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Abstract

In a recent publication, it was shown that a large class of integrals over the unitary group
U(n) satisfy non-linear, non-autonomous difference equations over n, involving a finite number
of steps; special cases are generating functions appearing in questions of longest increasing
subsequences in random permutations and words. The main result of the paper states that
these difference equations have the discrete Painlevé property; roughly speaking, this means
that, after a finite number of steps, the solution to these difference equations may develop a
pole (Laurent solution), depending on the maximal number of free parameters, and immediately
after be finite again (“singularity confinement”). The technique used in the proof is based on an
intimate relationship between the difference equations (discrete time) and the Toeplitz lattice
(continuous time differential equations); the point is that the “Painlevé property” for the discrete
relations is inherited from the “Painlevé property” of the (continuous) Toeplitz lattice.
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1 Introduction

In a recent publication (Adler & van Moerbeke 2003), we have shown that a large class of integrals
over the unitary group U(n) satisfy non-linear, non-autonomous difference equations over n, involv-
ing a finite number of steps; these U(n)-integrals are motivated by generating functions appearing
in questions of longest increasing subsequences in random permutations and words (see Adler & van
Moerbeke 2001, 2003, 2004; Baik & Rains 2001, Borodin 2003; Rains 1998; Tracy & Widom 1999,
2001). The main result of this paper, announced in Adler & van Moerbeke 2003, states that these
difference equations, which are also recursion relations, have the discrete Painlevé property; roughly
speaking, this means that the solution to these difference equations may develop a pole (formal Lau-
rent solution) after a finite number of steps and immediately after be finite again, a fact which had
been observed by Borodin 2003 in the very special case of unitary matrix integrals related to longest
increasing sequences of random permutations. Moreover, these formal Laurent solutions depend on
the mazimal number of free parameters, which equals ((order of difference equation) —1) x (dim of
phase space), with the poles disappearing after a finite number of steps (“singularity confinement”),
due to the non-linear and non-autonomous character of the equations.

The property of singularity confinement was introduced in Grammaticos, Ramani & Papageor-
giou 1991 (see also Suris 1989), and further studied in Grammaticos, Nijhoff & Ramani 1999, as a
method to find discrete Painlevé systems. They were motivated by the famous Painlevé property
for continuous systems (see Ince 1944) that movable (initial condition dependent) singularities be
single-valued. They were further motivated to get a classification of discrete Painlevé equations in
the style of the situation for the continuous case, which they and others have embarked on and
had some success. For instance, Clarkson & Webster 2000 used singularity confinement to get the
so-called d-PIII equation, whose particular solutions in the limit go to Painlevé III. It should be
pointed out that singularity confinement can fail to produce integrability, as was shown by Hietar-
inta & Viallet 1998, and further tests for integrability have been proposed, such as using “algebraic
entropy” by Bellon & Viallet 1999 or using Nevanlinna theory (Ablowitz, Halburd & Herbst 2000
or Ramani et al. 2003). Thus in discrete systems the situation is more complicated than in the
continuous situation, which should come as no surprise.

Nonetheless, singularity confinement is still a stiff requirement for a discrete system to pass and
quite often (but not all the time) indicates integrability. In discovering that a large class, related to
combinatorics, of integrals over the unitary group satisfy discrete recursion relations, it is natural to
ask: “What might be the nature of these recursion relations?”. Moreover, since from the derivation
of these relations, they were clearly related to an integrable system called the Toeplitz lattice, it
was natural to wonder if these discrete relations were integrable or at least have some “integrable-
like property”, especially since two of the relations coming from combinatorics actually possessed
invariants, one case being that of McMillan and the other being a generalization of the McMillan
case. This paper answers the latter question in the affirmative. Indeed, this huge class of recursion
relations coming from unitary integrals and combinatorics possesses the “integrable-like Painlevé
property” called singularity confinement as this paper shall demonstrate. It would be worthwhile to
compute the algebraic entropy of these examples, as it has been hoped that also requiring that the
algebraic entropy is zero would suffice for integrability.

The technique used in the proof is new and is based on an intimate relation between the difference
equations (discrete time) and the Toeplitz lattice (continuous time differential equations), introduced
in Adler & van Moerbeke 2001; the point is that the the “Painlevé property” for the discrete relations
are inherited from the “Painlevé property” of the (continuous) Toeplitz lattice. Before making a
more precise statement and describing the technique, recall the basic facts about the Toeplitz lattice
and the recursion relations (Adler & van Moerbeke 2001, 2003).



For k € N and € € {—1,0,1}, consider the matrix integrals
T (t,5) = / (det M)+ 2% Trace(t; M7=, M) g (1)
U(k)

where dM is Haar measure on U(k), t = (¢1,%2,...) and s = (s1, s2,...). Special choices of ¢; and
s; lead to generating functions in combinatorics (see Adler & van Moerbeke 2003). Set 7 := 7% and
7% ;= 71 In Adler & van Moerbeke 2003 it was shown that the ratios

k le_ (t7 S)

_ ka_(t,S)
Tr(t,8)’ 1)

yn(t:8) = T1(t,8)

2 (t,) = (~1)

)

with k& € N, satisfy the Toeplitz lattice, an integrable Hamiltonian system,

dzy oH;" dys, oHY
. = 1 — v - = — 1 — 2
(2)
dr e dyr oH”
= ]_ — 2 _ = — ]_ — 2
dSi ( xkﬁyk) 8yk ) dS/, ( xkyk) 8$k )
where 7 = 1,2, 3, ... Moreover, 7, is a polynomial expression in the variables x; and y; and 7:

n—1
Tp = TT’ H(l — :Ekyk)n_k
k=1

The Hamiltonians Hi(l) appearing in (2) are given by
@ 1 i .
H;” = —=Trace L], 1=1,2,3,...,1=1,2,
i

where the matrices L, and Lo are defined by

—Z1Yo0 1-— T1Y1 0 0
—T2Yo —TaY1 1 — 2oy 0

Ly:=| 3% —¥3y —x3Y2 1—z3ys3 (3)
—T4Yo —T4Y1 —Z4Y2 —T4Y3

and

—ZoY1 —ToY2 —ZoY3 —ToY4
1—zyn  —21y2 —T1Y3 —T1Y4

Ly = 0 I —w2y2  —2y3 —T2Y4 . (4)

0 0 1— r3Ys3 —I3Y4

The system admits a reduction, interesting in its own right, obtained by putting xj = yi for all k.
We refer to it as the self-dual Toeplitz lattice.

In Adler & van Moerbeke 2001, it was shown that the matrix integrals (1) satisfy a s[(2,R)-
algebra of Virasoro constraints, which combined with the Toeplitz lattice equations, lead to difference



equations for x and yi given in Adler & van Moerbeke 2003, a subset of the cases leading to recursion
relations, which we now describe. Given arbitrary polynomials

N u N\ N U_ i\
PN =) ZZ_ ,and PN =) Z :
i=1 i=1
the variables +( ) ~ )
kT (u ) e ( e Te (1
xk(u) T ( 1) Tk(u) ) yk( ) . ( 1) Tk(u) I

with
T,E(u) = / (det M)e-l—’yeTrace(Pl(A[)_p2(1w—1)) dM7
U(k)

and u = (u1,...,un,u_1,...,u_n), satisfy 2N + 1 step difference equations I'y(z,y) = 0 =
f‘k(x,y) = 0, where x = (z1,29,...) and y = (y1,¥2,...), and where the polynomials I'y(z,y)
and f‘k(x, y) are defined in terms of the matrices Ly and Lo defined above (denote the derivative of
the polynomial P; by P/)

_ Ll—ay —(L1P{(L1))k+1,k+1 — (L2P3(L2))k ke o
Cr(x,y) = 7% < UL kerr + (P ) + kxp =0, 5
~ . 1-— TrkYk —(Llpll(Ll))k,k — (L2P2I(L2))k+17k+l _
I‘k(x,y) = Tk < +(P1/(L1))k+17k + (PQI(LQ))ch.H ) + kyr, = 0.

Looking closely, one observes that these difference equations I'y, = 0 and Iy, = 0 are indeed linear
in x4+ N and yg+n, and can thus be solved in terms of xx—n, Ys—N, -, Tkt N-1, Y+ N—1. See the
appendix for a proof of this fact.

This paper deals with the difference equations (5) for their own sake, without further reference to
the special solution zy(t,s) and yx(t,s), given by the unitary matrix integrals above. Moreover, we
will consider the bi-infinite Toeplitz lattice, which is defined as in (2), but with k£ € Z. The recursion
relations are then also considered for k € Z, with the semi-infinite case obtained by specialization.
The bi-infinite Toeplitz lattice will be introduced in section 2, where we also discuss the self-dual
Toeplitz lattice and the recursion relations.

It came as a surprise that the generic solutions of these (very general) equations (5) have the
singularity confinement property, a fact which had been observed by Borodin 2003 in the very special
case of unitary matrix integrals related to longest increasing sequences of random permutations. In
this case the recursion relation is only a 3-step relation. We shall see that although the relations
inherit the confinement property from their integrable ancestor, the Toeplitz lattice, they need not,
as there are many places where they can easily loose this property. The main result of the paper is
to show that this large zoo of examples (1.5), indeed possess the singularity property, namely:

Theorem 1.1 (singularity confinement: general case) For any n € Z, the difference equa-
tions Ty(z,y) = Tp(z,y) = 0, (k € Z) admit a formal Laurent solution © = (x3(\))rez and
y = (y(AN)kez in a parameter X\, having a (simple) pole at k = n and A = 0, and no other
singularities. These solutions depend on 4N non-zero free parameters

Qp 2Ny, Op—2,0p_1, ﬂn72N7 s 7ﬂn72 and A.



Setting zn = (Tn,Yn) and v; = (4, 3:), and v := (Yn—2anN, -« - s Yn—2, Qn—1), the explicit series with
coefficients rational in v read as follows:

() = 2,20 ()N, k < n—2N,
ze(A) = Y, n—2N < k<n-2,
Tn-1(A) = ap-1,
Yn—1(A) = 1/an_1+A,
W) = A ()N,
ahy) = Teal ()X, n < k.

For the self-dual case, the statement reads as follows:

Theorem 1.2 (singularity confinement: self-dual case) For any n € Z, the difference equa-
tions Tr(z) = 0, (k € Z) admit two* formal Laurent solution x = (xx(\))rez in a parameter A,
having a (simple) pole at k = n only and A = 0. These solutions depend on 2N non-zero free
parameters

o= (Qp—9N,---,Qn_2) and X

Explicitly, these series with coefficients rational in « are given by

() = 222\, k < n—2N,
z(A) = ag, n—2N < k<n-2,
Tno1(A) = e+ A\

() = FEZal ()N,

T (V) = —e4+ 3229 (@)X,

() = 22,2 (@), n+l < k.

The proof of theorems 1.1 and 1.2 is by no means direct, but proceeds via the Painlevé analysis
for the Toeplitz lattice. As a starting point, the zero locus M, of all polynomials T';, and Ty, form
an invariant manifold for the vector field of the Toeplitz lattice with Hamiltonian Hfl) — HQ(Q), by
viewing the coefficients of P;(A) and P»(\) as constants, except for uyi, which moves linearly in
time. Explicitly, this vector field is given by

d
TE = (1= ) (@hr — 7o),
dt keZ. (6)

d
% = (1 - ffkyk)(ykﬂ - ykfl)a

In the self-dual case, this vector field reduces to

dz
dt

4They are parametrized by € = +1.

=(1—23)(zpr1 — Tp_1), keZ. (7)




The first idea is then to restrict the principal balances (formal Laurent solutions depending on the
maximal number (= dim phase space —1) of free parameters, besides time) of (6) to these invariant
manifolds. We fix n and look for a formal Laurent solution to the Toeplitz lattice that has a (simple)
pole for x,, and y, only, and we find a unique such family, as given by the following proposition:

Proposition 1.3 For arbitrary but fized n, the first Toeplitz lattice vector field (6) admits the fol-
lowing formal Laurent solutions,

1
) = —< n1ns1(1 + at) + O(£2 )
v () (an—l_an-l—l)t -1 +1( +a)+ ( )
1 Un4104 — Ap_10_ 9 )
Y ( ) ((Ln,1 - anJrl)t < ( an+1 — Gn-1 ) ( )
xn:l:l(t) = Gp+1+ an:l:lazl:t + O(tz)
yn:l:l(t) - 1/an:t1 - a:l:/an$1t + O(tQ)

whereas for all remaining k such that |k —n| > 2,

Tk (t) = ap+ (1 — akbk)(akﬂ — akfl)t + O(t2) (8)
Ye(t) = b+ (1 — apbi)(brgr — br—1)t + O(t?) (9)
where a, at, ant1 and all a;, b;, withi € Z\{n—1,n,n+1} and with by,11 = 1/ans1, are arbitrary

free parameters, and with (ap—1 — apy1)an—1an11 7 0. In the self-dual case it admits the following
two formal Laurent solutions, parametrized by e = +1,

oa(t) = —2% (14 (ay —a_)t+O(t2))
Tne1(t) = € (IFl +4ayt + O(t2)) , (10)
ai(t) = e(ar+ (1 —a}) (a1 — ar—1)t + O(t?)), |k —n|>2,

where ay,a— and all a;, with i € Z\ {n—1,n,n+ 1} are arbitrary free parameters and a,_1 =
—Qp4+1 = 1.

Together with time ¢ these parameters are in bijection with the phase space variables; we can put
for the general Toeplitz lattice for example z < (ag,bg) for |k —n| > 1 and z,41 < an+1 and
Ynt1, Tn,Yn < G+, a,t. Thus, this formal Laurent solution is the natural candidate to work with;
see section 3.

It is however, a priori, not clear that these formal Laurent solutions can be restricted to the
invariant manifold M. Indeed, upon introducing a proper time-dependence for u already men-
tioned, one has that Ty (t) := Ty (x(t), y(t); u(t)) and Ty(t) := Tr(x(t), y(t); u(t)) satisfy a system of
differential equations, as given in the following proposition:

Proposition 1.4 Upon setting de'i = 014, the recursion relations satisfy the following differential
equations
dl'y, -
o = (1 = 2pyr) (Crs1 — Dr—1) + (@r41 — 2p—1) (@ lk — yelx), an
dr . . .
d—tk = (1= 2eyr) Trgr — Ti1) = Wrr1 — yr—1) (@l — yl'e),
which specialize in the self-dual case (7) to
dr
o = (=2 Te = i), (12)



In addition to propositions 1.3 and 1.4, many other arguments are needed to fine-tune the
free parameters, when going from the Laurent solutions of the Toeplitz lattice to the existence
of formal Laurent solutions to the difference equations, depending on the announced number of
free parameters. See section 6. The proof of these facts will be spread over two sections, as the
arguments get rather involved; see section 5 for the self-dual case and section 6 for the case of the
general Toeplitz lattice.

