
A cone conjecture for log Calabi-Yau surfaces

Jennifer Li

second F-cos- AND workshop in Algebraic Geometry
July 19 , 2021



A cone conjecture for log Calabi-Yau surfaces

Morrison
'
93 ( conjecture)

✗ : Calabi-Yau 3- fold {
✗ : '✗

. Pwi . var . of dim 3

K ✗ = 0

IT, 1×1=0

Nef (X) C H
'
CX , IR)

Then

Aut 1×1 A Net IX ) with a rational polyhedral fundamental domain .

RPFD

* In particular : Aut CX) acts with finitely many orbits on faces of Nef (X) .



Motivation : Mirror symmetry

Assuming Morrison 's conjecture
a complex analytic spaceBy a construction of my

-Looijengq
11 conjecture

a neighborhood of a boundary
point of the moduli space of

the mirror Calabi-Yau 3-fold
.

Thesis

we prove a version of Morrison
's conjecture for log Calabi-Yau surfaces .



A log Calabi-Yau surface is a pair IY , D) :
* Always assume

Y : smooth
. Complex , projective surface

D =/ 0{ Day : normal crossing divisor F D : singular

Kyt D= 0

IY
, D) log CY surface ⇒ every connected component of D is either

AF '

② µ
③# D=Dit " - +Dn①

G or

/ a-- length of
or

'¥-1: D

smooth curve of genus 1 rational nodal cave cycle of P 's
'

⇒ Y is rational and D is one connected component of type② or⑨

D is singular -1 classification of surfaces



Two examples

F-✗ I Y : smooth projective toric surface w/ toric boundary D

DE l - Kyl

Then CY , D) is a log CY surface .

Ex 2 (Y , D ) : log CY surface
II. D

'

) (Y,D)
PED : smooth point

it Y : blowup of PEY ¥

D
'

c Y : strict transform of D

Then II. D ' ) is a log CY surface .



IY
, D) is generic if there are no l-21-furvn.es Cc YID .

C IIP
'
and C-= -2

Fact If IY :D ' ) and CY? D2) are two generic pairs in some

connected component of the moduli space , then Net IY
' II Net H2 )

.

n n
Nef (Ygen ) H4Y: R)→ H4Y ? R)

from parallel transport
along path 8

Hi IY :D"

j••g S : connected component



Need for -1hm 1 Statement
admÉ

dot product
1. Adm : = { Ot Aut lP / Olivet Vigen)) = Net Hagen) and

11 Gross- Hacking- keel

(HH-1,11 , U) ⑤ ( [ Di] ) = [Di ] for i=1 , . . . , n }
the monodromy group

2. Nefe (f) = Net IYI A Eff (Y ) where

EFFIY ) = { Taiki] / ait Meo and CICY curve } = Carr ( Y)

Net IY ) = { LE Picot ) ☒ IR / LC > o -for all I Y } = NETTY )

¥1.1:*. ☒

Int INEHYI) c- Net
-H ) c- Net IY )

Ample cone (open) interior + some rays on thebandany closed



Thml Adm A Net elYgen) with a RPFD .

PI ( sketch)

1. Eff (Ygen) is covered by cones Proved by

} Engel -Friedman
CIE , , . . . ,

F- K) :=/Di , . . . ,
Dn

,
Ei
, . . -

,
Ek> 11220 for '

2- coefficients
-

disjoint , interior 1-1)
- curves

c
'
: RP

.

⇒ NefelYgen) is covered by

CIEL-E.EE/:=CIEgg.-I-k)nNetlYgen1#*Hi?ii:



-1hm 1 Pf ( cont . ed )

2. Adm A all collections { Ei , . . . ,Ek } with finitely many orbits .

From Friedman :

orbits ← ,

deformation types of log CY surfaces obtained

tmall.ly?gyntradingH1-curves1t2--NefelY)--Uc'lEi....
,
F-K )

Adm A { C' IE
, , . . . . Ek) } w/ finitely many orbits .

=) Adm A Nefe ( Ygen) with a RPFD .

Looijenga ( arXiv : 0908.0165 v2)



Needfor-lhm2state.me#

1. In each deformation type , there exists a unique log CY surface

He
,
De) s.li .

the Deligne mixed Hodge structure on Hz HelDe , '2) is split
/ I / Friedman ( arXiv : 1502.02560 v21

If Lt PicIY ) and La Di = 0 for all i , then Llp = 0 ,

2. Aut ( Y , D) = { 0 c- Hut 141 / OLD;) = Di for i =L
,
. . .

.
n }

.



-1hm 2 Aut (Ye , De) A NefelYe) with a R.P. F.D.

