TRANSCENDENTAL LATTICES OF SOME K3-SURFACES

ALESSANDRA SARTI

ABSTRACT. In a previous paper, [S2], we described six families of K3-surfaces (over C) with
Picard-number 19, and we identified surfaces with Picard-number 20. In these notes we
classify some of the surfaces by computing their transcendental lattices. Moreover we show
that the surfaces with Picard-number 19 are birational to a Kummer surface which is the
quotient of a non-product type abelian surface by an involution.

0. INTRODUCTION

Given a K3-surface an important step toward its classification in view of the Torelli theo-
rem is to compute the Picard lattice and the transcendental lattice. When the rank of the
Picard lattice (i.e. the Picard-number, which we denote by p) of the K3-surface is 20, the
maximal possible, the transcendental lattice has rank two. These K3-surfaces are called by
Shioda and Inose singular. In [SI], Shioda and Inose classified such surfaces in terms of their
transcendental lattice, more precisely they show the following:

Theorem 0.1. [SI, Theorem 4, §4] There is a natural one-to-one correspondence from the
set of singular K 3-surfaces to the set of equivalence classes of positive-definite even integral
binary quadratic forms with respect to SLa(Z).

When the Picard-number is 19 the transcendental lattice has rank three and by results of
Morrison, [M], and Nikulin, [N1], the embedding in the K3-lattice A := —Eg®—Es®@UdUdU
is unique, hence it identifies the moduli curve classifying the K3-surfaces. In general however
it seems to be difficult to compute explicitly the transcendental lattice. In [S2] we describe
six families of K3-surfaces with Picard-number 19 and we identify in each family four surfaces
with Picard-number 20. The aim of these notes is to compute their transcendental lattice
and to classify them. In [S2] we describe completely the Picard lattice of the general surface
and of the special surfaces in two of the families and of six surfaces with Picard-number 20 in
the other families. Here by using lattice-theory and results on quadratic forms we compute
the transcendental lattices of these surfaces. The methods are similar to the methods used
by Barth in [B] for describing the K3-surfaces of [BS].

By a result of Morrison, [M, Cor. 6.4], K3-surfaces with p = 19 and 20 have a Shioda-Inose
structure, in particular this means that there is a birational map from the K3-surface to a
Kummer surface. It is well known (cf. [SI]) that if p = 20, then the Kummer surface is the
quotient of a product-type abelian variety by an involution. When p = 19 this is not always
the case. In fact we use the transcendental lattices to show that in our cases the abelian
variety is not a product of two elliptic curves. In this case we call the Shioda-Inose structure
simple.

The paper is organized as follows: in section 1 we recall some basic facts about lattices
and quadratic forms and the families of K3-surfaces from [BS] and [S2]. Then section 2
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is entirely devoted to the computations of the transcendental lattices of the K3-surfaces of
[S2]. In section 3 we show that the Shioda-Inose structure of the surfaces with p = 19 is
simple. In section 4 we compare our singular K3-surfaces with already known surfaces, more
precisely with the Hessian surfaces which are described in [DvG]: we see that all our singular
K3-surfaces are Hessian surfaces of some cubic surfaces and we see that some of them are
extremal elliptic K3-surfaces in the meaning of [MP] and of [SZ]. Finally in section 5 we
recall the rational curves generating the Neron-Severi group of the K3-surfaces.

I would like to thank Wolf Barth for letting me know about his paper [B] and for many
discussions, Slawomir Rams and Bert van Geemen for many useful comments and the referee
for many suggestions improving the exposition of the paper.

1. NOTATIONS AND PRELIMINARIES

1.1. Lattices and quadratic forms. A lattice L is a free Z-module of finite rank with a
Z-valued symmetric bilinear form:

b:LxL—Z.