This ultimately leads to the proof of the main theorems 1.1 and 1.2.

Examples

I. Denote by P the uniform probability on the group Sk of permutations 7y, and by L(7y) the length
of the largest (strictly) increasing subsequence of m;. According to an identity, due to Gessel 1990,

_ > 12k
/ etTrace(M-i-M ) dM = Z —_— P(L(?T]g) < TL)
k!
U(n) k=0

The quantities defined for n > 0 by

Sy det M tOTEM0 g
fU(n) et(M+M=1) dNf

zn(t) = (=1)

satisfy the following 3-step relation, found by Borodin 2003,
nxy, +t(1 — x2)(Tns1 + Tp1) =0,
possessing the McMillan invariant (McMillan 1971)

(I)n (xn-l—l; xn) = (I)n(xna xn—l)

with n
By 2) = (1921~ 2) — e

I1. According to Rains 1998, respectively Tracy & Widom 1999,

k!

[e%e) 2k
/ o8 Trace(M*+M %) jar _ Z (v2s) P(L(n,) < n)
U(n) k=0

19% </ eTrace(t(MJrM_l)+s(M2+M_2))dM+/
U(n)

e Trace(t(M+M~1)—s(M?+M~?)) dM)
U(n)

[t=0

= (V29

k!
k=0

P(L(ﬂ'gkﬂ) <n),

where 79, and 79, | | are odd permutations of respectively order 2k and 2k+1 acting on (—k, ..., —1

1,...,k) and (—k,...,—1,0,1,..., k). Then

) 3

fU(n) det MeTrace(t(M+M71)+s(M?+M72)) .

Z‘n(sat) = (_1)" fU( )eTrace(t(JW-I-JW*l)+S(JV12+M72)) dM



satisfies a 5-step recursion relation (v, := 1 — 22)
t 250n ( — an( )?) =0
NTp + tn(Tn—1 + Tnt1) + 2800 (Tn42Vn41 + Tn—2Un-1 — Tn(Tnt1 + Tn-1)") =0,
possessing the invariant
(I)n(xnfla TnyTn+1, xn+2) = (I)n (xna Tn+1, Tn+2, xn+3)

with
O, (2,9, 2,u) = nyz — (1 = y?*)(1 = 22)(t + 2s(x(u — y) — 2(u+y))).

2 An invariant manifold M for the first Toeplitz flow

In this section we introduce the bi-infinite Toeplitz lattice, in analogy with the semi-infinite Toeplitz
lattice, introduced in Adler & van Moerbeke 2001. We also recall the basic formulas related to the

invariant manifold M that we will introduce below (see Adler & van Moerbeke 2003).

The (bi-infinite) Toeplitz lattice consists of two infinite strings of vector fields on the (real or
complex) linear space of bi-infinite sequences (z;, y;)icz. The particular vector field that we will be

interested in (the “first” Toeplitz vector field) is given by

dx
d—k = (1 —2pye)(@Trt1 — Th—1),
t keZ.

d
% = (1= 2eye) Wrsr1 — Ye—1),

(13)

The semi-infinite Toeplitz lattice is obtained from it by setting (zx,yx) = (0,0) for k¥ < 0 and

(z0,y0) = (1,1). The invariant polynomials of the matrices Ly and Lo, defined by

—TilYj— +0; j if j—1 <1,

(L1)ij = SR
0 if j—i>1,
—YiTi—1 + 0541, i j—i>1,

(L2)ij = phmt e
0 if j—i<1,

provide two infinite strings of constants of motion Hi(l) and Hi(Q) (i € Z) of (13), defined by
1 .
HY = —~TraceLi, i=1,2,3,..., 1=1,2.
i

The first Toeplitz vector field (13) is the Hamiltonian vector field that corresponds to

H1 = Hl(l) — H1(2) = Trace(Lg — Ll) = Z(xiyifl — {Eiflyi),
i€Z

with respect to the Poisson structure defined by

{wi,z;} ={vi,y;} =0, {zi,y;} = (1 — z3w3)0i5,

and the functions Hi(l) and Hi(Q) are all in involution with respect to {-,-}, as follows from a direct
computation. As a corollary, all Hamiltonian vector fields Xi(l) = { ,Hi(l)} and )(7:(2) = { , Hi(Q)}

commute. If we denote (A | B) := Trace AB, whenever this makes sense, then for : = 1,2, ...,

1 ) : L
Xi(l)[xk] = {xk, —= TraceLzl} =—(1— xpyr) <Ll11 | L> ,
i Oy



and similarly for Xi(l) [yx], which leads to the following expression for the vector field Xi(l),

dxy, i—1| 0L
— = —(U—mpye) (L7 |52 ),

X :ZZ < ) (16)
B = (1w (L1 82).

The vector field Xl@), has the same form, but with L; replaced by Ls. This is a particular case of
a phenomenon that we will refer to as duality. Namely, there is a natural automorphism o of our
phase space, given by o : (2, ¥;)icz — (Yi, Ti)icz. It preserves the first Toeplitz vector field (13), it
permutes the Hamiltonians Hi(l) — Hi(z), it permutes the Lax operators as follows: L; <+ Ly and
it reverses the sign of the Poisson structure. The first Toeplitz vector field (13) can be restricted to
the fixed point locus (z; = y;)iez of o, which leads to the self-dual (bi-infinite) Toeplitz lattice,

dxk

o =(1- ﬂ?i)(xk—i-l —Tg_1), ke Z. (17)

All constructions in this paper will be done for this self-dual lattice first, and then for the general
Toeplitz lattice. This is not only for pedagogical reasons: even if the ideas that lead to the proofs
are similar in both cases, the self-dual lattice can for our purposes not be treated as a particular
case of the general Toeplitz lattice, as we will see.

For ¢ = 1, the equations (16) for Xi(l) and for Xi@) specialize to

Xl(l’2) [zk] = (1 —Zryr)Trta, (18)
M) = (- s,
Fixing 2N constants v := (u_n,...,u_1,U1,...,un), with uy # 0 and u_x # 0, we consider
the polynomials
NN AR
Pi()) = ; —,and ()= ; - (19)

whose derivatives we simply denote by P] and Pj. They lead to two strings of polynomials® I'y and
Tpin i, y; (i € Z):

L—apyr [ —(LaP{(L1)k+1,6+1 — (L2P3(L2))k,k
(e, y;u) = ———= ) / + kxk,
Yk +(P1(L1))k+17k + (PQ(LQ))k,k-H (20)
= 1 —apye [ —(LaP{(L1))kk — (L2Py(L2))kt1 k1
(e, y;u) = ———— ) / + kyg.
Tk (P (L1))k+1,6 + (Po(L2))k,k+1

Notice that the only elements that appear in these polynomials are the diagonal and next-to-diagonal

entries of L' and L} for I = 1,...,N. For fixed u we consider the zero locus of all polynomials I'
and T,
M= () {(@i widiez | Tule,yiw) = 0 and Ti(a,y0) = 0} (21)
kEeZ

5The structure of the matrices L1 and Lo implies that 'y, and 'y are indeed polynomials. They are also polynomials
(of degree 1) in the variables u;, but we often do not mention this, because we think of these variables as parameters.



In terms of the variables x; and y; the leading terms of I'y and fk are given by

N-1 N-1
Te(,ysu) = unaipn [ (0= 2epivers) + -+ uonvaeen [[ (1= zroivni),
i=0 i=0
) N-1 N-1
Fe(x;y;u) = U_NYreN H 1 — TpqiYhyi + - FUNYE—N H (1 — Zp—iYp—i)-
=0 =0

See the Appendix for a precise statement, a few more terms and a proof. We often write Ay as a
shorthand for the vector (I'y,T'%) T and zj for (xx,yx) .

In order to get the corresponding formulas for the self-dual case we put o(u;) := u_;, so that
o permutes P; and Ps, as well as ', and T'x, hence Pl = P, in the self-dual case, and I'y, = I'y.
Writing L := Ly and P := Py, the polynomials I';, and I'y, reduce in that case to

1— 2
Ti(z;u) = Tk

(2P LDk~ (P (DD ior = (LP(D)s) + b, (22)

while its leading terms are now given by

N-1 N-1
Tp(zsu) = unzpen [[ (1 —27y) 4+ +unvze-n [[ (0 —27)). (23)
i=0 =0

The zero locus M,, now takes the simple form

My, = ﬂ {(zi)iez | Tr(z;u) = 0}. (24)

keZ

Following Adler & van Moerbeke 2003, we show that, upon introducing a proper time dependence,
the polynomials I'y, and I'y, satisfy a simple set of differential equations, showing that the zero locus
(21) of these polynomials is a (time-dependent) invariant manifold of the first Toeplitz flow (13).

Proposition 2.1 Let (z(t),y(t)) be a solution to the first Toeplitz vector field (13), to wit:

A (x() ) | (p0)_ p@) [ z@)
i (ot ) = (=) (5):
and let T(t) :== T(x(t), y(t); u(t)) and T(t) := T(x(t), y(t); u(t)), where

w(t) = (U=n, . s u—2,u—1 +t,us + U2y UN)- (25)
Then T(t) and T(t) satisfy the following differential equations:

dar -

d—tk = (I —oryr) Tesr — Tho1) + (@p+1 — 2p—1) (kT — yilk), 26)
dl - - -

d—tk = (I =2pye)Tig1 — Tee1) = Wt — Yo—1) (@l — ynlk).

In particular, M) is a (time-dependent) invariant manifold of the first Toeplitz flow. In the
self-dual case, these differential equations specialize to
dly
dt
Then My is a (time-dependent) invariant manifold of the first vector field of the self-dual Toeplitz
lattice, where u(t) = (uy + t,ug, ..., uN).

= (1= 2)(Trs1 — Tp1). (27)

10



Proof We first show that
Fk(xvyau) = Vu[xk] +k$k,

Th(z,yiu) = —V'[yi] + ks,
where V" is the Hamiltonian vector field

f: (u x4 X(2))

=1

(28)

It suffices to prove that I'y(z,y;u) = V*[xi] + kxk, the other identity being obtained by duality
(indeed, o(V*) = —V" since O'(Xi(l)) = —Xl@)). In view of the Definition (20) of T’ this means that
we need to prove that

(1) R i1 (i
XV o] = ur ((Ll )k-{—l,k (Ll)k+1,k+1) J (20)

2 1 — 2ryk - i

Xf )[xk] = ((L2 1)k k+1 (L2)k k) :
Yk ’ ’
According to (16), the first equation amounts to
oL , .

z 1 1 i i—1

yk< | yk> = (Ll)k+1,k+1 - (Ll )k-’,—l,k’ (30)

where we recall that (A|B) = Trace AB. The proof of (30) follows immediately by writing
(L) ks1k+1 as (LlflLl)kJrLkH, and the expression (14) for the entries of L;. For the second
equation in (29) the proof is similar.

Notice that (28) implies that the time-dependent polynomials Ty (t) and T4 (t) are given by

Tr(t) = V'Ol () + kae(t),
Tr(t) = —V"“Oly(t) + kye(t),

where V*®) can, in view of (25) be written as
Ve = M 4 x4y

Since the vector field d/dt commutes with all the Hamiltonian vector fields Xi(l) and Xi@), it follows
from these equations and (18) that

Trwy = a0 [a:k](t) O [a](1) + VOl /d] (1) + kS 1)

(k+ D)XV (1) — (b = DA 2] (8) + VO [(1 = 2iye) (@rs1 — zr-1)] (1)

(k+1)(1 = 2 (B)ye()zria(t) — (k= 1)1 = 2 O)ye(t)) 281 (1)

+(1 = 2k (@ys V" [mrgr — 1] (1) = (@rsa () = 2e-a () [orun] (1)
)

= (= Oy ) Tria () = Tama () + (@rg (8) = 2xoa () @x(OFR(E) — yi (T (1)),

This yields the first relation in (26). The second equation is obtained by duality.

At points of M, all T, and T, vanish so the right hand sides of (26) vanish. The unique
solution to (26) that corresponds to such initial data is the zero solution, 'y (t) = Tx(t) = 0. As a
consequence, M) is a time-dependent invariant manifold for the first Toeplitz flow.

11



3 Painlevé analysis of the first Toeplitz flow

In this section we will show that the first Toeplitz flow admits many families of formal Laurent
solutions, a property reminiscent of (finite-dimensional) algebraic completely integrable systems
(see Adler, van Moerbeke & Vanhaecke 2004). They will be used in the subsequent sections. We will
first consider the self-dual case, which is easier, and then we will consider the full Toeplitz lattice.

3.1 The self-dual Toeplitz lattice
Recall that the first vector field of the self-dual Toeplitz lattice is given by

dzy

dt
Proposition 3.1 For any n € Z, the first vector field (31) of the self-dual Toeplitz lattice admits a
formal Laurent solution x(t), with only x,(t) having a pole, given by

=(1—2})(Tr1 — Tp—1), keZ. (31)

1
nt) = ( (L ) aner — k)t + 51— ) (aeoal — a_ )+
ap42(1 — aiH) — ap((aps1 — ap—1)* + 2 — 2ap_1ap41) + Kp)t2 + —|—O(t3)) )
Tnr1(t) = ¢ (:Fl +4ayst +4asr(2ant2 F (a— + a+))t2 + O(tg)) ,
e 1
o) =~ (14 @ - e+ gl -0y

+4(asany2 —a—an—2 +1—2aya_))t> + O(t?)),

where ay,a_ and all a;, with i € Z\ {n—1,n,n+ 1} are arbitrary free parameters; also, % = 1
and ap—1 = —apy1 = 1. When |k —n| > 2 then ki = 0, while k1o = Fdax.

