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B�us
hel von symmetris
hen Fl�a
hen in P3CZusammenfassungIn der vorliegenden Arbeit betra
hte i
h einige neue Familien von Fl�a
hen inP3C mit vielen gew�ohnli
hen Doppelpunkten. Sei C [x0 ; x1; x2; x3℄ der Vektor-raum von komplexen Polynomen in vier Ver�anderli
hen. Eine Fl�a
he in P3C istder Vers
hwindungsort eines homogenen Polynoms, f , in C [x0 ; x1; x2; x3℄. EinPunkt p 2 S hei�t singul�ar wenn alle partielle Ableitungen der ersten Ord-nung vers
hwinden. Er hei�t Doppelpunkt wenn es mindestens eine partielleAbleitung der zweiten Ordnung gibt, die ni
ht in p vers
hwindet. S
hlie�li
hhei�t ein singul�arer Punkt, p, gew�ohnli
her Doppelpunkt, wenn man in einerUmgebung von p die Glei
hung von S als x2 + y2 + z2 = 0 s
hreiben kann.Sei d der Grad von f , der, na
h De�nition, der Grad von S ist. Es istnat�urli
h zu fragen, was die maximale Anzahl, �(d), von gew�ohnli
hen Dop-pelpunkten ist, die eine Fl�a
he vom Grad d in P3C haben kann, die sonstkeine weiteren Singularit�aten hat. In der Einleitung zu meiner Doktorar-beit gebe i
h die bis jetzt bekannten Ergebnisse f�ur �(d) an. Die Idee diehinter vielen Beispielen von Fl�a
hen mit vielen gew�ohnli
hen Doppelpunk-ten ste
kt, ist die Folgende: man betra
htet Fl�a
hen mit vielen Symmetrien.Man kann diese Idee folgenderma�e algebrais
h erkl�aren. Man betra
hteteine endli
he Gruppe G die auf C [x0 ; x1; x2; x3℄ operiert. Ein homogenesPolynom, P , vom Grad d hei�t invariant unter G wenn g � P = P , f�ur alleg 2 G, wobei i
h mit � die Gruppenaktion von G bezei
hne. Die Nullstelle-menge von P in P3C de�niert eine symmetris
he Fl�a
he. In dieser Weisehabe i
h einige B�us
hel von symmetris
hen Fl�a
hen gefunden. Im erstenKapitel werden die Symmetrie-Gruppen der platonis
hen K�orper (Tetraeder,Oktaeder, Ikosaeder) bes
hrieben; eine genauere Bes
hreibung �ndet man in[7℄, [17℄. Diese sind Untergruppen T;O; I von SO(3). Mit Hilfe von zweiklassis
hen Abbildungen aus der Theorie der Lie Gruppen, 
f. e.g. [25℄ S.77-78, erh�alt man aus diesen Gruppen Untergruppen von SU(2) und dannvon SO(4). Diese bezei
hne i
h mit G6, G8, bzw. G12. Sie operieren aufC [x0 ; x1; x2; x3℄ und i
h untersu
he die Vektorr�aume C [x0 ; x1; x2; x3℄Gnj derhomogenen Gn-invarianten Polynome vom Grad j. Im Kapitel 2 werdenmit Hilfe der Poin
ar�e-Reihen und eines Theorems von Molien (s. [5℄, S.21) die Dimensionen der obigen R�aume bere
hnet. F�ur n = 6; 8; 12 undj = 6; 8; bzw. 12 gibt es genau zwei Erzeugende: die vielfa
he QuadrikQn(x) := (x20+x21+x22+x23)n2 und ein anderes Polynom Sn(x). Die explizitenGlei
hungen werden am Ende vom Kapitel 2 bere
hnet. F�ur die Re
hnungenhabe i
h das Computeralgebra-System MAPLE benutzt. Die zwei invari-anten Polynome de�nieren B�us
hel von symmetris
hen Fl�a
hen in P3C . Der



Basisort wird im Kapitel 3 bere
hnet. Es besteht aus 2n Geraden, die aufder Quadrik Qn liegen und Fixgeraden f�ur Elemente in Gn sind. Dabei meinei
h punktweise feste Geraden, vgl. De�nition 3.1, S. 34. Im Kapitel 4 un-tersu
he i
h, dann die singul�aren Fl�a
hen in jedem B�us
hel. Ihre Anzahl istgenau vier, und jede Fl�a
he hat nur eine Gn-Bahn von gew�ohnli
hen Dop-pelpunkten, die auf Fixgeraden f�ur Elemente von Gn liegen. Diese Fl�a
henhaben keine weitere Singularit�aten. Im Grad 12 �ndet man eine Fl�a
he mit600 gew�ohnli
hen Doppelpunkten. Das best�atigt eine Vermutung von Dr.V. Goryounov in Europroj '96 �uber die Existenz einer sol
hen Fl�a
he. Dasgibt 600 � �(12) � 645, wobei die letzte Unglei
hung die obere S
hrankevon Miyaoka f�ur Fl�a
hen von Grad 12 ist (s. au
h die Tabelle auf Seite iiider Einleitung). Im Kapitel 5 ma
he i
h no
h einige Bemerkungen �uber dietotale Anzahl von singul�aren Punkten in jedem B�us
hel. Diese h�angen mitder Topologie der B�us
hel zusammen. S
hlie�li
h, im Kapitel 6 gebe i
h dieTabellen mit den Kon�gurationen von Fixgeraden und singul�aren Punkten,und einige Computer-Bilder der Fl�a
hen. Diese sind mit dem ProgrammSURF von Dr. S. Endra� realisiert worden.



Introdu
tionIn this thesis we deal with surfa
es in three dimensional 
omplex proje
tivespa
e P3C with many double points, more pre
isely, with many nodes. LetC [x0 ; x1; x2; x3℄ denote the ve
tor spa
e of 
omplex polynomials in four vari-ables. A surfa
e S in P3C is the zero lo
us of a homogeneous polynomial f inC [x0 ; x1; x2; x3℄. A point p of S is singular if the �rst derivatives of f vanishat p. It is a double point if a derivative of the se
ond order does not vanishat it. Finally, p is a node (or ordinary double point A1) if it is singular andlo
ally the equation of f 
an be put in the form x2 + y2 + z2 = 0, i.e. thepoint \looks like" the vertex of an aÆne 
one. Let d denote the degree off , whi
h by de�nition is the degree of S in P3C . It is natural to ask what isthe maximal number �(d) of nodes whi
h 
an o

ur on a surfa
e S of degreed. A very easy answer is given in degree d = 1, then �(1) = 0 (plane) andd = 2, then �(2) = 1 (
one). The problem is solved for 3 � d � 6 as well. Al-ready at the end of the nineteenth 
entury (1864) it was shown that �(3) = 4(Cayley 
ubi
, 
f. [23℄) and �(4) = 16 (Kummer surfa
es, 
f. [18℄). Thenit was proved that �(5) = 31 (Togliatti, 1940, 
f. [26℄; Beauville, 1979, 
f.[4℄) and �(6) = 65 (Barth, 1996, 
f. [2℄; Ja�e & Rubermann, 1996, 
f. [15℄).The problem is still open in degree d � 7. In this 
ase there are estimatesfor the maximal number of nodes. The most re
ent and the best ones so farare Var
henko's spe
tral bound (1983, 
f. [27℄) and Miyaoka's bound (1984,
f. [21℄). We re
all them, up to degree 12, in the following tabled 7 8 9 10 11 12�(d) � 104 174 246 360 480 645[27℄ [21℄ [27℄ [21℄ [27℄ [21℄The above given estimates hold for the maximal number N(d) of rationaldouble points that S 
an have as well. Lower bounds are given by 
onstru
t-ing surfa
es with as many nodes as possible (resp. as many rational doublepoints as possible). For instan
e Barth found in 1996 a de
i
 surfa
e with345 nodes (
f. [2℄) and in 1998 Endra� found an o
ti
 surfa
e with 168 nodes(
f. [8℄), whi
h shows that �(10) � 345 and �(8) � 168. A very usefulidea in 
onstru
ting surfa
es with many nodes is to �nd surfa
es with manysymmetries. The algebrai
 idea behind the geometri
 one is the following:let a group G a
t on C [x0 ; x1; x2; x3℄, we say that a homogeneous polynomialp, of degree d, is invariant under the a
tion of G if g � p = p for all g 2 G,where by � we denote the a
tion of g 2 G on p. The equation fp = 0g de�nesa surfa
e of degree d in P3C with the symmetries of G. In this way we foundi



some new surfa
es with many nodes.This thesis 
onsists of seven 
hapters. In 
hapter one we des
ribe the wellknown symmetry groups of the platoni
 solids: tetrahedron, o
tahedron,
ube, i
osahedron, dode
ahedron (
f. e.g. [17℄). These are subgroups ofSO(3); we denote them by T , O and I (remember that 
ube and dode
a-hedron have the same symmetry group as o
tahedron and i
osahedron re-spe
tively). Then, using some 
lassi
al maps from theory of Lie groups(
f. e.g. [25℄) we get subgroups of SU(2) and then of SO(4). We de-note by G6, G8 and G12 the subgroups of SO(4) whi
h 
orrespond to T ,O and I respe
tively. We 
all them bi-polyhedral groups. In 
hapter twowe give the 
onjuga
y 
lasses of elements in these groups and their respe
-tive 
hara
teristi
 polynomials, whi
h we use to 
al
ulate the Poin
ar�e se-ries. More pre
isely, a matrix �2Gn� SO(4) operates on C [x0 ; x1; x2; x3℄, by��f(x0; x1; x2; x3):=f(��1(x0; x1; x2; x3)). Denote by C [x0 ; x1; x2; x3℄Gnj theve
tor spa
e of homogeneous polynomials of degree j invariant under the a
-tion of Gn. The dimensions of these spa
es are the 
oeÆ
ients of the Poin
ar�eseries p(C [x0 ; x1; x2; x3℄Gn ; t) := 1Xj=0 tj dim C [x0 ; x1; x2; x3℄Gnj :Using Molien's theorem (
f.[5℄, p. 21), we show in 
hapter two that in fa
twe 
an writep(C [x0 ; x1; x2; x3℄Gn; t) = 1jGnj Xg2Gn 1det(I� g�1t) :We have invariant polynomials just in even degree, in fa
t, the Heisenberggroup, H, is 
ontained in Gn, n = 6; 8; 12, and it is well known that theinvariant polynomials under H are squares in the xi's (
f. e.g. [14℄, [16℄). Asstated at the beginning the zero lo
i of these polynomials in P3C are surfa
eswith many symmetries. In parti
ular, in degree n = 6; 8; 12 we get pen
ilsof surfa
es (i.e. linear system of dimension one) with Gn�symmetries. Thegenerators are the multiple 
omplex quadri
 Qn : (x20+x21+x22+x23)n2 = 0 anda surfa
e Sn. We 
al
ulate the equation of Sn at the end of that 
hapter. The
al
ulations are 
omplex and require the use of a 
omputer algebra system(MAPLE). These are however diÆ
ult in degree n = 12. In 
hapter three we
ompute the base lo
us of ea
h pen
il. It 
onsists of 2n lines, n of ea
h rulingof the 
omplex quadri
 surfa
e in P3C . These are �x lines for the a
tion ofsome elements of Gn. This means that if L � P3C is su
h a line then there isa �2Gn, � 6= �I s.t. �x = x for all x2L. In 
hapter four we �nd the singularsurfa
es in these pen
ils. The general surfa
e is smooth and the singular onesii



