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Abstract. The aim of this paper is to describe algebraic K3 surfaces with an even set of
rational curves or of nodes. Their minimal possible Picard number is nine. We completely
classify these K3 surfaces and after a careful analysis of the divisors contained in the Picard
lattice we study their projective models, giving necessary and sufficient conditions to have an
even set. Moreover we investigate their relation with K3 surfaces with a Nikulin involution.

0. Introduction

It is a classical problem in algebraic geometry to determine when a set of (−2)-rational curves
on a surface is even. This means the following: let L1, . . . , LN be rational curves on a surface
X then they form an even set if there is δ ∈ Pic(X) such that

L1 + . . . + Ln ∼ 2δ.

This is equivalent to the existence of a double cover of X branched on L1 + . . . + Ln. This
problem is related to the study of even sets of nodes, in fact a set of nodes is even if the
(−2)-rational curves in the minimal resolution are an even set. In particular the study of
even sets on surfaces plays an important role in determining the maximal number of nodes a
surface can have (cf. e.g. [Be], [JR]). Here we restrict our attention to K3 surfaces.
In a famous paper of 1975 [N1] Nikulin shows that an even set of disjoint rational curves
(resp. of distinct nodes) on a K3 surface contains 0, 8 or 16 rational curves (nodes). If the
even set on the K3 surface X is made up by sixteen rational curves, the surface covering
X is birational to a complex torus A and X is the Kummer surface of A. This situation is
studied by Nikulin in [N1]. If the even set on X is made up by eight rational curves then the
surface covering X is also a K3 surface. There are some more general results about even sets
of curves not necessarily disjoint. More recently in [B1] Barth studies the case of even sets
of rational curves on quartic surfaces (i.e. K3 surfaces in P3) also in the case that the curves
meet each other and he finds sets containing six or ten lines too.
In the paper [B2] he discusses some particular even sets of disjoint lines and nodes on K3
surfaces whose projective models are a double cover of the plane, a quartic in P3 or a double
cover of the quadric P1 ×P1, and he gives necessary and sufficient conditions to have an even
set.
Our purpose is to study algebraic K3 surfaces admitting an even set of eight disjoint rational
curves. We investigate their Picard lattices, moduli spaces and projective models. The
minimal possible Picard number is nine, and we restrict our study to the surfaces with this
Picard number. The techniques used by Barth in his article are mostly geometric, here we use
lattice theory: we investigate first the Picard lattices of the K3 surfaces and the ampleness
of certain divisors, then we study the projective models. We find again the cases studied by
Barth and we discuss many new cases, with a special attention to complete intersections. We
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give also an explicit relation between the Picard lattice of an algebraic K3 surface with an
even set and the Picard lattice of the K3 surface which is its double cover. More precisely if X
admits an even set of eight disjoint rational curves, then by [N1], it is the desingularization of
the quotient of a K3 surface by a Nikulin involution (i.e. a symplectic automorphism of order
two). The Nikulin involutions are well known and are studied by Morrison in [M] and by van
Geemen and Sarti in [vGS]. In [vGS] the authors describe also some geometric properties of
the quotient by a Nikulin involution and so of K3 surfaces with an even set of eight nodes.
In [N1] Nikulin proves that a sufficient condition on a K3 surface to be a Kummer surface
(and so to have an even set made up by sixteen disjoint rational curves) is that a particular
lattice (the so called Kummer lattice) is primitively embedded in the Néron Severi group of
the surface. Here we prove a similar result: a sufficient condition on a K3 surface X to be
the desingularization of the quotient of another K3 surface with a Nikulin involution (and
so to have an even set made up by eight disjoint rational curves) is that a particular lattice
(the so called Nikulin lattice) is primitively embedded in the Néron Severi group of X. This
result is essential to describe the coarse moduli space of a K3 surface with an even set of
eight disjoint rational curves.
In the Section 1 we recall some known results on even sets on surfaces, in particular on K3
surfaces. In the Section 2 we study algebraic K3 surfaces X with Picard number nine. If
X admits an even set of eight disjoint rational curves, then its Néron Severi group has rank
at least nine (it has to contain the eight rational curves of the even set and a polarization,
because the K3 surface is algebraic). The main results of this section (and also two of the
main results of this paper) are the complete description of the possible Néron Severi groups
of rank nine of algebraic K3 surfaces admitting an even set and the complete description
of the coarse moduli space of the algebraic K3 surfaces with an even set of eight disjoint
rational curves. Moreover using the results of [vGS] we describe the relation between the
Néron Severi group of an algebraic K3 surface Y admitting a Nikulin involution ι and the
Néron Severi group of a K3 surface admitting an even set, which is the desingularization of
Y/ι (Corollary 2.2). In the Section 3 we analyze the ampleness of some divisors (or more in
general the nefness). These classes are used in the Section 4 to describe projective models
of algebraic K3 surfaces with an even set of eight disjoint rational curves. In particular we
describe the following projective models:
• double covers of P2: these branch along a sextic with eight nodes (Paragraph 4.1) or
along a smooth sextic (Paragraph 4.4, a)) (these two situations are studied also by Barth in
[B2], first and second cases), or along a sextic with four nodes (Paragraph 4.7);
• quartic surfaces in P3: these have an even set of nodes (Paragraph 4.2) or an even set
of lines (Paragraph 4.5, a)) (these two situations are studied also by Barth in [B2], third and
forth cases), or it has a mixed even set of nodes and conics (Paragraph 4.8, b));
• double covers of a cone : these branch along a conic and a sextic on the cone, which
intersect in six points (Paragraph 4.3);
• complete intersections of a hyperquadric and a cubic hypersurface in P4: these
have an even set of nodes (Paragraph 4.4, b)) or an even set of lines (Paragraph 4.7, a));
• complete intersections of three hyperquadrics in P5: these have an even set of nodes
(Paragraph 4.5, b) and Paragraph 4.6, b)) or an even set of lines (Paragraph 4.8, a) and
Paragraph 4.9, a));
• double covers of a smooth quadric: these branch along a curve of bidegree (4, 4)
(Paragraph 4.6) (this case is studied also by Barth in [B2], sixth case);
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• We study also the following complete intersections (c.i.) of hypersurfaces of bidegree (a, b)
in Pn × Pm:

space c.i. paragraph
P1 × P2 (2, 3) 4.9 b)
P4 × P2 (2, 0), (1, 1), (1, 1), (1, 1) 4.4 c)
P2 × P2 (1, 2), (2, 1) 4.10
P3 × P3 (1, 1), (1, 1), (1, 1), (1, 1) 4.11

In Section 4 we describe moreover geometric properties of these K3 surfaces with an even set.
In Section 5 we use these properties to give sufficient conditions for a K3 surface to have an
even set.
We would like to thank Bert van Geemen for his encouragements and for many useful and
very interesting discussions. This work has been done during the second author’s stay at the
University of Milan, she would like to express her thanks to Elisabetta Colombo and Bert van
Geemen for their warm hospitality.

1. K3 surfaces with an even set of nodes and of rational curves

Definition 1.1. Let X be a surface. A set of m disjoint (−2)-rational smooth curves, N1,
. . .,Nm, on X, is an even set of rational curves if there is a divisor δ ∈ Pic(X) such that

N1 + . . . + Nm ∼ 2δ,

where ′′ ∼′′ denotes linear equivalence.

Definition 1.2. Let X̄ be a surface and let N = {p1, . . . , pm} be a set of nodes on X̄. Let

β̃ : X −→ X̄ be the minimal resolution of the nodes of X and let Ni = β̃−1(pi), i = 1, . . . ,m.
These are (−2)-rational curves on X. The set N is an even set of nodes if N1, . . . ,Nm are
an even set of rational curves.

In the case of K3 surfaces linear equivalence is the same as algebraic equivalence (which we
denote by ≡) and Pic(X) = NS(X).
The existence of an even set N1, . . . ,Nm on a surface X is equivalent to the existence of a

double cover π : Ỹ → X from a surface Ỹ to X branched on N1+. . .+Nm [BPV, Lemma 17.1].

Let Y be a surface and ι be an involution on Y with exactly m distinct fixed points q1, . . . , qm

and let Ỹ be the blow up of Y at the points q1, . . . , qm. The involution ι induces an involution

ι̃ on Ỹ . Let X̄ be the quotient surface Y/ι and π′ : Y → X̄ be the projection. The surface X̄

has m nodes in π′(qi), i = 1, . . . ,m. Let β̃ : X → X̄ be the minimal resolution of X̄ . Then
the following diagram commutes

Ỹ
β

−→ Y
π ↓ ↓ π′

X
β̃

−→ X̄.

(1)

The double cover π : Ỹ → X is branched on N1 + . . . + Nm where Ni are the (−2)-curves

such that β̃(Ni) = π′(qi), i = 1, . . . ,m and these form an even set.

Conversely if π : Ỹ → X is a double cover of X branched on the divisor N1 + . . . +Nm where
Ni are (−2)-rational curves, then there is a diagram as (1).

We recall some facts about even sets on K3 surfaces:
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• If N1, . . . , Nm is an even set of disjoint curves on a K3 surface, by a result of Nikulin
[N1, Lemma 3] we have m = 0, 8 or 16.

• If m = 16 the surface Y in the diagram (1) is a torus of dimension two ([N1, Theorem
1]), the involution ι is defined on Y as y 7→ −y, y ∈ Y and has sixteen fixed points.
So X is the Kummer surface associated to the surface Y (a Kummer surface is by
definition the K3 surface obtained as the desingularization of the quotient of a torus
Y by the involution y 7→ −y, y ∈ Y ). If Y is an algebraic torus (so an Abelian
surface), then X is an algebraic K3 surface and its Picard number is ρ ≥ 17.

• If m = 8 then the surface Y is a K3 surface and the cover involution has eight isolated
fixed points (it is a Nikulin involution, cf. Definition 1.3 below). If Y is an algebraic
K3 surface, then X is algebraic and its Picard number is ρ ≥ 9.

Definition 1.3. Let Y be a K3 surface. Let ι be an involution of Y . The involution ι is
called Nikulin involution if ι|H2,0(X,C) = id|H2,0(X,C).

We recall some facts about the Nikulin involutions:

• An involution ι on a K3 surface is a Nikulin involution if and only if it has eight
isolated fixed points [N2, Section 5].

• The Nikulin involutions are the unique involutions on a K3 surface Y such that the

desingularization of Y/ι = X̄ is a K3 surface. In fact let Ỹ be the blow up of Y on the

fixed points of the involution ι. In this way we obtain more algebraic classes on Ỹ ,

but the transcendental classes are the same and so H2,0(Y )ι
∗

= H2,0(Ỹ )ι̃
∗

. Since an
automorphism of a K3 surface induces a Hodge isometry on the second cohomology

group we have ι∗(H2,0(Y )) = H2,0(Y ) ≃ C and since H2,0(Ỹ )ι̃
∗

= H2,0(X) ≃ C it
follows that ι∗ is the identity on H2,0(Y ), so ι is a symplectic automorphism.

2. Even sets and Nikulin involutions

Let N1, . . . , N8 be an even set of eight disjoint smooth rational curves on a K3 surface X, then
by adjunction N2

i = −2 and Morrison shows in [M, Lemma 5.4] that the minimal primitive
sublattice of H2(X, Z) containing these (−2)-curves is isomorphic to the Nikulin lattice:

Definition 2.1. [M, Definition 5.3] The Nikulin lattice is an even lattice N of rank eight

generated by {Ni}
8
i=1 and N̂ = 1

2

∑
Ni, with bilinear form induced by

Ni · Nj = −2δij .

Observe that N̂2 = −4 and N̂ · Ni = −1. This lattice is a negative definite lattice of
discriminant 26 and discriminant group (Z/2Z)⊕6.
From now on X is an algebraic K3 surface. A K3 surface has an even set of eight disjoint
rational curves if there are eight disjoint rational curves spanning a copy of N in NS(X) (then
rank NS(X) ≥ 8). Since X is algebraic the signature of the Néron Severi group NS(X) is
(1, ρ− 1), where ρ is the Picard number of X (i.e. the rank of NS(X)). So the Néron Severi
group of X has signature (1, ρ − 1) and has to contain the negative lattice N of rank eight,
so NS(X) contains also a class with positive self intersection. Clearly ρ ≥ 9 and we will see
that the generic algebraic K3 surface with an even set has ρ = 9 and that the number of
moduli is 20 − 9 = 11 (Corollary 2.3). Here we study the case of algebraic K3 surfaces with
Picard number nine.