Proof' We look for formal Laurent solutions x(t) to (31) that have a simple pole for one of the variables
(only). To do this, we substitute x,, (t) = a:ﬁf))/t+0(1), with 2 # 0, and x;(t) = x;p) +O0(t), j#n

2
into (31) for different values of k. Taking k = n=+1 we find that (xgloi)l) =1, in both cases because

1 — z3(t) needs to cancel the pole coming from x,(t). Given this, (31) with k& = n is given by

0)?
(0) Tn
Tn —
—5 +0(1) = L) tQ) (2, — 2 + 0.

Since 2 # 0, we deduce from it on the one hand that xﬂrl and xﬁfll have opposite signs, so

that xﬂrl = —a:ﬁ?ll and that z{0) = 1/(2x531). It follows that x,+1(t) = Fe + O(t) and z,(t) =
—e/(2t) + O(1), where 2 = 1. For |k — n| > 2, the coefficient in ¢! of (31) does not impose any
condition on the constant coefficient of xy(t), which is therefore a free parameter, which we denote

as eay.

Having determined the first term of the series we suppose that

zp(t) = € (ak + Zw,(j)ti + x,(:H)tH'l) , |k—n|>2,
i=1
Tnt1(t) = ¢ (qﬂ t foj)ilti + ffgffll)trJrl) ;
i=1

12



zo(t) = —2% <1 +) 2l +x£f+1>tf’+1> ,

i=1

where all coefficients a:,(f), with ¢ < r have been determined. We show that (31) then yields linear
relations on the coefficients xgﬂ). To see that, pick the coefficient in ¢" in (31) when k # n, while
taking the coefficient in t"~! when k& = n. This yields the following relations, where “known” means
coefficients x,(j), with ¢ < 7r:

lk—n|>2 : e(r+ 1)x,(;+1) = known,
k=n£l : erngll) = known, (32)
S £ T T
k=n —5(7" + 2)zr ) = —Z(x;:f) - x;_ﬁl)) + known.
This yields a linear system in the unknowns x,(:H), where k € Z, which has upper triangular form
when xg“) is put at the end. It uniquely determines the coeflicients x,(:'H), except when k =n+1
and r = 0: the corresponding equations both reduce then to 0 = 0, so that xfllJ)rl and x;lll are also
free parameters; we denote them by 4ay := xflli)l. Then the third equation in (32) implies that
xg) = a4 — a_; also, the first equation is explicitly given by E:E](Cl) =¢e(1 — a})(akt1 — ak—1), for

|k — n| > 2. Since for r > 0 we can solve uniquely for all xzﬂ, we get a formal Laurent solution
depending on the free parameters, as indicated. The extra term that is given in the proposition is
easily verified.

Notice that under the natural correspondence between the phase variables x (with k& # n) and
the free parameters ay (a+ in the case k = n 4+ 1) we have that the number of free parameters
on which the coefficients of the series depend, is one less than the number of phase variables, a
property reminiscent of principal balances for (finite-dimensional) algebraic completely integrable
systems (see Adler, van Moerbeke & Vanhaecke 2004, Chapter 6). There are of course also formal
Laurent solutions that depend on less free parameters (lower balances), but these will not be used
here.

For future reference we give the first few terms of the formal Laurent series of 1 — 27, which is
easily computed from the series given in proposition 3.1,

1—ap(t) = (1—ad)(l ——2ar(ari1 — ap—1)t) + O(t?), |k —n| > 2,
1—22,,(t) = 28ast+ O(t?), (33)
1= a2() = (4 2as —a )i+ O(F).

The displayed terms are the only ones that will be needed below.

3.2 The full Toeplitz lattice

We will now show that the full Toeplitz lattice also allows such formal Laurent solutions. To make
the analogy with the self-dual case transparent we will vectorize the variables and the equations,

namely we introduce zj := ( ;k ) and ¢ = ( Zk ), for k € Z; the variables a; and by will be
k k
the free parameters in the formal Laurent series. With these notations the first Toeplitz vector field
(13) becomes
de
i (1 = 2xyr) (Zht1 — 2K-1)- (34)
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Proposition 3.2 For any n € Z, the vector field (34) of the (general) Toeplitz lattice admits a
formal Laurent solution z(t) = ( z(?) ), such that only x,(t) and yn(t) have a (simple) pole. It is

y(t)
given by
2(t) = ok + (1 —akbr)(cks1 — cr—1)t + O(#?), |k —n| > 2,
o An+1 + an:l:laztt 2
wna(f) = < l/ant1 — ax/ansit ) +0(t)

1 an—1an+1(1 + at)
Zn (1) T\, ( 14 anti(atrta)—an_i(a_+a), + O(t),

(an,1 - anJrl)t Ant1—0n—1

(47}

b, ), with i € Z\ {n—1,n,n+ 1} are arbitrary free param-

where a, a4, Gn+1 and all ¢; = (

An+1
]-/anjzl
An+10n—1(@nt1 — an—1) # 0. The parameters on which the next order term in the series x(t) and
y(t) depend is given in table 1.

eters, and where cp,+1 = < ) Precisely, the free parameters an+1 satisfy the condition

Remark 3.3 In section 6 we will need some extra information on these formal Laurent series,
namely that the coefficient in t? of zx, for |k — n| > 2 depends in the following way on cjya,
2 _ 1

A= 5(1 —arbr)(1 — apg1bps1)cryo + ”31(@2)’ (35)

where 2,(62) is independent of a2 and of biio. In particular, x,(f) depends linearly on apto and is

independent of byya, while y,(f) depends linearly on byyo and is independent of ax4o. This easily
follows from the given terms by considering the coefficient of t in (34).

Proof For fixed n € Z, we look for formal Laurent solutions z(t) = ( y(t) > , to (34) where

Zn(t) or y,(t) have a simple pole, and where none of the other variables xy(t) or yx(¢) have a pole
(in ). Thus, we substitute z,(t) = zy(,,o)/t—i—O(l) and z;(t) = ZJ(-O) +O0(t), j # n into (34) for different

values of k. For k = n £ 1 we find that xﬂlyfjl_ll =1, because 1 — 2, +1yn+1 needs to cancel the

pole coming from =z, or from y,; we put a,+1 = a:ﬂl, so that %(21 = 1/an+1. The parameters

an+1 are free, except that a,i1a,—1 # 0. Next, (34) with k = n, yields

(0) (0) (0)
Tn Tppq — Tyl
s S LT
0 0 0
yr(z ) yr(z-l)—l - yfv—)1

which shows on the one hand that xS)) and ySLO) are both different from zero (since at least one of

them is supposed to be different from zero), so that also a,41 — an—1 # 0. On the other hand it
shows that ng)) and yg)) are expressible in terms of a,4+1 and a,_1 as

e I (.
n n :
Ap—1 — Ap+41 Ap+1 — Ap—1

For |k—n| > 2, the coefficient in =1 of (34) does not impose any condition on the constant coefficient
of z(t), yielding free parameters for the constant coefficients of zy and of y, with [k —n| > 1. We
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Table 1: We list on which free parameters the first few terms of the formal Laurent solutions depend.
It is understood that we do not list again the parameters that appear already before, on the same

line; for example, xg) depends only on a,41, ap—1 and a. The last two lines correspond to the

values k for which |k —n| > 2. For k # n, x,(;) is the coefficient of #* in @ (¢), while for k = n it is
the coefficient of t*~! in ().

x(O)’y(O) x(l)yy(l) x(2),y(2)

Ty | Gnyl,Gn1 a a0y, 0ni2,bny2,0n2,bp 2

Yn Gnt1,Ap—1 a,ay,a_ Gn+2, bnt2, Gn—2,bp_2
Tn+1 On+1 a+ Qn+2,bn+2,ax, 0, GnF1
Yn+1 Gpt1 GnF1, 0+ ant2,bpt2,ax,0a
Tn+2 G2 (n+3, Gn+1, bnta Gn+4,bnt3,a+
Yn+2 bp+2 bp+3, bnL1, Gnr2 bnta, Gn+3, a4+, AnF1

Tk ax k41, Ak—1, b k42, bpt1, ap—2,bp—1

Yk br, bry1,br—1,ax bry2,apt1,bp—2, ap—1

ay

denote these free parameters by ¢, = . Upon specialization, some of the formulas below may

br

contain ¢p41 Or ¢,—1; it is understood that these stand for

Cril = Qp41 _ Ap41 )
bn:l:l 1/an:t1

We can now proceed as in the second part of the proof of proposition 3.1, namely we suppose that

ak(t) = et D20t 4TI
=1
Gn4 - 1) i r+1),r
malt) = ( l/anil ) +er(m):1t + e
=1

o 1 Ap—10n+1 - (i) 42 (r4+1)4r+1
wn(t) = —(( M +§znt+zn )

(an—l - an—i—l)t
where all coefficients z,(;'), with 4 < r have been determined. On the coefficients z,(:'H), k € Z, we
find linear relations by substituting the above series into (34). For k such that |n — k| > 1 it is clear
that, as in the self-dual case, zl(fﬂ) is linearly computed in terms of the known coefficients, from the
coefficient of ¢", when substituting the series in (34). Therefore, let us concentrate on what happens
for k € {n —1,n,n+ 1}. Taking k =n =+ 1 in (34) the coefficient of t" yields

Ant1 -1
Ap—1—0n41

(r+1 An—1Gn+1
T =
(r+ 1)37({;11) ==+ <n—i1 + y,g;l)ani1> dn-1Tdndd + known,
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a linear equation in x,+; and y,+1, which can be written in the compact form
(Ly+ (r+1)Id) z,(grll) = known,
where £ is the matrix that governs the linear problem,
Ly = ﬂ:; —ApnxFl  —Apn—-10p410n+1
. Ap—1 — Gn+1 ]-/anjzl An41 '

Since det(L4 + (r+1)Id) = r(r + 1) this linear system admits a unique solution, except when r = 0
(recall that r > 0). Before analyzing the case » = 0 further, let us first consider what happens to
(34) in the remaining case k = n. As in the self-dual case, we pick the coefficient of t"~! in (34) to
find a linear system that can be written in the compact form

(L, +71d) 20D = known,

where the matrix £,, is given by

L = 1 —An4+10n—1
T\ —1/(ant1an-1) 1 ‘

Since det(L,, +r1d) = r(r+2) we have again that 2™ is determined uniquely, unless 7 = 0. Thus,
we are done with » > 1.

(€)) 1)

As we have seen, a free parameter may appear in 2, , in 2,,’; and in 27(11)’ but one has to check
that the corresponding linear equations are consistent. Therefore we substitute
a(t) = e+ 20t + 0,
_ An+1 (1) 2
Znt1(t) = ( 1anir ) + 2, 14t + O(t%), (36)

Zn(t) _ 1 <( Cln—icin-i-l ) +Z,£Ll)t+0(t2)>,

(an—l - an-{—l)t

in (34), which yields for ¥k =n 4+ 1 and ¢t = 0 the homogeneous linear system

xgtlil 1 Z‘gll:)tl (1) Qp—10n+1
== + Ypt10n+1 ,
(1) Ap—1 — Gn+1 An41 1
Ynt1

which is equivalent to

2y + anc1an g1yl =0. (37)

Thus, upon setting xilj)ﬂ = ap+10+, where ay and a_ are free parameters, we have that yfqu)ﬂ =

—G+/Ant1 = —a+bp1. Similarly, for k = n the substitution of the series (36) in (34) yields at the
level ¢t~ 1:

Ap—10n,
M(“S—?—l - xizl—)l) - xgzl) + an—lan+1yr(zl) =0,
Up—1 — An41
(1)
An—10n41 (1) (1) (1) Tn -
= L (e =) — )+ ———— =0
Ap—1 — an-l—l( ntl yn 1) yn Ap—10n+1

These equation are proportional, in view of (37). Thus we have

1
V) = appian-1a,

a AL — AQp—-10a_
1 o n+104 n—1
w) = et :

Ap+1 — Ap—1
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where a is a free parameter.

The first two terms in the series lead at once to the second and third columns of table 1. In order
to obtain the last column it suffices to list on which parameters the linear term (resp. the constant
term) in the right hand side of (1 — xg (t)yx(t))(2r+1(t) — zk—1(t)) depends, when k # n (resp. when
k =n). The two leading terms of z(¢) and y(¢) that we computed suffice for doing this.

It is easily verified that the involution o, that permutes x; and y, extends naturally to an
involution on the free parameters, given by

o(ar) = bg, 0(ant1) = 1/an+1, o(a+) = —a+an+1/ans1,

o(a) = —q - L " Ons 10 .

Ap+1 — Ap—1
Notice that, altogether, we have besides the free parameters ay, by, for |k—n| > 1, which naturally
correspond to the variables x; and yyi, five extra free parameters a,+1, a+ and a, that correspond
to the remaining six variables x,+1, yn+t1 and x,, yn, which again yields that the number of free
parameters, plus time, is equal to the number of phase variables. This count will be important, and
rigorous, when we restrict these formal Laurent solutions to certain finite-dimensional submanifolds.

4 Tangency to M

We have seen that the polynomials 'y and 'y, which define an invariant manifold for the first Toeplitz
flow, satisfy a non-autonomous system of linear differential equations, where the time-dependence
is defined by the latter flow. In a (finite-dimensional) manifold setting, if such differential equations
have coefficients that depend smoothly on time, solutions (integral curves) that start out on the
invariant manifold will stay on it, by the uniqueness of solutions to differential equations with
smooth coeflicients and given initial conditions. In the case that we deal with the situation is quite
a bit different, because the coefficients develop poles in ¢, for ¢ = 0, and of course the solutions
are only formal Laurent series. As it turns out, the conditions that assure that the formal Laurent
solutions “stay on the invariant manifold” are similar to those in the smooth case for the self-dual
Toeplitz lattice, but are different in an essential way for the general Toeplitz lattice.

4.1 Tangency in the self-dual case
We start out with the case of the self-dual Toeplitz lattice.

Proposition 4.1 Let x(t) denote the formal Laurent solution that is given by proposition 3.1, and
let T'(t) := T(x(t); u(t)), where we recall that u(t) = (uy + t,usz,...,un). Then, as formal series in
t,

Lu(t) = Y +00), ke Z\{n}, )
1
Ta(t) = @O =02 +10 +0(0).

Moreover, T'y(t) = 0 as a formal series int, for all k € Z, as soon as z(t) is such that
1'% =0, for all k € Z.