An isomorphism of lattices preserving the bilinear form is called an isometry, L is said to be
even if the quadratic form associated to b takes only even values, otherwise it is called odd.
The discriminant d(L) of L is the determinant of the matrix of b, L is said to be unimodular
if d(L) = £1. If L is non-degenerate, i.e. d(L) # 0, then the signature of L is a pair (sy,s_)
where s+ denotes the multiplicity of the eigenvalue +1 for the quadratic form on L ® R, L
is called positive-definite (negative-definite) if the quadratic form associated to b takes just
positive (negative) values. We will denote by U the hyperbolic plane i.e. a free Z-module of
rank 2 with bilinear form with matrix:

(Vo)

moreover we denote by FEg the unique even unimodular positive definite lattice of rank &,
with bilinear form with matrix:

2 0 -1 0 O
0o 2 0 -1 0
-1 0 2 -1 0
-1 -1 2 -1
o o0 -1 2 -1
o o o0 -1 2 -1
o o o 0 -1 2 -1
o 0 o0 o 0 -1 2

Let LV = Homgz(L,Z) = {v € L®; Q | b(v,z) € Z for all z € L} denote the dual of the
lattice L, then there is a natural embedding of L in LY via ¢ — b(c, —), and we have:

o O OO
SO o oo
OO OO oo

o OO oo

Lemma 1.1. (¢f. [BPV, Lemma 2.1, p. 12]) If L is a non-degenerate lattice with bilinear
form b. Then
1. [LY : L) = |d(L)|.
2. If M is a submodule of L with rank M =rank L, then
[L: M)*=d(M)d(L)™*.
Let A be a finite abelian group. A quadratic form on A is a map:
qg: A— Q/2Z
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together with a symmetric bilinear form:
b:AxA— Q/Z

such that:

1. g(na) = n?q(a) for alln € Z and a € A

2. qla+d') —q(a) — q(d') = 2b(a,a’) (mod 27)

Let L be a non-degenerate even lattice, the bilinear form b induces a Q-valued bilinear form
on LY and so a quadratic form

qr: LY /L — Q/27Z

called discriminant-form of L. By a result of Nikulin [N1, Cor. 1.9.4], the signature and the
discriminant form of an even lattice determines its genus (for the precise definition of genus
see [Bu, p. 378]).

An embedding of lattices M — L is primitive if L/M is free.

Lemma 1.2. (¢f. [N1, Prop. 1.6.1]) Let M — L be a primitive embedding of non-degenerate
even lattices and suppose L unimodular then:

1. There is an isomorphism MY /M = (M+)V /M*.

2.yt = —qM-

(Here M+ denotes the orthogonal complement of M in L).

Let now X be an algebraic K 3-surface, the group H?(X,Z) with the intersection pairing has
the structure of a lattice and by Poincaré duality it is unimodular. This is isometric to the
K3-lattice:

AN=—-Egs—-EsaUasUasU

(cf. [BPV, Prop.3.2, p. 241]). The Neron-Severi group NS(X) = H*(X,Z) N H*'(X) and
its orthogonal complement T'(X) in H?(X,Z) (the transcendental lattice) are primitive sub-
lattice of H?(X,Z) and have signature (1,p — 1) and (2,20 — p), p =rank(NS(X)). By the
Lemma 1.2 we have

NS(X)Y/NS(X) = T(X)"/T(X)

and the discriminat-forms differ just by their sign. Moreover by the Lemma 1.1 we have
INS(X)Y/NS(X)| = (T(X))"/T(X)| = d(NS(X)).

We recall some more facts about K3-surfaces X with p = 20 (singular K3-surfaces, cf. [SI,
p. 128]). Denote by Q the set of 2 x 2 positive-definite even integral matrices:

2a b
(1) o= (% ) abcez

with determinant d := 4ac — b*> > 0 and a,c > 0. We define an equivalent relation “~” by:
Q1 ~ Qo if and only if Q; = 'yQay for some v € SLy(Z). Denote by [Q] the equivalence
class of @ and by Q/SLy(Z) the set of equivalence classes. Then:

Theorem 1.1. (¢f. [SI, Thm. 4]). The map X — [T'(X)] establishes a bijective correspon-
dence from the set of singular K3-surfaces onto Q/SLo(Z).

In particular K3-surfaces with p = 20 are classified in terms of their transcendental lattice.
By [Bu, Thm. 2.3, p. 14], we choose a representative @) in reduced form, i.e. —a <b<a <c¢,
and so b? < ac < d/3. Recall the following:
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Theorem 1.2. ([Bu, Theorem 2.4, p. 15]) With the exception of

1 2a a 20 —a \ 9 2a b 2a —b
"\ a 2c —a 2¢ )7 b 2a —b 2a
no distinct reduced quadratic forms are equivalent.