Proposition 2.1. Let X be an algebraic K3 surface with an even set of eight disjoint rational
curves and with Picard number nine, let L be a divisor generating N⊥ ⊂ NS(X), L2 > 0.
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Let d be a positive integer such that L2 = 2d and let

L2d = ZL ⊕ N.

Then
(1) if L2 ≡ 2 mod 4 then NS(X) = L2d,
(2) if L2 ≡ 0 mod 4 then either NS(X) = L2d or NS(X) = L′

2d, where L′
2d is generated by

L2d and by a class (L/2, v/2), with

• v2 ∈ 4Z,
• v · Ni ∈ 2Z (v ∈ N but v/2 /∈ N),
• L2 ≡ −v2 mod 8.

Proof. The discriminant group of L2d = ZL ⊕ N is (Z/2dZ) ⊕ (Z/2Z)⊕6, hence an element
in the Néron Severi group of X but not in L2d is of the form (αL/2d, v/2) with α ∈ Z,
v ∈ N . Since 2 · (αL/2d, v/2) − v ∈ NS(X) we can assume that α = d and so the element is

(L/2, v/2). We can write v =
∑

αiNi + βN̂ , β ∈ {0, 1}, we have

(
L

2
,
v

2
) · Ni ∈ Z.

Hence by doing the computations it follows

1

2
(−2αi − β) ∈ Z,

hence β ∈ 2Z, and so we may assume β = 0. We have also

(
L

2
,
v

2
) · N̂ ∈ Z

so

−
1

2
(
∑

αi) ∈ Z

hence α1 + . . . + α8 ∈ 2Z and so α2
1 + . . . + α2

8 ∈ 2Z too. We have

v2 = −2
∑

α2
i − 4β2 − 2β

∑
αi

= −2(
∑

α2
i ).

It follows that v2 ∈ 4Z and v · Ni ∈ 2Z.
Since the Néron Severi lattice of a K3 surface is even we have

(
L

2
,
v

2
)2 =

L2 + v2

4
∈ 2Z

which gives L2 ∈ 4Z, so d must be even and L2 + v2 ≡ 0 mod 8.
Assume now that there is another class (L/2, v′/2)∈ NS(X), then the class (L/2, v/2) −
(L/2, v′/2) = (v − v′)/2 ∈ NS(X) too. Since N is primitive (v − v′)/2 ∈ N . So there is a
δ ∈ N s.t. v − v′ = 2δ. So (L/2, v′/2) ∈ NS(X) if and only if (L/2, v′/2) = (L/2, v/2) + δ
for certain δ ∈ N . This concludes the proof of the proposition. �

Proposition 2.2. Under the assumptions of the Proposition 2.1, L′
2d is the unique even

lattice (up to isometry) such that [L′
2d : L2d] = 2 and N is a primitive sublattice of L′

2d.

Proof. We describe briefly the group O(N) of isometries of N . These must preserve the
intersection form, so the image of each (−2)-vector under an isometry is a (−2)-vector. The
only (−2)-vectors in the Nikulin lattice N up to the sign are the eight vectors Ni and so if
σ ∈ O(N) then σ(Ni) = ±Nj, i, j = 1, . . . , 8. In particular the group of permutation of eight

elements Σ8 is contained in O(N). This group fixes the class N̂ .
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Each class v in N is v =
∑8

i=1 αiNi + aN̂ , αi, a ∈ Z. We consider two different elements v
and v′ such that L2d together with the class (L/2, v/2) or with the class (L/2, v′/2) generate
an overlattice of L2d. We want to prove that there exists an isometry σ of N such that
σ(v) = v′. From the conditions given on v, or v′, (in particular from the fact that v ·Ni ∈ 2Z),

v =
∑8

i=1 αiNi, αi ∈ Z and v′ =
∑8

i=1 βiNi, βi ∈ Z, we may assume that αi, βi ∈ {0, 1}. The
only possibilities for v2 (or v′2) are −4,−8,−12, (by the condition on v2 given in the previous
proof) and this depends only on the number of α′

is (resp. β′
is) equal to one.

We distinguish two different cases: v2 = v′2 and v2 6= v′2 but v2 ≡ v′2 mod 8 (since
−v′2 ≡ L2 ≡ −v2 mod 8).
The case v2 = v′2. This condition implies that there are the same number of αi and βi equal
to one. Hence there is a permutation σ ∈ Σ8 ⊂ O(N) of the Ni, s.t. σ(v) = v′.
Observe that if L2 ≡ 0 mod 8, then it is clear from the description above that v2 = v′2 = −8
and so we are in this case.
The case v2 6= v′2, v2 ≡ v′2 mod 8 and L2 ≡ 4 mod 8. If L2 ≡ 4 mod 8 then v2

and v′2 are −4 or −12. So we can assume v2 = −4 and v′2 = −12 and v = N1 + N2

v′ = N3+N4+N5+N6+N7+N8 (up to isometry of the lattice). Observe that v′/2 = N̂−v/2
hence the lattice generated by L2d and by (L/2, v/2) or by L2d and by (L/2, v′/2) are the
same. �

Corollary 2.1. Let L2 ≡ 0 mod 4 and NS(X) = L′
2d. Then there are two possibilities:

• L2 ≡ 4 mod 8. In this case one can assume that v = −N1 −N2 and (L−N3 − . . .−

N8)/2 = (L + v)/2 + N̂ − (N3 + · · · + N8) is in NS(X) too.
• L2 ≡ 0 mod 8. In this case one can assume that v = −(N1 + N2 + N3 + N4) and

(L − N5 − N6 − N7 − N8)/2 is in NS(X) too.

Proposition 2.3. Let Γ = L2d or L′
2d then there exists a K3 surface X with an even set of

eight disjoint rational (−2)-smooth curves, such that NS(X) = Γ.

In the proof of this proposition we will use the relations between the Néron Severi group of a
K3 surface Y with a Nikulin involution and the Néron Severi group of a K3 surface X which
is the desingularization of the quotient of Y by the Nikulin involution. Here we recall the
two following Propositions of [vGS] in which the properties of the Néron Severi group of a
K3 surface with a Nikulin involution are described (we use the notation of the Diagram 1).
Proposition [vGS, Proposition 2.2] Let Y be an algebraic K3 surface admitting a Nikulin
involution and with Picard number nine. Let M be a divisor generating E8(−2)⊥ ⊂ NS(Y ),
M2 = 2d′ > 0 and let

M2d′ = ZM ⊕ E8(−2).

Then M is ample, and
(1) if M2 ≡ 2 mod 4 then NS(Y ) = M2d′ ,
(2) if M2 ≡ 0 mod 4 then either NS(Y ) = M2d or NS(Y ) = M′

2d′ , where M′
2d′ is generated

by M2d′ and by a class (M/2, v/2), with v ∈ E8(−2).
Proposition [vGS, Proposition 2.7] (1) Assume that NS(Y ) = ZM ⊕ E8(−2) = M2d′ . Let

E1, . . . , E8 be the exceptional divisors on Ỹ . Then: (i) In case M2 = 4n + 2, there exist line
bundles L1, L2 ∈ NS(X) such that for a suitable numbering of these Ei we have:
β∗M − E1 − E2 = π∗L1, β∗M − E3 − . . . − E8 = π∗L2.
The decomposition of H0(Y,M) into ι∗-eigenspaces is:
H0(Y,M) ∼= π∗H0(X,L1) ⊕ π∗H0(X,L2), (h0(L1) = n + 2, h0(L2) = n + 1)
and the eigenspaces Pn+1, Pn contain six, respectively two, fixed points.
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(ii) In case M2 = 4n, for a suitable numbering of the Ei we have:
β∗M−E1−E2−E3−E4 = π∗L1, β∗M−E5−E6−E7−E8 = π∗L2 with L1, L2 ∈ NS(X).
The decomposition of H0(Y,M) into ι∗-eigenspaces is:
H0(Y,M) ∼= π∗H0(X,L1) ⊕ π∗H0(X,L2), (h0(L1) = h0(L2) = n + 1).
and each of the eigenspaces Pn contains four fixed points.
(2) Assume NS(Y ) = M′

2d′ . Then there is a line bundle L ∈ NS(X) such that:
β∗M ∼= π∗L. The decomposition of H0(Y,M) into ι∗-eigenspaces is:

H0(Y,M) ∼= H0(X,L) ⊕ H0(X,L − N̂), (h0(L) = n + 2, h0(L − N̂) = n)
and all fixed points map to the eigenspace Pn+1 ⊂ P2n+1.

Proof of Proposition 2.3. First observe that the lattices L2d and L′
2d are primitively embedded

in the K3 lattice by [N3, Theorem 1.14.1], so we can identify them with sublattices of U3 ⊕
E8(−1)2.
1) We consider first the case of Γ = L2d = ZL ⊕ N in this case L2 ≡ 2 mod 4 or L2 ≡ 0
mod 4. We show that there exists a K3 surface with an even set of (−2)-smooth curves s.t.
NS(X) = L2d. Let Y be a K3 surface with ρ(Y ) = 9, with Nikulin involution and Néron
Severi group containing the lattice ZM ⊕ E8(−2) with index two and with M2 ≡ 0 mod 4;
such a K3 surface exists by [vGS, Proposition 2.2, 2.3] (in this case its Néron-Severi group
is M′

2d′ , for some non-negative integer d′). We have a diagram like Diagram 1, and so a K3
surface X, which is the minimal resolution of the quotient of Y by the Nikulin involution.
Since ρ(Y ) = 9 then ρ(X) = 9 too. By [vGS, Proposition 2.7] there is a line bundle L,
L ∈ NS(X) with π∗L = β∗M . By the properties of the map π∗, 2L2 = (π∗L)2 = (β∗M)2 =
M2 ≡ 0 mod 4 and so L2 ≡ 2 mod 4 or L2 ≡ 0 mod 4. Moreover X has an even set made
up by the eight curves in the resolutions of the nodes of the quotient X̄.
If L2 ≡ 2 mod 4 then by the Proposition 2.1 NS(X) = L2d, where L2 = 2d, as required.
If L2 ≡ 0 mod 4 we must exclude that NS(X) = L′

2d. Assume that we have an element
L1 = (L − N1 − N2)/2 ∈ NS(X). If NS(Y ) = M′

2d′ the primitive embedding of NS(Y ) in
U3 ⊕ E8(−1)2 is unique up to isometry. Assume that M2 = 4n and choose an α ∈ E8(−1)
with α2 = −2 if n is odd and α2 = −4 if n is even. Let v ∈ E8(−2) ⊂ U3 ⊕ E8(−1)2 be

v = (0, α,−α) and let M be M = (2u, α, α) ∈ U3⊕E8(−1)2 where u = e1+ (n+1)
2 f1 if n is odd,

and u = e1+(n
2 +1)f1 if n is even (here e1, f1 denotes the standard basis of the first copy of U).