Proof According to (23), I'y(z;u) involves only the variables x; with |l — k| < N (2N + 1 step
relation). Since only x,(t) has a pole, I'y(t) = O(1) as soon as I'y, does not contain z,, i.e., if
|n — k| > N. But notice that (27) implies

dl'y N1
_N-p dt

1
].—‘an = 2 +Pn7N72a



so that I',_n(t) = O(1), as the leading term 1 —a?_,_; of 1 —x2_,_(¢) is non-zero (recall that
an—nN—1 is a free parameter). This argument can be repeated to yield T'y(¢) = O(1) for all k < n, and
similarly it is shown that T';(¢t) = O(1) for all k > n. Since I',,(¢) satisfies the differential equation
(27), for k = n, we have in view of (33) that

dar,
T(1) = (L= 22O Taa () ~ Tua (1) =~ 75 (0 ~T2) + 0(1),
which leads upon integration to (39).

Suppose now that x(t) is such that I‘,(CO) =0 for all k € Z. In view of the first part of the proof,
we have that I'y(¢t) = O(¢) for all k € Z. We show that this implies that I'y(t) = 0 as a formal
series in ¢, for all k € Z. We do this by induction on r € N*: assuming that I';(t) = O(t") for
keZ we bhOW that T'y(t) = O(t"+1) for k € Z. Notice that in the case r = 1 the assumption holds.
For k ¢ {n—1,n,n+ 1} the right hand side of (27) is O(t"), by (33) and by the assumption, so
that ‘%"(t) = O(t"), hence T'y(t) = O(t"™1), by integration. For k = n + 1 we have from (33) that
1—22,,(t) = O(t), so that (27) yields for k =n=+1 that dF”ﬂ (t) = O(t"™ 1), ie., Tpai(t) = O(t"+2).
For k = n we have that 1 — 22 (t) =1 — 22(¢) has a double pole, but since we have just shown that
Thg1(t) —Thoi(t) = O(#"+2) the dlﬁerentlal equation (27) for k = n leads to dF” (t) = O(t") and we
conclude that T',,(t) = O(t"*1), as was to be shown.

4.2 Tangency in the general case

For the full Toeplitz lattice the tangency condition is rather similar, yet is different in some detail
that will turn out to be crucial in the next section. We recall that the differential equations that are
satisfied by the polynomials I', and I'y, are given by

dr ~
d—tk = (1= 2kye) Trt1 — Dr—1) + (@1 — Te—1) (@l — yelk), (40)
dr'y

prali (1 = 2y) (Crrr — Tro1) — Wasr — vo—1) (@l — yiTs).

Proposition 4.2 Let (z(t),y(t)) denote the formal Laurent solution that is given by proposition
3.2, and let T'(t) := T(x(t),y(t); u(t)), where u(t) is given by (25). Then, as a formal series in t,

Th(t) =T 4 O(t) and Ty(t) =T + O(t) for k € Z\ {n}. Also

a? . 1
Lat) = — QQ@waLJQJ+4$”+mm
a— (an—l an—i—l) t (41)
= o Gn4+10n—1 (0) (O) ~(=1)
T(t) = (r ) Lren L on
( ) a,(an,l - an+1)2t2 1/a‘n 1 + + ( )

where Fgfl) and fE{l are both linear combinations of il and T il (for the explicit formula, see
(47)); moreover, the latter coefficients are related in the following way:

(0 I o I o 0
o (P - T ) =ap (T - E). (2
n+1 n—1

Proof As in the self-dual case, the polynomials 'y (z;u) and Ty (2;u) define 2N + 1 step relations,
so they depend only on the variables x; and y; with |l — k| < N. Only z,(¢) and y,(¢) have a pole,
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so that Ty (t) = O(1) and T'(t) = O(1) for |n — k| > N. Writing (40) for k — k — 1 as

1 dly._ -
Iy = bl (xr — vp—2)(xp—1Tk—1 — yk1Pk1)> +T'g_o,
1—2p_1yk—1 dt
1 dr (43)
Iy = [p— ;{1 + (e — Yr—2)(@p—1Tk-1 — yk1Pk1)> + o,

and taking as consecutive values k := n — N,...,n — 1 in (43) we find that I'y(t) = O(1) and
Tw(t) = O(1) for all k < n — 1, since 1 — x4(t)yx(t) does not vanish for t = 0 when k # n =+ 1.
Similarly T'x(t) = O(1) and Tx(t) = O(1) when k > n + 1. So we have that T'y(t) = O(1) and
[k (t) = O(1) when k # n and we are left with the case k = n.

In order to deal with the case k = n we write (40) as an equation for T',, and T, in two different
ways:

1 ar, ~
1_‘n = F £l + (xn - xniZ)(xniIPnil - ynilrni1)> + Fnin
1= Znt1ynta dt
1 dr (44)
Pn = F 1_ Tnt1Ynit C;Ltil + (yn - yniZ)(xnj:IFnil - ynilrni1)> + Fni2~

Either of them implies that T',,(£) = O(t~2) and that T\, (t) = O(t~2), so we write
1 _ _
La(t) = (2 + 1+ T8 + o)),
and similarly for fn(t) In fact, as 1 — @y 41(t)yn+1(t) and 1 — z,—1(t)yn—1(t) have a simple zero,

while z,,(t) and y,(t) have a simple pole, the coefficient of t=2 in (44), leads to the following linear
equations

-2 0) (0 0 0
th ) = _xglo) (xfzj):lrfzj):l - yflj)tlrgﬂ)d) /Cx, (45)
R

where we have written 1 — x,,41(t)yn+1(t) = (ot + O(t?), so that

Apt+1 — Ap—1
Cy = iaiu,
anTx1

It suffices now to substitue a:ﬂl = Qpt1 = 1/y§21 and a:ﬁ? = ap-1an+1/ (Gn-1 — Gny1) =
(0)

—Qp_1Gn11yn in (45) to find the coefficient of t=2 in (41). Actually, the latter corresponds to
taking the lower sign; equating the two expressions for 2 in (45) that correspond to the two
signs leads to (42); notice that this is also the expression that is obtained from the two expressions
of T2 in (45).

It remains to compute F%_l) and fﬁf”, which can be done from the coefficient of t=2 in @(t)

r dt
and in %(t)v computed from their differential equations

)

% = (I =2yn)Tny1 —Tnor) + (Tpg1 — xnfl)(xnf‘n —ynl'n), (46)
% = (1 - xnyn)(fn+1 - f‘nfl) - (yn+1 - ynfl)(xnf‘n - ynrn)~

Since 1 — 2, (¢)yn(t) has a double pole, while I',41(¢) and fnil(t) have no pole, the contribution

of the first term to the coefficient in ¢? will be linear in Fﬂl and in fﬁf)l. Since x,(t) and yn(t)
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have a simple pole, while T',,(¢) and fn,(t) have a double pole, the contribution of the second term

) which, as we have seen, are

will yield a linear combination of on the one hand Fng) and fE{Q
themselves linear combinations of Pfloi)l and in f‘floi)l; on the other hand, T, and fﬁ;”, which are

the unknowns. Explicitly, this linear system is given by
an+1an_1fgfl) _ Gp—10n41 1;5?4)_1 - {157021 .
1/(an+1an,1)f‘$f1) (@nt+1 — an—1)> PfLOJ)rl —1®

< 1 ) (F%_Q)o(a) + f‘;‘z)aanﬂan_l) .

]-/anJrlanfl
(47)
Since T, and T are linear combinations of F(Oj)d and f‘gloj)d it, follows that each of I'; ") and

n
T is a linear combination of I‘gloj)d and f‘gloj)d, as we asserted.

Proposition 4.3 Suppose that (x(t),y(t)) is a formal Laurent solution of the first vector field of
the Toeplitz lattice, such that Ty(t) = O(t) and Ty(t) = O(t) for all k with k # n+ 1, and such that,
as formal Laurent solutions in t, T',,_1(t) = O(t?) and Ty41(t) = O(t). Then, as formal Laurent
series, T (t) = 0 = Ty(t) for all k € Z.
Proof According to (42), the hypothesis imply that T, 1(t) = O(t). In view of proposition 4.2,
we have that Ty (t) = O(t) and T'(t) = O(t) for every k € Z. We will now proceed by induction
on r € N* but in a different way than in the self-dual case: assuming that I';(f) = O(t") and
Di(t) = O(t") for k # n+ 1, as well as Tppy1(t) = O™ and Tpii(t) = O(™+!), we show
that Tx(t) = O(t"1) and Tp(t) = O@™t1) for k # n =+ 1, as well as Tpiq(t) = O(t"2) and
[p1(t) = O(t"+2). Notice that the 7 = 1 induction assumption needs to be shown at the end of the
proof, as only part of it is in the actual hypothesis of the theorem.

For k such that |k —n| > 2 the differential equations (40) yield that g—f(t) = O(t") and C%’“(t) =
O(t"), so that Tx(t) = O("™t1) and Tx(t) = O(t"1), by integration. So we are left with k €
{n —1,n,n+ 1}. Let us write

Ln = yt" + 0@, T = Aut" + 0@,
Iy = w402,  Tp = %t +0+?), k#n,

which we substitute in

dl n 1 | + — + I - I n+t
—il = :F( xn:l:lyn:tl)( n n:l:2) (xn:tQ Jﬁn)(l‘n 1t ntl Ynt1ln 1)’ (18)
dI‘n T T — — I

lil - :F(]- xnj:lynjzl)( n ni2) + (ynj:Q yn)(xnilrnil Yn+1 nil)'

Remembering that 1 — 2,41 (¢)yn+1(t) = O(t) we pick the coefficient of ¢" in (48), which leads to
the following linear system,

(’I’ + ]-)’Ynil = :Fa{::_llifg:il (anilﬁnil - #ﬂVnil) ’ (49)
(’I’ + ].)"?nil = :Fan—lian+_1 (anilﬁnil - anlilfynil) .
Since
r + 1 :F ayiqzl anflanjlanil
@n—1—Gn+1 dnm1antt =(r+1)?—(r+1)=r(r+1),
1 an+1
+ (an—1—@ny1)an+1 r4+1+ An_1—Qni1
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it follows, since 7 > 1, that v,41 = Jn+1 = 0, and hence that Tp41(t) = O(t"2) and Ty (t) =
O(t"*+2). Tt follows that, if we substitute the series in

drl'y, ~

W = (]- - xnyn)(PnJrl - anl) + (anrl - xnfl)(xnrn - ynrn), (50)
dl, . . .

W = (]- - xnyn)(PnJrl - anl) - (yn+1 - ynfl)(xnrn - ynrn)a

then the coefficient of "~ ! is simply given by

™"Yn = _(an—lan+1ﬁ/n + 'Yn)a
; S S+ )

™Yn = ——(Apn-10an n n)-
7 Ap—10n41 ! 7 7

Since
r+1 Ap—10n+1
det Tl =12 o140,
L r+1

An4+10n—1

we have that 7, = 5, = 0, so that T',,(t) = O(t"t!) and T',,(t) = O(t"*"), as was to be shown.

We finally check that our assumptions imply that for » = 1 the induction hypothesis is valid.
According to proposition 4.2, we have that I'(t) = O(t) and T'(t) = O(t). Let us write Iy =
Y1t + O(t?) and I Anx1t + O(t?). Then we need to show that v,+1 = Yn+1 = 0. From
(49), which is also valid for » = 0, we conclude that v,11 = @n—1an119n+1. It was assumed that
[,_1(t) = O(#?), i.e., that 7,_1 = 0, so that we can conclude that 7,_; = 0. In order to obtain a
second relation between 7,41 and 7,41 we consider the residue in the first® equation in (50), which
(0)

reduces to 0 = ay—_1an+1Yn+1/(An-1 — ant1)?, since FS)) =TIV =0. Thus, Ynt1 = Yn+1 = 0, as

was to be shown.

5 Restricting the formal Laurent solutions: the self-dual case

We have seen conditions on I'(¢) = I'(x(¢); u(t)) that guarantee that solutions x(t) to the self-dual
Toeplitz lattice that start out in the invariant manifold M, stay in it, formally speaking. In
this section we show how these conditions can be translated into conditions on the formal Laurent
solution xz(t) to the first vector field of the self-dual Toeplitz lattice.

5.1 Structure of the polynomials I';,

The polynomials I'y, which define the invariant manifolds M depend on the variable x,, in a special
way, that we will analyze by using the fact that I'y remains pole free (for k # n) when the formal
Laurent series z(t) are substituted in them, as we have seen in proposition 4.1. Let us denote by
A the algebra of polynomials in all variables x, where k € Z and by A,, the subalgebra of those
polynomials that are independent of z,,. Also, let us denote by A/, the subalgebra of A that consists
of those elements that can be written as polynomials in wy,ws and xy, with k& # n, where

w1 = T (Tpg1 + Tno1), W2 = 2p(1+ Tpi1Tn-1). (51)

6Taking the second equation would lead to the same result.
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Thus, elements of A/ may depend only on z,, through w; and ws. For future use, we give the first
few terms of the formal Laurent series of the generators of A/, as obtained by substituting the series
from proposition 3.1 in (51):

wi(t) = —2(ay+a_ +2(aranio +a_an_2)t+ O(t?)),
wa(t) = —2e(ay —a- +2(a1ant2 — a—an_2)t + O(t*)), (52)
wp(t) = elar + (1 —ap)(aps1 — ap-1)t +O(t?)), k #n.

It follows that G(x(t)) = O(1), for any G € A,,. Notice that the polynomials wy := (1 — 22 )z,
which both have the property wy (t) = O(1), belong to A!,, since

(1= ahy1)Tn = wo — Tptrwi. (53)
The following proposition generalizes this statement.

Proposition 5.1 For G € A, let G(t) := G(x(t)), where z(t) is the formal Laurent solution to the
first vector field of the self-dual Toeplitz lattice, constructed in proposition 3.1. If G(t) = O(1) then
Ge A, ie., G isa polynomial in

T (Trg1 — Tno1), Tn(1 4+ Tnp12n-1), and x (k # n).