have just isolated singularities. The latter lie on lines of �x points for thea
tion of some elements of Gn and are not 
ontained in the quadri
. Thesingular points are interse
tion points of these �x lines, and we show thatthey are all real points. Then we 
onstru
t a morphism between the �x linesand P1 and show that the singular points are its rami�
ation points. In thelast part of the 
hapter, using MAPLE, we �nd the singular points on the �xlines. We des
ribe, then, how the �x lines meet ea
h other to get the numberof singular points on the singular surfa
es in the pen
ils. Finally, we showthat they are all nodes. In degree 6 and 8 we have surfa
es with at most 48and 144 nodes respe
tively. In degree 12 we have a surfa
e with 600 nodes.This improves the previous results of Kreiss, 1955 (
f. [19℄) and Chmutov,1992 (
f. [6℄), who found surfa
es with 576 double points. The existen
e ofsu
h a surfa
e was already aÆrmed by Dr. V. Goryunov at Europroj `96, butto our knowledge he never published this result, nor the expli
it equation ofthe surfa
e. We re
all in the table below the lower bounds for N(d) so far(up to degree 12):d 7 8 9 10 11 12N(d) � 93 168 216 345 425 600[6℄ [8℄ [6℄ [2℄ [6℄ -In 
hapter �ve we give some remarks on the singular surfa
es in the pen
ils.They in fa
t do not show anything new but 
on�rm in an interesting way theresults of the previous 
hapters. By a theorem of Atiyah (
f. [1℄, theorem 1)the Euler-Poin
ar�e 
hara
teristi
 of the blow up of a surfa
e with only nodesand no further singularities is the same of that of a smooth surfa
e of thesame degree. Using this fa
t we �nd again the total number of nodes in ea
hpen
il, whi
h we found already in 
hapter four. Then, using Morse theory,we des
ribe how the surfa
es in the pen
ils behave 
lose to the singularities.Finally, we give the tables of the �x lines and the singular points on these,and some 
omputer pi
tures of the singular surfa
es in the pen
ils.Re
ently Mukai in [22℄ announ
ed an appli
ation of the groupsGn, 
onsideredin this thesis, to moduli spa
es A(1;q) of abelian surfa
es with (1; q) polariza-tion. In fa
t, he asserts that the quotient P3=Gn is isomorphi
 to the Satake
ompa
ti�
ation of A(1;3), (n = 6), resp. of A(1;4) (n = 8). And a 
ertainmodi�
ation of P3=G12 is isomorphi
 to the Satake 
ompa
ti�
ation of A(1;5).The pen
ils of invariant surfa
es des
end to pen
ils on these moduli spa
es.It is to be expe
ted, that they admit a des
ription in terms of modular forms.iii
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11 Rotation GroupsLet SO(n) denote the spe
ial orthogonal group 
onsisting of the orthogonaln�n matri
es with determinant one. In this �rst 
hapter we des
ribe brie
ythe rotation groups of the platoni
 solids (for a more detailed des
ription 
f.[7℄, 
hapter III; [17℄, 
hapter I) in terms of matri
es in SO(3). Then we usethese groups to get �nite subgroups of SO(4) (
f. [25℄, p. 77-78).By rotation group we mean the group 
onsisting of all the rotations whi
hbring the solid to 
oin
ide with itself.The �ve platoni
 solids are tetrahedron, o
tahedron, 
ube, i
osahedron anddode
ahedron, where o
tahedron and 
ube, i
osahedron and dode
ahedronare re
ipro
al (
f. [7℄, p. 17), so they have the same rotation group. It isuseful to start by des
ribing the Klein four group, whi
h is 
ontained in ea
hof the previous rotation groups.1.1 Klein four groupConsider an orthogonal 
oordinate system x; y; z in R3 . The elements of therotation group (not the identity) whi
h bring it to 
oin
ide with itself aregiven by rotations of � around x, y, respe
tively z. In terms of matri
es ofSO(3) we may write:A1 := 0� 1 0 00 �1 00 0 �1 1A ; A2 := 0� �1 0 00 1 00 0 �1 1A ; A3 := 0� �1 0 00 �1 00 0 1 1AThese are matri
es of period two and we denote by V := fI; A1; A2; A3g theKlein four group (
f. [17℄, x5, p.12).Let now N0=number of verti
es of a regular polyhedron, N1=number of itsedges, N2=number of its fa
es. The order of its rotation group is 2 �N1 (
f.[7℄, p. 47). In what follows we des
ribe the rotation group of the tetrahedron,o
tahedron and i
osahedron.1.2 Tetrahedral groupA tetrahedron is a regular polyhedron with N0 = 4, N1 = 6 and N2 = 4, sothe tetrahedral group, T , 
onsists of 2 �N1 = 2 � 6 = 12 elements.Consider the following axes:



2 1 ROTATION GROUPS-the 4 lines from a vertex through the 
enter of the opposite fa
es (d-axis);-the 3 lines from the middle point of an edge through the middle point of theopposite edge (e-axis).Around ea
h d-axis we have a rotation of period three (i.e. about an angle of23�), therefore we �nd eight di�erent elements (not the identity) of T . On theother hand around ea
h e-axis we have a rotation of period two (the e-axesall together form an orthogonal system and its rotation group is a Klein fourgroup), so we �nd 8 + 3 + 1 = 12 elements .If we denote the verti
es of the tetrahedron by the numbers 1; 2; 3; 4; we seethat ea
h element of T gives an even permutation of these four numbers, andvi
e versa, therefore we may identify T with A4, the even permutation groupof four obje
ts.Generators for the group are two elements (not the identity) of the Kleinfour group and one element of period three.Now we 
hoose a 
oordinate system in su
h a way that the axes x; y; z 
oin
idewith the e-axes of the tetrahedron. In this 
oordinate system the matri
eswhi
h des
ribe the elements of the Klein four group are the matri
es A1,A2, A3 as in se
tion 1.1. Additionally we 
onsider a rotation of period threearound a d-axis, whi
h is des
ribed by the matrix of SO(3)R3 := 0� 0 �1 00 0 �11 0 0 1A :Then we have T = hA1; A2; R3i. In terms of permutations of the tetrahe-dron's verti
es we may identify A1, A2, A3 with (13)(24), (12)(34), (14)(23);R3 and R23 with (132) and (123).1.3 O
tahedral groupAn o
tahedron is a regular polyhedron with N0 = 6, N1 = 12 and N2 = 8.We 
all its rotation group o
tahedral group and we denote it by O. It 
onsistsof 2 � 12 = 24 elements.Consider the following axes:-the 3 diagonals of the o
tahedron (d-axis);-the 6 lines from the middle point of an edge through the middle point of theopposite edge (e-axis);-the 4 lines from the 
enter of a fa
e through the 
enter of the opposite fa
e(f-axis).The o
tahedron admits a rotation of period four around ea
h diagonal (i.e. by an angle of �2 ). In this way we �nd nine elements of O. Around ea
h



1.3 O
tahedral group 3e-axis we have a rotation by an angle of �, and we �nd six more elements. Fi-nally the rotations around every f-axis give a 
y
li
 subgroup of period three,therefore we have 2 � 4 = 8 elements. In total we have 9 + 6 + 8 + 1 = 24elements.The 
enters of the o
tahedron's fa
es are the verti
es of a 
ube (the re
ipro
alpolyhedron of the o
tahedron) and a rotation of the o
tahedron 
orrespondsto a rotation of the 
ube into itself, hen
e to a permutation of the four di-agonals. In this way one identi�es O �= S4, the permutation group of fourobje
ts. Generators for O are rotations of period two, three and four respe
-tively.Observe that inside the 
ube we have two tetrahedra, more pre
isely a tetra-hedron and its 
ounter-tetrahedron in a desmi
 
on�guration (
f. [14℄, 
h.I, p. 1-2). We denote their verti
es respe
tively by 1; 2; 3; 4 and 10; 20; 30; 40,therefore the diagonals of the 
ube are 1 := 110, 2 := 220, 3 := 330, and4 := 440. The rotations of the two tetrahedra together give the permutationsof the 
ub's diagonals. In parti
ular the tetrahedral group is 
ontained inthe o
tahedral group. Now we 
hoose a 
oordinate system su
h that the axesx; y; z 
oin
ide with the three diagonals of the o
tahedron. We 
onsider tworotations of period two whi
h are des
ribed, in this 
oordinate system, bythe matri
es A1, A2( 
f. se
tion 1.1). Enumerating suitably the verti
es ofthe 
ube and hen
e the diagonals, the matri
es A1 and A2 
orrespond to thepermutation (13)(24) and (12)(34) as in se
tion 1.2. Consider now a periodthree rotation around the 
ub's diagonal 440. The matrix of SO(3), whi
hdes
ribes it, is the matrix R3 of the previous se
tion, and it 
orresponds tothe permutation of the diagonals (132).Finally we 
onsider a period four rotation around the x-axis, it has the matrixR4 := 0� 1 0 00 0 �10 1 0 1Aand it 
orresponds to the permutation (1234) of the diagonals.Observe that the produ
tR3R4 = 0� 0 0 10 �1 01 0 0 1Ais a matrix of period two and it 
orresponds to the transposition (132)(1234) =(34). We have O = hA2; R3; R4i, be
ause R24 = A1, so we do not need thisgenerator.