Then M2 = 4n and (M + v)/2 = (u, α, 0) ∈ U3 ⊕E8(−1)2. This gives a primitive embedding
of NS(Y ) in U3⊕E8(−1)2, which extends the standard one of E8(−2) ⊂ U3⊕E8(−1)2. Now
we can assume that L = (u, 0, α) ∈ U(2)⊕N ⊕E8(−1) ⊂ H2(X, Z), so by [vGS, Proposition
1.8] we have β∗M = π∗L. Now (L − N1 − N2)/2 = (u,−N1 − N2, α)/2 ∈ NS(X). By using

[vGS, Proposition 1.8] again we obtain π∗((L−N1 −N2)/2) = (u, α
2 , α

2 ,−E1 −E2) ∈ NS(Ỹ )
and so (u, α

2 , α
2 ) ∈ NS(Y ), this means that M/2 ∈ NS(Y ) which is not the case. Hence

(L−N1−N2)/2 /∈ NS(X), in a similar way one shows that (L−N1−N2−N3−N4)/2 /∈ NS(X)
and so we conclude that NS(X) = L2d.
2) Assume now that Γ = L′

2d. In this case we have either
a) L2 ≡ 4 mod 8 and so (L − N1 − N2)/2 and (L − N3 − . . . − N8)/2 are in Γ or
b) L2 ≡ 0 mod 8 and so (L−N1 −N2 −N3 −N4)/2 and (L−N5 −N6 −N7 −N8)/2 are in
Γ. We do the proof assuming that we are in case a), for the case b) the proof is very similar.
Let Y be a K3 surface with ρ(Y ) = 9, Nikulin involution, Néron Severi group NS(Y ) = ZM⊕
E8(−2)(which is M2d′ for a non-negative integer d′) and M2 = 4n+2, such a K3 surface exists
by [vGS, Proposition 2.2, 2.3]. Moreover by [vGS, Proposition 2.7] there are line bundles L1

and L2 in NS(X) with β∗M − E1 − E2 = π∗L1, β∗M − E3 − . . . − E8 = π∗L2. Since the
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embedding of ZL⊕E8(−2) in the K3 lattice is unique we may assume that M = e1+(2n+1)f1

and L1 = (e1 + (2n + 1)f1 + N1 + N2)/2 − N1 − N2 ∈ NS(X), by [vGS, Proposition 1.8] we
have β∗M − E1 − E2 = π∗L1. The class U(2) ∋ (e1 + (2n + 1)f1) = 2L1 + N1 + N2 is in
NS(X), is orthogonal to the Ni and has self intersection 8n′ +4, we call it L. By Proposition
2.1 we have NS(X) = L′

2d with d = 4n + 2, so we are done. �

Remark. By using the surjectivity of the period map one can show the existence of a K3
surface X with NS(X) = Γ, it is however difficult to show that there is an embedding of
the classes Ni as irreducible (−2)-smooth curves in NS(X). This is assured by the previous
proposition.
From the Proposition 2.3 follows a relation between the Néron Severi group of the K3 surface
Y admitting a Nikulin involution and the Néron Severi group of a K3 surface X which is the
desingularization of the quotient.

Corollary 2.2. Let Y be an algebraic K3 surface with ρ(Y ) = 9 admitting a Nikulin involu-
tion, and let X be the desingularization of its quotient.
(1) NS(Y ) = M2d if and only if NS(X) = L′

4d;
(2) NS(Y ) = M′

4d if and only if NS(X) = L2d.

Proof. The proof follows from [vGS, Proposition 2.7] and Proposition 2.3. We sketch it briefly.
The proof of the direction ⇐ of the statement follows immediately from the proof of Proposi-
tion 2.3. For the other direction we distinguish three cases (we use the notation of loc. cit.):
(a) Case (1), (i). Clearly (β∗M − E1 − E2)

2 = (π∗L1)
2 and in the proofs of Proposition 2.3,

case (2), and of [vGS, Proposition 2.7] it is proved that

L1 = (L − N1 − N2)/2, L2 = (L − N3 − . . . − N8)/2.(2)

Since π is a 2 : 1 map to X the previous equality becomes 4n+2−1−1 = 1
2 (L−N1−N2)

2 =
1
2(L2 − 4) and so L2 = 2(4n + 2). By the Proposition 2.1, where we describe the possible
Néron-Severi groups of K3 surfaces with an even set, we obtain that NS(X) = L′

2d, d ≡ 2
mod 4.
(b) Case (1), (ii). As before, in the proof of [vGS, Proposition 2.7] it is proved that:

L1 = (L − N1 − . . . − N4)/2, L2 = (L − N5 − . . . − N8)/2.(3)

So we obtain 4n− 4 = (β∗M −E1 −E2 −E3 −E4)
2 = 2((L−N1 − . . .−N4)/2)

2 = 1
2(L2 − 8)

and so L2 = 2(4n). By the Proposition 2.1 we obtain that NS(X) = L′
2d, d ≡ 0 mod 4.

(c) Case (2), M2 = 2L2, and so by an argumentation as in the proof of the Proposition 2.3,
case (1), we have NS(X) = L2d. �

Some explicit correspondence between the K3 surfaces Y and X are shown in the Table 1.
Remark. Let X be a K3 surface such that the lattice Γ = L2d or L′

2d is primitively embedded
in NS(X) and ρ(X) ≥ 9. There exists a deformation of the K3 surface {Xt} such that Xt = X
and X0 is such that NS(X0) = Γ. Let Y0 be the K3 surface such that the desingularization
of its quotient by a Nikulin involution is X0. The Néron Severi group of Y0 is either M′

4d or
Md. The deformation on X induces a deformation {Yt} of Y0 such that the surface Yt admits
a Nikulin involution and the desingularization of its quotient by the Nikulin involution is Xt.
This means that Xt admits an even set of eight disjoint rational curves.
In particular if X is an algebraic K3 surface such that L2d (resp. L′

2d) is primitively embedded
in NS(X), then X is the minimal resolution of the quotient of a K3 surface Y such that M′

4d

(resp. Md) is primitively embedded in NS(Y ).
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Corollary 2.3. The coarse moduli space of Γ-polarized K3 surfaces (cf. [D, p.5] for the
definition) is the quotient of

DΓ = {ω ∈ P(Γ⊥ ⊗Z C) : ω2 = 0, ωω̄ > 0}

by an arithmetic group O(Γ) and has dimension eleven. The generic K3 surface with an even
set of eight disjoint rational curves has Picard number nine.

Proof. By Proposition 2.1, each K3 surface with an even set is contained in this space, on the
other hand, by Proposition 2.3 each point of this space corresponds to a K3 surface with an
even set of irreducible (−2)-curves. �

3. Ampleness and nefness of some divisors on X

Our next aim (cf. Section 4) is to describe projective models of K3 surfaces with an even
set of eight disjoint rational curves. Here we give some results on ampleness and on nefness
of divisors on such K3 surfaces. We prove moreover that the associated linear systems have
no base points. These properties guarantee that the maps induced by the linear systems are
regular (in fact birational) maps.

Definition 3.1. A divisor L on a surface S is:

• nef if L2 ≥ 0 and L · C ≥ 0 for each irreducible curve C on S,
• pseudo ample if L2 > 0 and L · C ≥ 0 for each irreducible curve C on S,

(or big and nef)
• ample if L2 > 0 and L · C > 0 for each irreducible curve C on S.

If X is a K3 surface with a line bundle L such that L2 ≥ 0, the condition L · C ≥ 0 for
each irreducible curve C on X is equivalent to the condition L · δ ≥ 0 for each irreducible
(−2)-curve δ on X (cf. [BPV, Proposition 3.7]).

Let H be an effective divisor on a K3 surface. The intersection of H with each curve C
is non-negative except when C is a component of H and C is a (−2)-curve. If the linear
system |H| does not have fixed components and if H2 > 0, then the generic element in |H|
is smooth and irreducible and H is a pseudo ample divisor (cf. [SD, Proposition 2.6]). The
fixed components of a linear system on a K3 surface are always (−2)-curves [SD, Paragraph
2.7.1]. Recall that by [R, Theorem p.79] if H is pseudo ample (or ample) then either |H|
has no fixed components or H = aE + Γ where |E| is a free pencil and Γ is an irreducible
(−2)-curve such that EΓ = 1. Finally in [SD, Corollary 3.2] Saint-Donat proves that a linear
system on a K3 surface has no base points outside its fixed components.

Let now H be a pseudo ample divisor on X. If |H| has a fixed component B, then H = B+M ,
where M is the moving part of the linear system |H|. The linear system |H| defines a map
φH and if H = M + B then φH = φM . Now we assume that |H| has no fixed components
(and hence no base points). The system |H| defines the map:

φH : X −→ Ppa(H)

where pa(H) = H2/2 + 1 and there are two cases (cf. [SD, Paragraph 4.1]):
(i) either φH is of degree two and its image has degree pa(H) − 1 (φH is hyperelliptic),
(ii) or φH is birational and its image has degree 2pa(H) − 2.
In particular in the second case if H is ample (i.e. does not contract (−2)-curves) φH is an
embedding, so H is very ample.
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Proposition 3.1. Let X be as in the Proposition 2.1. Then we may assume that L is pseudo
ample and it has no fixed components.

Proof. Since X and Y are algebraic, by using the notations of the Diagram 1, the surface X̄
is embedded in some projective space and has eight nodes. The generic hyperplane section
of X̄ is a smooth and irreducible curve (it does not pass through the nodes). Its pull back on
X is then orthogonal to N1, . . . , N8, we call it H, observe that H = αL for some integer α.
Since H is pseudo ample then L is pseudo ample too, in particular observe that LΓ > 0 for
each (−2)-curve which is not one of the Ni’s. If L has fixed components then by [R, Theorem
p.79] it is L = aE + Γ where |E| is a free pencil and Γ an irreducible (−2)-curve such that
EΓ = 1. If Γ 6= Ni for each i = 1, . . . , 8, then 0 < LΓ = a − 2, which gives a > 2. Now
0 = LNi = aENi + ΓNi, since a > 2, ENi ≥ 0, ΓNi ≥ 0 we obtain ENi = 0 and ΓNi = 0 for
each i, so Γ is in (N)⊥ which is not possible. If Γ = Ni for some i, then 0 = LNi = a − 2 so
a = 2 then L = 2E + Ni and so (L−Ni)/2 is in the Néron Severi group too which is not the
case. So by [SD, Proposition 2.6] we can assume that L is smooth and irreducible. �

Proposition 3.2. Let X be as in the Proposition 2.1. If d ≥ 3, i.e. L2 ≥ 6, then the class
L − N̂ in the Néron Severi group is an ample class.

Proof. The self intersection of L − N̂ is (L − N̂)2 = 2d − 4, which is positive for each d ≥ 3.

So to prove that L− N̂ is ample we have to prove that for each irreducible (−2)-curve C the

intersection number C · (L − N̂) is positive.
In the proof we use the inequality:

(
n∑

i=1

xi)
2 ≤ n

n∑

i=1

x2
i(4)

which is true for every (x1, . . . , xn) ∈ Rn. Suppose that there exists an effective irreducible

curve C such that C · (L − N̂) ≤ 0, then we prove that C · C < −2.
We observe that each element in the Néron Severi group is a linear combination of L and
Ni with coefficients in 1

2Z. We consider the curve C = aL +
∑8

i=1 biNi where a, bi ∈
1
2Z. If

a = 0 the only possible (−2)-curves are the Ni’s and Ni · (L− N̂) = 1. So we can assume that
a 6= 0. Since C is an irreducible curve, it has a non-negative intersection with all effective
divisors. Hence C · L = 2da ≥ 0, so a > 0, and C · Ni = −2bi ≥ 0, so bi ≤ 0.
Now we assume that C · (L − N̂) ≤ 0, then

(aL +

8∑

i=1

biNi) · (L − N̂) = 2da +

8∑

i=1

bi ≤ 0.

Since bi ≤ 0, 2da−
∑n

i=1 |bi| ≤ 0 and so 2da ≤
∑n

i=1 |bi|, where each member is non negative.
So it is possible to pass to the square of the relation, obtaining 4d2a2 ≤ (

∑n
i=1 |bi|)

2. Using
the relation (4) one has

4d2a2 ≤ (
n∑

i=1

|bi|)
2 ≤ 8

8∑

i=1

b2
i .(5)

Now we compute the square of C and we use the inequality (5) to estimate it:

C · C = 2da2 − 2

8∑

i=1

(b2
i ) ≤ 2da2 − d2a2.
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If d ≥ 5 then
√

2
d2−2d

< 1
2 , and so for d ≥ 5 we have C ·C < −2 (because a ≥ 1

2). This proves

the theorem in the case d ≥ 5.

More in general for each d ≥ 3,
√

2
d2−2d

< 1, so for the cases d = 3 and d = 4 one has to

study only the case a = 1
2 .