Proof We suppose that G € A is such that G(t) = O(1), where G(t) := G(z(t)). We write G as a
polynomial in z,, with coefficients in A/,

G=Gul +G izt + -+ Gz, + Go,

where Gy, ...,G; € A!,. If | = 0 then we are done. Let us suppose therefore that I is minimal, but
I > 0. We will show that this leads to a contradiction. Since each coefficient G; belongs to A/, we
have that G;(t) = O(1). Thus, the pole that z,(¢) has, needs to be compensated by a zero in G;(¢),
ie., Gi(t) = O(t). We show that this implies that Gjz,, € A,. By Euclidean division in A/, we can
write G; as

Gi=01-22,)K1+(1-22_)K>+ Kj, (54)

where K7, Ky and K3 belong to A/, and where K3 is of degree 1 at most in x,,11 and x,_1: we can
write K3 as

K3 = k1(Tnt1 + Tn-1) + k2(1 + Tpr12n—1) + K3Znt1 + Ka
where ki, ..., k4 are elements of A/ that are independent of x4, and x,_;. Since G;(t) = O(¢)

and 1 — 22, (t) = O(t) it follows from (54) that K3(t) = O(t), and so that the leading terms

Kgo) and /@(10) of k3(t) and k4(t) satisfy /@(10) = 5/{&0). Since the leading terms eay, of all zy(t), with

k€ Z\{n—1,n,n+ 1}, and the leading terms of ws (t) and ws(t) are all independent, even modulo

e, it follows that /@(10) = /iéo) =0, as k4 and k3 are independent of x,+1. Using (53) it follows that

Gz, = (1- xiﬂ)anl + (1 =22 _ )z, Ko + k1w + kows

= (w2 — Tpp1w1) K1 + (w2 — zp—qwi) Ko + k1w + Kaws,
where K1, Ko, k1, ko € A, showing that Gz, = G| € A}, as promised. Then,
G= (G +G_1)zl "+ + Gz, + Go,

with G} + Gi—1 € A,. This contradicts the minimality of I.
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Lemma 5.2 For k # n, Tg(t) := Tik(x(t); u(t)) is of the form

Fk(t) = f(ak—Na Ak—N+1,---,0k+N, 0+, Cl_) + O(t)v (55)
i.e., the constant term in T'k(t) is a polynomial in the variables” aj_ N, Qk—N+1y---, Okt N, G4 and
a_ only.
Proof According to (23), I'y, depends on zx_n, ..., zryn only. For k # n we know from proposition

4.1 that T'y(t) = O(1), so that proposition 5.1 yields that I'y, depends on z,, through w; and we only,
i.e.,, I'y is a polynomial in wy, wy and the z; with |k — | < N and [ # n. Each of these variables is
O(1), so the constant term in T'y is a polynomial in their leading terms, which are the parameters
Ak—Ny Qk—N+1,- -+, G+ N, a4+ and a_ (see (52)).

It is clear that when |k —n| > N then I'y(0) is independent of a4 and a—, as it cannot contain w;
or we. The following lemma deals with the case of T',,(t), which is slightly harder because T, ()
develops a pole.

Lemma 5.3 T, (t) := T, (x(t);u(t)) is of the form

(0) (0)
r -T
Pn (t) n+1 4t n—1

where F is a polynomial in all its arguments, with an+n+1 and an—n—1 present (linearly).

+Flan-N-1,--+,aniN+1,04,a-) + O(t)

Proof Consider the following alternative ways of writing I';, = ', (x; u),
To(zsu) = (1 — 22)Hy (z;u) + ney, = 2,Go (x5 u) + Hy(730). (56)

H, is a polynomial in = (z;);ez, because (28) implies that H,(z;u) = V*[z,], and because
Oxyn/0t; = {m,, H;} is always divisible by 1 — 22, see (16). Also, we have put G,(z;u) := n —
Zn Hy (z;u) to obtain the second equality. The first equation in (56) implies that Hy(z(t);u(t)) =
O(t), since Ty, (z(t);u(t)) = O(t~1) and z,(t) = O(t~ 1), while 1 — 22 (t) = —1/(4t%) + O(t~1). The
second equation in (56) then allows us to conclude that Gy, (x(¢); u(t)) = O(1), and hence also that
G (z(t);u) = O(1), since u is an arbitrary vector of constants. Thus, G,, is, by proposition 5.1, an

element of A’ | depending (linearly) on the parameters u;.

Summarizing, the constant term in I'y(¢) will be given by the constant term in z,(¢t)G,(t),
hence will depend only on the first two terms (1 + (ay — a_)t)/(2t) of x,(t) and on the first
two terms of G, (t), where G,, € Al,. The latter first two terms can depend only on the first
two terms of the variables x,,_n,...,Tpyn, w1 and wo that appear in G,,; the first two terms of
their series can be read off from (52), yielding that the constant term in T',(¢) can only depend
ON Up—N—1,---,0nt+N+1,0+,a—. Notice that the only dependence on a,,—n_1 can come from the
presence of x,,_ v, but (23) tells us that x,,_ y appears linearly in I';,, and with a non-zero coefficient.
Therefore, the parameter a,,— y_1 is indeed present in the constant term in I',,; similarly, a,4+n+1 iS
also present. The leading term of T',(t) was already determined in proposition 4.1.

5.2 Parameter restriction

We now show that we can tune the free parameters in the formal Laurent solution z(t) of the self-
dual Toeplitz lattice in such a way that T'y(¢) = 0 for all k € Z, as a formal series in t. As it turns
out, it will be possible to keep 2IN — 1 parameters arbitrary, and the other ones are determined
rationally in terms of these. Together with time it means that the constructed solution depends on
2N free parameters, which is the maximum one can hope for in an 2N + 1 step relation.

7Recall that an+1 = F1 and that a, does not exist; so anp+1 and a, may be thought of as being absent in the list.
Thus, a4+ is the natural substitute for an+1.
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Table 2: Setting I'x(0) = 0 in the given order allows us to solve for all free parameters in the formal
Laurent series, except for the 2IN — 1 parameters a,_an, - - ., Gn,—2, that can be taken arbitrarily. We
solve (linearly) for the underlined terms. The fact that T',, 11 incidentally does not depend on the
crossed out term a,4 41 allows us to solve I'y, 11 = 0 for a,4n.

step Ty T'x polynomial in F,(CO) polynomial in

(1) ]-—‘anfl Tn—2N—1y++yLn—-1 Ap—2N—1y+++3an—-1 = 1

(2) | ThoN—2 | Zn—2N-2,--.,Tn_2 On—2N—2; -+, 0n—2

(3)

(4) ]-—‘an In—2Ny--+yLp an,gN,...,an,g,a_,

(5) | TnoN41 | Tn—2N41s- o3 Tnt1 Un—2N+41,- -5 0n—2,0—, (4

(6) | TaeNt2 | Tn-2N+2,-->Tnt2 | Gn-2aN+2,-- - Gn-2, 0%, Gnt2

(7)

(8) | Tp—N—1y---3Ln+N-1 Ap—N—1y-++,An_2,0+,
Ap+42y-+ -, An+N—-1

9) | IS T N41s-->TntN+1 Ap—N+1,-- - 0n—2, 0+

(10) T, Tp—Ny--osTntN Qe N1y -y Ap—2, Gt
Ap42y o3 Ay N+1

(11) Ihto Tp—N+42, -+ Tnt+N+2 Op—N425--+,0p_2,0+
An+25 -+ Ant N2

(12)

Proposition 5.4 Keeping the 2N — 1 parameters an_sn,...,an—2 arbitrary, the other parameters

in the formal Laurent series x(t), given by proposition 3.1, can be chosen as rational functions of
these parameters, so that Ti(t) = 0, as a formal series in t, for all k € Z.

Proof In this proof we will assume that NV > 1. See Remark 5.5 below for the adaption to the
case N = 1. According to proposition 4.1, it suffices to determine the parameters in the series x(t)
so that F,(fo), the constant term in T'(t), is zero, for all k € Z. Thus, we need to write F,(CO) in terms
of the parameters in the series x(t). We do this for the different values of k in a very specific order,
as indicated in table 2. The second column indicates which I'y, we consider; it is easy to see that
we consider all of them (exactly once); it is understood that steps (6)—(8) are absent when N = 2.
We know from (23) that for any k € Z, Ty, depends only on the variables xg_n, Tk—N+1,-- -, Tkt N,
which yields the third column. It is important to point out that the two written variables, which
are the extremal terms, are actually present in T'y, and that these two variables appear linearly (see
proposition 8.2 in the appendix).
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The delicate step is in obtaining the last column; the information displayed in it contains the
parameters® that may appear in F,(CO), where the underlined term actually does appear, and it appears
linearly. Before validating this column in each of the steps, let us first point out how the proposition
follows from it. Precisely, we can in each step solve for one of the underlined parameters in terms of
the nonunderlined parameters, as the underlined parameter appears linearly in the equation F,(CO) =0.
Using the previous steps, this yields (using the previous steps) inductively a rational formula for each
of the parameters, in terms of a,,_sn,...,an—2, which remain free. In fact, the variables a,_on_;,
with i > 0 are determined in steps (1) — (3); an—1 = —an4+1 = 1 while a,, does not exist; the variables
Ap+itr1 With ¢ > 0 are determined in steps (6) — (12); the only other variables are a_ and a4, which
are determined in steps (4) and (5).

We now show that in each step the parameters that are indiciated in the fourth column of the
table appear indeed (linearly) in F,(CO). This is done by carefully using the leading terms of 'y,
as given by proposition 8.2. As a general remark, notice that (23) implies that T’y contains the
variables xp_n and xp4n linearly, but that the behaviour of its coefficients Hf:ol(l — a2 +i) and
Hﬁ\;gl(l — 22 _.), evaluated at ¢, depends on k, as given in (33).

For step (1) we have that z,_on_1(t), ..., 2,—1(f) have no pole in ¢, so that only their leading
coefficients, the parameters a,_an—_1,...,0n—2, an—1 = 1, can appear. Since Z,_sy_1 appears
(linearly) in T',,—n_1, with a coeflicient uy Hi]il(l — 22 _y_;) that is non-vanishing for ¢ = 0,
namely Hf;l(l — 22 5 ,(0) = Hf;l(l — a2 _,_.), the parameter a,_oy_1 appears (linearly) in
Fgloz ~_1- The same argument works in steps (2) and (3). Step (4) is more interesting because it
involves z,, (linearly). However, x,, appears only in the leading term of T';,_ 5, which we can write,

using w_ = x,(1 —22_,), as
N-1 N—2
unan [[ (U =2) ) =unvw- [J (=22 _ny),  un #0. (57)
i=0 1=0

Now w_(t) = 4ea_ + O(t), and the other factors in (57) are finite, non-vanishing, which yields the
proposed dependence on the parameters in step (4). For step (5), x,, may be present in other terms
than the leading term in I',,_ 1, but in view of proposition 5.1, I',_ 41 € A, is a polynomial in
Tp—2N+1s--+sTn—1,ZTn+1 and in w; and wy only. Since their series do not have a pole for ¢ = 0, we
get an eventual dependence on a4 and a_, besides the parameters an—on+1,...,an—2. Let us show
that ay actually appears. The leading term in I';,_y11 is, according to (23),

n—2

unwap(l—a2)(1—a2_) [ (1-ad).
i=n—N+1

Since it is the only term in I',,_ xy4+1 that contains z,11 we can write I'y,_n11 = P; + P», where

n—2
P =un(zny1 +2n-1)(1 _37721)(1 _xi—l) H (1_xz2)v
i=n—N+1
and P, is independent of z,1, so Py depends only on x,,_on41,-..,%,. Now P;(t) = O(1), since

Tn1(t) +aa-1(t) = O),  1-ah()=0(7%), 11—, () =0(),

while the other factors 1 —z2(t) that appear in P;(t) are O(1). Since I';,_n41(¢) = O(1) this implies
that P»(t) = O(1), so that P, satisfies the hypothesis of proposition 5.1; since P5 is independent

8Besides the constants u1,...,uy that define P.
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of z,4+1 we may conclude, as in step (4), that P is independent of a;. On the other hand P;(0)
depends (linearly) on a, as

(@01 (8) + Tt (D)(1 = 22(0) (L = 22, (1)) = 8ea_(a— + ax) + O(1).

The conclusion is that FS)EN_H = P;(0) + P»(0) depends (linearly) on a.

We are at step (6). Skip this step and steps (7) and (8) when N = 2. Proposition 5.1 implies
that F( ) ~ n42 can only depend on the proposed parameters, and that the dependence comes from
the constant terms of the series in (52). The dependence of I‘ N 4o ON Gpy2 comes only from the
leading term unx,12(1 — %_H)(l —22)(1—22_)) H£104(1 - 727,—N+2+z‘) which, at ¢, is O(1), since
(1 =22 ()1 —22(t))(1 — 22_4(t)) = O(1) and non-vanishing. It follows that Fgl ~+2 depends
on a,12 (linearly). The same happens in steps (7) and (8), as the leading term will always contain
the product (1 —22,,)(1 —22)(1 — 22_,) which is finite and non-zero for ¢ = 0.

A new phenomenon arises in step (9). Notice that we have moved to T, 11, keeping T',, for step
(10). The leading term of T',, 11 is

N

UNTn+N+1 H(l - x?v,—i—i)v
i=1

which does not contribute to Ff_&l, since 1 — 22, (t) = O(t), while all other factors in this term

are finite in t. Therefore, Fg?_l is independent of a4 n41. To show that Ff_&l depends on a,4 N we
need to investigate the next term in I',,41, the one that contains x,4n, because it is the only one
that might lead to a dependence on a,n. According to proposition 8.2, this term consists of the
following three pieces,

N-2
2 1 2
UN-— 1“"+N Toi1pi) —uNTh NTain-1 || A=)y 0y)
=0
N—2 N—2 (58)
2
—2UNTn+N H (1 =25 1144) Z Tntj+1Tntj-

i=0 §=0

The two terms on the first line of (58) do not contribute to Fg:)_l, again because both terms contain
1—22 11, and all other terms are finite for ¢ = 0. The third term however does contribute, when
Jj =0, as z,(t)(1 — 22, (t)) ~ ay + O(t); moreover, this term is the only one that involves a,4n,

so that the latter parameter appears (linearly) in I‘;J)rl For step (10) the presence of a,4n+1 was
established in lemma 5.3. Starting from step (11) the leading coefficients do not contain 1 — 22,
2 anymore, so that everything goes smoothly.

or1—uz;
Remark 5.5 When N =1 the polynomial that defines the recursion relation reduces to

Ty =kxk +ui(l— xi)(xkﬂ + Zp—1).

