condition Y 7, X, = 0, then its derivatives are given by

F(i)
=G+ Xo—— 6.15
i+ Xy 7 (6.15)
where for a fixed ¢, the Gy, are defined inductively as
H, H,FY
Gg}o = 0, G@,l = E, ceey Gg7i+1 = G%,Z + Fg

Indeed, starting with |D and using X, = F%(Hg + X¢F}), one computes
inductively

F(l) F(H‘l) FéFz(i)

X = X=X - X
¢ R R R
HgF( i) F(H'l) F(H-l)
/ 14 )4
— 4 X =Gy, X,
( 0i T I ) + Xy 7, ti+1 T Xo F,
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establishing (6.15). Summing up (6.15)) for ¢ from 1 to p, one finds

P F(i)
0=Gi+ > X,
/=1

p
‘
——, where G;:= G-

Then solving this linear system for the X,’s, one finds the ratio (6.12)) above.
Then using that solution and expressing > 7_; X, = 0 establishes (6.14)) and
thus the proof of Proposition [6.2 (]

This enables us to make the following statement, remembering the opera-
tors BY, with ' = B”) = Yo J1i0g,, and (915? with > ), 8,5? = 0.

Theorem 6.3 The probability P, = P4(c,E) as in (1.3), with the linear con-
straint S0 k0" = 0, with Y0 ke = 1, satisfies a non-linear PDE in the
boundary points of the subsets E1, . .., E,, and in the target points bgl), e ,b&p),
given by the determinant of a (p+ 1) x (p+ 1) matriz

R F F ... F, G
R R B G

det | 1 FY K ... K] Gy | =, (6.16)
Fl(p) FQ(p) F?EP) o Fp(p) Gp

where the Fy, Héi) and Cy are given by in Pmposz’tz’on and the Gy inductively
by

p o (a0 g L H®
G = G+ FY BP#—BY)L . Go:=0.
i=1 v

Proof of Theorem [L.1]: It follows immediately from Theorem [6.3] by noticing
that in the notation of 1) the BZ@ are expressed as

A

BY =g, BY=_¢,.

Proof of Corollary[1.7: The simplification comes from the fact that for one-
time (i.e., m = 1) the operators 0y and 0, differ by very little, namely:

8o =—0,, 0 =0 +rkid,, c=co=em.

This means that the expression in brackets in the definition of G;;1 in ((1.13)
can be re-expressed as follows,

1) (2) (1) (2) (2) (1) (2)
80[‘[( —agHZ —9 —, —IQZHK +2/€gbgFg_a(g)He —9 HZ —a(Z)HZ
F, F, d F, b F, R
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upon setting H(I) H( ) HgHZ) + 2k4byFy, which one check to be the
expression Hé announced in (|1.15) and one repeats the proof of Proposi-
tion with ’ = O (instead of ' = 0y = —0g) and X, — —X,, ending the

proof of Corollary [I.2] n
7 Examples

7.1 One target point at the origin
In this case, m = 2, p = 1 and the diagonal matrix A = 0. The matrix J

reads .
-1 —¢
J = 1—¢2 ( —c —1 )

and one checks

0 0
Ko = —]., bl = 0, K1 = ]., 8150) = (9151) =&p = O, g = ETEI—C%, &9 = €E2—C%,
1 1

Jo = — 1= (8 + co, ) 81:—1_02 (08E1+8E2), Co=0 (7.1)

So, for £ = 1, one has
nc 1 ne
F, = —0y0,1ogP, + -2~ (1_@p (0, +¢0,) (¢, +0y, ) log P, + -
0 1

HY = —£,0)10gP, = (¢ Ep, — c%)m (8, + Oy, ) logP,,

(2) o o 8 1
Hy” = —eoOilogP, = —(g, — 80>1 — 5 (¢8,, +8,,) log P, (7.2)

and thus

g .
Go=0, G L {H(”,F} —{H<2>,F}
0 1= ( F1 F1 < ! Ao ! ! o1

leading to the PDE, with 0y and 0; as in 1’ and Hl(j) and F; as in 1)
(see [5] and [6])

o Go\ _ [0 }_{(2) }_
det(aOFl Gl)_{Hl A} PR} =0

6Upon using the commutation relation [, ,d,] = —0, and € = g9 = &,,.
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7.2 Target points with some symmetry