For d = 3, then L2 = 6 and so in NS(X) all the elements are of the form aL +
∑8

i=1 biNi

with a ∈ Z (and not in 1
2Z). Then the theorem is proved exactly in the same way as before.

Let d = 4. By the previous computations follows that the only possible irreducible (−2)-

curves with a negative intersection with (L− N̂) are of the form 1
2 (L+N1 +N2 +N3 +N4)+∑8

i=1 βiNi with βi ∈ Z, β1, . . . , β4 ≤ −1 and β5, . . . , β8 ≤ 0. It is easy to see that the only

(−2)-curves of this type are L+N1+N2+N3+N4

2 − N1 − N2 − N3 − N4 − Nj , j = 5, 6, 7, 8 and

these curves have a positive intersection with L− N̂ . Then the proposition is proved also for
d = 4. �

Proposition 3.3. In the situation of Proposition 3.2, m(L− N̂) and mL− N̂ for m ∈ Z>0,

are ample. If d = 2, i.e. (L − N̂)2 = 0, then m(L − N̂) is nef and mL − N̂ is ample for
m ≥ 2.

Proof. It is a similar computation as in the proof of Proposition 3.2. �

Proposition 3.4. The divisors L− N̂ , mL− N̂ and m(L− N̂), m ∈ Z>0, do not have fixed
components for d ≥ 2.

Proof. We proof the proposition for the divisor L − N̂ . The proof in the other cases is
essentially the same.
For d = 2 we have (L − N̂)2 = 0 and is nef by the Proposition 3.3 so by [R, Theorem p. 79,

(b)] L − N̂ = aE where |E| is a free pencil, and so the assertion is proved in this case.

Assume d ≥ 3, then for [R, Theorem p. 79, (d)] we have either L−N̂ has no fixed components

or L − N̂ = aE + Γ, where |E| is a free pencil and Γ is an irreducible (−2)-curve such that

EΓ = 1. We assume we are in the second case, then since L − N̂ is ample we have

0 < Γ(L − N̂) = a − 2

and so a > 2. We distinguish two cases:
1. Γ = αL +

∑
βjNj , Γ 6= Ni for each i, so α 6= 0. For each i we have:

1 = Ni(L − N̂) = aENi + ΓNi

Since ENi ≥ 0 and a > 2 then ENi = 0 and so

1 = ΓNi = (αL +
∑

j

βjNj)Ni = −2βi.

We obtain βj = −1/2 for all j, so

Γ = αL −
N1 + . . . + N8

2
= αL − N̂ .

By considering the self-intersection of Γ we obtain

−2 = α22d − 4 ≥ 6α2 − 4

which is positive since α is a non zero integer. So this case is not possible.
2. Γ = Ni for some i = 1, . . . , 8. We have

1 = Ni(L − N̂) = Ni(aE + Ni) = aENi − 2 = a − 2
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so a = 3, L − N̂ = 3E + Ni. For j 6= i we have

1 = (L − N̂)Nj = 3ENj

but this is impossible. Hence L − N̂ has no base components. �

Lemma 3.1. The map φ
L−N̂

is

• an embedding if L2 ≥ 10,
• a 2:1 map to P1 × P1 if L2 = 8,
• a 2:1 map to P2 if L2 = 6.

Proof. By the Proposition 3.2 L − N̂ is ample and by the Proposition 3.4 |L − N̂ | has no

fixed components; for a K3 surface this implies that |L − N̂ | has no base points too (cf.
[SD, Corollary 3.2]), and it defines a map φ

L−N̂
. The assertion for L2 = 6 is clear since

(L − N̂)2 = 2 and hence the map φ
L−N̂

defines a double cover of P2. We show that in the

case L2 = 2d ≥ 10, i.e. d ≥ 5, the map is not hyperelliptic. By [SD, Theorem 5.2] L − N̂ is

hyperelliptic iff (i) there is an elliptic irreducible curve E with E · (L − N̂) = 2 or (ii) there

is an irreducible curve B, with pa(B) = 2 and L − N̂ = O(2B). The case (ii) would implies

L − N̂ ≡ 2B and so 1
2 (L − N̂) ∈ NS(X) which is not possible by the description of NS(X)

of Proposition 2.1. We have to exclude (i). We argue in a similar way as in Proposition 3.2.

Assume that there is E = aL +
∑

biNi an irreducible curve with E · (L − N̂) = 2. Then we
show E2 6= 0. Since E is the class of an irreducible curve, a ∈ 1

2Z>0 and bi ∈
1
2Z≤0. We have

2 = E · (L − N̂) = 2da +
∑8

i=1 bi and so 2da − 2 = −
∑8

i=1 bi which gives together with the
inequality (4):

4(da − 1)2 = (

8∑

i=1

|bi|)
2 ≤ 8

8∑

i=1

|bi|
2

and so (da − 1)2 ≤ 2
∑8

i=1 b2
i . On the other hand we have

E2 = 2da2 − 2
8∑

i=1

b2
i ≤ 2da2 − (da − 1)2 = 2da2 − d2a2 − 1 + 2da.

We have E2 < 0 for a < d−
√

2d
d(d−2) or a > d+

√
2d

d(d−2) , since a > 1/2 and d−
√

2d
d(d−2) < 1

2 for each

d ≥ 5 and d+
√

2d
d(d−2) < 1

2 for each d ≥ 6, we obtain E2 < 0 for d ≥ 6. We analyze the case of

d = 5. Here L2 = 10 and so a ∈ Z>0, for d = 5 we have d+
√

2d
d(d−2) = 5+

√
10

15 < 1. In conclusion

for each d ≥ 5 we obtain E2 < 0. In the case of d = 4, then we have L2 = 8 and the
classes E1 = L−N1−N2−N3−N4

2 , E2 = L−N5−N5−N7−N8

2 are in the Néron Severi group. We

have E2
1 = E2

2 = 0, E1 ·E2 = 2 and L− N̂ = E1 +E2, so φ
L−N̂

defines a 2:1 map to a quadric

in P1 × P1 (cf. [SD, Proposition 5.7]). �

Proposition 3.5. 1) Let D be the divisor D = L−(N1 + . . .+Nr) (up to relabel the indices),
1 ≤ r ≤ 8.

• If NS(X) = L2d, then D is pseudo ample for d > r;
• if NS(X) = L′

2d, then D is nef for d = r + 4 and pseudo ample for d > r + 4,
• if D is pseudo ample and NS(X) = L2d then it does not have fixed components.

2) Let NS(X) = L′
2d. Let D̄ = (L − (N1 + . . . + Nr))/2 with r = 2, 6 if 2d ≡ 4 mod 8 and

r = 4 if 2d ≡ 0 mod 8. Then
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• the divisor D̄ is nef and is pseudo ample whenever it has positive self intersection,
• if D̄ is pseudo ample then it does not have fixed components, if D̄2 = 0 then the

generic element in |D̄| is an elliptic curve.

Proof. The arguments are similar as those used in the the proof of the Proposition 3.2 for
the ampleness properties and in the proof of the Proposition 3.4 for the absence of fixed
components. �

Corollary 3.1. Let D and D̄ be divisors as in the Proposition 3.5. We suppose that D2 > 0,
D̄2 > 0. Let C be a (−2)-curve with C · D = 0 or C · D̄ = 0. Then C = Ni for some
i = 1, . . . , 8.

Lemma 3.2. With the same notation as in Proposition 3.5, we have:

• for NS(X) = L2d and D2 ≥ 4 the map φD is birational,
• for D̄2 ≥ 4 the map φD̄ is birational.

Proof. The proof is very similar to the proof of Lemma 3.1 and is left to the reader. �

We prove the following proposition which is a generalization of [C, Proposition 2.6] to the
case of surfaces in Pn.

Proposition 3.6. Let F be a surface in Pn and let N be a subset of the set of nodes of F .
Let G ⊂ Pn be a hypersurface s.t. divF (G) = 2C (here divF (G) denotes the divisor cut out
by G on F ), with C a divisor on F which is not Cartier at the points of N . Then N is an
even set of nodes iff G has even degree. Conversely if N is an even set of nodes then there
is an hypersurface G as above.

Proof. The proof is identical to the proof of [C, Proposition 2.6], we recall it briefly.

Let F̃ −→ F be the minimal resolution of the singularities of F , let H denote the pull-back
on F̃ of the hyperplane section on F and let deg G = m then

mH ∼ 2C̃ +
∑

αiNi

where C̃ denotes the strict transform of C on F̃ and the Ni’s denote the exceptional curves
over the nodes. Since C is not Cartier at the singular points, the αi are odd. Hence

∑
Ni ∼ δH + 2

(
[
m

2
]H − C̃ −

∑
[
αi

2
]Ni

)

where δ = 0, 1 according to m even or odd. Now if
∑

Ni is an even set then δ = 0 and m is
even. If m is even then δ = 0 and so

∑
Ni is an even set.

On the other hand, if N is an even set then

2B ∼
∑

Ni.

For B ∈ Pic(F̃ ) choose r such that rH − B is linearly equivalent to an effective divisor C̃.
Then

2rH ∼ 2B + 2C̃ = 2C̃ +
∑

Ni

so there is a hypersurface G (∼ 2rH) with the properties of the statement. �

From this follows a geometrical characterization of even set of nodes on K3 surfaces.

Corollary 3.2. Let X̄ ⊂ Pd+1, d ≥ 2, be a surface of degree 2d with a set of m nodes N ,
s.t. its minimal resolution is a K3 surface. Then
(i) if m = 8, then N is even iff G is a quadric,
(ii) if m = 16 and d ≥ 3, then N is even iff G is a quadric.
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Proof. (i) Let L := H ∩ X̄ be the generic hyperplane section with 2d = L2 and let N be an

even set of nodes. Then the lattice ZL ⊕ N ⊂ NS(X) and we have 2N̂ ≡
∑

Ni. Since the

self-intersection of L− N̂ is 2d− 4 ≥ 0 by the theorem of Riemann-Roch L− N̂ or −(L− N̂)

is effective. Since (L − N̂) · L ≥ 0, L − N̂ is effective, so 2L ≡ 2(L − N̂) +
∑

Ni. And so

G ∈ |2L| and divX̄(G) = 2C = 2(L − N̂). The converse follows from the Proposition 3.6.
(ii) The proof in this case is essentially the same. We use the Kummer lattice K instead
of the Nikulin lattice N . The lattice K is generated over Q by the sixteen disjoint rational
(−2)-curves K1, . . . ,K16 and it contains the class (K1 + . . . + K16)/2, which we use in the

proof above instead of the class N̂ (for a precise definition of the lattice K see [N1]). �

Remark. In particular this means that if X̄ is a K3 surface with an even set of nodes, then
there exists a quadric cutting a curve on X̄ with multiplicity two, passing through the even
set of nodes (this is the condition divF (G) = 2C of the theorem).

4. Projective models

In this section we determine projective models of K3 surfaces with an even set of nodes and
Picard number nine. These were already partially studied by Barth in [B2]. Here we recover,
with different methods, some of these examples and we discuss many new examples. Observe
that some of the cases that Barth describes require Picard number at least ten (these are
case five and case four in his list (cf. Paragraph 4.5 below)).