4 1 ROTATION GROUPS1.4 I
osahedral groupLet I denote the rotation group of an i
osahedron, the i
osahedral group. Ani
osahedron has N0 = 12, N1 = 30 and N2 = 20. Therefore jIj = 2 � 30 = 60.Consider the following axes:-the 6 diagonals of the i
osahedron (d-axis);-the 15 lines from the middle point of an edge through the middle point ofthe opposite edge (e-axis);-the 10 lines from the 
enter of a fa
e through the 
enter of the opposite fa
e(f-axis).Around ea
h d-axis we have a period �ve rotation (of angle 25�), thus we �nd4 � 6 = 24 su
h rotations.Around an e-axis and an f-axis we have rotations of period two and three,thus we get 15 + 2 � 10 = 35 rotations. In total we have 24 + 35 + 1 = 60rotations and the i
osahedral group is isomorphi
 to the group A5, of evenpermutations of �ve obje
ts. In fa
t we have seen that there are �fteen e-axes, and in groups of three they are the e-axis of a tetrahedron (
f. se
tion1.2). So inside an i
osahedron we have �ve tetrahedra. In parti
ular thetetrahedral group is 
ontained in the i
osahedral group. A rotation of thei
osahedron gives a permutation of these �ve tetrahedra. If we 
onsider arotation of period �ve, we see that the tetrahedra are 
y
li
ally permuted.By a period three rotation two remain invariant and the others are 
y
li
allypermuted. Finally by a period two rotation, one remains invariant and theothers are swit
hed two by two (for a more detailed des
ription 
f. [17℄, p.19and [7℄, p. 49-50).Generators for I are given by a rotation of period �ve and two rotations ofperiod two. We 
hoose a 
oordinate system, in su
h a way that the x,y,z-axes
oin
ide with three e-axes of the i
osahedron, orthogonal to ea
h other. Therotations of period two around the x-axis and y-axis are given respe
tivelyby the matri
es A1 and A2 as before. Enumerating suitably the tetrahedrainside the i
osahedron, they 
orrespond to the permutations (13)(24) and(12)(34).Consider now the rotation of 25� around the d-axis 
ontained in the y; z-plane.We take the i
osahedron with verti
es in analogous position as [7℄, p. 52. Thisaxis passes through the vertex (0; 1; �), where � = 12(1+p5) = 2
os(�5 ) is the\golden se
tion" number. The matrix R5 of this rotation, when we rotate in
ounter
lo
kwise dire
tion, isR5 := 12 0� � � 1 �� 1� 1 � � 1�1 � � 1 � 1A :



1.5 Constru
tion 5It 
orresponds to the permutation (13254) of the tetrahedra. We have I =hA1; A2; R5i. Moreover, observe that the rotationR25A2 = 12 0� � �1 1� ��1 1� � ��� � 1 � �1 1A
orresponds to the 
y
le (12435)(12)(34) = (145) and has period three.1.5 Constru
tionLet H denote the real algebra of Hamilton's quaternions. A basis is given byq0 = 1; q1 = i; q2 = j; q3 = k. The multipli
ation is de�ned by the followingrules (i; j = 1; 2; 3):(a) i 2 f0; 1; 2; 3g, then qiq0 = q0qi = qi(b) i 2 f1; 2; 3g, then q2i = �q0(
) If 1 7! i, 2 7! j, 3 7! k is an even permutation of f1; 2; 3g, thenqiqj = �qjqi = qk:The quaternions q0; q1; q2; q3 form an orthonormal basis for the following innerprodu
t on H :( 3Xi=0 xiqi � 3Xj=0 yjqj) = 3Xi=0 xiyi;where xi; yi 2 R:The norm k k de�ned by this inner produ
t satis�es:k x � y k=k x k � k y k :This implies that the quaternions of length one form a group:H 1 := fq 2 H ; k q k= 1gunder multipli
ation. It is a subgroup of the multipli
ative group of thenon-zero quaternions: H � := fq 2 H ; q 6= 0g:Via the map: 3Xi=0 xiqi 7! � x0 + ix1 x2 + ix3�x2 + ix3 x0 � ix1 �



6 1 ROTATION GROUPSthe group H 1 is isomorphi
 to SU(2).We denote by � : SU(2)! SO(3)the epimorphism de�ned by 
onjugation. To be pre
ise, let Q � H be thethree-dimensional real ve
tor spa
e spanned by q1; q2; q3. Ea
h q 2 H 1 via
onjugation de�nes an orthogonal automorphism:�q : H ! H ; x 7! q � x � q�1Obviously �q(q0) = q0 and �qjQ : Q ! Q is an automorphism in SO(3).De�ne: �(q) := �qjQObserve that � is a 2:1 morphism, with kernel fI;�Ig.We return, now, to the rotation groups.1.6 Binary GroupsThe pre-image in SU(2) of a rotation group G � SO(3) under the map � isdenoted by ~G. Hen
e j ~Gj = 2 � jGj.Klein 4-groupFirst we 
al
ulate:�(q1)(q1) = q1; �(q1)(q2) = �q2; �(q1)(q3) = �q3;�(q2)(q1) = �q1; �(q2)(q2) = q2; �(q2)(q3) = �q3;�(q3)(q1) = �q1; �(q3)(q2) = �q2; �(q3)(q3) = q3:This shows �(q1) = A1; �(q2) = A2; �(q3) = A3:Denote by ~V = ��1(V ), the binary group in SU(2) 
orresponding to theKlein four group. It 
onsists of the eight quaternions:f�qi; i = 0; : : : ; 3g



1.7 The bi-polyhedral groups in SO(4) 7Tetrahedral groupConsider the tetrahedral group T �= A4 and the period six matrix :p3 := 12 � 1 + i �1 + i1 + i 1� i � 2 SU(2);(p33 = �I). We 
al
ulate:�(p3)(q1) = q3; �(p3)(q2) = �q1; �(p3)(q3) = �q2and this shows that �(p3) = R3. Therefore the binary group ~A4 = ��1(T ) isspanned by q1; q2; p3 and j ~A4j = 24.O
tahedral groupFor the o
tahedral group O �= S4, we 
onsider the period eight matrix :p4 := 1p2 � 1 + i 00 1� i � 2 SU(2)(p44 = �I), and�(p4)(q1) = q1; �(p4)(q2) = q3; �(p4)(q3) = �q2;therefore �(p4) = R4. Let ~S4 � SU(2) be the binary group whi
h 
orrespondsto O, then it is spanned by q1; q2; p3; p4 and j ~S4j = 48.I
osahedral groupFinally 
onsider the i
osahedral group I �= A5 and the matrix:p5 := 12 � � � � 1 + i1� � + i � � 2 SU(2)(remember � = 12(1 + p5) = 2
os(�5 )). One 
omputes p55 = �I, so p5 hasorder 10. It is easy to 
he
k that �(p5) = R5.Let ~A5 = ��1(I), then ~A5 = hq1; q2; p5i and j ~A5j = 120.1.7 The bi-polyhedral groups in SO(4)For q; q0 2 H 1 the automorphism:�(q; q0) : H ! H ; x 7! q � x � (q0)�1



8 1 ROTATION GROUPSis orthogonal. This de�nes an epimorphism (
f. [25℄, p. 78)� : SU(2)� SU(2)! SO(4) (1)with kernel f(I; I); (�I;�I)gWhenever G1; G2 � SU(2) are �nite subgroups, then �(G1; G2) is a �nitesubgroup of SO(4), of order 12 jG1j � jG2j. In this se
tion we want to determinegenerators for the groups �(G1; G2), when G1= G2 equals ~V , ~A4, ~S4 or ~A5.Remark 1.1 Observe that if q 2 ~G � SU(2) ( ~G = ~V ; ~A4; ~S4 or ~A5) andqm = �I then the same holds for �(q; I) resp. �(I; q). In fa
t �(q; I)m =�(qm; I) = �(�I; I) = �I.G1 = G2 = ~V .We 
ompute the images under � of the generators(q1; I); (q2; I); (I; q1); (I; q2)of ~V � ~V . By de�nition �(qi; I) : x 7! qi � x and �(I; qi) : x 7! x � q�1i . On theelements of the basis:�(q1; I)(q0) = q1; �(q1; I)(q1) = �q0; �(q1; I)(q2) = q3;�(q1; I)(q3) = �q2; �(q2; I)(q0) = q2; �(q2; I)(q1) = �q3;�(q2; I)(q2) = �q0; �(q2; I)(q3) = q1; �(I; q1)(q0) = �q1;�(I; q1)(q1) = q0; �(I; q1)(q2) = q3; �(I; q1)(q3) = �q2;�(I; q2)(q0) = �q2; �(I; q2)(q1) = �q3; �(I; q2)(q2) = q0;�(I; q2)(q3) = q1:We 
all the group �( ~V � ~V ) Heisenberg group, and we denote it by H. Fromthese 
al
ulations and remark 1.1, in the basis q0; q1; q2; q3 generators for Hare given by the following period four matri
es:�1 := �(q1; I) = 0BB� 0 �1 0 01 0 0 00 0 0 �10 0 1 0 1CCA ; �2 := �(q2; I) = 0BB� 0 0 �1 00 0 0 11 0 0 00 �1 0 0 1CCA ;
�3 := �(I; q1) = 0BB� 0 1 0 0�1 0 0 00 0 0 �10 0 1 0 1CCA ; �4 := �(I; q2) = 0BB� 0 0 1 00 0 0 1�1 0 0 00 �1 0 0 1CCA :We have jHj = 32.



1.7 The bi-polyhedral groups in SO(4) 9G1 = G2 = ~A4.Sin
e ~A4 = hq1; q2; p3i, it remains to 
al
ulate the image of �(p3; I) and�(I; p3). With 
al
ulations as before we �nd the following period six matri
esof SO(4): �3 := �(p3; I) = 12 0BB� 1 �1 1 �11 1 �1 �1�1 1 1 �11 1 1 1 1CCA ;
�03 := �(I; p3) = 12 0BB� 1 1 �1 1�1 1 �1 �11 1 1 �1�1 1 1 1 1CCA :LetG6 denote �( ~A4� ~A4). Generators ofG6 are the matri
es �1,�2,�3,�4,�3,�03and jG6j = 288.G1 = G2 = ~S4.Let now G8 := �( ~S4� ~S4). Generators of G8 are the matri
es �2,�4,�3,�03 andthe matri
es �(p4; I),�(I; p4). Here the last two matri
es are the followingperiod eight matri
es:�4 := �(p4; I) = 1p2 0BB� 1 �1 0 01 1 0 00 0 1 �10 0 1 1 1CCA ;
�04 := �(I; p4) = 1p2 0BB� 1 1 0 0�1 1 0 00 0 1 �10 0 1 1 1CCA ;and jG8j = 1152.G1 = G2 = ~A5.Consider now the bi-polyhedral i
osahedral group G12 := �( ~A5 � ~A5). Gen-erators of G12 are the matri
es �1,�2,�3,�4,�(p5; I) and �(I; p5). We already



10 1 ROTATION GROUPSknow the �rst four matri
es, the others are the following period ten matri
es:�5 := �(p5; I) = 12 0BB� � 0 1� � �10 � �1 � � 1� � 1 1 � 01 1� � 0 � 1CCA ;
�05 := �(I; p5) = 12 0BB� � 0 � � 1 10 � �1 � � 11� � 1 � 0�1 1� � 0 � 1CCA :with � := 12(1 +p5) = 2
os(�5 ) and jG12j = 7200.The notations G6, G8, G12 for the bi-polyhedral groups are maybe not stan-dard, but they will be 
onvenient later.In the following tables we resume the results of this 
hapter. We give thegroups in SO(3), SU(2), SO(4) with their order and the generators with therespe
tive periods:Groups Order Generators PeriodsV 4 A1, A2 2, 2T �= A4 12 A1, A2, R3 2, 2, 3O �= S4 24 A2, R3, R4 2, 3, 4I �= A5 60 A1, A2, R5 2, 2, 5

