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@ Intro

@ K3 surfaces determined by non-symplectic automorphisms, esp. order
16

@ Invariant lattices of purely non-symplectic automorphisms
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K3 Surfaces

Definition
A K3 surface is a compact, complex surface S such that
o The irregularity ¢(S) = h%(Q25) =0,
@ There exists a unique nonvanishing global 2-form wg, so that
HO(02%) = Cwg
(so geometric genus p,(S) = h2(Q2) = 1).
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Automorphisms

An automorphism is a biholomorphic map o : § — §
Definition
An automorphism o : S — S is

@ symplectic if c*wg = wg

@ non-symplectic if o*wg = Awg for A € C\ {0,1}

@ purely nonsymplectic if o has order n and o*wg = (,wg, where (, is
a primitive n-th root of unity.
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Lattices

Definition
A lattice L is a free abelian group of finite rank, together with a
non—degenerate symmetric bilinear form

B:LxL—Z.

A lattice is even if B(z,z) € 27 for each x € L. The signature (t4,¢_) of
a lattice is the signature of B.
An embedding M < L is primitive if L/M is a free group.

Definition

The discriminant group Az := Hom(L,Z)/L is a finite group.
L is unimodular if Ay, is trivial.
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The K3 lattice

For K3 surfaces, H?(S,Z) = U3 @ (E3)? via the cup product (an even
unimodular lattice of signature (3,19).

01
7= (1 )
Ej is the unique negative definite lattice of rank 8 associated to the root
lattice:

N S
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Sublattices

There two important sublattices:
@ The invariant lattice S(0) = {x € H*(S,Z) | o*z = x}.
If o is purely non-symplectic then S(c) C NS(5).
@ The transcendental lattice Ts = NS(S)*
If o is purely non-symplectic then Ts C S(o)*

Here * refers to the orthogonal complement in H?(S,Z).
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Brandhorst results ok odur o
Fact: If o is purely non—symplectic,wthen o(n)|rkTs.

Theorem (Brandhorst)

Let S be a K3 surface and o a purely nonsymplectic automorphism of
order n such that tk T's = ¢(n) and ¢, is not an eigenvalue of o|Ns&C-

Set d = |det NS |, then S is determined up to isomorphism by the pair
(n,d).
If o(n) > 12, then o can also be uniquely determined:
n det T s
13,26 13 v =a® + o+t 36 1 y?=a — (5 — 1)
26 13 =2+ttt 35 Y2 =a 4+ +1¢°
21,42 1 Y2 =2+ 15" = 1) 2632 zozd +adey + 2t + x5
21,42 77 y? =a® +att(t" - 1) 40 DA 22 = mo(abzs + 25 — 23)
21,42 72 yz = tﬁ(ﬂ +1) s 48 22 y? =23 +t(t® — 1)
21 i zgzl +3zlzg +€012 — ToTy3 19, 38 19 y2 =58 + PP 4t
28 16 o +1j v 38 19 y? = afx, + Inz‘;z2 + Zg'
2 yo=a” +(t' + 1)z 2 _ % 9
26 of = P ot (0 At ) 27,54 83 y =z +t(t 1)
17,34 17 I R S, O 27 33 IL'(Z].'Ing.I‘g.Ll +:51,2(L1 — x3)
34 i zgz? + xgzg + w'fzé =42 25,50 5 =2 = (zo + zoxy + Z1l‘2)
32 22 y? =23 + 2z + 11! 33,66 1 y? =23 et —1)
o y? :zg(z?+zéz2+zlz§) 44 1l y2 =23+ +!!
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Brandhorst results

If ¢(n) < 10, then o is not necessarily determined.

n det T X ) ) .
2 — .3
S T e
4 22 y? =2+ 3tz + 52 - 1) - Y S ( s Jo
2 3 3 7 2 y =z +x+t
5,10 5 y =z +t°z4+t 20 94 2 _ 3 51
V) v a—— 2 e yo=a 4+ (¢ -z
8 2 y =z +tx +t YTy 2 _ 3 V)
" 4 2 » & " - 2°5 y* =z +4t°(t° + 1)z
2 t° = (x5 — 1) (% + =1 + 73) 24 D2 Y=+ 5t + 1)
12 1 y? =2’ +15(t° — 1) 20 v =2+ (5 +1)
2732 y? =% +t°(t% — 1)? D238 y> =a® + 83t +1)?
94 yz :I3+t5(t2 _1)3 2634 y? = 2%+ + 2
7,14 7 7 = ) S AL 15,30 52 2=z 455 +1)
9,18 3 =23 +t5(% - 1) 34 =2+ tPz+1
33 v = 2 +£5(63 — 1)2 11,22 11 y? =2 4+ t°z + 2

For (n,d) = (16,2%), (24,2%) we have Aut(S) = Z/nZ.
For (n,d) = (12,1), (16,2%), (20,2%) we have Aut(S) = Z/2Z x Z/nZ.
All others have infinite automorphism group.
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Order 16 surfaces

For order 16, these were also classified by al Tabbaa and Sarti.
r =rk S(0), No: number of isolated fixed points,
ks: number of fixed rational curves.

Theorem (al Tabbaa, Sarti)

Let S be a K3 surface and o be a purely non-symplectic automorphism of
order 16 on S. Assume that NS = S(o8) has rank 14 (i.e.
rk Ts = p(16)). Then one of the following distinct cases holds:

@ There is a curve C of genus g(C) = 2 or 3 in the fixed locus of o®.

o There is an elliptic curve C in the fixed locus of o*.

r | No ks g(C) NS

13 12 1 3 U® D, Eg
11| 10 1 2 |UQ2)®Ds® Es
714 0 2 |UQ2®DidEs
91| 8 1 1 (U @ D3)
716 0 1 (U & D3)
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An elliptic fibration

Definition
An elliptic fibration on S is a morphism 7 : § — P! such that for generic
t € P!, the fiber 7=1(¢) is a smooth elliptic curve.