Steps (4)—(9) then get replaced by two steps in which we consider I'y, 11, which allows us to determine
ay. Indeed, substituting the series x(t) in I'ni1 yields for the leading term (t =0):

(n+1)+4ujar =0.

The other parameters are determined as in the general case.
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6 Restricting the formal Laurent solutions: the general case

In this section we will do a similar analysis as the one that has been done for the case of the self-dual
Toeplitz lattice in section 5.

6.1 Structure of the polynomials I, and I,

We first investigate on which parameters the leading term(s) in the polynomials I'y, and I depends
on the free parameters. We denote by A the algebra of all polynomials in the variables x; and y;,
where ¢ € Z, while A,, stands for the subalgebra of A that consists of all polynomials that do not
depend on z,, and on y,. Consider the following four polynomials®

w1 = TpYn—1t YnTn+1, Wy = Tp+ Tp-1YnTntil, (59)
U}[f = YnTp-1t+ TpYnti, w{QT = Yn t Yn—1TnYn+1-

For future use, observe that these polynomials are linked by the following identity:
xn(wg - ynflw(lr) = yn(w2 - xnflwl)a (60)

in fact both expressions in (60) are equal to Z,yn1l — p_1yn—1. We denote by A/, the subalgebra of
A that consists of all polynomials that can be written in terms of these four polynomials, besides all
x; and y;, with ¢ # n. The polynomials w have the following series in ¢, when the first few!® terms
of the series z;(t) and y;(¢) that are constructed in proposition 3.2, are substituted in them.

w1 (t) = an—l —a— + (a+an+2bn_1 - Cl_an_lbn_z)t + O(tQ), (61)
wo(t) = QA4 (a4ani2 +a_an_o)t + O(t?),
where “ 1a
Q — n—1Un+1

o —an 2 (@120 = a4) —anpa (20 —a)).

The formal Laurent series for the other polynomials in (59) is found from it by using the automor-
phism o (see (38)), which yields in particular
O'(Q) = an—lbn—i-l + a+bn_1 — a_bn+1. (62)

It follows that if G € A/, then G(t) = O(1), where G(t) := G(x(t),y(t)), with z(¢) and y(t) as above.
We will show that the converse is also true, so that the algebra A/, plays in the general case a similar
role as in the self-dual case. For this we need the following lemma.

Lemma 6.1 Let G be a polynomial in Al that is independent of ws and none of whose terms
containg Tp+1Yn+1 Or Tn—1Yn—1- If G(t) = O(t) then G =0, as a formal series in t.

Proof Tt follows from (61) that

w1 (0) - al@p_1 — Gny1)
w?(0) [ = (@ —an1)? at-On41
w3 (0) a_ap_1

9Recall that o denotes the involution that permutes all x; < y;.
10A priori, one needs to compute an extra term in the series z(t) (see proposition 3.2) in order to find the shown
terms in (61). After proposition 6.2 we will however show how such a cumbersome can be avoided.
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where

2ap41 —Qp_1 2041 — Qp—1
T:=\| 2a,_1 (nt1 — 20n_1 Gnt1
2 o (ant1 —2an-1) Klﬂ@an“ —ap_1)
T is an invertible matrix, since det T' = —2(a,—1 —an+1)*/(@n—_1an+1). Let G be a polynomial in A/,

that is independent of w, and suppose that G(0) = 0. We write G =}, gijrwt (wg)7 (wg ), where
gijk is a polynomial in the variables xj and y, with k # n only. Notice that g;;x(0) is independent
of a, ay and a_. Therefore, the fact that T is invertible and that a, a4 and a_ are independent free
variables implies that g;;i(t) = O(t) for any i, j, k. If we assume now in addition that g;;; does not
contain either product T,41yn4+1 Or Tr—1Yn—1 then it is clear that g;;» = 0 since the leading terms
ay of xy and by of yy are independent (k # n), except that ap41bnr1 =1 = ap_1bp_1.

Proposition 6.2 For G € A, let G(t) := G(z(t),y(t)), where (x(t),y(t)) is the formal Laurent
solution to the first vector field of the Toeplitz lattice, constructed in proposition 3.2. If G(t) = O(1)
then G € A., i.e., G depends only on z,, and y, through the polynomials wy, wa, w§ and wg.

n’

Proof Given G € A we may write G as a polynomial in x,, and y,,, with coefficients in A, ; in fact,
writing x,, = wo — p—1YnTn+1 We may assume that G is independent of z,, and we write

G =G, +G 1yt + -+ Gy + Go,

where Gy, ...,G; € A!,. We suppose that this is done in such a way that [ is minimal. If [ = 0 then
G € A}, and we are done; assume therefore that | > 1. We will show that Gy, € A},, which is in
contradiction with the minimality of [, like in the self-dual case. We first show that we may assume
that ws is absent in Gyy,. If we substitute x,, = ws — Zy,—1YnTn+1 in the identity (60) then we find

YpWa = Wa (wg — yn_l’w‘f) + yn(wlxn_l + xn,_1$n+1(yn—1wi’ - wg))a

which allows us to replace any term in Gy, that contains ws, or a power of it, by a term of lower
degree in ws, at the cost of changing G;_1, so that we can eventually remove ws entirely from the
leading coefficient G;. Assuming that G; does not depend on wy we perform an Euclidean division
in A;?,)

Gir=1=2p1Yn—1)EK1 + (1 = Tpp1yns1) Ko + K3, (63)

where K1, Ko and K3 belong to A’ | with K3 independent of ws and not containing x,_1y,_1 or

Tn+1Yn+1-

Assume now that G(t) = O(1). Since all G;(t) are O(1), as G; € Al,, we must have that G;(t) =
O(t), as yn(t) has a pole. Then (63) implies that K3(t) = O(t), since 1 — xp11(t)ynx1(t) = O(2).
This means that K3 satisfies the conditions of lemma 6.1, hence that K3 = 0. The identities

(1= Tn1Yn—1)yn = wy — Yn—1w7 € A{n
(1 = Zn1Yn+1)Yn = WG — Ynprwi € A;,

then imply that Gy, € Al,, as was to be shown.
As a first application of this proposition, we show how the shown terms in (61) can easily be

computed. Since w;(t) = O(1) we also have d{;‘;i (t) = OQ1) for ¢ = 1,2. By proposition 6.2,

dwi ¢ A, in fact
dw1 d
W = E(xnynfl + ynanrl)
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= yn—an—lxn-l—lwz + xn+2wi - yn—Q(l - xn—lyn—l)'LUQ + Tn+1Yn+1 — Tn—1Yn—1,
dwg
W = a(xn + xnflynanrl)

- xn+2xn71wi - xn72xn+1wi + anrl(]- - xnflynfl) - xnfl(]- - anrlynJrl)a

where wq := (1 — Zp+1Yn+1)Yn, with wi(0) = £a+by+1+ O(t). Since pt1Yn+1 = 1, it follows that

dw

d—tl(O) = bp2an_10,11w7 (0) + any2wT (0) = ayany2bp1 — a_an_1b,_2,
dw

d—tz(O) = ng20p-1w5 (0) = an_2an 107 (0) = Gpi2aq + ap_20_,

which yield after integration the linear terms in (61). The same formulas can be used to show

that w?) and wf), which are the #? terms in w; () and in ws(t), depend only on the parameters

Cn—3,y--+,Cnt3, a4, a— and a; the precise formula will not be needed, except that they depend on
Cn+3 as follows:

w? = 2 we(0)/2+ -+ = ang3a+bp—1(1 — apt2bnia)/2+ - -

1 n+2Wi n+3U4+Un—1 n+2Yn+2 )

wS = a1 (0w (0)/2 4 = anszag (1 — angabaia)/2+ o,

(64)

where the dots are independent of a3 (and of by,43).

The following lemma is the analog of lemma 5.2 and is proven in exactly the same way.
Lemma 6.3 If k # n, then the series Ty(t) := Tr(x(t), y(t);u(t)) and Ti(t) := Trp(z(t), y(t); u(t))
are of the form

Ti(t) = F(ak—N, Ck—N+1,- - - Cht N—1, Akt-N, G+, @) + O(2),

Lpu(t) = F(OroN+ ChoN41s - - - Chr N—1, big v, ax, @) + O(2),

where we recall that ¢; = (a;, b;) and that apy1bp11 =1, and F, F are polynomials in their arguments.

For k = n the corresponding result is more complicated and the method of proof is different from
the one in the self-dual case (lemma 5.3).

Lemma 6.4 The constant terms F;O) and f‘;o) are of the form

FEP) Un+N+1
f‘(o) :A b N4 +f(cn7N71;'~'7Cn+N;aj:,a/),

where A is an invertible 2 x 2 matriz and F is a polynomial 2-vector that depends on the listed free
parameters only. See proposition 4.2 for the leading terms of 'y, (t) and T'y(t).

Proof We will assume in our proof that N > 2, see Remark 6.5 below. The proof is based on the
explicit expression for I',, that is given in proposition 8.2 (see the appendix), which we write in the
form Ty, = (1 — xpyn)Hy + na,, where

Hy = untnin 15 (1= Zpritnri) — UNT2 | N1 YntN—2 TTY2(1 = Zopiyngi)

N— N—
—UNTntN-1 (xnyn—l +2y 0 anrjynJrj*l) [152(0 = Znsitntd)

F(UN ATt N1 — U NYn N -1Tn—1%n) [Ty (1 = Zptinsi)
F+ F(Tn—Nt1s o T N=2, Yn—N+25 -« - Yynt N—2)

— (uNTnTng1Yn- N1 — U NTn N (1= Zn N y1yn-n11)) [Ty (1 = o i)
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Our first claim is that F € A],. Since I'y,(t) and 1 — x,,(t)y, (t) have a double pole, while z,(t) has a
simple pole, H,(t) = O(1). The terms in the above expression that do not involve z,, or y,, are also
O(1), because zx(t) = O(1) and yx(t) = O(1) for k # n. There are a few terms that contain x,, or
yn (linearly), but they are all of the form x,,(1 — Zp+1Ynt1), Yn(l — Tnt1Ynt1) OF Tn(l — Tp_1Yyn—1),
which are both O(1). It follows that F(¢; u(t)) = O(1), and hence that F(¢;u) = O(1). Thinking of
u as constants we have, in view of proposition 6.2, that F € A,.

Since 1 — z,,(t)y,(t) has a double pole, only the first three terms of 1 — z,,(t)y,,(t) and of F(t)
can contribute to the constant term in (1 — x,(¢)y, (t))F(t); in view of table 1, this contribution can
only yield a dependence on the parameters c¢,—n—_1,...,Cn+N,a+ and a.

We now turn to the other terms in H,, and we use their explicit form to show that they only
depend on the listed parameters. Let us first consider the following terms that do not involve z,, or

yna

N—2
- (UN$%+N_1yn+N72 + 2UNTp+N-1 ijg Tt jYntj—1 (65)

—UN_1arn+N_1) TN = 2opiynsd) + v nEn N [Ty (1= T i)

Since 1 —xy,4;yn+i has a simple zero for ¢ = 1 and is O(1) for ¢ > 1 we have that Hf\;f(l —Tn+iYnti)
and Hi\:ll (1 —2p—iyYn—s) have a simple zero, so we only need to look for the parameters that appear
in the first two terms of the coefficients. The former add nothing new to the above parameter list.
For the coefficients of the first one for example, we read off from table 1 that the constant and linear
terms of xi+N71(t)yn+N_2(t) only depend on @, 4N, Cn+N—1,CntN—2 and b, y—3, which falls inside
the proposed limits. Notice in particular that neither a,4 41 nor b, n4+1 appear in this term. We
arrive similarly at the same conclusion for the other three terms in (65). Notice that the lowest free
parameter that appears is a,—n—_1; it comes from the last term in (65).

We now get to the terms that contain z,, or y,. As we already noticed these terms always come
with 1 — Zp41Ynt1 o 1 — Tp_1yn—1. As 2, (t)(1 — pt1(8)yn+1(t)) = O(1) we must investigate the
first three terms in the remaining factors. For the term

N—-2
—UNTn (1 = Tn-1Yn—1)Tns1Yn—N+1 | | (1 = Tpn_iyn—i)
i=2
we need to look at Tp11Yn—N+1 Hi\;f(l —Tp—iYn—i), which yields terms with a low index, the lowest
coming from the coefficient in ¢? in Yn—nN+1(t), to wit b,—n_1 and a,_n. The other three terms
that involve z,, or y, can be written as

N-—-2
Tn(1 — Tpnt1Ynt1) (UNTpt N—1Yn—1 + U NYn+N—1Tn—1)
B:=— H (1 = Ty iYnti)-
F2UNYn (1l — Tnp1Ynt1) Tt N—1Tn+1 i—2

Again, since 1 — z,,, has a double pole the first three terms in B(t) = B + Byt + Bat? + O(t3) will
contribute to the constant term in (1 — z,(¢)y,(¢))B(t). It is clear that B will contain a,4n+1,
coming from xfﬁ n—1 and bnpyn1, coming from y,n—1. To know the precise value, it suffices to

substitute the relevant coefficients of the formal Laurent series x(t), y(t) in the following part of Ba,

_ . (0)
2) 0) H (]- anrzynJrl) )

2 0 2 0 N—-2
- ( (20 (1 = 2n1yns)® (vl ol +uowyZy o)) )
+2un (Yn(1 = Tpprnin) Q2?20 2
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which gives, by using proposition 3.2, and in particular —(2,(1 — Tpt1Ynt1))?) = ayans1 and
_(yn(l - 33n+1yn+1))(0) = —aib,_1,

N
a0y
_+TH(UNan+N+lbnfl - UfNa/nflbn+N+1) H(]. — angnH) + .. , (66)
=2

where the dots are independent of a,4n+1 and b, n+1. There remains one term in H,,, namely
the leading term C := unZpin vaz_ll(l — TptiYn+i). It does not involve z, but does involve
1 — Tyt 1Yns1, which will also lead to a dependence on a, yy41. Writing C(t) = Cit + Cot? + O(t?)
we have that

CQ - uNan-l—N-l—la-l—(an-l—l - an—l)bn—l Hi\ig(l - an-l—ibn—i-i) + - )

where the dots are again independent of a,,4+ ny+1 and b, 4 y4+1. Summing up, we have that the leading
terms in PSLO) are given by

ay (1 — z,y,) @ N
_% (UN(anJrl - 2an71)bn71an+N+1 + quanJrlanflanrNJrl H — Qp+4 n+l)
=2
By duality, the leading terms in fﬁ{” are given by
ar(l—zpyn (0) N
Jr(2a—y) (qu(anfl - 2an+1)bn+N+1 + uanflanJrNJrl H — Qp+4 n+l)
n—1 =2
We may conclude that
ryY an
( f(()) =A bn—tx-—:——i + f(canfla co oy Cn N, O, a’)a (67)
where
G4 Gnp (@nt1 = 2an-1)uy An+105_1U—N N
A= 2(an_1 — Qpi1)? un H(l ~ @ntibnsi):
n—1 7 Snt - (20n41 —an-1)u-n | i=2
n—1
Since

N 2
UNU_N a4 ani1
det A = B ( ot H(]- - an+ibn+i)> )

Ont+1 = Gn-1 ;77
A is invertible.
Remark 6.5 The above proof breaks down at several places when N = 2. The polynomial H,, then
reduces to
H, = w(zpnt2(l —Tpiy1Ynt1) — Tpp1wi) + U1Tny1 (68)
Fu_o(n—2(1 = Tpo1Yn—1) — Tn—1W7) + U_1Tp_1.