Groups Order Generators Periods~V 8 q1, q2 4, 4~A4 24 q1, q2, p3 4, 4, 6~S4 48 q2, p3, p4 4, 6, 8~A5 120 q1, q2, p5 4, 4, 10



1.7 The bi-polyhedral groups in SO(4) 11Groups Order Generators PeriodsH 32 �1, �2, �3, �4 4, 4, 4, 4G6 288 �1, �2, �3, �4, �3, �03 4, 4, 4, 4, 6, 6G8 1152 �2, �4, �3, �03, �4, �04 4, 4, 6, 6, 8, 8G12 7200 �1, �2, �3, �4, �5, �05 4, 4, 4, 4, 10, 10
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132 Invariant polynomialsThe subgroups of SO(4) given in 
hapter 1 a
t on C [x0 ; x1; x2; x3℄. The aimof this 
hapter is to give the dimension of the ve
tor spa
es of homogeneouspolynomials invariant under the a
tion of G6, G8, G12 and to 
al
ulate theinvariant polynomials in degree 6, 8 and 12 respe
tively.2.1 Conjuga
y ClassesIn this se
tion we give the 
onjuga
y 
lasses of the elements in Gn � SO(4)under Gn, n = 6; 8; 12, and under GL(4; C ).Let G denote A4, S4 or A5. We have seen that T �= A4, O �= S4, I �= A5. Inother words we have representations:' : G �! SO(3;R)and these are group homomorphisms. Hen
e if g; g0 2 G are 
onjugate inG, this means that there is an h 2 G with g0 = hgh�1. Then '(g0) ='(h)'(g)'(h)�1 and '(g0), '(g) are 
onjugate resp. in T , O, I � SO(3) too.Keeping in mind the table of the 
onjuga
y 
lasses of A4, S4 and A5 (
f. e.g.[9℄), in the following table we give representatives of the 
onjuga
y 
lasses ofthe groups V; T; O; I under the groups themselves and the respe
tive sizes(number of elements in the 
lasses):Groups Conjuga
y Classes SizeV I, A2 1,3T �= A4 I, A2, R3, R23 1, 3, 4, 4O �= S4 I, A2, R3, R4, R3R4 1, 3, 8, 6, 6I �= A5 I, A2, R5, R25, R25A2 1, 15, 12, 12, 20In GL(3; C ) the matri
es R3, R23 are 
onjugate. In fa
t, they have the sameeigenvalues 1, !, !2, with ! := e 2�i3 . Analogously, the matri
es A2 and R3R4are 
onjugate in GL(3; C ).On the 
ontrary, although the matri
es R5 and R25 have the same order, theyare not 
onjugate in GL(3; C ). In fa
t, they have di�erent 
hara
teristi
polynomials: det(R5 � tI) = 12(2t2 � tp5 + t+ 2)(t� 1);det(R25 � tI) = 12(2t2 + tp5 + t + 2)(t� 1):



14 2 INVARIANT POLYNOMIALSIn the following table we give the 
onjuga
y 
lasses under GL(3; C ):Group Conjuga
y Classes SizeV I, A2 1,3T �= A4 I, A2, R3 1, 3, 8O �= S4 I, A2, R3, R4 1, 9, 8, 6I �= A5 I, A2, R5, R25, R25A2 1, 15, 12, 12, 20Proposition 2.1 Let G � SO(3) denote one of the groups V; T; O; I, andlet g2G. To ea
h 
onjuga
y 
lass [g℄ under G, we �nd two 
onjuga
y 
lasses[+~g℄, [�~g℄ in ~G= ��1(G), unless g 2 V or g 2 O and using the identi�
ationof O with S4, g 
orresponds to an odd permutation of order 2. In these 
ases[+~g℄=[�~g℄.Proof. If ~g and �~g 2 ~G are 
onjugate then they have the same tra
e: tr(~g) =tr(�~g) = �tr(~g). From this follows tr(~g) = 0. This is the 
ase only when ~g2 ~V or ~g2 ~S4 and ~g 2[p3p4℄. Otherwise tr(~g) 6= 0. We are left to prove that�q2 2 [q2℄ and �p3p4 2 [p3p4℄. We havep3p4 = 1p2 � i ii �i � = 1p2(q1 + q3):By the multipli
ation rules q�1i = �qi, i = 0; 1; 2; 3, so we get q1q2q�11 =q1q2(�q1) = �q3q1 = �q2 and q2 1p2(q1 + q3)(�q2)= � 1p2(q1 + q3). �We spe
ify the matri
esp23 = 12 � �1 + i �1 + i1 + i �1� i � ; p25 = 12 � � � 1 1 + i��1 + i� � � 1 � ;p25q2 = 12 � �1� i� � � 1�� + 1 �1 + i� � :In the following table we give the groups, the 
onjuga
y 
lasses under ~Gand the respe
tive size. We write �q to indi
ate the representatives +q, �q.Hen
e we write n; n for the sizes of the respe
tive 
onjuga
y 
lasses.



2.1 Conjuga
y Classes 15Groups Conjuga
y Classes Size~V �I, q2 1,1; 6~A4 �I, q2, �p3, �p23 1,1; 6; 4,4; 4,4~S4 �I, q2, �p3, �p4, p3p4 1,1; 6; 8,8; 6,6; 12~A5 �I, q2, �p5, �p25, �p25q2 1,1; 30; 12,12; 12,12; 20,20In the next table, we give the eigenvalues of these matri
es. We use thefollowing abbreviations for 
ertain roots of unity: ! := e 2�i3 , " := e 2�i5 , 
 :=e 2�i8 . Matrix Order Eigenvaluesq2 4 with q22 = �I i, �ip3 6 with p33 = �I �!,�!2p23 3 !,!2p4 8 with p44 = �I 
, 
7p3p4 4 with (p3p4)2 = �I i, �ip5 10 with p55 = �I �"2, �"3p25 5 ", "4p25q2 3 !, !2Lemma 2.1 The matri
es p3 and �p23, (resp. �p3 and p23) are 
onjugate inSU(2), the matri
es q2 and p3p4 are there 
onjugate too.Proof. The proof follows by the table above, in fa
t these matri
es have twoby two the same eigenvalues. �The 
onjuga
y 
lasses of ~G under SU(2) are:



16 2 INVARIANT POLYNOMIALSGroups Conjuga
y Classes Size~V �I, q2 1,1; 6~A4 �I, q2, �p3 1,1; 6; 8,8~S4 �I, q2, �p3, �p4 1,1; 18; 8,8; 6,6~A5 �I, q2, �p5, �p25, �p25q2 1,1; 30; 12,12; 12,12; 20,20The tensor produ
t of C 2 with itself 
an be identi�ed with the spa
e of
omplex 2� 2-matri
es. The tensors v 
 w2C 2 
 C 2 
an be identi�ed withthe zero determinant matri
es, viaC 2 � C 2 �! C 4((x1; x2); (y1; y2)) 7�! � x1x2 � � � y1 y2 � = � x1y1 x1y2x2y1 x2y2 � (2)Let �(p; q) 2Gn, n = 6; 8; 12, and v1 
 v22C 2 
 C 2 . Then we have�(p; q)(v 
 w) = p(v 
 w)q�1= p(v � wt)�qt= pv 
 �qw:Using these fa
ts we giveLemma 2.2 The eigenvalues, resp. the eigenve
tors, of �(p; q) are the prod-u
ts, resp. the tensor produ
ts, of the eigenvalues, resp. of the eigenve
tors,of p and �q.Proof. Let �, ��, v1, v2 and �, ��, w1, w2 the eigenvalues and the eigenve
torsof p, resp. q. We have�(p; q)(v1 
 �w1) = pv1 
 �q �w1= � ��(v1 
 �w1):So v1
 �w1 is eigenve
tor of �(p; q) for the eigenvalue � ��. Analogously v1
 �w2,v2 
 �w1, v2 
 �w2 have eigenvalues respe
tively ��, ����, ���. �We 
onsider now the 
onjuga
y 
lasses of the bi-polyhedral groups �( ~G �~G) � SO(4).



2.1 Conjuga
y Classes 17In SU(2)� SU(2) we have the dire
t produ
t subgroup ~G� ~G and re
all thatthe 
onjuga
y 
lasses here are the produ
ts of the 
onjuga
y 
lasses in ~G:[(g1; g2)℄ = [g1℄� [g2℄:In parti
ular the size of the 
onjuga
y 
lass j[(g1; g2)℄j is the produ
t j[g1℄j �j[g2℄j.Lemma 2.3 The 
onjuga
y 
lasses in Gn, under Gn, n = 6; 8; 12 are theimages via the map � of the 
onjuga
y 
lasses in ~A4 � ~A4, ~S4 � ~S4 and~A5 � ~A5.Lemma 2.4 If p; q 2 ~G � SU(2), then �(p; q) and �(q; p) belong to the same
onjuga
y 
lass under GL(4;R).Proof. The automorphism H ! H ; q 7! �qthas matrix C = 0BB� 1 0 0 00 �1 0 00 0 �1 00 0 0 �1 1CCA 2 GL(4;R):
In fa
t, for an x = 0BB� x0x1x2x3 1CCA 2 H �= R4 , one has

Cx = 0BB� x0�x1�x2�x3 1CCA = � x0 � ix1 �x2 � ix3x2 + ix3 x0 + ix1 � = �xt:Moreover, observe that C�1 = C. NowC�(q; p)Cx = C(q�xt�pt) = (q�xt�pt)t = px�qt = pxq�1 = �(p; q)x:This shows that �(p; q) and �(q; p) are in the same 
onjuga
y 
lass underGL(4;R), so in parti
ular under GL(4; C ). �



18 2 INVARIANT POLYNOMIALSProposition 2.2 Let 
i2 ~G. The matri
es �(p3; 
i) and �(�p23; 
i) (resp.�(�p3; 
i) and �(p23; 
i)), �(q2; 
i) and �(p3p4; 
i) belong to the same 
on-juga
y 
lass under GL(4; C ).Proof. The matri
es p3 and �p23 have the same eigenvalues, so �(p3; 
i) and�(�p23; 
i) have the same eigenvalues too (
f. lemma 2.2). Moreover theyare diagonalizable. Therefore they belong to the same 
onjuga
y 
lass inGL(4; C ). A similar proof works for the other matri
es. �The number of elements in Gn 
onjugate to a �x element �(g1; g2) dependson the group a
tion. In fa
t �(p; q) = C�(q; p)C�1 shows that �(p; q) and�(q; p) are always 
onjugate under GL(4; C ), but for [p℄6=[q℄ are not 
onjugateunder Gn. The pre
ise number of elements 
onjugate under Gn resp. underGL(4; C ) are given in the following table. In the �rst 
olumn the 
onjuga
y
lasses are given under ~G.g1; g2 ~G GL(4; C )[g1℄6=[g2℄ j[g1℄j � j[g2℄j 2j[g1℄j � j[g2℄j[g1℄,[g2℄6=[q2℄,[p3p4℄[g1℄=[g2℄6=[q2℄,[p3p4℄ j[g1℄j2 j[g1℄j2[g1℄6=[g2℄ 12 j[g1℄j � j[g2℄j j[g1℄j � j[g2℄j[g1℄,[g2℄=[q2℄,[p3p4℄[g1℄=[g2℄= [q2℄ or [p3p4℄ 12 j[g1℄j2 12 j[g1℄j2We are now ready to give the tables of the 
onjuga
y 
lasses. In 1), 2), 3)we give the 
onjuga
y 
lasses of the elements of the groups Gn under thegroups themselves with their respe
tive size.