Consider non-intersecting Brownian motions leaving from 0 and forced to p
target points at time ¢ = 1, with the only condition that the left-most and
right-most target points are symmetric with respect to the origin, with p — 2
intermediate target points thrown in totally arbitrarily; this example will be
used in section |8 It is convenient to rename the target points 3; < ... < 3,
as follows:

(7.3)
ny 1 e Np—2 n_
with the corresponding number of particles forced to those points at time
t = 1. Using the change of variables (1.4) from f;’s to
b= (b,....by) = (a,—c1,—ca, ..., —Cp_2, —a), (7.4)

one is led to the diagonal matrix of the form '}

n4 n1 Tp—2 n
7\ 7\ 7\

. HH N 7 N 7 N
A= d1ag(a, e @y —Cly ey —Cly e, —Cpgy e, —Cpa, — Q. —a) (7.5)

with the obvious constraint Y x;b; = 3a + 2(—a) =0, as in (1.5), and thus

1
/11:I€I,Z§ and k; =0for2<i<p—1.

Moreover, setting ¢ = (cy, ..., ¢,—2), formulae ((1.11)) become

@gn:l(_Q_ac),ag@:l(Q_ac>,a,§f>— O a<i<p-t

2 da 2 \ Oa Oy q
(7.6)
and e = e —a% —¢.; also set ' = 0. Besides the renaming ny =n., n, =n_

and ny — ng_1 for 2 < k < p — 1, already mentioned, one also has, referring
to formulae ([1.15)), the following renaming:

Fi—F,, F,—F., Fyr— Fq, for2<k<p—1,
Hfl) — HS), FII(,U — H(_l), H1(2) — Hf), Hz(f) — H(_2),

A o B, HEP o B, for2 < 0 <p 1

'"Note the ¢; have nothing to do with the couplings ¢; appearing in (1.3).
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Then, one checks from Corollary formulae (|1.15)), thatlﬂ for1 <l<p—2
and for P :=P4(E), with e = e — a2 — &, (as in (1.3) for m = 1)

1,0 9
Fy = 5(Fz, —0+8)0, nP+ny, Ff—ajeafs InP4ny,
1 1 0 1 0
7Y = 1 (—28E6+ (e +3) <3Faa —0c + 3E>) P+ Cy, HY = 287[111}1’40@,
2D = Ya-cxoa)Fd 0. 40 mP, HY = (1-c-208,) L mPE.  (7.7)
2 da Ocy

In accordance with formulae (6.11)), adapted to the case m = 1, one defines
for later use:

Hy = {HY Filo, —{HY Fihr_,
Q(q:Ba 86)
H, = {Hél)wFé}aE - {ng)aFe}% (78)

and one checks that, with this notation ([7.8]) and upon decoding formula ((1.15)
for the G}.’s,

H,F® +H_F£’“) pz_%HgFé(k)
F? F? F2

Gri1 = OpGi, +

(=1

where F®) is a shorthand for (0z)*F. With these expressions in mind, P :=
P4(E) satisfies the (near-Wronskian) PDE (1.12), i.e.,

F, F. F ... F, G
F. F. F .. F_, G
FP P g EY, G,

Special case: For Brownian motions forced to a and —a, without the
intermediate points, the formula ((7.9) turns into the following determinant,

with F and Hﬁf) as in 1) but with all c-partials removed:

F+ F_ GO
FyF_det| F, F. Gy

F! F" Gy
F, F_ 0
= F,F_det| i F. %Jr?i
FrF" %+%

= (HyF-+H_F){F.,F.}Y —(H,F_+ H F,){F;,F_} =0.

