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Introduction

At the beginning of today’s story, there is...

Contraction theorem of Guido Castelnuovo (1893)
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Contraction theorem of Guido Castelnuovo (1893)

)ﬂ AMQM* fM%ébaib’(D“76¥/WM4QC&,
é; : AWMM“& notioual cuave uﬁ“{ C;lz -4

Hew 41 & amatle f«odL:XAJu 4M4O(e X Qad a
’h.’)/tfw { Y — X caubsccﬁ&a C & a pporak ?,

Sud Wk {:V\C—» )(\fpjéau Moway-‘-'o-m,

% o%@&n, ZG(C)—Z = C-(C*Ky) ?Airo) -
=% Ky - C=-4 <0

Tl in Ha ey € 0 grucebialis . !

y

Samuel Boissiere (University of Poitiers Divisorial contractions to codim 3 orbits November 19, 2020

3/ 14



Introduction
...and nowadays we use:

Cone and contraction theorem of Kollar-Mori (1998)
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Introduction

...and nowadays we use:

Cone and contraction theorem of Kollar-Mori (1998)
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Introduction

Let us focus on divisorial contractions.

Definition of a divisorial contraction
A morphism f: Y — X with connected fibers, between normal projective
varieties Y and X is called a divisorial contraction if it satisfies all the
following conditions:

@ Y is locally Q-factorial with terminal singularities;

@ the morphism f is birational and its exceptional locus E is a prime

divisor;
© the canonical divi,sor Ky is f-antiample.
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Introduction

The challenging project
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Weighted blow-ups

Definition of a weighted blow-up. ‘
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Weighted blow-ups

Example due to Miles Reid: resolve the Eg surface singularity?

X +y +22=0
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Weighted blow-ups

Example due to Miles Reid: resolve the Eg surface singularity?

Classical successive blow-ups produce the singularities:

A1
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N/

Dy —— Ay

] N
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Es——E, ——=Ds

The way the exceptional curves organize is quite complicated and produces
the Eg configuration.
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Weighted blow-ups

Example due to Miles Reid: resolve the Eg surface singularity?
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Weighted blow-ups

Example due to Miles Reid: resolve the Eg surface singularity?
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Weighted blow-ups

Example due to Miles Reid: resolve the Eg surface singularity?

Locally around the point (0 : 1: —1), the situation looks like:
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Weighted blow-ups
Example due to Miles Reid: resolve the Eg surface singularity?
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Some classical results in dimension three

Consider a 3-dimensional divisorial contraction to a point:
f:Y—=X, f(E)=p

where E is the exceptional divisor.

Y p f
rsmoot smooth blow-up Mori (1982)
smooth \ A blow-up Mori (1982)
smooth Az blow-up Mori (1982)
moo 0 C /2T N\ blow-up Mori (1982)
= A1 blow-up Corti (2000)
I\_- )]0 € C3/1(1,a,—a)/| weighted blow-up | Kawamata (1996)
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Some classical results in dimension three

Consider a 3-dimensional divisorial contraction to a point:
f:Y—=X, f(E)=p

where E is the exceptional divisor.

“ While it seems that singularities on Y
make it hard to tackle the problem,
the singularity of p may be useful
because it restricts the way
to take natural local description
of X atp. "
(Kawakita)
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Some classical results in dimension three
Consider a 3-dimensional divisorial contraction to a point:
f:Y—=X, f(E)=p

where E is the exceptional divisor. Assume that p is a smooth point of X.

Theorem of Mazayuki Kawakita (2001)

The divisorial contraction f is a weighted blow-up with weights((n, m,1)
where n, m are characterized by the valuation on the local ring Oy g.
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Generalization ‘
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Generalization

Definition
Let G be a connected algebraic group. A divisorial contraction f: Y — X
is called G-equivariant if it satisfies the following conditions:

@ X and Y are endowed with a regular action of G;

© the contraction f is G-equivariant.

Theorem (S. B. and Enrica Floris - 2020

Every d-dimensional G-equivariant divisorial contraction to a G-simply
connected G-orbit of dimension d — 3 contained in the smooth locus is a
G-equivariant weighted blow-up.
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Generalization

Theorem (S. B. and Enrica Floris - 2020

Every d-dimensional G-equivariant divisorial contraction to a G-simply

connected G-orbit of dimension d — 3 contained in the smooth locus is a
G-equivariant weighted blow-up.
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Elements of proof
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Elements of proof

Why does the process stop?
Recase Mo dicupory of Co o X 1acumpen ok eod alp .
we Bsve ¥y ™ {Ux 1e€, a = o (€, x) te Ay py 4 €,

eud 5 .a(Eqx) <c(@g ¥ <. .. « aE, X):0@N:a

2o Hew 4 at wegt @ -4 06.’5-

What are the weights? ( #, m, 4)
w Sa-14 o B nba of ’{(-wt: of He tower

e 2 A 2e =2y = = o 2py < iy =.. <dul.

W = b -{ AGyps lx{s«. K. A @i fe DN 4—"4
e{ e cekin 1w ARo% .
TRee Y/ X u e G—‘ﬁw'mb«k ‘B'(w-u/ a‘ u&'aLc
(‘u-,,u-,/().

Samuel Boissiere (University of Poitiers Divisorial contractions to codim 3 orbits November 19, 2020 akgj 7 alis




Elements of proof

Xn

The tower construction
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Elements of proof

Induction process
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Elements of proof

Some technical points
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Elements of proof
Some technical points
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Elements of proof

Some technical points
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Thanks to the organizers for this event!
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