2.1 Conjuga
y Classes 191) Bi-tetrahedral group�(�;�) I �I q2 p3 �p3 p23 �p23I �(I; I) ��(I; I) �4 �03 ��03 �023 ��0231 1 6 4 4 4 4q2 �2 �24 �2�03 �2�0236 18 24 24p3 �3 ��3 �3�4 �3�03 ��3�03 �3�023 ��3�0234 4 24 16 16 16 16p23 �23 ��23 �23�4 �23�03 ��23�03 �23�023 ��23�0234 4 24 16 16 16 16
2) Bi-o
tahedral group�(�;�) I �I q2 p3 �p3I �(I; I) ��(I; I) �4 �03 ��031 1 6 8 8q2 �2 �24 �2�036 18 48p3 �3 ��3 �3�4 �3�03 ��3�038 8 48 64 64p4 �4 ��4 �4�4 �4�03 ��4�036 6 36 48 48p3p4 �3�4 �3�4�4 �3�4�0312 36 96�(�;�) p4 �p4 p3p4I �04 ��04 �023 �046 6 12q2 �2�04 �2�03�0436 36p3 �3�04 ��3�04 �3�03�0448 48 96p4 �4�04 ��4�04 �4�03�0436 36 72p3p4 �3�4�04 ��3�4�04 �3�4�03�0436 36 72



20 2 INVARIANT POLYNOMIALS3) Bi-i
osahedral group
�(�;�) I �I q2 p25q2 �p25q2I �(I; I) ��(I; I) �4 �025 �4 ��025 �41 1 30 20 20q2 �2 �24 �2�05�430 450 600p25q2 �25�2 ��25�2 �25�2�4 �25�2�025 �4 ��25�2�025 �420 20 600 400 400p5 �5 ��5 �5�4 �5�025 �4 ��5�025 �412 12 360 240 240p25 �25 ��25 �25�4 �25�025 �4 ��25�025 �412 12 360 240 240
�(�;�) p5 �p5 p25 �p25I �05 ��05 �025 ��02512 12 12 12q2 �2�05 �2�025360 360p25q2 �25�2�05 ��25�2�05 �25�2�025 ��25�2�025240 240 240 240p5 �5�05 ��5�05 �5�025 ��5�025144 144 144 144p25 �25�05 ��25�05 �25�025 ��25�025144 144 144 144

In the last four tables we give the 
onjuga
y 
lasses under GL(4; C ), therespe
tive size and the 
hara
teristi
 polynomials.



2.1 Conjuga
y Classes 21H Conjuga
y Classes Size Chara
teristi
 Polynomials�2 12 (t2 + 1)2�24 18 (t2 � 1)2�I 1,1 (t� 1)4
G6 Conjuga
y Classes Size Chara
teristi
 Polynomials�2 12 (t2 + 1)2�24 18 (t2 � 1)2�2�03 96 t4 � t2 + 1��3 16,16 (t2 � t+ 1)2��3�03 64,64 (t� 1)2(t2 � t + 1)�I 1,1 (t� 1)4
G8 Conjuga
y Classes Size Chara
teristi
 Polynomials�2 36 (t2 + 1)2�24 162 (t2 � 1)2�2�03 288 t4 � t2 + 1�2�04 216 t4 + 1��3 16,16 (t2 � t+ 1)2��3�03 64,64 (t� 1)2(t2 � t + 1)��3�04 96,96 t4 + t2 �p2t3 �p2t+ 1��4 12,12 (t2 �p2t+ 1)2��4�04 36,36 (t� 1)2(t2 + 1)�I 1,1 (t� 1)4



22 2 INVARIANT POLYNOMIALSG12 Conjuga
y Classes Size Chara
teristi
 Polynomials�2 60 (t2 + 1)2�24 450 (t2 � 1)2�2�05 720 t4 � 12t2 + 12p5t2 + 1�2�025 720 t4 � 12t2 � 12p5t2 + 1�2�025 �4 720 t4 � t2 + 1��5 24,24 14(2t2 � t�p5t + 2)2��5�05 144,144 12(t� 1)2(2t2 �p5t� t + 2)��5�025 �4 480,480 t4 � 12t3 � 12p5t3 + 12t2+12p5t2 � 12 t� 12p5t+ 1��25 24,24 14(2t2 � t�p5t + 2)2��25�05 288,288 t4 � t3 + t2 � t+ 1��25�025 144,144 12(2t2 � tp5� t + 2)(t� 1)2��25�025 �4 480,480 t4 � 12t3 � 12p5t3 + 12t2�12p5t2 � 12t� 12p5t + 1��25�2 40,40 (t2 � t+ 1)2��25�2�025 �4 400,400 (t� 1)2(t2 � t+ 1)�I 1,1 (t� 1)42.2 Poin
ar�e seriesLet G � SO(4) be a �nite matrix group, and let C [x0 ; x1; x2; x3℄ denotethe ring of polynomials in four variables over C . If g 2 G, then g a
ts onf(x0; x1; x2; x3) 2 C [x0 ; x1; x2; x3℄ in the following wayg � f(x) = f(g�1x);where we write x := (x0; x1; x2; x3). Let now C [x0 ; x1; x2; x3℄Gj denote theC -ve
tor spa
e of homogeneous polynomials of degree j, invariant under thea
tion of G, i.e. C [x0 ; x1; x2; x3℄Gj = f p 2 C [x0 ; x1; x2; x3℄ j p is homogeneous



2.2 Poin
ar�e series 23of degree j and p(g�1x) = p(x), 8g 2 Gg. We are interested in the dimensionof this ve
tor spa
e. Consider the Poin
ar�e series:p(C [x0 ; x1; x2; x3℄G; t) := 1Xj=0 tj dim C [x0 ; x1; x2; x3℄Gj :Molien's theorem (
f.[5℄, p. 21) gives:p(C [x0 ; x1; x2; x3℄G; t) = 1jGjXg2G 1det(I� g�1t) : (3)Sin
e G � SO(4), we have det g = det g�1 = 1, and we may write:p(C [x0 ; x1; x2; x3℄G; t) = 1jGjXg2G 1det(g � It) (4)where the denominator is the 
hara
teristi
 polynomial of g.Remember that matri
es in the same 
onjuga
y 
lass have the same 
hara
-teristi
 polynomial and that the group G is disjoint union of its 
onjuga
y
lasses. Let now ng = j[g℄j be the order of the 
onjuga
y 
lass [g℄. We write:p(C [x0 ; x1; x2; x3℄G; t) = 1jGj X[g℄ 
onj.
lass ngdet(g � It):Applying this result with G a bi-polyhedral group and keeping in mind thetables of the 
hara
teristi
 polynomials on page 21-22, we get:G = Hp(C [x0 ; x1; x2; x3℄H; t) = 132( 12(t2 + 1)2 + 18(t2 � 1)2 + 1(t� 1)4 + 1(t + 1)4 );G = G6p(C [x0 ; x1; x2; x3℄G6 ; t) = 1288( 12(t2 + 1)2 + 18(t2 � 1)2 + 96(t4 � t2 + 1)+ 16(t2 � t+ 1)2 + 16(t2 + t+ 1)2+ 64(t� 1)2(t2 + t+ 1) + 64(t + 1)2(t2 � t+ 1)+ 1(t� 1)4 + 1(t + 1)4 );



24 2 INVARIANT POLYNOMIALSG = G8p(C [x0 ; x1; x2; x3℄G8; t) = 11152( 36(t+ 1)2(t2 + 1) + 162(t� 1)2(t+ 1)2+ 288(t4 � t2 + 1) + 216(t4 + 1) + 16(t2 � t+ 1)2+ 16(t2 + t+ 1)2 + 64(t� 1)2(t2 + t+ 1)+ 64(t+ 1)2(t2 � t+ 1) + 96(t4 + t2 �p2t3 �p2t + 1)+ 96(t4 + t2 +p2t3 +p2t+ 1) + 12(t2 �p2t + 1)2+ 12(t2 +p2t + 1)2 + 36(t� 1)2(t2 + 1) + 36(t2 + 1)2+ 1(t� 1)4 + 1(t+ 1)4 );G = G12p(C [x0 ; x1; x2; x3℄G12 ; t) = 17200( 60(t2 + 1)2 + 450(t2 � 1)2+ 720(t4 � 12t2 + 12p5t2 + 1)+ 720(t4 � 12t2 � 12p5t2 + 1) + 720(t4 � t2 + 1)+ 2414(2t2 � t�p5t+ 2)2 + 2414(2t2 + t+p5t+ 2)2+ 14412(t� 1)2(2t2 �p5t+ t + 2)+ 14412(t+ 1)2(2t2 +p5t� t+ 2)+ 48012(2t4 + t3 +p5t3 + t2 +p5t2 + t +p5t+ 2)+ 48012(2t4 � t3 �p5t3 + t2 +p5t2 � t�p5t+ 2)



2.3 The spa
es C [x0 ; x1; x2; x3℄Gnn 25+ 2414(2t2 + t�p5t+ 2)2 + 2414(2t2 � t+p5t + 2)2+ 288(t4 � t3 + t2 � t + 1) + 288(t4 + t3 + t2 + t+ 1)+ 14412(t� 1)2(2t2 +p5t+ t+ 2)+ 14412(t + 1)2(2t2 �p5t� t+ 2)+ 48012(2t4 � t3 +p5t3 + t2 �p5t2 � t +p5t+ 2)+ 48012(2t4 + t3 �p5t3 + t2 +p5t2 + t�p5t+ 2)+ 40(t2 + t + 1)2 + 40(t2 � t + 1)2 + 400(t� 1)2(t2 + t+ 1)+ 400(t+ 1)2(t2 � t + 1) + 1(t� 1)4 + 1(t+ 1)4 ):In the following table, doing 
al
ulations with MAPLE, we give the expres-sions of the Poin
ar�e series after expanding the previous polynomials as aTaylor series up to the order 14:Group Poin
ar�e seriesH 1 + t2 + 5t4 + 6t6 + 15t8 + 19t10 + 35t12 + 44t14 +O(t16)G6 1 + t2 + t4 + 2t6 + 3t8 + 3t10 + 7t12 + 8t14 +O(t16)G8 1 + t2 + t4 + t6 + 2t8 + 2t10 + 3t12 + 3t14 +O(t16)G12 1 + t2 + t4 + t6 + t8 + t10 + 2t12 + 2t14 +O(t16)
2.3 The spa
es C [x0; x1; x2; x3℄GnnWe de�ned a homogeneous polynomial p to be invariant under the a
tion ofGn (n = 6, 8, 12) if p(g�1x) = p(x) for all g 2 Gn. Clearly this is equivalentto p being invariant under the a
tion of the generators of Gn. The generators