It is well known that the number of equivalence classes of forms of a given discriminant d, i.e.
the class number of d, is finite. If there is only one class we say that d has class number one.
In some other cases, even if we have more equivalence classes, we have however one class per
genus. In [Bu, pp.81-82] with the assumption g.c.d(a,c,b) = 1, i.e. we assume that the form
is primitive, all the discriminants of class number one and of one class per genus are listed.
If g.c.d(a,c,b) # 1 then the form is a multiple of a primitive form.

1.2. Families of K3-surfaces. Let G C SO(3) denote the polyhedral group 7', O or I, and
let G C SU(2) be the corresponding binary groups. Let

o0:SU(2) x SU(2) — SO(4,R)

denote the classical 2 : 1 covering. The images o(T x T) := Gg, o(O x O) := Gg and
o(I x I) := G5 in SO(4,R) are studied in [S1], where we show that there are 1-dimensional
families in P3(C) of G,-invariant surfaces of degree n, which we denote by X}, A a parameter
in P;. In [BS] it is shown that the quotients Y\ g, = XV/Gp, n = 6,8,12 are families of
K 3-surfaces where the general surface has Picard-number 19 and there are four surfaces with
Picard-number 20. Then in [S2] by taking special normal subgroups of G,, (n = 6,8) and
considering the quotient of X§ resp. X§ by these subgroups we find six more pencils of
K3-surfaces. Using the notations there the subgroups are

G: TxV (TT) VxV OxT (00)" TxT

and the families of K3-surfaces are denoted by Y) g. Here V denotes the Klein four group
in SO(3,R) and the groups (TT)’, (OO)" are described in [S2], the others are the images in
SO(4,R) of the direct product of binary subgroups of SU(2). Moreover T x V, (TT)" are
subgroups of index 3 of Gg and V' x V has index 3 in 7' x V and in (TT)’; O x T, (OO)”
are subgroups of index 2 of Gg and T' X T has index 2 in O X T and in (OO)”. In the
families Y) 7«1 and Y) ox7 the general surface has Picard-number 19 and we could identify

four surfaces with Picard-number 20. We denote them by Yg(n’j ), where n =6, G =T xV
and j = 1,2,3,4orn =8, G=0xT and j = 1,2,3,4. The general surface in the other
families has Picard-Number 19 too and there are four special surfaces with Picard-number
20, but in [S2] we could not identify enough curves generating the Neron-Severi group. Only
in some special case with p = 20 we could describe explicitly the Picard lattice. Following
the notations of [S2] the surfaces are

(6,1) (6,2) (8,1) (8,4) (8,1) (8,4)
Y(TT)” T(TT)” Y(oo)m Y(OO)”’YTXT7YT><T‘

2. TRANSCENDENTAL LATTICES

In this section we identify first the transcendental lattice of the singular K 3-surfaces, then of
the surfaces with p = 19. In each case we proceed as follows:

1. We determine generators for NSY/NS with the help of the intersection pairing (—, —),
which is defined on NS (recall that NSY = {v € NS®zQ | (v,z) € Z for all z € NS}).

2. We determine the discriminant-form of N.S.

3. We use Lemma 1.2 to determine the discriminant-form of T'.
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4. We list all the reduced quadratic forms which have the discriminant d(T") = d(N.S) (we
will see that in each case the matrices have form 1 or 2 as in the Theorem 1.2).

5. We use the discriminant form to determine 7', in fact we see that when the rank is two
the discriminants have class number one or one class per genus. When the rank is three in
our cases the discriminants are small, Def. 2.1, and these have one class per genus.

We denote the curves generating the Neron-Severi group by L;, M;, N;, C;, R;, we recall
their configuration in section 5. Moreover before discussing each case we recall from [S2] the
divisible classes of VS, which together with the previous curves generate the Picard lattice.
Finally, we denote by Z,,(«) the cyclic group Z,, with the quadratic form taking the value
a € Q/27Z on the group’s generator which we choose.

2.1. The singular cases. The family Y 7.y. We recall the following 3-divisible class of V.S
I_//:Ll—L2+L4—L5+L/1— ,2+L£1—L/5+L/1,—L/2/+LZ—L/5/
and the following 2-divisible classes of NS
hi = Li+Ls+ Ls+ L} + L5 + L{ + M; + Mo,
hy = L1+L3+L5+LY+Lg+Lg+M1+M3.