Using (64) and proposition 3.2 we find that H,, depends in the following way on a,ts and by,

1

0 0) o2
s ()5 (1 = Zps1yns)V — 2 wl) — usal? @
1_ n bn
a:( 2; +2bn+2) (u2(@ns1 — 2an—1)an13 + U_2an1+102_1bpi3).
n—1

It leads as in the case N > 2 to (67), with precisely the same matriz A.
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6.2 Parameter restriction

The parameter restriction works more or less like in the self-dual case, the main difference coming
from the fact that in the self-dual case we had to put all F]go) = 0, while in the general case the
tangency condition is equivalent to

1. T(t) = O(t) and Tk (t) = O(t) for all k with k # n + 1;
2. T,_1(t) = O(t?);
3. Thy1(t) = O(2).

In a sense, the condition I',,_ (£) = O(t?) replaces the condition T',,; 1 (t) = O(t), which is redundant
because it is a consequence of the other conditions (see proposition 4.3).

Proposition 6.6 Keeping the 4N — 1 parameters'! c,_an,...,Cn—2,an_1 arbitrary, the other pa-
rameters in the formal Laurent series (x(t),y(t)), given by proposition 3.2, can be chosen as rational
functions of these parameters, so that T'y(t) =0 and T'y(t) = 0, identically in t, for all k € Z.

Proof We give the proof in the case N > 1 only, leaving the case N = 1 to the reader (see Remark
5.5 for the self-dual N = 1 case). As in the self-dual case, we summarize the order in which we
treat the different equations in a table (see table 3). The second column shows which Ay = (T, f‘k)
we consider. For k # n £ 1 it is clear that each Ay appears (precisely once). The fact that T';,—1
appears on line (9a), while A,,_; already appears on line (8) comes from the fact that we consider
in line (9a) the coefficient in  of T',,_;(t) (rather than the coefficient in t°); similarly, T, 11 is absent
because the nullity of T',,,1(0) is a consequence of the nullity of the other Ay (0) (proposition 4.3).
We know from proposition 8.2 that for any k € Z,

Fi(z,y;u) € RIZ—N, - o s Cht Ny Yk N+15 - - - s Yt N—1)5 (69)
f‘k(ﬂ%y; 1) € R[ZR_N{1, . o, By N1, Yk—N» - - - YN
so that
Ag(z,y;u) € Rlzk—N, - -+ y 2kt N]-

This leads, with no effort, to the third column of the table. For future use, let us recall that I'y
depends (linearly) on xp_n and on x4 N, while Ty depends (linearly) on yi—n and on yg4n-.

Let us now turn, line by line, to the last column, which demands a careful inspection of the
polynomials T';, and [ In particular, we show that these polynomials depend on the underlined
parameter(s) (linearly), in such a way that one can solve for them. In steps (1) — (3) we have
that z, is absent, so that A,_n_r(0) (¥ > 1) depends on z,_on—_k(0),...,2,—k(0) only, i.e., on
Cn—2N—ky -« Cn—k- Now 'y, _n_j depends on x,_on_ (linearly), but not on y,_an_x, while the op-
posite is true for f‘n,N,k, so that we can solve the equation I';,_ y_1(0) = 0 linearly for a,,—on_, and
similarly f‘n,N,k(O) = 0 can be solved linearly for b,,_an_ in terms of ¢,—on—k+1,- .., Cn—k. FOr
k =1 this gives an_an—1 (resp. by_an—1) in terms of the 4N — 1 parameters ¢,—an, ..., Cn—2, Gn_1,
so that by taking k = 2,3,..., we get recursively ¢,_any_ in terms of these parameters, for all
k>1.

We now get to step (4) which is different because A,,_ n involves x,, and y,,. As for I';,, according
to proposition 8.2, x,, appears only in the leading term of I',,_ 5, which we can write as

N—-1 n—2
UNTp H (1 = Zp—N+iUn—N+i) = UNW_ H (1 — zw:), uy # 0,
=0 i=n—N

HRecall that ¢ = (ag,br) and that ant1by+1 = 1.
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Table 3: The tangency condition allows us to solve for all free parameters in the formal Laurent
series, except for the 4N — 1 parameters ¢,_an, ..., Cph—2, Gn—1, that can be taken arbitrarily. The
equations can be solved linearly for the underlined terms.

step Ag Ay polynomial in A,(CO),I‘SED ngOJ)rl polynomial in
(1) An—N—l Zn—2N—1y+++5”n—1 M,...,Cn_l
(2) An,N,Q Zn—2N—2y+++32n—2 w, ey Cn—2
(3)
(4) An_N Zn—9Ns -5 2n Cn—2Ny-++sCn—1,0—, nt1
(5) An,NJrl Zn—2N+1y-++32n+1 Cn—2N+1,-- .,cn+1,a,,a_+,g
(6) An,NJrQ Zn—2N+2y -3 2n+2 Cn—2N+25--+-yCpn42,0+,0Q, Cn—+2
(7)
(8) An—l Zn—N—1y+++32n+N—1 Cn—N—-1y---5yCn—2,04+,0Q
Cn425+--3yCpntN—1
(9&) Fn,1 ITn—N—-1y2n—Ny--- Ap—-N—-2,Cn—N—1y---
o3 R4 N—-2Tn+N-—1 ---7Cn+N—1;an—+N
(gb) 1—‘n+1 Tn—N+1,2n—N+2y- - Ap—N+1,Cn—Ny - - -
v 3 Zn4 Ny Tn+N+1 ...,CnJrN,l,bni,M
(10) An Zn—Ny--+s2n+N Cn—N—-1y---,0p—2,0+
Gn42y5-+ -3, CntN+1
(11) | Apg2 | ZneN425---> ZnyN42 CneN42y -+, 0n_2,0+
An+2; -+ Cn4N+2
(12)
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where w_ =z, (1 — xp_1yn—1) € A, as w_(t) = a_an—_1 + O(t). Therefore, using (69),

n—2

I'hon(0) = una_an_1 H (1 —aib;) + Fan—2n,Cn—2N+1,- - Cn-1),
i=n—N

which can be solved linearly for a_ in terms of the previous parameters (1 — a;b; # 0 for n — N <
i <n —2). Using the automorphism o (see (38)),

n—2
~ —(L,
Pan(O) I I ]-_a’l 7 +JT( n— 2Nacn72N+1a'~'7cn71)7
an+1i n—N

so that f‘n,N(O) = 0 can be solved linearly for b, 41 = 1/an41.

For step (5), x, and y, may be present in several terms in A,,_ny1, but in view of proposi-
tion 6.2, I';,_ n41 and fn,—N+1 are polynomials in z,_on41,...,2n-1,2n+1 and in w; and wy and
their o analogs only. Thus, I';,— n4+1(0) and f‘n,NH(O) depend on their leading terms only, to wit
Cn—2N41y--+,Cn—1,0n+1 and a,ax. It follows that the only new parameters that appear at step (5)
are a4 and a. Let us show that they appear in such a way that we can solve for them (linearly) in
terms of the other parameters. We do this as in the self-dual case by isolating the leading term in
I'—n+1 as given in proposition 8.2, namely we write I';,_n41 as

n—2

Tnoni1 = —un@nwi — 2n1) (1= 2no1yn-1) [ (0= @) + Fznoania,- o 20), (70
1=n—N-+1

The relation (70) was obtained by writing the leading term

anrl(]- - xnyn) = Tn+1 — (xnwl - xiynfl)y

and throwing the 2y, term into F. Since I';,_n1(t) = O(1) and since the first two terms in (70)
belong to Al the last term in (70) is also O(1) in ¢; since in addition this term does not contain
Zn+1, by proposition 6.2 and (59) z,, and y, can only appear in it multiplied by 1 — z,_1y,—1, and
so by proposition 3.2 we may conclude that the contribution from this term in T',,— y41(0) will not
involve a4 or a. Also, the second term in (70), unzp+1(1 — Tp—1Yn—1) H;:nszH(l —x;y;) does not
contribute to T'y,— y+1(0) since 1 — x,—1 (¢)yn—1(t) = O(t) while all other factors are O(1). Thus, the
dependence on a4 and a in T',,— y4+1(0) comes entirely from the first term in (70), which in view of
proposition 3.2 and (61) is given by

Ih-n+1(0) = —unya_9Q H (1 — a;b;) + previous parameters.
i=n—N+1
By duality,
~ a_a n—2
Lpons1(0) = u_y——"L5(Q) H (1 — a;b;) + previous parameters,
On+1 i=n—N+1

where o(£2) was given in (62). Since 2 and ¢((2) are linearly independent, as linear functions of a
and a, we can indeed solve I';,_n41(0) = 0 and I',,_ x+1(0) = 0 linearly for a4 and a in terms of the
other parameters.
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Steps'? (6) — (8) are easy, the point being that by proposition 8.2, for 2 < k < N — 1

An-Nik(0) =
n+k—1

< un U_N ) cn-{—k((l - xn—lyn—l)(l - xnyn)(l - xn—i—lyn-l—l))(o) H (1 - avbz) + known.
i=n—N-+k
i#n—1,n,n+1
Let us concentrate on the next steps, which are more exciting. In step (9a) we need to compute the
linear term in I',,_1(¢), where we recall from propositions 4.2 and 6.2 that I',,_; € A/, hence that
this linear term only depends on the constant and linear terms of the elements of T',,_; € A/,. Since

Tho1 ER[Tn-N-1,- -, Tt N-1,Yn—N, - - - s Yn+ N—2), with leading term
N-1
I = UNTp+N-1 H (1 - xn+i—1yn+i—1) +ee
i=0

we have from proposition 3.2 that

Tooi(t) =T+

(e (1 = 2nm1yn-1)(1 = 20pa) (1 = 2ns19000) O TG (1 = Gnsicabsims) + ) ¢
+0(#2),

where the dots only involve previous parameters. Therefore we may solve F;lll = 0 (linearly) for
an+n- Step (9b) is similar to step (9) in the self-dual case; notice that we postpone again A,, to the
next step. First of all T',,41(t) = O(1) and so I'y41 € Al,. The leading term in T',,11, namely the
term unTp+N+1(1 — Tnt1Ynt1) Hfi_ll(l — Tn41+iYnt1+i) cannot contribute to I',,41(0) because it
is O(t), which explains the absence of a,4n+1 in I',41(0). By proposition 8.2, b,y can come only

from y, 4, which appears only once, namely in

N-2 n+N-—-1
U NYnaNTn a1 [ [ (1= Znsrtitnirirs) = =t NYniNTns1 (@n (L= 2ogaynsn) [] (10— 2iw),
=0 i=n+2

yielding at ¢ = 0 a non-zero linear term in b,4 N, as 2, (£)(1 — xp41(t)yns+1(t)) = O(1).

Step (10) is the hardest one, but we dealt with it in lemma 6.4. Notice that after this step we
have that A, (t) = O(t) since the nullity of the previous Ag(0) already implies that A, (t) = O(1)
(proposition 4.2). Starting from step (11) everything goes smoothly, as Ag(t) = O(1) for k > n + 1
and the leading term of I'x(0), resp. T'x(0) will produce precisely the new parameter aj4y, resp.
bitn (linearly).

7 Singularity confinement

We have constructed in the previous sections formal Laurent series for the Toeplitz lattice (self-dual
and general case) solving the recursion relations T'y(z(t); u(t)) = 0 (Ag(z(t), y(t);u(t)) = 0 in the
general case). We will now transform these into solutions of the recursion relations I'y(z;u) = 0
(resp. Ag(z,y;u) = 0), depending on a certain number of free parameters, and blowing up for only
one (resp. two) variables. We will mainly concentrate on the self-dual case, as the general case is
dealt with in precisely the same way.

12Skip these steps if N = 2.
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The main tool to do this transformation is a formal version of the implicit function theorem,
which we explain in the case of one variable, the scalar case. Suppose that we have a formal series
in ¢,

z(t;a) = a + fi(a)t + fala)t®> +---; (71)

one may think for example of z(¢;a) as a formal solution of a vector field (differential equation

4z — P(x)) on the real line, with initial condition z(0;a) = a. In our case the functions f; will be

rational. We wish solve the equation z(t;a) = « formally, namely we wish to construct the formal
series in ¢

a(t;a) = a+ gi(a)t + go(a)t? +---
with the property that z(¢; a(t; o)) = «, as a formal t-series identity. Precisely, we claim that there
exist for any s € N unique (rational) functions ¢; (), ..., gs(a), such that

z(t; o+ gr(a)t + ga(@)t? + -+ + go()t?) — a = O(t* ),

where x(t;-) is given by (71). This is a trivial consequence of a formal version of Taylor’s Theorem.
For example, for s = 1 we neglect all terms in ¢? and the condition on g; becomes

z(t;a+gi(a)t) —a+O0(%) = gi(a)t + fila+ gi(a)t)t + O(t?)
= (91(a) + fr(@))t + O(t?),

so that g1 (a) = — f1(a). For s = 2 we neglect the terms in ¢3, giving

z(t;a — fr(@)t + ga(@)t?) — a + O(t?)