26 2 INVARIANT POLYNOMIALSof H give 
oordinate transformations:x �17�! 0BB� �x1x0�x3x2 1CCA ; x �27�! 0BB� �x2x3x0�x1 1CCA ;x �37�! 0BB� x1�x0�x3x2 1CCA ; x �47�! 0BB� x2x3�x0�x1 1CCA ;it is a well known fa
t that the invariant polynomials have even degreeonly. Sin
e H � Gn, also under these groups we have invariant polyno-mials just in even degree (as the table above shows). If the dimension ofC [x0 ; x1; x2; x3℄Gnj is one, then we have just one generator. It is the multiple
omplex quadri
 Qj(x) := (x20 + x21 + x22 + x23) j2 . In degree n = 6; 8; 12, we�nd dim C [x0 ; x1; x2; x3℄Gnn = 2, so we have two generators, the quadri
 andanother homogeneous polynomial. This explains, in parti
ular, why we usedthe notation Gn: the �rst non trivial invariant polynomial appears in degreen. We give now a method to 
al
ulate it. We start with a basis p(n)1 ; : : : ; p(n)mof C [x0 ; x1; x2; x3℄Hn (
f. e.g. [14℄, [16℄). Then, 
onsidering a linear 
ombi-nation Fn(x) := A1p(n)1 + : : : + Amp(n)m (Ai 2 C ), we impose the 
onditionFn(�x) = Fn(x) for all the generators � in GnnH. In this way we 
an �nd abasis of C [x0 ; x1; x2; x3℄Gnn .In degree 6 and 8 the 
al
ulations are not diÆ
ult if left to MAPLE. In de-gree 12 it is however more diÆ
ult, be
ause of the relatively high numberof parameters in the general expression of F12(x). We show how to �nd theinvariant polynomial of degree 6 and 8 using this method. In degree 12 wegive �rst the expression of the invariant polynomial as a linear 
ombinationof some symmetri
 polynomials and in the generators of C [x0 ; x1; x2; x3℄H12.Then at the end of the 
hapter we give it expli
itly in the xi's.2.3.1 Degree 6We have dim C [x0 ; x1; x2; x3℄H6 = 6 and a basis for this ve
tor spa
e is givenby the polynomialsp1 := x60 + x61 + x62 + x63;p2 := x20x21x23 + x20x21x22 + x20x22x23 + x21x22x23;p3 := x40x21 + x41x20 + x42x23 + x43x22;p4 := x40x22 + x42x20 + x41x23 + x43x21;



2.3 The spa
es C [x0 ; x1; x2; x3℄Gnn 27p5 := x40x23 + x43x20 + x41x22 + x42x21;p6 := x30x1x2x3 + x0x31x2x3 + x0x1x32x3 + x0x1x2x33:We 
onsider now the group G6. Its generators �3; �03 2 G6nH give the fol-lowing transformations:x �37�! 12 0BB� x0 � x1 + x2 � x3x0 + x1 � x2 � x3�x0 + x1 + x2 � x3x0 + x1 + x2 + x3 1CCA ; x �037�! 12 0BB� x0 + x1 � x2 + x3�x0 + x1 � x2 + x3x0 + x1 + x2 � x3�x0 + x1 + x2 + x3 1CCAWriting F6(x) := A1p1 + A2p2 + : : : + A6p6 and imposing the 
onditionF6(�3x) = F6(x), F6(�03x) = F6(x). We get:A2 = 15A1 � 3A3; A3 = A4 = A5 and A6 = 0Then F6(x) = � (p1 + 15p2)| {z }:=f1 +� (�3p2 + p3 + p4 + p5)| {z }:=f2 . Now the sum f1 +3f2 = Q6(x) and withS6(x) := f1 = x60 + x61 + x62 + x63 + 15(x20x21x23 + x20x21x22 + x20x22x23 + x21x22x23)we write an element of C [x0 ; x1; x2; x3℄G66 as�Q6(x) + �S6(x); �; � 2 C :2.3.2 Degree 8In this 
ase we have dim C [x0 ; x1; x2; x3℄H8 = 15 and a basis is given by:q1 := x80 + x81 + x82 + x83;q2 := x40x41 + x42x43;q3 := x40x42 + x41x43;q4 := x40x43 + x41x42;q5 := x20x21x22x23;q6 := x30x31x2x3 + x0x1x32x33;q7 := x30x32x1x3 + x0x2x31x33;q8 := x30x33x2x1 + x0x3x32x31;q9 := x60x21 + x61x20 + x62x23 + x63x22;q10 := x60x22 + x62x20 + x61x23 + x63x21;q11 := x60x23 + x63x20 + x61x22 + x62x21;



28 2 INVARIANT POLYNOMIALSq12 := x40x21x22 + x41x20x23 + x43x22x21 + x42x23x20;q13 := x40x21x23 + x41x20x22 + x43x22x20 + x42x23x21;q14 := x40x22x23 + x42x20x21 + x43x20x21 + x41x23x22;q15 := x50x1x2x3 + x0x51x2x3 + x0x1x52x3 + x0x1x2x53:We write an element F8(x) = A1q1 + : : : + A15q15 and we apply the samemethod as before. Sin
e G6�G8 we 
onsider �rst the spa
e C [x0 ; x1; x2; x3℄G68 .After 
al
ulations with MAPLE, we �nd generatorsg1 := �24q5 + q11 + q12 + q9 + q10 + q13 + q14;g2 := q1 + 84q5 + 14q12 + 14q13 + 14q14;g3 := q2 + q3 + q4 � 18q5 + q9 + q10 + q11:So we may write the element F8(x) in C [x0 ; x1; x2; x3℄G68 as a 
ombination:F8(x) = B1g1 +B2g2 +B3g3, Bi 2 C .We impose now the 
onditions F8(�4x) = F8(x), F8(�04x) = F8(x), i.e. thetransformations:x �47�! 1p20BB� x0 � x1x0 + x1x2 � x3x2 + x3 1CCA ; x �047�! 1p2 0BB� x0 + x1�x0 + x1x2 � x3x2 + x3 1CCA :The dimension of C [x0 ; x1; x2; x3℄G88 is two and we �nd the two invariantpolynomials: G1 := 7g1 + g2 and G2 := �3g1 + 2g3Observe that Q8(x) = (x20 + x21 + x22 + x23)4 = G1 + 3G2. We putS8(x) := G1 + 7G2 = 7g1 + g2 � 21g1 + 14g3 = g2 + 14(g3 � g1)= x80 + x81 + x82 + x83 + 14(x40x41 + x40x42 + x40x43 + x41x42 + x41x43 + x42x43)+168x20x21x22x23:We write an element in C [x0 ; x1; x2; x3℄G88 as�Q8(x) + �S8(x); �; � 2 C :2.3.3 Degree 12In this 
ase dim C [x0 ; x1; x2; x3℄H12 = 35, the generators are obtained asprodu
ts of the �ve invariant polynomials in degree four:



2.3 The spa
es C [x0 ; x1; x2; x3℄Gnn 29l1 := x40 + x41 + x42 + x43;l2 := x20x21 + x22x23;l3 := x20x22 + x21x23;l4 := x20x23 + x21x22;l5 := x0x1x2x3:Considering a general linear 
ombination of the 35 invariants and pro
eedingas before one 
an �nd the equation of the non trivial invariant polynomialin C [x0 ; x1; x2; x3℄G1212 . We 
all it S12(x). We give its expression in terms ofsome symmetri
 polynomials. Abbreviate qi := x2i .S51 := q50(q1 + q2 + q3) + q51(q0 + q2 + q3) + q52(q0 + q1 + q3)+q53(q0 + q1 + q2);S42 := q40(q21 + q22 + q23) + q41(q20 + q22 + q23) + q42(q20 + q21 + q23)+q43(q20 + q21 + q22);S411 := q40(q1q2 + q1q3 + q2q3) + q41(q0q2 + q0q3 + q2q3)+q42(q0q1 + q0q3 + q1q3) + q43(q0q1 + q0q2 + q1q2);S33 := q30(q31 + q32 + q33) + q31(q32 + q33) + q32q33 ;S321 := q30(q21(q2 + q3) + q22(q1 + q3) + q23(q1 + q2)) + q31(q20(q2 + q3)+q22(q0 + q3) + q23(q0 + q2)) + q32(q20(q1 + q3) + q21(q0 + q3)+q23(q0 + q1)) + q33(q20(q1 + q2) + q21(q0 + q2) + q22(q0 + q1));S3111 := q0q1q2q3(q20 + q21 + q22 + q23);S222 := (q0q1q2)2 + (q0q1q3)2 + (q0q2q3)2 + (q1q2q3)2;S2211 := q0q1q2q3(q0(q1 + q2 + q3) + q1(q2 + q3) + q2q3):We say that a polynomial p := p(x0; x1; x2; x3) is totally symmetri
 if it isinvariant under ea
h 
oordinate permutation. Similarly we say that p is anti-symmetri
 if it is invariant under ea
h even 
oordinate permutation � 2 A4and for 
 2 S4nA4 holdsp(
(x0; x1; x2; x3)) = �p(x0; x1; x2; x3):With this terminology the totally symmetri
 part of the invariant S12(x) isgiven byfs := 2S51 � 6S42 � 12S411 + 14S33 + 9S321 + 348S3111 + 30S222 � 270S2211:and the anti-symmetri
 part is 33p5fa