18Tn the formulae below (7.7)), the constants C and C, have the value:

p—2 p—2

n n n n_ n

Cy =— +a+ — 42 r dC,=2 + r

* ni( “ a + ;:ﬂ:a—kcr) at ¢ e c€+6g+a+ Cg—a+;C£—Cr
r#£e
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8 Pearcey process with inliers

In this section, we consider non-intersecting Brownian motions leaving from
0 and forced to p target points at time ¢ = 1, with the only condition that
the left-most and right-most target points are symmetric with respect to the
origin, with p — 2 intermediate target points thrown in totally arbitrarily,
exactly as in section 7.1. The purpose of this section is to identify the critical
process obtained by letting n :=n, =n_ — oo and by rescaling a and the ¢;
accordingly, while keeping ny,...,n, o fixed. This is the content of Theorem
L3l

Proof of Theorem [1.3: The proof consists of letting n = ny = n_ — oo in
the kernel and in the PDE (1.12). In the proof, which requires several
steps, we shall restrict ourselves to m = 1 (one-time), except for Step 2, which
deals with the kernel.

Step 1:  The PDE. The probability P := P4(FE) satisfies the (near-Wronskian)
PDE ; see section 7.2.

Step 2: The scaling limit of the Brownian kernel. Non-intersecting Brownian
motions leaving from 0, such that n, particles are forced to 3, at time ¢t = 1,
are given by the kernel , which is, in this instance, conveniently rewritten
as

Ht(fie(x Y. a, cl,... —Cp—2, —

N 27r2¢1—tk )(1—t) / /FLdU—
B (V-0) o n(V+3)  p=2 U+é&\"
e]tf3@2+%*n+ In(U~a)—n_ In(U+a) H (V + CT)

0, for tp > ty,
- Le*%e%*%, for ti, <t,. (&1)

m(te—tr)

One then uses the same steepest descent method as for the case without
inliers; the so-called steepest descent F-function is the one (depending on U
or V') appearing in the exponential, with three consecutive derivatives being
= 0 at the origin; the change of integration variables U = U’(n/2)"/* and
V = V'(n/2)"* then leads, in the limit for n = n, = n_ — oo about the
saddle point, to the kernel (see for instance [19] and in the asymmetric
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case [3]). So, the limit is

lim Hg,?zj(i7gu ~7617 st

n—oo

Jcp—27 -

= K (X,Y; ug, .. upo)dY,

1 T
=73 4;(4\/270
L= Jm/2)i7A
-~ Yy
Yy = 4(n/2)1/4
a=+n
- n\1/4
o= ()"

(8.2)

where K Zj . (X,Y; u,...,u,—2) is the Pearcey kernel with inliers 1}

Step 3: The scaling limit of the PDE. As mentioned, for the proof we limit
ourselves to the one-time case, i.e., m = 1. We now proceed in two steps:
(i) The change of variables (especially footnote 6) from the non-intersecting
Brownian motion probability to the matrix model ; this change of vari-
ables appears in the first column of the table below. In other terms,
it is the time-dependent change from the variables (Z,a, ¢) to the variables
(x,a,c), yielding in particular the diagonal matrix A as in (7.5)).

(ii) Subsequently apply the scaling given by (8.2) with z := n~

4 and a

very small renaming s := 7/v/8, v; := 2Y/4u;, & ;= X/25/* for computational
convenience. This appears in the second column of table (8.3]) below.

8
I
IS

I
=™

a

H
L

I
N

'_ll\?
||
-

Cy 7

Cy

b =3 (1)) = 40+ a)
= ()= %
4(n/2) 2 2 2 (83)
V=
n)1/4 up2!/4 v
u€(§) :(622):\/52

Concatenating these two scalings leads to the following; in the string of
equalities below, the change corresponding to (i) is indicated by = whereas
the second change (ii) is indicated by =:

P(E,s,v)

= InP@ @ %-1-0 (a]] 2(t) € F)

t=3(1+s2)
a=1/z2

53 = UZ/(\/§Z)
E=FEz/V2
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entries of diagonal matrix A

. 2 "
I ) Y T
t1—1) 1—1¢

Il

t=s (l—l—sz)
a= 1 22
Ci = v;/(v/22)
E=Ez/\V2
entries of diagonal matrix A
*k ] ]PA 22K 1+822(\/§ V; \/§>
—= n N _ R
Tl V1=8220 V 1—s22\ 227 2T 22
= InP4(E a,c,—a = Q(E';a,c). 8.4
n ) =1 Q( ) (8.4)

entries of diagonal

matrix A

Note that in the rest of this section, F and E’ refer to complement of compact
intervals; i.e., we shall be dealing with gap probabilities. The identity (8.4))
suggests the z-dependent map:

T—l : <E757Uj)'_>(E,7avcj)7 1<]<p_27

z

2zF 1 2 ; 1 2
B — Z _ + 5,227 Y —_ksz27 (8.5)
1 —s2 z4 V — Sz z V1—s2

with inverse map

given by

T.: (F'ia,c)— (E,s,vj), 1<j<p-—2,

given by
V2azF' a’zt —2 V2¢;
= -0, S:—7 Uj: . (86)
a?z + 2 22(a?2* 4+ 2) az

Then summarizing the above, one has
Q(E';a,¢) = log]P’;?(E’;a, ¢, —a) = log]P’f(Tgl(E; s,v;)) =: P(E;s,v),

and thus

a?2* 4+ 27 2%2(a?z*+2) az

- p (5, o1 /1)

satisfies the PDE (1.12)) in the variables E’,a,c, in terms of the operators
specified in 1) with Fly, Fp, Hﬂ(f), H él) given by 1D In order to express
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the PDE in terms of the function P(E;s,v), one must express all partials of
Q(E';a,c) in terms of partials of P(E;s,v) in E, s, v; e.g.,

202F' 1— 5221
_ V2ol = —2; ~0pP(E;5,v)

O Q(E'; =
E Q( ,G,C) T a2zt +2

OpP

T

and thus the operators d,, and d,, as acting on ) and P respectively, and
similarly for the others, are related by the following; we also indicate what the
relationship becomes for z — 0: []

V1—s224 1 1 1
d,, = #QE === -5 - =527+ 0(2") ) 9,
T, 2z 2z 4 16

g = £
/Tz E

/1 — 522 1
@Ci T = Z r;ayl = <Z — 823 + 58225 + 0(27)) @,i
0 14522 0 1 — 522
5.9 L (] _ 22, 2829 e 1T 82 , 2
dalr, (1= s2') 1— 52205 1—}—5,2’2(8 D

_ 9 (g, + 32) — sz (1 % +e, — €v> + 0(2°).(8.7)

s s 29

For notational simplicity, derivatives will often be abbreviated in the ob-
vious way:

, . ‘ N, .

0, F —FY, (8,)P—PY, PP, . .., (8.8)
s

while keeping in mind from (8.7) that 9, acting on functions of (E', a,c), as

Fy, Hy and Gy, translates, to leading order, into 0, /(2z) acting on functions

of (E,s,v); also notice the big gaps in the first few terms of the series for d,,.

In view of the PDE ([1.12)), one needs the series expansion in z of the F’s, the

H’s and the GG’s and their derivatives 0g,. This is the content of:

Lemma 8.1 Introducing the expressionY, withe = cg—e,, andv = (vy, ..., Vp_3),
1 o L o
SY = 4 = 255 — 2)02P +160,0,P + 8P + {8EP, aEP}8 . (89)

E

one checks, (remember from (7.8) the definition of Hy and Hy)

coo (o\' (1 1 1 : .

9Since 9, = Zfﬂ 9., and 0, = 2{1772 Dy, the third relation is valid for 9, and 9, as
well.
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: g\’ (1 2 A
a%/Fg = <2—§) (581}[8EP +ny — %8U28EP) + 0(23_2)

Hy + B Z Hj = (V- 3@P)@3P) +00)

. . —2 . 1+2
H. 0L, F, HO,F. =~H0JLF, . 3 ., Op : i
. P _— P 1
T Z Ff 32~ (8E ) +O(z )

F? F? 2z
=1
(8.10)
and also, for k=10,1,..., one has
3v/2 v (k)
G EF —F)MOP =~ Oz, 8.11

Proof: The formulae are straightforward computations; one of them in-
volves the expression Y introduced in . The big gaps in the series of
0., is responsible for the mere action of (Jp/22)", in computing higher deriva-
tives. Moreover, in the third formula, one notices that the sums 22’;12 H,/F,

on the left hand side of = actually do not play any role in the leading terms,
because H, and F; both are O(1). Formula (8.11)) is shown by induction;
namely for £ = 0, one checks, using the formulae ({8.10]),

G1+£(F —F.)P"

8 3\/§ ! DI
= LY —F)P
2., + 16 ( L)

1 : 3v2

!l DI B sl o Y
= oo (Y =3P+ 15 (4\/_13 P) O(1) = 5 +0().