The general K3-surface in the family has p = 19 and the family contains four singular K3-
surfaces. The discriminant of the general K 3-surface in the pencil, i.e. the determinant of
the lattice NS, is 2 - 3 - 5 which is the order of NSY/NS by the Lemma 1.1. We specify the
following generators:

M = M+ M+ Ms/2,

N = L1—L2+L4—L5—L/1+L/2—L2+L/5/3,

L := (3Lo—Ly— L)}~ L] —2Ly— 2L, —2L% —3L3 — 3L, — 3L

—2L, — 2L, — 2L} — Ly — LL — L¥)/5
where

M? = -3/2 = 1/2  mod 27,
N? = -8/3 = 4/3  mod 2Z,
L? = -18/5 = 2/5 mod 2Z.

Hence the discriminant form of the Picard lattice is
Zo(1/2) @ Zs(4/3) ® Z5(2/5) = Zs3o(7/30)
o The singular case 6,1(6,4). Here the discriminant is —3-5 = —15 and the generators
of NSV/NS are N and L. The discriminant form is
Z3(4/3) @ Zs(2/5) = Z15(26/15)

e The singular case 6,2(6,3). Here the discriminant is —22 -3 -5 = —60, and the
generators are M, N,L and another class M’ = M,/2 with M"? = —1/2 = 3/2
mod 2Z. The discriminant form is

Z5(1/2) © Za(3/2) © Z3(4/3) © Z5(2/5) = Za(1/2) @ Z30(97/30).
The discriminant form of the transcendental lattice differs from the discriminant form of the
Picard lattice just by the sign, as computed above, hence in the general case is
Z30(53/30)
and in the special cases is

6,1 (6,4): 7Z15(4/15),
6,2 (6,3): Zo(3/2) ® Z30(23/30).



6 ALESSANDRA SARTI

Here we identify the transcendental lattices of these four singular K3-surfaces, and in the
next section of the general K3-surface.

e The singular case 6,1 (6,4). We classify all the reduced matrices with discriminant 15
(i.e. one class per genus, cf. [Bu, pp.19-20]). We have just the following possibilities

(1) a-(1 1)

By taking the generator (4/15,—1/15) and the bilinear form defined by A, we find a
lattice Z15(4/15) which is exactly the lattice TV /T, as recalled on page 3 the signature
and the discriminant form determine the genus so T' = A.

e The singular case 6,2 (6,3). We classify all the reduced matrices with discriminant
60 (cf. [Bu, pp.19-20]). We have just the following possibilities

(B )r=(om) (o) (52)

By taking the generators (1/2,0) and (1/3,1/10) and the quadratic form B we find
a lattice Za(3/2) ® Z30(23/30) which is exactly the lattice TV /T, hence T = B.

The family Y (7). We recall the following 3-divisible class in N S:
I_/:Nl—N2+N3—N4+N5—N6+N7—N8+N9—N10+N11—ng.

Now we identify the transcendental lattice of Y((;le)), and of Y((ﬁj?)),
o The singular case 6,1. In this case the discriminant is —3 -5 = —15 and we have the
following generators of NSV /NS:
N = (N1—N2+N3—N4—N5+N6—N7+N8)/3,
L = (3L3—3L%)/5,
where
N? = -8/3 = 4/3  mod 27,
L? = —18/5 = 2/5 mod 2Z.

Hence the transcendental lattice is the same as in the case of YT(GX’%/).

e The singular case 6,2. Recall the following 2-divisible classes in N.S:

Ny +C1 4+ Ny+ N5+ Co+ Ng+ My + Mo,
N1+ C1+ Ny + Ng + C3 + Ny + My + Ms.

The discriminant is —22 -3 -5 = —60 and the classes
N, M = M + My + M3/2, M' = N5+ Cy+ Ng + My + M3/2, L
are generators for NSV/NS. Where

N2 = -8/3 = 4/3  mod 27,
M? = 1/2 mod 27,
M? = 3/2 mod 27,

L? = -18/5 = 2/5 mod 2Z.
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Hence the transcendental lattice is the same as in the case of YT(i’%/).

e family Y) ox7. Recall the following 2-divisible class of IV.S:
L'=Ly+ L3+ Ls + L} + Ly + L, + My + Mo,

and the following 3-divisible class of N.S:

ky=Li—Ly+Ly—Ls — L} + Ly — Ly + L + N1 — No + N3 — Ny.