30 2 INVARIANT POLYNOMIALSwithfa := q30(q21q2 � q1q22 + q22q3 � q2q23 + q23q1 � q3q21)� q31(q22q3 � q2q23+q23q0 � q3q20 + q20q2 � q0q22) + q32(q20q1 � q0q21 + q21q3 � q1q23+q23q0 � q3q20)� q23(q20q1 � q0q21 + q21q2 � q1q22 + q22q0 � q2q20):In 
on
lusion: S12(x) := fs + 33p5faThis invariant polynomial 
an be expressed in the l0is powers. In fa
t puttings1;0 := l1l2l3 + l1l3l4 + l1l2l4; s1;1 := l21l2 + l21l3 + l21l4;s1;2 := l1l22 + l1l23 + l1l24; s5;1 := l25l2 + l25l3 + l25l4;s�2;3 := l22l3 � l23l2; s�3;4 := l23l4 � l24l3;s�4;2 := l24l2 � l22l4; s+2;3 := l22l3 + l23l2;s+3;4 := l23l4 + l24l3; s+4;2 := l24l2 + l22l4;s2;3;4 := l32 + l33 + l34,the equation has the form:S12(x) := 33p5(s�2;3 + s�3;4 + s�4;2) + 19(s+2;3 + s+3;4 + s+4;2) + 10s2;3;4�14s1;0 + 2s1;1 � 6s1;2 � 352s5;1 + 336l25l1 + 48l2l3l4:This shows that S12(x) is in fa
t invariant under the a
tion of H. Thegenerators �5,�05 
orrespond to the transformationsx �57�! 12 0BB� �x0 + (1� �)x2 � x3�x1 � x2 + (� � 1)x3(� � 1)x0 + x1 + �x2x0 + (1� �)x1 + �x3 1CCA ; x �057�! 12 0BB� �x0 + (� � 1)x2 + x3�x1 � x2 + (� � 1)x3(1� �)x0 + x1 + �x2�x0 + (1� �)x1 + �x3 1CCA :Applying these 
oordinate transformations to S12(x) and doing the 
al
ula-tions with MAPLE, one sees that S12(�5x) = S12(x) and S12(�05x) = S12(x).We write an element of C [x0 ; x1; x2; x3℄G1212 as�Q12(x) + �S12(x); �; � 2 C :Before give the expli
it expression of the invariant polynomial S12(x), we givethe following



2.3 The spa
es C [x0 ; x1; x2; x3℄Gnn 31Proposition 2.3 For n = 6; 8; 12, we have Sn(x) 6= �Qn(x), for all �2C .Moreover the polynomial Q2(x) does not divide Sn(x).Proof.We show that for some point p 2 C 4 , we have Q2(p) = 0 but Sn(p) 6= 0.Consider p = (ip2; 1; 1; 0) thenQ2(p) = (ip2)2 + 1 + 1 = 0On the other hand we haveS6(p) = (ip2)6 + 1 + 1 + 15(ip2)2= (�2)3 + 1 + 1 + 15(�2)= �36;S8(p) = (ip2)8 + 1 + 1 + 14(2(ip2)4 + 1)= (�2)4 + 1 + 1 + 14(2(�2)2 + 1)= 144;and a 
al
ulation with MAPLE shows S12(p) = �726. �The invariant polynomial S12(x)2x100 x21 + 2x100 x22 + 2x100 x23 + 2x101 x20 + 2x101 x22 + 2x101 x23+2x102 x20 + 2x102 x21 + 2x102 x23 + 2x103 x20 + 2x103 x21 + 2x103 x22�6x80x41 � 6x80x42 � 6x80x43 � 6x81x40 � 6x81x42 � 6x81x43�6x82x40 � 6x82x41 � 6x82x43 � 6x83x40 � 6x83x41 � 6x83x42�12x80x21x22 � 12x80x21x23 � 12x80x22x23 � 12x81x20x22 � 12x81x20x23 � 12x81x22x23�12x82x20x21 � 12x82x20x23 � 12x82x21x23 � 12x83x20x21 � 12x83x20x22 � 12x83x21x22+14x60x61 + 14x60x62 + 14x60x63 + 14x61x62 + 14x61x63 + 14x62x63+9x60x41x22 + 9x60x41x23 + 9x60x42x21 + 9x60x42x23 + 9x60x43x21 + 9x60x43x22+9x61x40x22 + 9x61x40x23 + 9x61x42x20 + 9x61x42x23 + 9x61x43x20 + 9x61x43x22+9x62x40x21 + 9x62x40x23 + 9x62x41x20 + 9x62x41x23 + 9x62x43x20 + 9x62x43x21+9x63x40x21 + 9x63x40x22 + 9x63x41x20 + 9x63x41x22 + 9x63x42x20 + 9x63x42x21+348x60x21x22x23 + 348x61x20x22x23 + 348x62x20x21x23 + 348x63x20x21x22+30x40x41x42 + 30x40x41x43 + 30x40x42x43 + 30x41x42x43�270x40x41x22x23 � 270x40x42x21x23 � 270x40x43x21x22�270x41x42x20x23 � 270x41x43x20x22 � 270x42x43x20x21+33p5(x60x41x22 � x60x21x42 + x60x42x23 � x60x22x43)+33p5(x60x43x21 � x60x23x41 + x61x40x23 � x61x20x43)+33p5(x61x42x20 � x61x22x40 + x61x43x22 � x61x23x42)+33p5(x62x40x21 � x62x20x41 + x62x41x23 � x62x21x43)+33p5(x62x43x20 � x62x23x40 + x63x40x22 � x63x20x42)+33p5(x63x41x20 � x63x21x40 + x63x42x21 � x63x22x41):
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333 Pen
ils of surfa
esA homogeneous polynomial f(x)2 C [x0 ; x1; x2; x3℄ de�nes a surfa
e S:=ff(x) = 0g in three dimensional 
omplex proje
tive spa
e P3C . If f is in-variant under the a
tion of the group Gn (n = 6; 8; 12), the surfa
e S is sym-metri
. The two invariant polynomials in degree 6, 8 and 12 whi
h we foundat the end of 
hapter 2, de�ne pen
ils of surfa
es in P3C . We have seen that indegree 2 we have just one invariant, the quadri
 Q2: fx20+x21+x22+x23 = 0g,or equivalently in C 3 the 
omplex sphere x2 + y2 + z2 = �1 whi
h has, of
ourse, \any" kind of symmetries. The equations of the pen
ils are given by:Fn(�) : Sn(x) + �Qn(x) = 0; � 2 P1For � = 0 we get the surfa
e fSn(x) = 0g and for � = 1 we get themultiple quadri
 fQn(x) = 0g. In this se
tion, after some general results,we 
al
ulate the base lo
us of the pen
ils, i.e. the set of points p 2 P3C s.t.Sn(p) + �Qn(p) = 0 for all � 2 P1. For simpli
ity we denote the surfa
esfSn(x) = 0g and fQn(x) = 0g, n = 6; 8; 12, by Sn and Qn.Observe that the pen
ils are invariant under the a
tion of bigger groups,more pre
isely, let C denote the matrix given on page 17, thenLemma 3.1 (i)The group < Gn; C > has order 2 � jGnj, n = 6; 8; 12. Ex-pli
itlyj < G6; C > j = 576; j < G8; C > j = 2304; j < G12; C > j = 14400:(ii)The surfa
es of the pen
il Fn(�) are invariant under the a
tion of <Gn; C >.Proof. (i)The set C �Gn = fC � gj g 2 Gn g is 
ontained in < Gn; C > andhas jGnj elements. Moreover C2 = Iand C�(p; q)C = �(q; p) 2 Gn, thereforej < Gn; C > j = 2 � jGnj.(ii)The matrix C maps a point (x0 : x1 : x2 : x3) 2 P3C to (x0 : �x1 : �x2 :�x3). The surfa
es in Fn(�) are de�ned by polynomials in the xi's squares,therefore are invariant under this 
oordinate transformation. �We do, now, some identi�
ation. De�neH C = fx0q0 + x1q1 + x2q2 + x3q3j (x0; x1; x2; x3) 2 C 4g;then P(H C )�=P3C . Hen
e in the basis q0 = � 1 00 1 �, q1 = � i 00 �i �, q2 =� 0 1�1 0 �, q3 = � 0 ii 0 �, we 
an write a point x = (x0 : x1 : x2 : x3) 2 P3C



34 3 PENCILS OF SURFACESas x = � x0 + ix1 x2 + ix3�x2 + ix3 x0 � ix1 � :We have det(x) = x20 + x21 + x22 + x23, if det(x) = 0, then x 2 Q2, hen
esimilarly to [22℄, we identify P3C nQ2 with PGL(2), the proje
tivization of thespa
e of invertible 
omplex 2�2-matri
es. We 
an explain this identi�
ationin another way. Consider the Segre embedding, whi
h is the analogous inthe proje
tive 
ase of the map (2) on page 16,P1 � P1 �! P3C((a0 : a1); (b0 : b1)) 7�! (a0b0 : a0b1 : a1b0 : a1b1):The points of P1 � P1 satisfydet� a0b0 a0b1a1b0 a1b1 � = 0:So they 
orrespond to the rank one matri
es in the proje
tivization of thespa
e of 2� 2-
omplex matri
es. The 
omplement P3C nfP1�P1g is identi�edwith PGL(2).Often we will identify a point of P3C with the 
orresponding matrix withoutmentioning it.De�nition 3.1 Let G� PGL(4; C ) be a group a
ting on P3C . Then z 2 P3Cis 
alled a �x point if there is a � 2 G (� 6= � I), s.t. �z = z. We 
allFix(z) = FixG(z) := fg 2 G j gz = zg � Gthe �x group of z andO(z) = OG(z) := fgz j g 2 Gg � P3Cthe orbit of z. We have the formula:jFix(z)j � jO(z)j = jGj (5)De�nition 3.2 We 
all a line L � P3C , a line of �x points (or �x line) of anelement � 2 Gn (n = 6; 8; 12) if for every x 2 L holds �x = xProposition 3.1 The matri
es �(p; I); �(I; q) 2 Gn, have in P3C two disjointlines of �x points ea
h. These are 
ontained on the quadri
 Q2 and belong toone ruling, respe
tively to the other ruling of Q2.



3.1 Base lo
us 35Proof. Using the lemma 2.2 we see that the matri
es �(p; I); �(I; q) have twoeigenvalues with multipli
ity two ea
h. The eigenspa
es are lines of P3C andthese are spanned by points, whi
h 
orrespond to matri
es of rank one (
f.lemma 2.2). By the identi�
ation given by the map (2) on page 16, it followsthat the �x lines of �(p; I) are lines of the ruling fvg � P1 and the �x linesof �(I; q) are lines of the ruling P1 � fwg, v, w 2 P1. �3.1 Base lo
usDe�nition 3.3 The base lo
us of the pen
il Fn(�), n = 6; 8; 12 is the varietyfx 2 P3C j Sn(x) + �Qn(x) � 0 for all � 2 P1g:Observe that if a point p is in the base lo
us, in parti
ular Sn(p) = 0 andQn(p) = 0. On the other hand the points x 2 P3C s.t. Sn(x)= Qn(x) = 0are in the base lo
us. Hen
e the base lo
us is the interse
tion Sn \ Qn. Inparti
ular it is invariant under the a
tion of Gn.Sin
e Qn is a multiple quadri
, Qn(x) = (x20 + x21 + x22 + x23)n2 , the base lo
usis not redu
ed. De�ne Bn:= Q2 \ Sn.We 
onsider now the groups �( ~G; I) and �(I; ~G), ( ~G= ~A4, ~S4, ~A5) whi
hmodulo f�Ig are isomorphi
 to the subgroups T , O and I � SO(3). It is awell known fa
t that under the a
tion of these groups there are orbits of thefollowing lengths,tetrahedron o
tahedron i
osahedron12, 6, 4 24, 12, 8, 6 60, 30, 20, 12Moreover, observe thati) the group �( ~G; I) a
ts on the lines of the �rst ruling fvg � P1 and letsinvariant ea
h line of the se
ond ruling P1 � fwg. Vi
e versa �(I; ~G) a
ts onP1 � fwg and lets invariant ea
h line of fvg � P1.ii) Denote by Ln, L0n the sets of lines in fvg � P1, resp. P1 � fwg of theorbit of length n. The matrix C maps lines of Ln to lines of L0n.Using these fa
ts we show1) the variety Bn is redu
ed, i.e. does not 
ontain multiple 
omponents.2) The base lo
us splits in 2n lines, n of ea
h ruling of Q2.