An elliptic fibration 7 : S — P! is Jacobian if it admits a section
s:Pt = S,

Proposition

If w: S — P! is an elliptic K3 surface, then T has a positive finite number
of singular fibers.

v

dtAdx

Fact: The volume form of S is wg = S TRE
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Order 16 surfaces

There are 3 surfaces S with:

@ S has a purely

non-symplectic automorphism of order 16.

o rkTg =8
o det|NS| = |An,| is one of 22,2426
r | No ks g(C) NS
13112 1 3 U®Dy® Eg
11110 1 2 |U@Q) @Ds® Es
714 0 2 |UQ2)@® Dy Eg
9|8 1 1 (U e D})
716 0 1 (U@ Dj)
16 22 v = =’ 2487 (wa Cwy,c%gt)
24 y2 = x + ts(t4 1)z (Clﬁx <16y <16t)
26 y? = x +a+ tS (=, iy, C16t)
19. July, 2021
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Order 16 surfaces

@ Equation: 32 = 23 + 22 + t7
@ Singular fibers: Type I over t =0 and type II* fiber over ¢ = oc.

Q Aut(S) = Z/16Z.
Q o : (z,y,t) — (Egz, 14y, E1GL)-
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Order 16 surfaces

@ Equation: 32 =23 +3(t* — 1)z
@ Singular fibers: Type I11* over t = 0 and five fibers of type I11, one
of them over t = .

0 (0.¢]

© Aut(S) = Z/2Z x 7/16Z.
(%) g1 (xayat) — (5?6‘,1:; g?gyagfﬁtg 5
02 : (ZL’,y,t) - (f?ﬁy ;29! ) %Gx Z;gy 7ff6t)
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Order 16 surfaces

@ Equation: y2 =23 + 2 + 8

@ Singular fiberS' Type IV* over t = co and 16 fibers of type I (nodal
rational curve)

(e

is infinite

Q o1 (z,y,t)— (_$7Zy’§1gt)
02! (‘T7y7t) — (_xa _lyaf?ﬁt)
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What about the last surface?

Let S denote this last surface.

o1 (z,y,t) — (—x,iy,gllg’t)

g2 . (l’,y,t) — (_J"v _Zyaé.?ﬁt)

Lemma (Karayayla, Comparin, Priddis, Sarti)
Aut(S) X MW(S) x (Z/2Z x Z/16Z).

Definition
We say that (S, o) is isomorphic to (X, ) if there exists an isomorphism
f:S — X such that o = f~1~/f.

Theorem (Comparin, Priddis, Sarti)

If o € Aut(S) is purely non-symplectic of order 16, then o is conjugate to
some power of o1 or os.
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Mirror Symmetry

Why invariant lattices?

Among other things, invariant lattices seem to be very important for
mirror symmetry for K3 surfaces.
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Mirror symmetry for K3 surfaces

Definition
Let M be a lattice of signature (1,¢), t < 18. If there exists a primitive
embedding j : M < NS(S), we call S an M-polarizable K3 surface

Definition

Let M be a primitive sublattice of Lys3 of signature (1,¢) with ¢ < 18 such
that (M)z,, = U @ M". We define MY (up to isometry) to be the
mirror lattice to M. Given an M-polarizable K3 surface X and an
M’-polarizable K3 surface X’ with M’ = MV (or equivalently

M = (M'")V), we say X and X' are LPK3 mirror K3 surfaces.
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Mirror symmetry for K3 surfaces

We can construct a K3 surface Xy, from a pair (W, G), where W is a
quasihomogeneous polynomial with respect to one of 95 K3 weight
systems, and G is a group of symmetries.

Theorem

Let W be an invertible polynomial of the form W =z} + f(z1,z2,x3)
quasihomogeneous with respect to one of Reid and Yonemura's 95 weight
systems, and G a group of symmetries of W satisfying Jyv < G < SLyy.
Then the K3 surface X, polarized by S(oy,), and its BHK mirror
Xyv gv polarized by S(c,), form an LPK3 mirror pair.
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Order 16 surfaces

r | No ks g(C) NS
13/12 1 3 U®Dy® Eg
11110 1 2 |U®2) @®Ds® Eg
704 0 2 |UQ2@Ds®FEs
918 1 1 U & D}
716 0 1 U® D}

r | S0) r| S0)

13| U®Esd A 9 Tha

11 T25.6 7| U® Dy (—8)

7 | U(2)® Dy®(—8)
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Example Equation: y? = 23 +#3(¢* — 1)
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Example: ) : (2,5,1) = (€552, &y, Ehot)
ke 9(C) | NS
1 2 |U@eDioEs
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Examp|e 01 ('Tayvt) - (£?6x7€?6y7£%6t)
r | No ks ¢(C) | NS
1110 1 2 |U@Q)@Di@Eg

An embedding M < L is primitive if L/M is a free group.
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. ,2_ .3 3,23
Example  o2: (2,,8) = (645", 6™ %, &lot)
r |N(,. ky g(C)| NS
714 0 2 |UQ2 @D Es

B =self-intersection —4

A—gelf-intersection —8&

@ —=self-intersection 0
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2.3 2y—u3
Examp|e o2t (2,y,t) = ( ?6%7 !1)6T Zriy af%('}t)

| No ke 9(C) | NS
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Thank you for your attention!
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