The general surface in the pencil has p = 19 and we have four surfaces with p = 20. The
discriminant of the general K 3-surface in the pencil is 23-3-7 = 168. We specify the following
generators of NSV/NS:

M = L+ L3+ L5+ M;/2,

M = Ly + L3 + Ls + My/2,

R = R2/2,

N = Nl—NQ_N3+N4/3,

L = (2L§+4Lo—2Ly — 2L} +3Ly+ 3Ly —3Ls — 3Ly — 2Ly — 2L} — L5 — L%)/7

where
M? = -2 =0 mod 27,
M? = -2 =0 mod 27,
R? = -1/2 = 3)2 mod 27,
N? = —4/3 = 2/3 mod 27,
L* = -16/7 = 12/7 mod 2Z.

Observe that the classes M, M’ and L are not orthogonal to each other; in fact M- M’ = 1/2
mod 2Z and M -L = M'-L =1 mod 2Z. Hence the discriminant form of the Picard lattice

1S:

L

Lo

Z2(0) & Z2(0) & Z2(3/2) & Z3(2/3) © Z7(12/7)) = Z2(0) ® Z2(0) & Za2(79/42).

e The singular case 8,1. Here the discriminant is —22 -7 = —28 and the generators for
NSVY/NS are M, M’ and L. The discriminant form is

e The singular case 8,2. The discriminant is —22 -3 -7 = —84 and the generators for
NSY/NS are M + R, M’ + R, N and L. The discriminant form is

(3/2) © Zo(3/2) © Z3(2/3)) ® Z7(12/7) =2 Z5(3/2) @ Z42(163/42) = Z2(3/2) © Z42(79/42).

e The singular case 8,3. Here the discriminant is —23-3-7 = —168 and the generators
for NSV/NS are R,

R' = My +2C + 3M>/4,
N and L, where R?> = 1/4 mod 27Z. The discriminant form is
(3/2) ® Z4(1/4) ® Z3(2/3) ® Z7(12/7)) = Z2(3/2) & Zga(221/84) = Z2(3/2) @ Zga(53/84).
o The singular case 8,4. Recall the 2-divisible class in N.S
Li+ L3+ Ls+ Ny +C+ Ny+ Ro+ My
The discriminant is —22 - 7 = —28 and the generators for NSV /NS are L' + R,
M" = My + Ms + Ry/2,
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and L, where M"? =1/2 mod 2Z.
The discriminant form is

Zo(3/2) @ Za(1/2) @ Zr(12/7)) 22 Zo(3/2) ® Z14(31/14) = Zs(3/2) @ Z14(3/14) mod 2Z.

The discriminant of the transcendental lattice differs from the discriminant form of the Picard
lattice just by the sign, hence in the general case is

and in the special cases is

Z(0) & Zn4(2/7),
Z2(1/2>@Z42(5/42),
30 Zo(1)2) & Zey(115/84),
8,4: Zy(1/2) @ Z14(25/14).

Y

Y

oo GO0 Co
W N =

Here we identify the transcendental lattice for this four singular cases, and in the next section
for the general K3-surface.

The singular case 8,1. We classify all the reduced matrices with discriminant 28 ([Bu,
pp.19-20]). We have just the following possibilities:

2 0 4 2
(2 0) s (1 2)

Now take the form B and the generators (0,1/2) and (3/14,1/14). These span ex-
actly the lattice we were looking for.

The singular case 8,2. We classify all the reduced matrices with discriminant 84 ([Bu,
pp.19-20]). We have the following four cases:

2 0 6 0 42\ (10 4

0 42 )’ 0 14 )’ 2 22 ) T 4 10 )
Now we take the form C' and the generators (1/2,0) and (8/21, —19/42) and we are
done.

The singular case 8,3. We classify all the reduced matrices with discriminant 168
([Bu, pp.19-20]). We have the following four cases

2 0 6 0\ p_ (120 4 0

0 84 )’ 0 28 )7 7 0 14 )’ 0 42 /-
Now we take the form F and the generators (1/2,1/2) and (1/12,1/7). These span
exactly the lattice we were looking for.

The singular case 8,4. The discriminant is 28 like in the case of 8,1. Now by taking
the form A and the generators (1/2,0) and (0,5/14) we are done.