In Section 3 we proved that the divisors L, L − N̂ , and (L − N1 − . . . − Nm)/2, m = 2 or
m = 4 or m = 6 on X define regular maps. We use these divisors to give projective models of
a K3 surface X with Néron Severi group isometric to L2d or to L′

2d and in general we study
the projective models of the same surface by using different polarizations. In particular in
each case one can use as polarization L or L − N̂ , if L2 > 4. The first polarization contracts
the curves of the even sets to eight nodes on the surface, the second one sends these curves
to lines on the projective model.
In case (1) of the Corollary 2.2 it is also possible to study the projective models given by the
maps φL1

, resp. φL2
(for L2

i > 0) where L1 and L2 are the divisors defined in (2) or in (3).
They give projective models of X in the projective space P(H0(X,L1)), resp. P(H0(X,L2))
or give 2 : 1 maps to the images of X in these spaces. If the maps are not 2 : 1, the image of
X contains nodes and lines, which on X form an even set. The image of X under φL1

×φL2
:

X → P(H0(X,L1)) × P(H0(X,L2)) is a surface, which is the image of Y →֒ Ph0(L1)+h0(L2)−1

under the projection to the eigenspaces: Ph0(L1)+h0(L2)−1 −→ P(H0(X,L1))× P(H0(X,L2)).
Indeed put h0(L1) = m1 + 1, h0(L2) = m2 + 1, then h0(M) = m1 + m2 + 2 and we have a
commutative diagram:

Y //

��
�

�

�

Pm1+m2+1 v
// Pr ⊃ Vm1+m2+1

p

��

X // Pm1 × Pm2
s

// Pr′ ⊃ Sm1+m2

Here the rational map between Y and X follows from Diagram 1, v is the Veronese embedding

and so r = (m1+m2+2)(m1+m2+3)
2 , s is the Segre embedding and so r′ = (m1 + 1)(m2 + 1)− 1,

p is the projection, Vm1+m2+1 is the image of Pm1+m2+1 in Pr and Sm1+m2
is the image of

Pm1 × Pm2 in Pr′. The Nikulin involution on Pm1+m2+1 operates as:

(x0 : . . . : xm1
: y0 : . . . : ym2

) 7→ (x0 : . . . : xm1
: −y0 : . . . : −ym2

)
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which induces an operation on the coordinates of Pr as

(x2
0 : x2

1 : . . . : y2
0 : y2

1 : . . . : ym2−1ym2
: x0y1 : x0y2 : . . . : xm1

ym2
) 7→

(x2
0 : x2

1 : . . . : y2
0 : y2

1 : . . . : ym2−1ym2
: −x0y1 : −x0y2 : . . . : −xm1

ym2
).

The projection p goes to the invariant space Pr′ with coordinates (x0y1 : x0y2 : . . . : xm1
ym2

)
and so the equations of the image of Y in Vm1+m2+1 in these coordinates give equations for
the image of the surface X in Sm1+m2

(cf. also [vGS, Proposition 2.7]).

Observe that the sum of the divisors L1 and L2 is exactly L−N̂ . From now on if NS(X) = L′
2d

and d/2 is odd then L1 := (L − N1 − N2)/2, L2 := (L − N3 − . . . − N8)/2, if NS(X) = L′
2d

and d/2 is even then L1 := (L − N1 − . . . − N4)/2, L2 := (L − N5 − . . . − N8)/2.

In the case NS(X) = L2d the construction above holds if instead of L1 and L2 we take L

and L − N̂ .

4.1. The case of L2 = 2, NS(X) = L2, the polarization L. Since L is pseudo ample by
the Proposition 3.1 the linear system |L| defines a 2 : 1 map X ′ −→ P2 ramified on a sextic
curve with eight nodes where X ′ is the surface X after contraction of the (−2)-curves. More
precisely we have a commutative diagram:

X −→ X ′

↓ ↓

P̃2 −→ P2

where P̃2 is the blow up of P2 at the eight double points of the sextic. By general results
on cyclic coverings the pull back of the branching sextic on X is 3L − (N1 + . . . + N8) =

3L − 2N̂ = (L − N̂) + (2L − N̂). Now (L − N̂)2 = 2 − 4 = −2, L · (L − N̂) = 2 and so by

using Riemann-Roch Theorem the divisor L− N̂ is effective, and is a rational curve of degree
two on P2. Observe that its image is an irreducible conic, in fact we are assuming that X ′

has exactly eight nodes and no other singularities. On the other hand (2L− N̂)2 = 8− 4 = 4

so by Proposition 3.4 and by [SD, Proposition 2.6] the generic member in |2L − N̂ | is an
irreducible curve of genus three, and its image in P2 is a curve of degree four (and in fact

genus 3 = (4 − 1)(4 − 2)/2). In both cases we have (L − N̂) · Ni = (2L − N̂) · Ni = 1 and
so the curves intersect at the points which are the images of the curves Ni in P2. This is the
first case in the paper of Barth, [B2].

4.2. The case of L2 = 4, NS(X) = L4, the polarization L. By the Proposition 3.1 the
linear system |L| defines a birational map φL from X to a quartic surface in P3, the curves

Ni are contracted to nodes. In this case (L − N̂)2 = 0 and by the Proposition 3.4 |L − N̂ |
has no base components, so the generic member in the system is an irreducible elliptic curve
(observe that by the structure of the Néron Severi group it cannot be the multiple of an

elliptic curve). Since L · (L− N̂) = 4 the elliptic curve is sent to a quartic curve in P3 and is
a complete intersection of two quadrics (observe that it cannot be a plane quartic since this

has genus three). Moreover since (L− N̂) ·Ni = 1, the quartic contains the nodes. There is a

third quadric passing through the nodes, in fact h1(L− N̂) = 0 ([SD, Proposition 2.6]) hence

h0(L−N̂) = 2 and again by loc. cit. h0(2(L−N̂)) = 3. Now 2(L−N̂) = 2L−(N1 + . . .+N8)
and the image of these divisors are precisely the quadrics which vanish on the eight singular
points (cf. Corollary 3.2). Let s1, s2 be a basis of H0(L − N̂) then s2

1, s1s2, s
2
2 is a basis of

H0(2(L − N̂)) and these are the three quadrics through the nodes. This is the case three of
Barth [B2] and by the Table 1 it corresponds to the case of M′

8 of [vGS].
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Table 1. Néron Severi lattices and projective models

X Y

NS(X) = L2 NS(Y ) = M
′

4

φL double plane (singular sextic) φM smooth quartic in P3

NS(X) = L4 NS(Y ) = M
′

8

φL quartic with even set of nodes φM complete intersection in P5

NS(X) = L
′

4 NS(Y ) = M2

φL double cover of a cone φM double plane
φL1

elliptic fibration

NS(X) = L6 NS(Y ) = M
′

12

φL singular complete intersection in P4 φM projective model in P7

φ
L−N̂

double plane (smooth sextic)
φL × φ

L−N̂
complete intersection in P4

× P2

NS(X) = L8 NS(Y ) = M
′

16

φL singular complete intersection in P5 φM projective model in P9

φL−N̂ smooth quartic in P3

NS(X) = L
′

8 NS(Y ) = M4

φL singular complete intersection in P5 φM smooth quartic in P3

φL−N̂ double cover of a quadric

NS(X) = L10 NS(Y ) = M
′

20

φL−N̂ smooth complete intersection in P4 φM projective model in P11

φL−

P

4

i=1
Ni

double cover of a plane

NS(X) = L12 NS(Y ) = M
′

24

φ
L−N̂

smooth complete intersection in P5 φM projective model in P13

φL−

P

4

i=1
Ni

singular quartic in P3

(mixed even set with conics)

NS(X) = L
′

12 NS(Y ) = M6

φL−N̂ smooth complete intersection in P5 φM complete intersection in P4

φL2
× φL1

surface of bidegree (2, 3) in P1
× P2

NS(X) = L
′

16 NS(Y ) = M8

φL1
× φL2

complete intersection in P2
× P2 φM complete intersection in P5

NS(X) = L
′

24 NS(Y ) = M12

φL1
× φL2

complete intersection in P3
× P3 φM complete intersection in P7

4.3. The case of L2 = 4, NS(X) = L′
4.

(a) The polarization L. We may assume that the class (L/2, v/2) is equal to (L/2, (−N1−
N2)/2). By the Proposition 3.5 and [SD, Proposition 2.6] this defines a pencil of elliptic
curves which we denote by E. Observe that L = 2E + N1 + N2 with Ni · E = 1, hence
by [SD, Proposition 5.7, (iii), a)] L defines a 2 : 1 map to a cone of P3. The pencil |E|
corresponds to the system of lines through the vertex of the cone under this map. The class
C2 := E − N̂ + N1 + N2 = L/2 + (−N3 − . . . − N8)/2 is effective with C2 · Ni = 1, similarly
we may assume that the class C6 := 3L/2 + (−N3 − . . . − N8)/2 is an irreducible curve (it



PROJECTIVE MODELS OF K3 SURFACES WITH AN EVEN SET 17

follows by Proposition 3.5), with C6 ·Ni = 1, moreover C2 ·C6 = 0, C2 ·L = 2 and C6 ·L = 6.
Let c2 := ϕL(C2) and c6 := ϕL(C6). These two curves meet on the cone at the images of
Ni, i = 3, . . . , 8. Their union is a curve of degree eight, which is the branch divisor of the
covering. In fact if C2 is not a component of the branch divisor then ϕL(C2) has degree
one and so is a line. But this means that C2 ∈ |E| which is not the case. Hence C2 is a
component of the branch divisor and c2 is a conic. If now C6 is not in the branch divisor,
we have deg c6 = 3, and c2 · c6 = 6, but then c6 is contained in the plane of c2 and on the
cone too, which is impossible. Hence C6 is also a component of the branch divisor. Finally
observe that ϕL(Ni) = Q, for i = 1, 2 where Q is the vertex of the cone. This surface is also
described in [vGS, Paragraph 3.2].
(b) An elliptic fibration. Now we describe the elliptic fibration on X defined by the
divisor E. We consider the rational curve C2 = L/2+ (−N3 − . . .−N8)/2, it has intersection
one with the class of the fiber E. So C2 is a section of the fibration φE : X → P1 and the
classes E and C2 generate a lattice isometric to U .
Since the six (−2)-curves N3, N4, . . . ,N8 are orthogonal to E, they are the components of
some reducible fibers. All these curves intersect the section C2 so they are components of six
different reducible fibers. The rational curve N1 is another section of the fibration (because
its intersection with E is one). The Néron Severi group is generated over Q by the classes
E of the fiber, by C2, by the components Ni, i = 3, . . . , 8 of the reducible fibers and by
the other section N1. The Néron Severi group of an elliptic fibration admitting a section
is generated by the class of the fiber, by the zero section, by the irreducible components of
the reducible fibers (not meeting the zero section) and by other sections. Since the Picard
number is nine the six reducible fibers containing Ni, i = 3, . . . , 8 are the only reducible fibers
of the fibration, they are all of type I2 (two rational curves meeting in two distinct points).
The Euler characteristic of a K3 surface is 24 and is the sum of the Euler characteristics of
the singular fibers. The singular irreducible fibers in the generic case are of type I1 (singular
irreducible curve with a node). Each fiber of type I1 has Euler characteristic one, and each
fiber of type I2 has Euler characteristic equal to two. By the computation on the Euler
characteristic it is clear that there are twelve singular fibers of type I1 and six of type I2.
There are two independent sections, so the rank of the Mordell-Weil lattice is one. One of
these sections (the zero section) is the curve C2, mapped by φL to the conic in the branch
locus on the cone. Other sections correspond to the curves N1 and N2, these are both mapped
to the vertex of the cone.
Since X is a double cover of a cone, it admits an involution j. This involution fixes the classes
Ni, i = 3, . . . , 8, because they correspond to the intersection points between the conic and
the sextic in the branch locus on the cone; it fixes the class C2, and switches the classes N1

and N2. The involution j fixes also the class L which defines the double cover φL. On the
fibration the involution j fixes the class of the fiber E and so it acts on the base, P1, of the
fibration as the indentity, it fixes the zero section, which corresponds to the class C2, and
switches the other two independent sections N1 and N2. On the reducible fiber the involution
j clearly fixes the component Ni and it fixes the other component E − Ni too, since it fixes
the fiber and a reducible fiber has two components. On E −Ni the involution j switches the
points P1 and P2, which are the points of intersection between the fiber and the sections N1,
respectively N2.
The surface X admits an even set of eight disjoint rational curves, so it is the minimal
resolution of the quotient of a K3 surface Y by a Nikulin involution. The elliptic fibration of

X on P1 induces a fibration of Ỹ (the blow up of Y ) on P1 and so of Y (cf. Diagram 1). Let
E denote the generic fiber of the fibration on X and A the generic fiber of the fibration on



18 ALICE GARBAGNATI AND ALESSANDRA SARTI

Ỹ . By the Hurwitz formula, we have

2g(A) − 2 = 2(2g(E) − 2) + deg R

where R is the branch divisor. Since X has an elliptic fibration we have g(E) = 1 and
deg R = 2 because the involution ramifies on the points of intersection E ∩ N1 and E ∩ N2.