—fi(@)t + g2(a)t? + fi(a — fi(a)t)t + fa(a)t? + O(t?)
92(Q)t? + fi(a) (= fr(@)t)t + fa2(a)t? + O(t?)

= (g2(@) = fr(@) fi(@) + fo(a))t? + O(¢?),

which has ga(a) := fi(@)f](a) — fa(«) as a unique solution. Continuing in this way it is clear that
gi(a) equals — f;(a), up to a differential polynomial in the f;(a), with j < ¢. Notice that when all
fi(a) are rational function the same will be true for all g;(a).

Let us apply this to the formal Laurent series that we have constructed for the self-dual Toeplitz
lattice, and that yield formal solutions to the recursion relations I'y(¢) := I'y(x(¢); u(t)) = 0, where
k € Z. Recall from proposition 5.4 that these formal Laurent solutions z(t) depend on 2N — 1

parameters a,_on, - - -, Gn—2, which are the leading coefficients of x,_sn, ..., T2, namely

i (t) = a + O(2), k=n—2N,...,n—2, (72)
where the higher order terms are rational functions of the parameters a,_sp, ..., a,—2. Besides the
parameters ax these functions also depend (polynomially) on the parameters u = (u1,...,uy) that
define the recursion relations, namely xg(t) = xg(t; an—an, - .., an—2;u), for n — 2N < k < n — 2.
The formal implicit function theorem then leads to the following proposition.
Proposition 7.1 There exist for k =n—2N,...,k =n — 2 rational functions

a](;) = a,(;)(an,gN, ey 25U, e UN)

such that aj :== Y a,(f)ti, k=n—2N,...,n—2 formally inverts (72), i.e.,
T <t' Z (i) i Z (i) 4. ) _
k ) Ap_oNl vy Ap_ol U | = O,
i=0 i=0
fork=n—2N,...,n—2, wz'tha,(co) = oy.

36



We can use these series to replace the free parameters a,_an, . .., a,—2 in the series zx(t), k € Z,

by a := (ap—2an, - - -, @n—2), where we think of the latter as (partial) initial conditions to the recursion
relation. To do this, one simply substitutes ay = Z;’io a,(j)ti for k =n—2N,...,n — 2 in each of
the series zx(t) = g (t; an—2an,-..,an—2;u), and rewrites this as a series in ¢; by construction, this

simply gives xx(t) = oy for k=n —2N,...,k =n — 2. For kK = n — 1, this yields
ply g ) ) y
Tpo1(t) =+ Z xf:ll(a; u)tt = e+ Z 5,(21(0[; u)t?,
i=1 i=1

where we recall that 2 = 1. The functions f ”, are rational in @ and u. We will now use the formal
implicit'® function theorem again, but in a form which is different from the one explained above:
putting z,_1(t) = € + A(t), i.e., we put

which we solve for ¢ as a formal series in A,
A) = ZT(i) (c; u)\Y, (73)
i=1

where it is important to note that the constant term in this series is absent. Indeed, let us first
substitute (73) in the series for aj that was obtained in proposition (7.1), to get ar = ag(a; A; u).
Then, the latter and ¢t(A\) are substituted in all zx(t), to yield series in A whose coefficients are
rational functions of a = (ap—2n,...,an—2) (and of u = (u1,...,un)), which take the following
form.

= Z;’ioxl(f)(oz;u))\i, k < n—2N,

= g, n—2N < k<n-—1,

=R,

( )

( )
Tn—1( N ayu) = e+ A,

( )

( ) = —et T (s u)A

(N osu) = D2, X,(;)(a;u))\i, n+l < k.
It may seem that we have reached the final result, but we should not forget that these series are
constructed from solutions x = z(t) to the recursion relations T'y(z;u(t)), where u(t) = (uy +

t,ug,...,uy). However, letting U = (Uy,...,U,) := u(t), and using (73) to get rid of ¢, we have
that

(A a; (Up —t(N\),Us,...,Un)), k €Z solves T'y(z;U) =0, k € Z.
Notice that, when it is all worked out, the xj, are formal power series in A\ (except x,, which has a sim-
ple pole in A), and their coefficients are rational functions of the initial conditions a,_an, ..., @p_2
and of the parameters Uy, ...,U,. Writing

zr(\ o5 (Ur = t(A), Un,... Uy)) = 3o (s U)N, ke Z\ {n}
=0

xn()‘aa; (Ul _t(A)7U277UN)) = Z gvl)(a7U)Al7
i=—1

13Call this the formal inverse function theorem, if you wish.
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leads to our final result.

Theorem 7.2 The recursion relations Uy(z;U) = 0, k € Z admit for any n € Z two'* formal
Laurent solution v = (zr(a, \;U))rez, depending on 2N free parameters o = (ap—an, ..., Qn—2)
and \ with x,, having a (simple) pole for A — 0, and no other singularities. Explicitly, these series
with coefficients rational in a are given by

(N, o U) = Z;’iox,(f)(oz;U))\i, k < n—2N,
(A osU) = ag, n—2N < k<n-—1,
Tno1( Ao U) = e+ A

= Lyxoal (e )N,
= e+ 22 A (s U)X,
= Z?ioxg)(a;UW, n+1 < k.

Tnt1(A, ;U

)
( )
( )
zn (A, a; U)
( )
( )

(X a; U

The corresponding theorem for the recursion relations Ay = 0, which was formulated in the intro-
duction (Theorem 1.1) follows in the same way, using the formal Laurent solutions z(t¢) that solve
the recursion relations.

8 Appendix

In this appendix we obtain the leading terms of the polynomials I'y and ', which are needed in
sections 5 and 6. The notations are as in the body of the paper, namely P; and P, are polynomials
of degree N (see (19)), the matrices L; and Ly are defined by (14) and the polynomials Ty and T,
are defined by (20). Since I'y is given by

(74)

Fwwwhg;ﬁ%<—mH@mHMH4hg@mm>+mm

Yk +(P{(L1)) k41,6 + (P5(L2))k k41

we need, by duality, only to determine the leading terms of (Lf)xr and of (L§)gt1,x, for s,k € Z,
with s > 2, which will be done in the following lemma. Notice that the leading terms of I'y, will also
follow from it, by duality.

Lemma 8.1 For k € Z and s € N, with s > 2, the diagonal and first subdiagonal entries of the
Toeplitz matrices L1 and Lo, defined in (14), are polynomials in the following variables,

(Li)kk € R[xkferla vy Tds—1yYk—sy -+ yk+572]a
(Li)k-l-Lk S R[{Ek,SJrl,...,{EkJrS,yk,S,...,ykJrS,l].
More precisely'®,
s—1 5s—2
(L) = — Thts—1Yk—1 H(l — Thgi1Yktio1) + xi+s—2yk+573yk71 H(l — Thpia1Yk+i-1)
i=1 i=1

Mparametrized by € = %1.
15We give in each case the terms that will be used, no more, no less. When s = 2 only the first two lines survive;
the term on fourth line coincides with the first term on the second line and should only be counted once.

38



s—2 s—2
— Thys—2 | Yp—2(1 — Tp—1Yr—1) — 2Yk—1 Z$k+j—1yk+j—2 H(l — Thtio1Yk+i—1)

= i1
+ Fi(Thest2s - o s Thgs—3s Yh—st1s -« > Yhts—3)
s—1
—apyi—s [J(1 = 2rmivns)
i1
and
s—1 s—1
(LDpprn = —TrpsVhor | [ = 2rpivers) — Trpavn—s [ (1= 2r—ive—s)
i=1 =1
+ -/TZ(xkferQa ceey xk+871ayk78+la ceey yk+872)

where F1 and Fo are polynomials in their arguments.

Proof The following notation is useful for obtaining formulas of this type. To the bi-infinite vector x
we associate, for any k € Z a bi-infinite diagonal matrices X *) and Y'*) by putting qu(f) = Titk0sj
and Ylgk) = yitk0;; and (Kronecker delta). Similarly we introduce the diagonal matrices V) by

defining Vigk) = (1 —2i+kYitr)0i;. We denote by A the shift operator, which we view as a bi-infinite
matrix, with entries A;; 1= d;41,5. It is easy to verify that

AXU) = XCHIAL G e,

which is the main formula that we will use, as it allows us to push all A to the right (or to the left).
One obvious consequence is that a monomial in X,Y,V and A will only have a non-zero diagonal
when it is independent of A (i.e., the sum of all powers of A is zero). In order to apply this to obtain
the above formulas, observe that L; and Lo can be written as

Ly = Av(ED - ZA—iX(i)Y(—l) —VOA _ Zx(o)y(—i—l)A—i’
i>0 i>0
Ly = AT'WO N AXEYy O s yEDAT Y X EDY OAL
i>0 i>0

Notice that, in view of what we said, all diagonal entries of (V () A)*~! are zero. Therefore, it follows
from the second formula for L; that the leading term in z of the diagonal terms of L{ will be gotten
from the product
(V@AY x Oy DA (75)
i>0

The diagonal entries of (75) are obtained by taking ¢ = s — 1, which yields

(_(V(O)A)s—lX(O)Y(—s)A—s-i-l) _ (V(O) o V(s—Q)X(s—1)Y(_1))

kk kk

s—1
~thps1thor | [ = 2hgic1yprion).
i=1

Notice that this leading term already contains xpys—2, and that it yields, through the factor 1 —
Thts—2Yk+s—2, the single term that contains y;4s—2, which is the highest y variable that appears in

(L) kk-
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In order to get the other terms in L$ that lead to 24 s o we need A®~2 in front of X ie.,
we need s — 2 copies of V(O A (not necessarily consecutive), on the left of — >, Xy (=i=D A7,
For the remaining factor we can have another copy of V(@A or of — D oi>o X(O)Yi(_i_l)A_i, inserted
at an arbitrary place inside the product —(V(®OA)s=25" XOy(=i=DA~i  This leads to three
possible types of terms. For the first one, we put another VOA at the end

_(V(O S 2ZX O)Y( i— 1)A (V(O A)
>0

and we get the k, k diagonal term by taking ¢ = s — 1, which gives

s—2

(_(V(O)A)S—QX(O)Y(—S)Al—sv(O)A) = kel [1Q — 2rsiryesiov).
=0

For the second one we put another — ijo XOy (== A~ at the end,

(V(O)A)S—Q Z X Oy (—i—1) A—i Z XOy(=i=DA—7.
i>0 §>0

its diagonal terms are given by taking i + j = s — 2, i.e., from
V(O s 2 ZX(O j erl)‘X'(jferQ)Y'(ferl)A27s7

whose k, k term is given by

s—3 s—2
2 . . 1— . .
Y1 | Trys_oUhts—3 + This—2 ¥ ThijYktj—1 (1 = Thgim1Yktio1)-
+

The third term is obtained by inserting the constant term —X Y (=1 of — ijo XOy(i-DA—7
at all possible places in the product (V(O)A)S*Q, namely from

w

(VO A) (X Oy 1)) ©O) p)s—i-2 S X Oy A
i>0

I
o

J
with ¢ = s — 2, so that its k, k term is given by

s—3 s—2

Yk—1Thts5—2 Z Tl j Ykt j—1 H(l — Thtim1Yktiz1)s
=0 i=1

which, combined with the first two terms, yields the leading terms of (L%)gy. Using the first formula
for L1, the lowest term in y of the diagonal terms of L3 is gotten from

_A—S+1x(s—1)y(—1)(Av(—l))s—l = —xOy (=9 (=s+) V(_l),
whose k, k entry is —z,yk_s H::_ll(l —Zk—iYk—i)- It contains the lowest term in x, through the factor

1 —Tpsr1Yk—s+1-
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One obtains similarly the entries of (L§)g41,% by selecting the terms in L] that contain precisely
A~L. Notice in this respect that if M is a bi-infinite diagonal matrix then (MA™) 511 5 = My41 k41
It follows that the leading term in = of (Lj)k+1,x, which contains also the leading term in y, is
obtained from the product (75), with ¢ = s, yielding

s—1

= —whrsthot [ (1= Zrpitiss).
i=1

_ (V«J) o V(sf2>X<sf1>y<f2>)
k+1,k

The lowest term in y, which contains the lowest term in z, is obtained in the same way.

The above lemma and (74) lead by direct substitution to the following proposition.

Proposition 8.2 For k € Z, the polynomials T'y, and I depend on the following variables x; and

Fi(x,y;u) € RIZR—N, -« s Thg Ny Yk=N+15 - - - > Ykt N—1)

Tr(z,y;u) € R[Tp-N115- - TRt N1, Yb—N> - - - Ykt N]-
- 7,16
More precisely™®,

N-1 N-2
Ti(z,yiw) = unzren [[ (0= @rpagnrs) — ey v [] (1= 2eriypss)
i=0 i=0
N-2 N-2
—unwryn—1 | Thy +2 > wryero1 | [0 — ohrivera)
=1 i=0
N—-2
+ (uN 1Tk N1 — U NN 1Tk 1Zk) | [ (1= Thpibiri)
=0
+ (1= 2kyr) F(Th—N+15 s Tkt N—2, Y= N+25 - - -, Yt N—2) + KTy,
N—-2
— (unzrzriyr-ni1 — u- Nz N (1= 2p-vve-n41) [ (1= zeoie),
=0

where F is a polynomial in its arguments, with a similar statement for T, gotten by duality. In the
self-dual case, Ty, takes the simpler form

N-1 N-2
; = UNTKN = ThtiYk+i N-1Zk+N—-1 = ThtiYk+i
Tr(z;u) = unzg (1 — ZptiYpti) +u Tk (1 — ZptiYrti)
i=0 i=0
N—2 N—2
—UNZRtN-1 | ThrN-1ZheN—2 + 2 E Lot j Thotj—1 H(l_kariykJri)
=0 i=0

+ (L= 2pyp) F(@p-nN41, - ThpN—2) + kg
N-2
—un(@eze1zr- N1 — N (1= 2o vpaye-n1)) [[ (1= zeiyei).
i=0

16 As in the case of lemma 8.1, when N = 2 then the term —u2ZTr+1Yk—1(1 — Yk ), which appears twice, should
only be taken into account once.
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