The family Y} (0o)». Recall the following 2-divisible class of N.S

L =M+ M+ M3+ Ms+ R+ Rs + R} + Ry
8,4)

We identify the transcendental lattices of the surfaces Y((ggg,, and Y((OO)// .
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e The singular case 8,1. In this case the the discriminant is —22 -7 = —28 and we have
the following generators in NSV /NS

L = 2Lo+4L4 — 2L/2 — 4[4/7,

M = R+ Rs+ M+ M3/2,

M = R1+R3+M1+M4/2,
where

L? = 12/7 mod 27,

M? = M? = 0 mod?2Z.

Hence the transcendental lattice is the same as in the case Y(ggx’}f).

o The singular case 8,4. Recall the following 4-divisible class in NS

W := Ry + 2Ry + 3R3 + R} + 2R + 3R} + 2Ny + 2Cy + 3M7 + My + 2N3 + 2Cy + 3Ms3 + Mj.

Moreover specify the classes:

vy = R1+4+ 2R+ 3R3/4,

vo = R} +2R)+3R5/4,

vy = 2N1+201+3M1+M2/4,
Vg4 = 2N3—|—202—|—3M3—|—M4/4,.

The discriminant is —2*-7 = —112 and the generators of NSV /NS are
v] +v3/4, vo +vg4/4, L
with
(v1 +v3/4)* = (v2 +v4/4)> =0 mod 2Z.

The discriminant form of the Picard lattice is

74(0) ® Z4(0) ® Z7(12/7) = Z4(0) ® Zas(12/7).
Hence the discriminant form of the transcendental lattice is

7.4(0) ® Zog(2/7).

We classify all the reduced matrices with discriminant 112, these are

2 0 40\ (80 8 4
05 J>\o 28 )" " 0o 1a) {4 16)

We take the matrix F' and the generators (1/4,1/2) and (1/4,9/14), so we are done.

The family Yy 7x7. A similar computation as before shows that in the singular case 8, 1, resp.
8,4 the transcendental lattice has bilinear form with intersection matrix:

2 1 4 2
14 ) e | o g )

Remark 2.1. Observe that if the reduced matrices had not been as in case 1 or 2 of Theorem
1.2, we would find two different isomorphism classes of K3-surfaces with the same discrimi-
nant and the same discriminant form (cf. [SZ, p. 3]).
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2.2. The general cases. Here we identify the transcendental lattice of the general surfaces,
p = 19, in the families Y) rxy and Y) ox7. In the last section, we have identified the dis-
criminant form of the transcendental lattice, we use it to determine 7. We need the following:

Definition 2.1. (¢f.[B, Def. 1.1]) The discriminant d = dyg = —dr is small if 4 - d is not
divisible by k* for any non square natural number k congruent to 0 or 1 modulo 4.

Then if dp is small , the lattice T is uniquely determined by its genus (cf. [CS, Thm. 21, p.
395] and [CS, p. 378] for the definition of genus when the rank is three), hence by signature
and discriminant form ([N1, Cor. 1.9.4])

o The family Yy 7xv. The candidate lattice is

4 1 0
To=|1 4 0 |,
0 0 —2

this has discriminant -30, and taking the generator

4/15
fr=| —1/15
1/2
one computes g7, (f1) = —7/30 = 53/30 mod 2Z, hence the discriminant form is

Z30(53/30). Since dr = —30 is small, the transcendental lattice of the general K3-
surface is Tj.

o The family Y ox7. The candidate lattice is

10 4 0
Ti=( 410 o],
0 0 -2

this has discriminant -168, and taking the generators

0 1/2 37/42
f1 = 3/2 s fg = 0 y f3 = —19/42
1/2 —1/2 ~1/2

we find g7, (fi) =0 mod 2Z, i = 1,2 and ¢, (f3) = 5/42 mod 2Z, hence the discrim-
inant form is Z2(0) & Z2(0) & Z42(5/42). Since dr = —168 is small, we have T' = T7.

We collect the results in the table 1. In [S2] we are able to describe the Picard lattice only of
some singular surfaces in the families Yy (77, Y3 00y, Yo rxT (none in the family Yy v xv),
hence we compute here only the transcendental lattice of these surfaces. This explains the
gaps in the table 1. We include also the results of [B] about the general surfaces of the families
Y cer Yacsr YaGi, and also about the singular surfaces in these pencils, Barth computed
the transcendental lattices of the singular surfaces too, but he did not published his result.
In the table we give also the discriminants of the lattices.
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2.3. Moduli curve. Let
Q={[w] € P(A ® C)|(w,w) = 0; (w, ) > 0},

where A is the K 3-lattice, this is an open subset in a quadric in P?!. If X is a K3-surface and
wyx € H*°(X), then it is well known that wy € Q and it is called a period point. Moreover
also the converse is true: each point of € occurs as period point of some K3-surface, this is
the so called surjectivity of the period map (cf. [BPV, Thm. 14.2]). Now let M C A be a
sublattice of signature (1, p — 1) and define:

Q= {[w] € Q(w, p) =0 for all p € M}.