So we find 2g(A) − 2 = 2(2 − 2) + 2, hence the generic fiber of the fibration Ỹ → P1 is
hyperelliptic of genus two.

4.4. The case of L2 = 6, NS(X) = L6.

(a) The polarization L − N̂ . In this case (L − N̂)2 = 2 by Lemma 3.1 it defines a 2 : 1

map to P2. The curves Ni are mapped to lines in the plane. Let l := φ
L−N̂

(L − N̂), then

for each curve C in the plane we have the formula φ∗
L−N̂

(l) · φ∗
L−N̂

(C) = 2(C · l). Since

(L − N̂) · Ni = 1 the curves Ni are contained in the preimage φ−1

L−N̂
(Ti) where Ti are lines

which are tritangents to the branch divisor, and so ϕ∗
L−N̂

(Ti) = Ni + N ′
i . The curves Ni,N

′
i

meet in three points. Barth in [B2, Paragraph 2] shows that there is a quartic in P2 meeting
the branch sextic at the tangency points.
(b) The polarization L. We consider the projective model of X as complete intersection
of a cubic and a quadric hypersurface, it has eight nodes and the map is φL : X → P4. The
curve L− N̂ (cf. Proposition 3.4) has degree 6 = L · (L− N̂) and genus (L− N̂)2/2 + 1 = 2.

Since (L − N̂) · Ni = 1, i = 1, . . . , 8 its image in P4 passes through the eight singular points.

This curve is contained in the intersection of three quadrics in P4, in fact h0(2L− (L− N̂ )) =

(L + N̂)2/2 + 2 = 3. The eight singular points of the surface are contained in three more

quadrics, in fact h0(2L − (
∑8

i=1 Ni)) = 6 (cf. Corollary 3.2).

We consider now the linear system |L − N̂ | associated to the hyperplane sections passing

through the eight singular points of the image of X in P4. We have h0(L− N̂ ) = 3 and let l1,

l2, l3 be its generators. The six elements l21, l22, l23, l1 · l2, l1 · l3, l2 · l3 span |2L−
∑8

i=1 Ni| ∼= P5

(these are the quadrics passing through the nodes).
(c) The map φL × φ

L−N̂
. In [vGS, Paragraph 3.9] the K3 surface Y admitting a Nikulin

involution with Néron Severi group M′
12 is described. Its quotient X̄ is birational to a

K3 surface which is complete intersection of a hypersurface of bidegree (2, 0) and three hy-
persurfaces of bidegree (1, 1) in P4 × P2 (for a more detailed description of this complete
intersection see the Section 5). The minimal resolution of the quotient X̄ is the K3 surface
X with NS(X) = L6. The projection of X to the first factor is defined by the divisor L and

to the second one by L− N̂ . The first projection contracts eight disjoint rational curves and
the same curves are sent to eight lines by the second projection (the 2 : 1 map to P2).

4.5. The case of L2 = 8, NS(X) = L8.

(a) The polarization L−N̂ . We have (L−N̂)2 = 4 and the map φ
L−N̂

: X −→ P3 exhibits

X as a quartic surface in P3 with eight disjoint lines. This case is studied by Barth in [B2].
He describes two conditions to have an even set. The second one is not satisfied in our case,
since it requires Picard number at least ten. In fact he shows that in this case there are two
skew lines Z1, Z2 on the quartic surface with Z1 meeting four lines and skipping the other
four lines, and viceversa for Z2. An easy computation shows that the intersection matrix of
the hyperplane section, of the lines Ni and of Z1 (or Z2) has rank ten.
Barth’s first condition says that there is an elliptic quartic curve in P3 which meets in two
points four rational curves and skips the other four. In term of classes in the Néron Severi
lattice this means that there is a curve E = αL+

∑
biNi with E2 = 0, ENi = 2 for i = 1, . . . , 4
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and ENi = 0 for i = 5, . . . , 8. By using the intersection products we obtain α = 1, bi = −1
for i = 1, . . . , 4 and bi = 0 for i = 5, . . . , 8. So the elliptic curve is E = L−N1 − . . .−N4 and
in fact E · (L− N̂) = 4 which is the degree of E in P3. Similarly the curve L−N5 − . . .−N8

meets the other four curves and skips the first four. Finally observe that these divisors are
not studied in Proposition 3.5, with the notation there this is the case d = r and the proof
does not work in this case.
We describe briefly the elliptic fibration defined by E. Since E · Ni = 0, for i = 5, . . . , 8
these are components of reducible fibers. On the other hand the curves Ni, i = 1, . . . , 4
are bisections of the fibration. The curves L − N2 − N3 − N4 − Nj − Nk with j 6= k and
j, k = 5, 6, 7, 8 are rational (−2)-curves which meet E in two points and Nj, Nk in two points
as well. Hence they are also bisections of the fibration, and since a bisection meets also the
singular fiber in two points, the curves N5, . . . ,N8 are contained in four different singular
fibers, which are of type I2. The remaining singular fibers are of type I1, and we have 16
of them. This fibration does not admit sections. In this case the even set consists of four
bisections and of four components of the singular fibers I2 (these are all disjoint).
(b) The polarization L. We consider the projective model of X given by the map
φL : X → P5, this is a complete intersection of three quadrics and has eight nodes. The
generic element in |L− N̂ | is a curve of degree 8 = L · (L− N̂) and genus (L− N̂)2/2 + 1 = 3

(cf. Proposition 3.4). Since (L− N̂) ·Ni = 1, i = 1, . . . , 8 the image of the curve L− N̂ in P5

passes through the eight singular points, moreover this divisor is not Cartier at the nodes.
By the Corollary 3.2 there exists a quadric G which cuts on the surface the curve L − N̂
passing through all the singular points, so this curve is contained in the intersection of four
quadrics in P5, in fact h0(2L − (L − N̂)) = (L + N̂)2/2 + 2 = 4. The quadric G must cut

the image of L − N̂ with multiplicity two since deg(X) = 8 and the intersection has degree
16. The eight singular points of the surface are contained in the intersection of ten quadrics,
in fact h0(2L − (

∑8
i=1 Ni)) = 10. We consider the linear system |L − N̂ | associated to the

hyperplane section passing through the eight singular points. We have h0(L − N̂) = 4 and
we call l1, l2, l3, l4 its generators. The ten elements l21, l22, l23, l24, l1l2, l1l3, l1l4, l2l3, l2l4, l3l4
span |2L −

∑8
i=1 Ni|.

(c) The map φL × φ
L−N̂

. This K3 surface is the minimal resolution of the quotient of a

K3 surface Y by a Nikulin involution. The Néron Severi group of Y is M′
16 by the Table 1,

and M is the ample class on Y with M2 = 16. This gives an immersion of Y in P9, and the
action of the Nikulin involution is induced by (x0 : . . . : x5 : y0 : . . . : y3) 7→ (x0 : . . . : x5 :

−y0 : . . . : −y3). By the projection formula we have H0(Y,M) ∼= H0(X,L) ⊕ H0(X,L − N̂),

with h0(X,L) = 6, h0(X,L − N̂) = 4. Now

S2H0(Y,M) = (S2H0(X,L) ⊕ S2H0(X,L − N̂)) ⊕ (H0(X,L) ⊗ H0(X,L − N̂)).

This has dimension 55 = (21 + 10) + 24. On the other hand

H0(Y, 2M) ∼= H0(X, 2L) ⊕ H0(X, 2L − N̂)

and the dimensions are 34 = 18 + 16. This shows that there are (21 + 10) − 18 = 13
invariant quadrics and 24 − 16 = 8 antiinvariant quadrics Qi(x, y), i = 1 . . . , 8 in the
ideal of Y . Since the quadrics in four variables are only ten, there are three quadrics
q1(x0, . . . , x5), q2(x0, . . . , x5), q3(x0, . . . , x5) in the ideal of Y . The map φL×φ

L−N̂
sends X to

the product P5×P3 and its image is the image of Y ⊂ P9 into the product of the eigenspaces,
hence it is contained in three quadrics q1(x0, . . . , x5), q2(x0, . . . , x5), q3(x0, . . . , x5) of bide-
gree (2, 0) and eight quadrics Qi(x, y), i = 1, . . . , 8, of bidegree (1, 1) in particular it is not a
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complete intersection of quadrics. The quadrics q1(x0, . . . , x5), q2(x0, . . . , x5), q3(x0, . . . , x5)
define the image of Y in P5, which is X with the polarization L. Since the fixed points of the
Nikulin involution are contained in the space y0 = . . . = y3 = 0, then the projection of the
ten quadrics of the kind q(x) − q′(y) = 0 to P5 are ten quadrics cutting out the set of nodes

on X ⊂ P5. The projection to P3 is X with the polarization L− N̂ and is a quartic. One can
obtain an equation for the quartic in the following way: a point x ∈ X ⊂ P5 has a non-trivial
counterimage if there is a non-trivial solution of Qi(x, y) =

∑5
j=0 aij(y)xj = 0, i = 1, . . . , 8

which for a fixed x is a linear system of eight equations in six variables. Hence all the 6 × 6
minors of the matrix (aij(y)) are zero. Each of these is a sextic surface of P3 vanishing on
X ⊂ P3. Since this is a surface of degree four, each of them splits into a product q(x) · p4(x)
where p4(x) = 0 is an equation of X ⊂ P3.

4.6. The case of L2 = 8, NS(X) = L′
8.

(a) The polarization L − N̂ . In this case we have the divisor E1 := (L/2, v/2) with
v2 = −8 and v = −N1 − N2 − N3 − N4, and also the divisor E2 := (L/2, v′/2) with v′ =

−N5−N6−N7−N8 so (L/2, v/2)2 = (L/2, v′/2)2 = 0 and L− N̂ = (L/2, v/2)+(L/2,−v/2)
is the sum of two elliptic curves (cf. Proposition 3.5). This is a 2 : 1 map to P1 × P1 (by
Lemma 3.1) and the curves Ni are sent to lines on the quadric. Moreover since E1 ·Ni = 1 and
E2 ·Ni = 0 for i = 1, 2, 3, 4 the images of these lines belong to the same ruling on the quadric
and the images of Ni, i = 5, 6, 7, 8 belong to the other ruling. By a similar computation as
in Paragraph 4.4 the curves Ni are one of the two components of the preimage of a curve on
the quadric which splits on X, hence φ

L−N̂
(Ni) = Ti and these are bitangents to the branch

curve of bidegree (4, 4). Let φ∗
L−N̂

(Ti) = Ni + N ′
i then

OB′(N1 + . . . + N8 + N ′
1 + . . . + N ′

8) = OB′(4(L − N̂)) = OB′(2(2(L − N̂)))

By Proposition 3.4 2(L − N̂) is a curve, and has bidegree (2, 2) on the quadric. Hence the

divisor cut out by N1 + . . . + N ′
8 is two times the divisor cut out by 2(L− N̂) + µ where µ is

a 2-torsion element in the Picard group. Barth shows in [B2], case six, that such an element
does not exist. This implies that the tangency points of the Ti on the quadric are cut out by
a curve of bidegree (2, 2).
(b) The polarization L. All the considerations of the Paragraph 4.5, case (b) are true.

Moreover there are two elliptic curves L1 = L−N1−N2−N3−N4

2 , L2 = L−N5−N6−N7−N8

2 passing
through four of the eight singular points each and not passing through the other four. Ob-
viously also in this case the image of 2(L − N̂) = 2(L1 + L2) is cut out by a quadric. By
the Table 1 this case corresponds to a K3 surface Y with NS(Y ) = M4. After a change of
coordinates the surface X can be written in the form

q(z0, . . . , z5) = 0, z0z1 − z2
4 = 0, z2z3 − z2

5 = 0

and there are four singularities on z0 = z1 = z4 = 0 and four on z2 = z3 = z5 = 0 (the two
copies of P2 which are the vertices of the cones). Now the quadrics of the kind zizj = 0 with
i = 0, 1 and j = 2, 3 meet the K3 surface in two curves Ci, Cj with multiplicity two, hence
2Ci ∈ |L − (N1 + . . . + N4)| and 2Cj ∈ |L − (N5 + . . . + N8)| and so Ci, Cj are in the linear
system of L1, resp. of L2.