Assume inductively

3
G+ 1—\2_(]7 — R0 P =

YyGE-1)

and prove it for ¢ = k 4+ 1. Then, using the general definition ((1.15)) of G4
in terms of Gy, formula (8.12)), the derivatives dgs of F as in (8.10) and the
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last formula of (8.10]), one checks

3v2
Gk—i—l G ( F+)(k+1)P//

H,F® +H_F£’“> gHgFe(k) 32
F? F2 72 16

. Og Yk-1 3\/§
2z 16(22)k+1 16

= OpGi+ (F_ — F,)*+pr

(=1

(F.—F.)®p"4 O(z‘k)>

-2 k‘)
H Y HFY ZHEFER 3v2
F —F (k—l—l)PII

+F3+F2 +; F€2+16( +)
Y *)

— 9] —k—1
Toaye O

establishing Lemma 8.1} [ ]

By Corollary Q(F';a,¢) =In IP’A(E’ a, c) satisfies the PDE ((7.9)), which
induces a PDE for P(E;s,v) = InPA(T (E s,v;)), remembering (8.4 and
(8.5). As pointed out, the PDE for Q(E'; a, ¢) misses to be a Wronskian by the

last column. It is approprlate to do some column operations; e.g., subtracting
the first from the second and then adding the second, multlphed with P”, to

the last one; also it is convenient to multiply the columns with 2’s and \/§’S.
This gives us the determinant below, which vanishes according to Corollary

. The second equality = uses in a straightforward way the series expansion
of Lemma [8.1] above,

oF, V2(F_—F.) 2F ... 2F, 5 Go+32(F. —F,)P"
2F,  V2(F_-F.) 2F ... 2F,_, G+ 3{ (F_—F,)P"
O=det | 2F) V2(F_—Fy) 2F ... 2F', Gy+32(F_—F,)'P"
2FP VR(Fo—F)® 2FP . 2EY, G, + 2Z(F_—F.)®) P
ZrLn+0) L5+03) 9+ omy + O(22)
e +0Gr) @ TO0) @) gfl +0()
= det (1232 E: +O( ) (1237)3 —"—O(%) (2;)2 Dor +O( )

(p+2) . S5(p+1) ’ F) (p+1)
(Igz)z’+2 + O(zP1+1 ) (I;Z)P+1 + O(ZPEI ) (Qi)p };1)1 + O( zp172)
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2,0+ 0(2%) 5% 5 P+ O(2)

1 8P//
(22)0v, -2 +0(2) 16(2z 16(22)2 +0(1)
(22)26vp ;T o) 16(2z)3 + O( )

1 8P“’*”+0< L) i Ol

(22)P Ovp_2 2P—2 16(2z)pt1

. C L0 0 o 1

The last equality = stems from the fact that the matrix consists of columns
with increasing powers in 1/z, except for the element (1,1), whose leading
term is 2/2*. Therefore the leading contribution of the determinant of the
matrix will be given by

% X the determinant of the (1,1)- minor,

which indeed leads to equality =. Also the term —858%]5” could be removed
by adding 8sx (the first column); but we prefer not to do this, in view of
the conjecture 1.5, Taking the limit, when n — oo, leads to the PDE for
P = limlogP,. In the end, one must undo the slight renaming of the
variables s = 7/v/8, v; = 24, x; = &/2°/* and go back to the (7, u;, €)-
variables, yielding 1Y = 832X, with X as defined in (1.20). This yields PDE
(1.19), which ends the proof of Theorem [1.3] n

Very sketchy Proof of Corollary[I.J: A detailed proof appears in Adler-
Orantin-van Moerbeke [3]. In the absence of inliers (p = 2), the Wronskian
(1.19)) is the determinant of a 2 x 2 matrix:

0=W, [020, nP”, X|, ={020.mP”, X}, . (8.13)