This has dimension 20 — p = 20—rank M. If rank M =19 then this space is a curve. Let X
be a K3-surface with p = 19. Since in this case the embedding of T'(X) in A is unique up to
isometry of A (cf. [M, Cor. 2.10]), T(X) determines Qy7, with M = T(X)* = NS(X) and
so the moduli curve, which classify the K3-surfaces. Hence in our cases the transcendental
lattices given in the table 1 identify the moduli curve of the K3-surfaces in the families Y) 7x1/
and Y ox7 (in the case p = 19).

TABLE 1. Transcendental lattices

Family general surface singular surfaces
, f; 8 (2 1) (2 o) (2 0) (21)
X\,Gg
00 —6 1 8 0 30 0 30 1 8
d —-90 15 60 60 15
, PR ( 2 0 ) ( 6 0 > ( 6 0 ) ( 40 )
\,Gs
0 0 —2 0 14 0 14 0 28 0 28
d —336 28 84 168 112
, a0 (12 6) (6 0) <6 0) <4 2)
A,G12
0 0 —30 6 58 0 220 0 132 2 34
d —3960 660 1320 792 132
v ‘11 i 8 ( 4 1 ) ( 6 0 ) ( 6 0 ) ( 4 1 )
\,TXV
0 0 -2 1 4 0 10 0 10 1 4
d —30 15 60 60 15

10 4 0
Yy oxr 4 10 0
0 0 -2

d —168

Yy, (rry -
d -

2 0
Y, 00y - ( 0 14

d _

YarxT -

d - 7 - - 28
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3. SHIODA-INOSE STRUCTURE

By a result of Morrison K3-surfaces with p = 19 or p = 20 admit a Shioda-Inose structure.
Before discussing our cases we recall some definitions and facts.

Definition 3.1. (c¢f. [M, Def. 5.1]) An involution ¢ on a K3-surface Y is a Nikulin involution
if 1w = w for every w € H>O(Y).
It is possible to show that every Nikulin involution has eight isolated fixed points and the

minimal resolution of the quotient Y/t is again a K3-surface ([N2, 11; Sect. 5]).

Definition 3.2. (c¢f. [M, Def. 6.1]) A K3-surface Y admits a Shioda-Inose structure if there
s a Nikulin Involution v on Y with rational quotient map w:Y — — — X such that X is a

~

Kummer surface, and m, induces an Hodge isometry T(Y)(2) = T(X) (where we denote by
T(Y)(2) the lattice T(Y') with the bilinear form multiplied by 2).

Hence we have the following diagram:

AN /
\ s/
N 7/

N\ 4

Ali X Y/t

where A is the complex torus whose Kummer-surface is X, 4 is an involution on A with 16
fix-points and the rational maps from A to X and from Y to X are 2:1. By definition we
have T'(Y)(2) =2 T(X) and by [M, Prop. 4.3], we have T'(A)(2) = T(X) hence the diagram
induces an Hodge isometry T(Y) = T'(A).

In our cases the K 3-surface which we consider are algebraic hence A is an abelian variety (cf.
[M, Thm. 6.3, (ii)]). Moreover whenever Y is an algebraic K3-surface and p(Y') = 19 or 20
then Y admits always a Shioda-Inose structure (cf. [M, Cor. 6.4]). Whenever p = 20 Shioda
and Inose show that A = C7 x Cy where Cy and Cs are elliptic curves

Ci=C/Z+7 -7, 1=1,2
with
1 = (—c+V—=d)/2a, 7 = (c+vV—d)/2, (d = 4ab— c?)
We show that in the case of the general K3-surfaces of the families Y\ 7xyv and of Y) oxr
the abelian surface A(\) is simple, i.e. it is not a product of elliptic curves, in this case we
say that the Shioda-Inose structure is simple.
The transcendental lattice T(A(\)) has rank 3 hence its orthogonal complement N.S(A()))

in U2 has rank 3 too and we have NS(A(\)) = T(Y(\))(—1) because by [CS, Thm. 21, p.
395], the lattices are uniquely determined. We use this fact to show:

Theorem 3.1. For general A\, A = A(X) is not a product of elliptic curves.