4.7. The case of L2 = 10, NS(X) = L10.

(a) The polarization L − N̂ . Since (L − N̂)2 = 6, then the projective model of X is a
complete intersection of a quadric and a cubic hypersurfaces in P4 with an even set of eight
lines (cf. Lemma 3.1).
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(b) The polarizations L−N1 −N2 −N3 −N4 and L−N5 −N6 −N7 −N8. The divisors
L−N1−N2−N3−N4 and L−N5−N6−N7−N8 are pseudo ample classes by the Proposition
3.5. They define two maps 2 : 1 to P2. Each of these maps contracts four curves of the eight
rational curves Ni and maps the other four in four conics.

4.8. The case of L2 = 12, NS(X) = L12.

(a)The polarization L− N̂ . Since (L− N̂)2 = 8 the projective model of X is a K3 surface
in P5 with an even set of eight disjoint lines.
(b) The polarizations L − N1 − N2 − N3 − N4 and L − N5 − N6 − N7 − N8. The curves
E1 = L − N1 − N2 − N3 − N4 and E2 = L − N5 − N6 − N7 − N8 have self intersection four,
so they define two maps to P3 (by Lemma 3.2). The map φE1

contracts the four curves Ni,
i = 1, . . . , 4 and sends the other in four conics. The map φE2

contracts the other four curves
and sends Ni, i = 1, . . . , 4 in conics.

4.9. The case of L2 = 12, NS(X) = L′
12.

(a)The polarization L − N̂ . Observe that the considerations of Paragraph 4.8, (a) are

true also in this case. Moreover there are two curves C1 = L−N1−N2−N3−N4−N5−N6

2 and

C2 = L−N7−N8

2 intersecting respectively six and two of the lines Ni in one point. The curve
C1 has degree three and genus one. The curve C2 has degree five and genus two.
(b) The map φL1

×φL2
. The intersection properties of L1 and L2 are L1 ·L1 = 2, L2 ·L2 = 0

and L1 ·L2 = 3. The K3 surface X is the minimal rsolution of the quotient X̄ of a K3 surface
Y admitting a Nikulin involution with NS(Y ) = M6 which is described in [vGS, Paragraph
3.3]. The surface X̄ has bidegree (2, 3) in P1 × P2. The maps φL1

and φL2
are respectively

the projection to the second and to the first projective space.
The map φL1

: X → P2 is a 2:1 map. It contracts the six rational curves N3, . . . ,N8 to six
nodes of the branch sextic and the two curves N1 and N2 are mapped to lines in P2 which are
tritangent to the branch locus. The map φL2

: X → P1 is an elliptic fibration, it contracts
the two rational curves N1, N2, whence the curves N3, . . . ,N8 are six independent sections
of the fibration. This fibration has two reducible fibers of type I2 (made up by the classes
N1, E2 − N1 and N2, E2 − N2).
The Segre map s sends P1 × P2 in P5.

P1

φL2
ր տ

X
φL2

×φL1−→ P1 × P2 s
−→ P5

φL1
ց ւ

P2

Observe that the map s◦ (φL2
×φL1

) : X −→ P5 is the map φL1+L2
= φ

L−N̂
(since L1 +L2 =

L− N̂). Indeed let s1, s2, s3 be a basis of H0(L1), and s4, s5 be a basis of H0(L2). Then the
products s1s4, s1s5, s2s4, s2s5, s3s4, s3s5 are linear independent sections in H0(L1 +L2) and
define the Segre embedding of X in P1 × P2. Since h0(L1 + L2) = 6 then the map φL1+L2

is
exactly the map s ◦ (φL2

× φL1
).

4.10. The case of L2 = 16, NS(X) = L′
16, the map φL1

×φL2
. The intersection properties

of L1 and L2 are L1 ·L1 = 2, L2 ·L2 = 2 and L1 ·L2 = 4. In [vGS, Paragraph 3.6] is described
the K3 surface Y admitting a Nikulin involution with Néron Severi group M8. Its quotient
X̄ is the complete intersection of a hypersurface of bidegree (1, 1) and of a hypersurface of
bidegree (2, 2) in P2 × P2, its minimal resolution is X. A K3 surface which is a complete
intersection of a bidegree (1, 1) and a bidegree (2, 2) hypersurface in P2×P2 is a Wehler surface
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(cf. [W]). We describe this surface more in details in the Section 5. The surface X has a
projective model in P2×P2 and the map associated to the divisors L1 and L2 are respectively
the projection to the first and to the second projective space. The map φL1

: X → P2 is a
2 : 1 map. It contracts the four rational curves N5, . . . ,N8 to nodes of the branch sextic of the
double cover. The four curves N1, . . . ,N4 are mapped to lines in P2. Since their intersection
with L1 is equal to one, each of them is one of the two components of the pullback of a line
in P2. So their image under the map φL1

is a line tritangent to the branch curve. The branch
curve has degree six and has four nodes so its genus is (6−1)(6−2)/2−4 = 6. The curve R1

on X such that φL1
(R1) is the branch curve, has degree six and genus six (because it is the

branch curve, so the genus of the curve on X is the genus of its image on P2), this implies
that the curve R1 has self-intersection ten (g = R2

1/2 + 1) and its intersection with L1 is six.
The curve R1 has to intersect the curves Ni, i = 1, . . . , 4 in three points (because Ni are
mapped to tritangent to the sextic) and the curves Ni, i = 5, . . . , 8 in two points (because
the branching curve has nodes in the points which are the images of these curves). So we
find

R1 = 3

(
L − N1 − N2 − N3 − N4

2

)
− (N5 + N6 + N7 + N8).

Exactly in the same way one sees that the branch curve of the second projection is

R2 = 3

(
L − N5 − N6 − N7 − N8

2

)
− (N1 + N2 + N3 + N4).

The equation of a generic K3 surface which is complete intersection of a (1, 1) and a (2, 2)
hypersurface in P2 × P2 is given by the system

{ ∑
i,j=0,1,2 qij(x0 : x1 : x2)yiyj = 0∑
i=0,1,2 li(x0 : x1 : x2)yi = 0

where qij and li, i, j = 0, 1, 2 are homogeneous polynomial of degree respectively two and one
in the variables xj , which are the coordinates of the first copy of P2 and yj denote coordinates
of the second copy of P2.
For a generic point (x0 : x1 : x2) of P2 the system has two solutions in (y0 : y1 : y2) and this
gives the 2:1 map to P2. If the point (x0 : x1 : x2) is such that

∑
i=0,1,2 li(x0 : x1 : x2)yi = 0

for each (y0 : y1 : y2), then the fiber on it is the quadric
∑

i,j=0,1,2 q(x0 : x1 : x2)yiyj = 0.

Otherwise if
∑

i,j=0,1,2 q(x0 : x1 : x2)yiyj = 0 for each (y0 : y1 : y2) then the fiber on

(x0 : x1 : x2) is a line.
Since in our case each map to P2 contracts four lines, then for each copy of P2 there are
four points in which

∑
i,j=0,1,2 q(x0 : x1 : x2)yiyj = 0 are identically satisfied. Up to a

projective transformation one can suppose that the four points with dimension one fiber are,
on each P2, (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1). This implies that the equation∑

i,j=0,1,2 q(x0 : x1 : x2)yiyj = 0 is of the form

y0y1(x0x1 + ax0x2 − (a + 1)x1x2) + y0y2(bx0x1 + cx0x2 − (b + c)x1x2)+
+y1y2(−(1 + b)x0x1 − (a + c)x0x2 + (a + b + c + 1)x1x2) = 0.

and so it depends on three projective parameters. The equation of type (1, 1) are

x0y0 + dx0y1 + ex0y2 + fx1y0 + gx1y1 + hx1y2 + lx2y0 + mx2y1 + nx2y2 = 0

and so depends on eight parameters (we can not apply other projective transformations
because we have chosen the points on which there are lines as fibers). So a Wehler K3 surface
such that the projection φL1

to P2 contracts four rational curves of the K3 surface and φL2
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contracts four other rational curves (disjoint from the previous curves) depends exactly on
eleven parameters.

4.11. The case of L2 = 24, NS(X) = L′
24, the map φL1

×φL2
. The intersection properties

of L1 and L2 are L1 · L1 = 4, L2 · L2 = 4 and L1 · L2 = 6. Each of them defines a map from
X to P3 (by Lemma 3.2). Each map φLi

, i = 1, 2 contracts four rational curves and sends
the other in four lines. The curve L1 is sent by φL2

to a curve of degree six, and viceversa.
In [vGS, Paragraph 3.8] it is described the K3 surface Y admitting a Nikulin involution with
Néron-Severi group M12. Its quotient is X̄ and it is a complete intersection of four varieties
of bidegree (1, 1) in P3 × P3, the minimal resolution is X (cf. Table 1). The projections to
the two copies of P3 are φL1

and φL2
.

5. Geometric conditions to have an even set.

In this section we describe geometrical properties of K3 surfaces which imply the presence of
an even set. These even sets can be of eight nodes, of eight rational curves (lines or conics)
or of some nodes and some rational curves. The following results are in a certain sense the
converse of the results of the previous section, where we supposed that a K3 surface admits
an even set and we described its geometry. To prove the existence of an even set on S we
will prove that either the lattice L2d or L′

2d is embedded in NS(S) and that the sublattice
N of L2d (or of L′

2d) is generated over Q by (−2)-irreducible curves. Since rank L2d =rank
L′

2d = 9 and since the K3 surfaces with Néron Severi group equal to L2d or L′
2d have an even

set, then the number of moduli of the families of K3 surfaces that we describe here is eleven.

5.1. Double cover of a cone with an even set. Let S be a K3 surface which is a double
cover of a cone, then by [SD, Proposition 5.7 case iii)] the map from S to the cone is given
by a class L′ in NS(S) such that either

a) L′ = 2E′ + Γ0 + Γ1 with Γ0 · E
′ = Γ1 · E

′ = 1 and Γ0 · Γ1 = 0 or
b) L′ = 2E′ +2Γ0 + . . .+2Γn +Γn+1 +Γn+2, with E′ ·Γ0 = Γi ·Γi+1 = 1 i = 0, . . . , n−1,

Γn · Γn+1 = Γn · Γn+2 = 1 and the other intersections are equal to zero.

The Γi’s are irreducible (−2)-curves. If we are in the case a), then we can give a sufficient
condition for S to have an even set of eight disjoint rational curves.

Proposition 5.1. Let S be a K3 surface such that there exist a map φL′ : S
2:1
→ Z, where Z

is a cone and L′ = 2E′ + Γ0 + Γ1 with Γ0 · E
′ = Γ1 · E

′ = 1 and Γ0 · Γ1 = 0. If the branch
locus of the double cover is the union of a conic and a sextic meeting in six distinct points
and not passing through the vertex of the cone, then S admits an even set of eight disjoint
rational curves.