Performing the same scaling limit on an asymmetric situation, with 2nq par-
ticles forced to —y/n and 2n(1 — q) particles forced to /n for 0 < ¢ < 1, with
q # 1/2, leads to a PDE for the leading term having the form

{&’nP”, X}, =0. (8.14)

Thus In P” satisfies two different PDE’s, (8.13)) and (8.14)), given by two Wron-
skians of X with 920- InP” and §° InP”. Then a functional-theoretical argu-
ment explained in [3] implies X = 0. n

For inliers, we further conjecture -in analogy with the result in Corollary
the validity of equations (1.22) and (1.23)), as stated in Conjecture [L.5]
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9 Appendix: evaluation of the integral over
the full range

In this section we prove formula (6.7)), i.e., we show that

P )y e moo 2 Sl oy 0 (¢ m
Ap, (U5 T 1 S o+ S alel, 46000,
Ay (1) | | — | | e k=1 = | | dvy,
m Ty!
RmN L k

(=1 i=1 =1

_JImm P n b(2)2 (]) (Z) nin;

= gale)emE R T - b0y,
Ii<j<p

with g,(c) a function, depending on ¢y, . .., ¢,,—1 and n only, computed below.
In view of the representation of the above integral as the determinant of a
moment matrix, as in (3.11)), it suffices to prove that

MDD

det |+ | =gul)e i T @ —s)mm, (9.1)
M@ 1<i<j<p

where, for ¢ =1, ..., p, the ny x N matrix M©® is defined by

m
. . 1 m m—1 )
M(e) — (/ w{wfnefﬁ 2 ket wl%+2k:1 CrWEWe41+b1 " wm H dwk)

k=1

Introducing for a,b € R the zero momentf]

m
1 2 —1
m(a, b) = / e*i(Zi”:lwr?Zi”:l CkWEWk+1)+aw1+bwm H dwy,
m
k=1

— (27T)m/2 /__ det 6—%(jlla2+2\71mab+\.7mmb2)7 (92)

we can express all the entries of M as
0_9 0
9 Qad Ob
Let us first prove (9.1)) in the case in which all n, are equal to 1 (so that
p = N). Then, it follows from (9.2)) and (9.3)) that, for £ = 1,...,p, the vector

M® is, modulo a constant which depends on ¢4, ..., ¢,—1 and N, but not on
¢, of the form

m(0, ). (9.3)

2
M(E) ~ e_Jmebgg) <17 O‘l(bge))v s aaN—1<b§£))) )

20Using

m/2
/ e*%@w’wH“’wdwl .odw,, = Lﬂ) ! e%@_le’@7

Vdet Q
for @ := -7 ' and ¢ := (a,0,...,0,b).
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J
where o (bﬁ“) is a polynomial in bﬁ“ of degree 7, with leading term <—\71mb§£)> ,

and whose coefficients are independent of ¢, but depend on c. It follows that,
if all n, are equal to 1, thenP]

MO
2 . .
det |+ | =gn(@e =0 T 09 -8, (94)
M®) 1<i<j<p

proving (9.1) in that case. Let us show how the other extreme case, where
there is only one n, (so that p = 1 and ny = N), is derived from it. Let
f:R — RY be a smooth function and let 3 € R. Then

;e . )

' o pi :

det : = ﬁl,ul.}/la?vﬂﬁ H1gi<]<zv(ﬁj ey det : , (9.5)
AR (6) F(Bx)

as follows by writing each f(0) as a Taylor series around f(/3). Applied to
_ Imm 32
f(ﬁ) =€ 30 (17041(6)7"'705]\/—1(6))7

and G1,...,08y = bge), o ,b%) we conclude using 1} and 1} that, when
p =1, then

2
det (MY) = 1im [ # gn(c)e~ BTG = g (c)e TEm NN

proving in this case. The proof of formula in the intermediate case,
when there are several n,, which are not equal to 1, follows in a similar way
from (9.4), taking the limit ; — b for i = 1,..., N, with n, of the §; going
to b, namely Bi,..., 8., — b, and Bo, i1, ..., Buan, — b2, and so on,
where now one divides by a product of p Vandermonde determinants, each
going with a collapsing group.
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