Proof. (cf. [B, Thm. 5.1]) We show that A does not contain any elliptic curve C, i.e. a curve
with C? = 0, by using Fermat’s infinite descent applied to some Diophantine equation.

The general surface in Yy 7xyv: We have intersection form on the transcendental lattice with
matrix

41 0
T() = 1 4 0
0 0 -2
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hence the form on NS(A) is

-4 -1 0
-1 -4 0
0 0 2

The associated quadratic form is

—4x? — 2y — 4y? + 222, 2,9,z € L.
If A contains an elliptic curve, then there are x,y, z € Z with

222 = 4a® 4 2xy + 4y
hence
822 = 1622 + 8xy + 161°.
Put u = 4x + y, then
(2) 82% = u® + 1592
Hence we have u? = 322 mod 5Z, since 3 is not a square modulo 5 we have u = z = 0
mod 57, hence u = duy, z = 5zq, so
(3) 3y* = 5(827 — uj)
hence y = 5y; and substituting in (3) and dividing by 5 we find
15y7 = 82{ — uf,

which is the same as (2).

The general surface in Y\ ox7: We have intersection form on the transcendental lattice with
matrix:

10 4 0
11 = 4 10 O
0 0 -2
Hence the form on NS(A) is
-10 -4 0
-4 —-10 0
0 0 2

The quadratic form is
—1022 — 8zy — 10y* = 222, z,y,z € Z.
If A contains an elliptic curve, then there are x,y, z € Z with
22% = 1022 + 8zy + 10y°
hence dividing by 2 and multiplying by 5 we find
522 = 2522 + 20zy + 252 = (5z + 2y)? + 213>
Put u = 5x + 2y, then
(4) 52% = u® 4 21y%

Hence we have u? = 522 mod 7Z. Since 5 is not a square modulo 7 we have u = Tuq,
z = Tz1, so we obtain

(5) 3y? = 7(5z1 — u})
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hence 3y> =0 mod 7Z and so y = Ty;. Substituting in (5) and dividing by 7 we find
21y% = 52% - u%,

which is again (4). O

4. HESSIANS AND EXTREMAL ELLIPTIC K3-SURFACES

Many of the singular K3-surfaces of this article appear already in other realizations.
In [DvG] Dardanelli and van Geemen give a criteria to establish if a singular K3-surface is
the desingularization of the Hessian of a cubic surface:

Proposition 4.1. (¢f. [DvG, Prop. 2.4.1]) Let T be an even lattice of rank 2,

2n  a
T_< a 2m>’

There is a primitive embedding T — Tress if and only if at least one among a, n and m is
even. In this case T embeds in U ® U(2).

Here Tress = UBU(2)® Az(—2). If we look in table 1 we see that all our singular K 3-surfaces
are desingularizations of Hessian surfaces of cubic surfaces. In particular Dardanelli and van
Geemen study explicitly the singular K3-surfaces with

(1),

They call the surface X19 and show that it is the desingularization of the Hessian surface of
the cubic surface with 10 Eckardt points. The latter has e.g. the following equation in Py
(this is the Clebsch diagonal surface):

4 4
Zx? =0, sz =0.
i=0 j

Finally observe that the singular surfaces of the families Y) ¢q, YA 1rxv and Y) 77y have an
extremal elliptic fibration, in the sense of Miranda and Persson (cf. [MP]) and of Shimada
and Zhang (cf. [SZ]), in fact these are the numbers: 322, 173, 102, 148, 276 in the list [SZ,
Table 2, pp. 15-24].

5. FIGURES: CONFIGURATIONS OF RATIONAL CURVES

In this section we recall from [S2] the configurations of (—2)-rational curves generating the
Neron-Severi group. In the case of the families Y) 7« and Yoxr the curves L;, L, and L/
on the general K3-surface are also contained in the Neron-Severi group of the singular K3-
surfaces, but we do not draw their configuration again. Moreover since the singular surfaces

YT((SX’%/)' and YT(,(SX’%/), as well as the surfaces YT(GX’%/) and Yéi’%,) have the same graph, we draw just
one picture.
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