Proof. We prove that under the hypothesis the lattice L′
4 is embedded in the Néron Severi

lattice of S. In particular there exist eight disjoint rational curves in NS(S) generating on
Q a copy of N in the Néron Severi lattice. This implies that S admits an even set made up
by these eight disjoint rational curves.
By the hypothesis the classes L′, E′ and Γ0 are linearly independent and are in NS(S). The
map φL′ is a 2 : 1 map to the cone, which contracts the two rational curves Γ0 and Γ1 to
the vertex of the cone. The (smooth) K3 surface S is the double cover of the blow up of the
cone in the vertex and in the six singular points of the ramification locus. On S there are six
rational curves Γi, i = 2, . . . , 7 on the six singular points of the ramification locus, and the
two rational curves Γ0 and Γ1 on the blow up of the vertex of the cone (since this is not in
the ramification locus we obtain two curves).
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Let C ′
2 be the curve such that φL′(C ′

2) = c′2 is the conic of the branching locus. Since c′2 is a
conic, C ′

2 · L = 2 and since it does not pass through the vertex then C ′
2 · Γ0 = C ′

2 · Γ1 = 0,
so C ′

2 · E′ = 1, moreover C ′
2 is a rational curve and so C ′2

2 = −2. Since on the cone c′2
passes through the six singular points of the ramification locus, on the K3 surface we have
C ′

2 · Γi = 1, i = 2, . . . , 7.
The classes L′, E′, Γ0, C2, Γi, i = 2, . . . , 7 spans a lattice R which is isometric to the lattice
L′

4. In fact a basis for L′
4 is given by (L − N1 − N2)/2, N̂ and Ni, i = 1, . . . 7. The map

E′ 7→ (L − N1 − N2)/2, C2 + E′ − L′ 7→ N̂ , Γi 7→ Ni+1 i = 0, . . . , 7.

gives the explicit change of basis from R to L′
4. �

5.2. Complete intersection of one (2, 0) and three (1, 1) hypersurfaces in P4 × P2.
If S is a complete intersection of a hypersurface of bidegree (2, 0) and three hypersurfaces of
bidegree (1, 1) in P4 × P2, by the adjunction formula S is a K3 surface. The Néron Severi
group of a generic K3 surface which is a complete intersection of this type is generated by the
two divisors D1 and D2 associated to the two projections. The family of the K3 surfaces of
this type has Picard number two and so it has 18 moduli. To give the complete description
of the Néron Severi group we compute the intersection D1 ·D2. We describe here how to find
D1 ·D2 as explained in [vG, Section 5]. On the K3 surface the divisors D1 and D2 correspond
to the restriction to S of the pull back of the hyperplane section of P4, respectively of P2. We
put h = P3 × P2 and k = P4 × P1. It is clear that h3 = {point} × P2, and so h4 = 0 because
in P4 it corresponds to the intersection between a point and a space. In the same way one
computes that k2 = P4 × {point} (intersection of two lines in P2) and k3 = 0, h3k2 = 1
({point} × {point}). The hypersurface of bidegree (2, 0) corresponds to 2h (has degree two
with respect to the first factor, so with respect to h, and zero with respect to the second
factor, k) and the hypersurfaces of bidegree (1, 1) correspond to the divisor h + k. Since X
is the complete intersection of one hypersurface of bidegree (2, 0) and three hypersurfaces of
bidegree (1, 1), X corresponds in P4 × P2 to the divisor 2h(h + k)3. We want to compute
D1 ·D2 which is h · k restricted to 2h(h + k)3. Then D1 ·D2 is equal to hk(2h)(h + k)3 in the
six dimensional space P4 ×P2. The terms hikj with i + j = 6 correspond to the intersections
of codimension six and so are a finite number of points. The sum of the coefficients of these
terms is exactly the number of points, so D1 · D2 = 6.
Hence the general K3 surface which is complete intersection of a (2, 0) hypersurface and three

(1, 1) hypersurfaces in P4 × P2 has Néron-Severi lattice isometric to {Z2,

[
6 6
6 2

]
}. This

is a sublattice of the Néron Severi lattice of any K3 surface which is a complete intersection
of a (2, 0) hypersurface and three (1, 1) hypersurfaces in P4 × P2.

Proposition 5.2. Let S be a complete intersection of one hypersurface of bidegree (2, 0) and
three hypersurfaces of bidegree (1, 1) in P4 × P2. Let φA1

and φA2
be the projections to the

first and to the second factor associated to the pseudo ample class A1, with A2
1 = 6, and to

the pseudo ample class A2, with A2
2 = 2. If there exist eight curves Ri, i = 1, . . . , 8 such that

φA1
contracts all these curves to eight nodes of the image and φA2

sends these curves in lines
on P2, then Ri, i = 1, . . . , 8 form an even set.

Proof. The idea of the proof is similar to the proof of Proposition 5.1 and is based on the pres-
ence of certain divisors in NS(S). The divisors Aj , j = 1, 2, Ri, i = 1, . . . , 8 are contained in
the Néron Severi group. Nine of these classes are linearly independent. The lattice generated
by A1, A2, R1, R2, R3, R4, R5, R6, R7 is embedded in NS(S) and a computation shows that
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it is isometric to the lattice L6. Since the lattice L6 contains an even set, also in the Néron
Severi group of S there is an even set made up by R1, . . . , R7, 2A2 − 2A1 + R1 + . . . + R7.�

Remark. Observe that Proposition 5.2 gives a sufficient condition for a K3 surface complete
intersection in P4 to have an even set of nodes (or of eight rational curves in the minimal
resolution).

5.3. Complete intersection of three quadrics in P5 with an even set of nodes. We
give two different sufficient conditions for a K3 surface in P5 to have an even set of nodes.
These two possibilities correspond to the fact that the Néron Severi group of such a K3
surface, with Picard number nine, is equal either to the lattice L8 or L′

8.

Proposition 5.3. Let S be a K3 surface admitting two maps φA1
, φA2

associated to the
pseudo ample class A1 with A2

1 = 8 and to the ample class A2 with A2
2 = 4. If there exist

eight curves Ri, i = 1, . . . , 8 such that φA1
contracts all these curves to eight nodes and φA2

sends these curves to lines on the quartic in P3, then Ri, i = 1, . . . , 8 form an even set.

Proof. One can prove that L8 is primitively embedded in NS(S) as in the Propositions 5.1
and 5.2. �

Proposition 5.4. Let X be a K3 surface in P5 having eight nodes. These nodes form an
even set if X is the complete intersection of a smooth quadric and two quadrics, which are
singular in two planes H ∼= P2 and K ∼= P2, H ∩ K = ∅ and four of the points are contained
in H and the other four in K.

Proof. Let h0 = h1 = h2 = 0 and k0 = k1 = k2 = 0 be the equations defining H resp. K in
P5, then we can write the equations of the two cones as h0h1 − h2

2 = 0 and k0k1 − k2
2 = 0.

The quadrics hikj = 0, i = 0, 1, j = 0, 1 meet the K3 surface in two curves Ci, Cj with
multiplicity two, which passes through four singular points, resp. to the other four. So
2(Ci + Cj) ∈ |2L − (N1 + . . . + N8)|, which shows that N1 + . . . + N8 form an even set. �

5.4. Double covers of P2. Here we consider two different K3 surfaces with an even set
which admit maps 2 : 1 to P2. The first one is a Wehler surface, the second one is not. In the
first case the curves of the even sets are contracted to singular points of the branch locus or
are sent to lines of P2 which are tritangent to the ramification locus, in the second case they
are contracted or sent to conics. Other double covers of P2 with an even set are described in
[B2].

5.4.1. The first case: complete intersections of bidegree (1, 1), (2, 2) in P2×P2. The complete
intersections of bidegree (1, 1) and (2, 2) in P2 × P2 are the Wehler surfaces. The projections
to the two copies of P2 are 2:1 maps. It is known (but can also be computed as in Section
5.2) that the Néron Severi group of the generic member of this family is the two dimensional

lattice {Z2,

[
2 4
4 2

]
}. The number of moduli of the family of the Wehler K3 surfaces is

18.

Proposition 5.5. Let S be a Wehler K3 surface such that the first projection π1 contracts
four rational disjoint curves Rl, l = 1, . . . , 4 on S and the second projection π2 contracts
other four rational disjoint curves Rl, l = 5, . . . , 8. Moreover the map π1 sends the curves
contracted by π2 to lines on P2 and viceversa. Then the eight rational curves Rl, l = 1, . . . , 8
form an even set on S.

Proof. One can prove that L′
16 is primitively embedded in NS(S) as in the Propositions 5.1

and 5.2, and that N ⊂ L′
16 is generated over Q by the curves Ri. �
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5.4.2. The second case.

Proposition 5.6. Let S be a K3 surface admitting two maps 2 : 1 to P2. If there exist
eight curves Ri, i = 1, . . . , 8 such that the map on the first copy of P2 contracts the curves
Ri, i = 1, . . . , 4 and sends the others in four conics and the map on the second copy of P2

contracts the curves Ri i = 5, . . . , 8 and sends the others in conics, then Ri, i = 1, . . . , 8 is
an even set of eight disjoint rational curves.

Proof. One can prove that L10 is primitively embedded in NS(S) as in the Propositions 5.1
and 5.2. �

5.5. A mixed even set.

Proposition 5.7. Let S be a K3 surface admitting two maps to P3. If there exist eight curves
Ri, i = 1, . . . , 8 such that the map on the first copy of P3 contracts the curves Ri, i = 1, . . . , 4
and sends the others in four conics and the map on the second copy of P3 contracts the curves
Ri, i = 5, . . . , 8 and sends the others in conics, then Ri, i = 1, . . . , 8 is an even set of eight
disjoint rational curves.

Proof. One can prove that L12 is primitively embedded in NS(S) as in the Propositions 5.1
and 5.2. �

In this case we have on a quartic in P3 a mixed even set, in fact it consists of four nodes and
of four conics.

5.6. Surfaces of bidegree (2, 3) in P1 ×P2. A K3 surface in P1 ×P2 has bidegree (2, 3) by
the adjunction formula. These K3 surfaces are studied in [vG, Paragraph 5.8]. The family
has 18 moduli, in fact the Néron Severi group of such a K3 surface has to contain two classes
D1, D2 giving the regular maps φD1

and φD2
, which correspond to the projections to P1 and

to P2. We can compute the intersection properties of D1 and D2 as in the Paragraph 5.2
(these computations can be found also in [vG, Paragraph 5.8]). The general K3 surface which

has bidegree (2, 3) in P1 × P2 has Néron-Severi lattice isometric to {Z2,

[
0 3
3 2

]
}. This is

a sublattice of the Néron Severi lattice of all the K3 surfaces which have bidegree (2, 3) in
P1 × P2.

Proposition 5.8. Let S be a K3 surface of bidegree (2, 3) in P1 × P2 and such that the
projection to the first space p1 (which gives an elliptic fibration) contracts two disjoint rational
curves and the projection p2 to the second space contracts other six disjoint rational curves.
If the curves contracted by p1 are sent to lines by p2 and the curves contracted by p2 are sent
by p1 to two sections of the elliptic fibration, then the eight rational curves on S form an
even set.

Proof. One can prove that L′
12 is primitively embedded in NS(S) as in the Propositions 5.1

and 5.2. �

5.7. Complete intersections in P3×P3. The Néron Severi group of a complete intersection
of four hypersurfaces of bidegree (1, 1) in P3 × P3 is generated by the two divisors D1 and
D2 associated to the two projections. The divisors D1 and D2 have self intersection equal
to four, computing as before the intersection between D1 and D2 one finds D1 · D2 = 6, so
the Néron Severi lattice of the generic K3 surface which is a complete intersection of four

bidegree (1, 1) hypersurfaces in P3 × P3 is {Z2,

[
4 6
6 4

]
}.
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Proposition 5.9. Let S be a complete intersection of four bidegree (1, 1) hypersurfaces in
P3 × P3. Let A1 and A2 be two pseudo ample divisors defining two maps to P3. If the map
φA1

, respectively φA2
, contracts four rational curves R1, R2, R3, R4, respectively R5, R6, R7,

R8, and sends the others four rational curves in lines, then Ri, i = 1, . . . , 8 is an even set on
X.

Proof. One can prove that L′
24 is primitively embedded in NS(S) as in the Propositions 5.1

and 5.2. �

References

[B1] W. Barth, Even sets of lines on quartic surfaces, math.AG/9903109.
[B2] W. Barth, Even sets of eight rational curves on a K3-surface, Complex geometry (Göttingen, 2000),

1–25, Springer, Berlin, 2002.
[BPV] W. Barth, C. Peters, A. van de Ven: Compact Complex Surfaces, Ergebnisse der Math. 3. Folge, Band

4, Springer (1984).
[Be] A. Beauville, Sur le nombre maximum de points doubles d’une surface dans P3 (µ(5) = 31), Journèes de
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