Remark The claim

Aut LY , D) Mr Nefe IY ) with a R.P.F.D.

is usually false for IY , D) , a log CY .

e.g. IF =p? 5=4 rational nodal cubic)

Y = Bl
" P2 (blowup at 9 general points on5)

D= D-
'

lstrict transform of 5)

Then Aut IY ,
D) is trivial but Net IY ) is not R.P.

Similar to an example of Nagata ( smooth cubic)
.



-1hm 2 Aut (Ye , De) A NefelYe) with a R.P. F.D.

PI ( Idea)

(Thon 1) Adm A Nefe (Ygen) with a R.P.F.D .

If use a proof similar to Sterk for K3 surfaces

-1hm 2



-1hm 3 (Ye , De ) : log CY surface with negative definite or

negative semidefinite boundary .

If n a- 6
,
then Net (Ye) is R.P. and Hut (Ye , De) = { e} for n=6 .

Aim /W
-
Looijenga : n £5



Ex 1 In =3 ; Ye)

-1hm ( Looijenga) (Y
,
D) w/ neg .

def or neg .

semidef boundary

Then IY ,D) is the b. v. of smooth pts of the bday of II. D-) , where

4- = IPZ and D- = 15
,
+ II. 1-DJ 152

Our case : choose q , ,qz.gs and blow up those pts SOME number of lines
-

collinear

II.5)
4-=p2

É : line through q ; q , •
'

•

'

92

Ii É I D-
2↳ drawn as tropical came

DJ qz
•

I



F- ✗ 1 In =3
,
Ye ) Di Dz

IX.D)

14,5)

B1q%I i=i¥¥É• "good ↳ qz
g.

F-"P' El,p,-1 E, , ,
F-2,1

Ii F- I 152 f- 12,3 -22%3.1•
yDJ 93

-2 F-3.PH

Dos
-1.) E;!

Prop .Curv( Yet =/ Di , F-iii. F / i -12,3 and kj±pi) ,Rzo
⇒ NeflYe1= Kuru /Yet/

*
is also R.P.



Ex 2 In =3
,
Ygen )

(Looijengq 1ns 5) Adm = W ]
.

W is associated to the root system

Tp , , Pz , P3

± .

••
•

dual graph ÷•Y•'•Y
⇒
→

- ••:} Pz
-2 •

WA NettYgen) with fundamental domain Ne÷¥ .



F-✗ 3 In -_ 7)

g.
Y : smproj . surface

section ro tf minimal elliptic fibration

Cism .pmj . curve

MWIY -4C) =/ { sections of fibration c }
, group law )

I, I, I, 1--2 It-2 F
There exists He .DE)

⑨ -4-1-2
-2/-1-2

an elliptic fibration u -2 -2

P
'

MW (YIP
'

/ = Ft / ( F
,
T s.t.flpl-pt.ge



F-✗ 3 In __ 7)
He .DE)

"

In this case
,
1MW / =

.

u

P
'

1in fact
,
MW=% )

* In particular : IAutlYe.DE/=N

⇒ Nef (Yet is not R.P.



F-✗ 3 In = 7)

MW A { 1-1) - curves } transitively

and Aut He ,
De) & MW with finite index

.

⇒ Aut He
,
De) A { 1-11 - curves} with finitely many orbits .

Aut Me , Del A Net 4Ye) with a RPFD .

/Totaro) { In fact , Aut IY ,D) A Net441 with a RPFD
whenever Y is a rational elliptic surface .



DeifP
Mirror symmetry interpretation
(Y

,
D) : log Calabi-Yau surface

D is negative definite

Then contract : Gravest

IY
,D) > ( Y :p )

IT
f. . . / ①•p ( cusp singularity)

Net IY
'

I = Nef IY / A CD
, , . . . , Dn> of a face of Nef IY )

-1hm 4 Adm A Net
'H'

gen ) with a RPFD .

Tools : Thml + Looijenga's
work



Deformations ( cont
.

ed )

-1hm 4 Adm A Net elY
'

gen) with a RPFD .

A construction of Looijehga gives a complex analytic germ 10£51 from the

action of Adm on Nefe (Y
'

gen )

* cusp singularities come in dual pairs .

Conjecture The germ lots) is a smoothing component of the deformation

space of the dual cusp singularity 19 c- X) to CptY
'

1
.

Moreover
,
the

general fiber over this components is mirror to YID .



Conjecture The germ lots) is a smoothing component of the deformation

space of the dual cusp singularity 19 c- X) to CptY
'

1
.

Moreover
,
the

general fiber over this components is mirror to YID .

Mirror symmetry : Calabi-Yau varieties come in pairs X , Y

complex geometry of ✗ is related to symplectic geometry of Y

Our cone conjecture is the analogue of the Morrison conjecture for CY 3-folds ,

except : Automorphism group → Monodromy giovp
replaced by



Thanks !