36 3 PENCILS OF SURFACESProof of 1). By Bezout's theorem deg(Q2 \ Sn) = 2n. If Q2 \ Sn is notredu
ed then there is a 
omponent V � Q2 \ Sn s.t. Q2 and Sn meet withmultipli
ity at least two, this is the 
ase when V is singular on Sn or Sn andQ2 are tangent at V . Consider a line L of one of the two rulings, not in Bn,and whi
h meets V in at least one point. W.l.o.g. assume L in the rulingfvg�P1. Let x 2 L \ V . We have multx(L � Sn) � 2. The group �(I; ~G) a
tson L, so we 
onsider the orbit of x under this group. By the table on page 35,we see that L and Sn meet at more then n points 
omputed with multipli
ity,so L�Sn. This 
ontradi
ts the assumption. We have shown that Q2 \ Sn isredu
ed. �Proof of 2). Take a line L of the �rst or of the se
ond ruling L 6� Bn. The
urve Bn has bi-degree (n; n) on Q2, so jL \ Bnj = n. W.l.o.g. assume thatL is in the ruling fvg � P1. The group �(I; ~G) a
ts on the points of L. Letx 2 L \ Bn, then by the table on page 35, the orbit of x under �(I; ~G) musthave length n. Hen
e x belongs to a line of L0n. As we have in�nitely manylines like L, the lines L0n are 
ontained in Bn. By ii) above and lemma 3.1the lines in Ln are 
ontained in Bn too. �



374 Singular surfa
esIn this 
hapter we show that the general surfa
e in the pen
il Fn(�) (n =6; 8; 12) is smooth and we �nd the singular ones. After some general 
onsider-ations on the singular points of the pen
ils, we show that ea
h pen
il 
ontainsexa
tly four singular surfa
es, whi
h have nodes and no further singularities.Lemma 4.1 Let p be a singular point on a surfa
e of the pen
il Fn(�) (noton Qn), then p is not 
ontained in the 
omplex quadri
.Proof. Let p be a singular point on the surfa
e Fn(�0): Sn(x) + �0Qn(x) = 0and assume that p 2Q2. We have�iSn(p) + �0�iQn(p) = 0 for all i = 0; 1; 2; 3: (6)Sin
e Qn(p) = 0 we get Sn(p) = 0 too. Moreover sin
e �iQn(x) =nxi(x20 +x21+x22+x23)n2�1, we get �iQn(p) = 0 too. The equality (6) gives �iSn(p) = 0for all i = 0; 1; 2; 3. This shows that p is a singular point of Q2 \ Sn. This
onsists of 2n lines whi
h meet ea
h other at n2 points. Hen
e p must bean interse
tion point of two lines. If Sn is singular at p it follows that Sn issingular at all the n2 points of interse
tion of the lines in the base lo
us, infa
t they form one orbit under the a
tion of �( ~G; I) and �(I; ~G) (notation of
hapter 3). In parti
ular Sn has n singular points on a line L in Q2 \ Sn. Ahypersurfa
e �iSn = 0 (i = 0; 1; 2; 3) has degree n� 1, therefore it interse
tsL in n� 1 points. So Sn has at most n� 1 singular points on L. It followsthat L is singular on Sn. Hen
e Sn and Q2 meet at L and so at all the 2nlines of Q2 \ Sn with multipli
ity at least 2. This is not possible, in fa
tdeg(Q2 \ Sn)= 2n. This shows that p62Q2. �Proposition 4.1 The general surfa
e in the pen
il Fn(�) is smooth.Proof. The general surfa
e in the pen
il is smooth away from the base lo
us(Bertini's theorem, 
f. e.g. [12℄, p.137). The base lo
us is the set Q2 \ Sn�Q2. By lemma 4.1 we have no singularities on Q2.Proposition 4.2 A surfa
e S 2 Fn(�) (not Qn) has only isolated singular-ities.Proof. Assume that S:= fQn(x) + �0Sn(x) = 0g 
ontains a singular 
urve.This meets Q2 in at least one point p, whi
h is singular on S. By the lemma4.1, this is not possible. �Resuming the results about the surfa
es of the pen
ils Fn(�):



38 4 SINGULAR SURFACES� the general surfa
e is smooth,� the surfa
es in the pen
ils, di�erent from Qn, are irredu
ible and re-du
ed,� the singular ones (not Qn) have only isolated singularities.Proposition 4.3 A singular point on a surfa
e in the pen
il Fn(�), n =6; 8; 12, is a �x point under Gn in sense of de�nition 3.1. Moreover, asve
tor of C 4 , it is eigenve
tor of a matrix with eigenvalue +1 or �1.Proof. It is possible to obtain a �rst rough estimate of the maximal numberof singular points on a surfa
e S of degree n in P3C in the following way. If Shas equation fF = 0g then a point on S is singular if and only if �iF (p) = 0for all i = 0; 1; 2; 3. The singular points on S are solutions of f�iF (p) = 0,i = 0; 1; 2; 3g. These are equations of hypersurfa
es of degree n � 1. ByBezout's theorem the interse
tion of S with these hypersurfa
es 
onsists ofat most n(n� 1)2 points. Sin
e these are singular on S, they are 
ounted atleast two times in the interse
tion, so the e�e
tive bound is n2 (n � 1)2. Inthe table below in the �rst row we give the number n2 (n � 1)2, n = 6; 8; 12,in the se
ond row we give the length of the orbit of a point under Gn, whi
his not a �x point, n 6 8 12n2 (n� 1)2 75 196 726orbit 144 576 3600Clearly su
h a point 
annot be singular.Let now x denote a singular point and 
onsider it as ve
tor in C 4 . Let� := �(p; q)2Gn s.t. �x = �x equivalentlypxq�1 = �x:Consider x as matrix and take the determinant on booth sides of this equa-tion. We get det(x) = �2det(x). In fa
t det(p) =det(q)=1, sin
e they arematri
es in SU(2). The equality holds only when det(x) = 0 or �2 = 1. Ifdet(x)=0 then x 2 Qn and this is not possible by lemma 4.1. �We have seen in lemma 2.2 that if � is eigenvalue of a matrix � 2Gn�SO(4),then �� is eigenvalue too. Hen
e if � = 1, resp. �1, then �� = 1, resp. �1 too.



4.1 Lines of �x points 39If � 6=�I the 
orresponding eigenspa
e in C 4 has dimension two (
f. lemma2.2), so is a line in P3C . This shows that the singular points are 
ontained inlines of �x points of elements of Gn. In the next se
tion we des
ribe theselines.4.1 Lines of �x pointsWe des
ribe �rst how the �x lines of the elements �(p; q)6=�I of Gn, whi
h
orrespond to eigenspa
es in C 4 with eigenvalues 1 or �1, are determinedby the �x lines of the elements �(p; I) and �(I; q). The element �(p; I) hastwo �x lines in the ruling fvg � P1 of Q2 and the element �(I; q) has two �xlines in the ruling P1 � fwg. Let �, �� be the eigenvalues of �(p; I) and L�,L�� the 
orresponding eigenspa
es in C 4 , let �, �� be the eigenvalues of �(I; q)and L�, L�� the 
orresponding eigenspa
es in C 4 . Moreover let z1 2 L� \L�,z2 2 L��\L�, z3 2 L��\L��, z4 2 L�\L��. The z0is are eigenve
tors of the matrix�(p; q) with eigenvalues ��, ���, �� �� and � ��. If one of these eigenvalues is 1or �1, then the 
onjugate eigenvalue is 1 or �1 too, so �(p; q) has a wholeline of �x points in P3C . E.g. if ����= ��= 1 or �1, then the line < z1; z3 > isa �x line of �(p; q). See pi
ture below
L��z3 L�

L�� L��������
�����z4 z2z1

Using this 
onstru
tion we give the following lemma that we will use later.We use the same notation as above.Lemma 4.2 Let L denote a �x line of �(p; q)2Gn and assume that L meetsthe base lo
us of the pen
il Fn(�). W.l.o.g. let these interse
tion pointsbe z1; z3 as above. Then for ea
h surfa
e S 6= Qn in the pen
il we havemultzi(L � S) = 1.Proof. By lemma 4.1 the points zi, i = 1; 3, are smooth points on ea
h surfa
e(not Qn) in the pen
il Fn(�). The lines of the two rulings of Q2 whi
h meetat zi, i = 1; 3, are lines of the base lo
us, hen
e are 
ontained in S. Thetangent spa
e of S at the zi is the plane spanned by these two lines. Clearly



40 4 SINGULAR SURFACESthis plane does not 
ontain L, hen
e L 
annot be tangent to S at zi, i = 1; 3.�In the table below we give the 
onjuga
y 
lasses under Gn of the elementsin Gn, whi
h have eigenspa
es of dimension 2 in C 4 with eigenvalue 1 or �1(
f. table on page 15 and proposition 2.2). We use the notation of 
hap-ters 1 and 2. In parti
ular when we write [��℄ we mean the two distin
t
onjuga
y 
lasses [+�℄ and [��℄. Of 
ourse these elements have the same�x lines. Observe that the elements in the 
onjuga
y 
lasses [�3�03℄, [�23�023 ℄;[�5�05℄, [�25�025 ℄; [�3�023 ℄, [��23�03℄, have two by two the same �x lines, so we
onsider them together. The elements in the 
onjuga
y 
lasses [�24℄, [�4�04℄have the same �x lines too. The latter is not trivial and we prove it.Proof. The element �4�04= �(p4; p4) has just one line of �x points whi
h isa line of �x points of �(p24; p24) = �1�3 2 [�24℄ too. The element ��(p4; p34)2 [�(p4; p4)℄ has the other line of �x points of �1�3 as �x line. We identifyp4 2SU(2) with a permutation of S4. In fa
t via the map � de�ned on page6, �(p4):= R42SO(3) (
f. 
hapter 1) and it 
orresponds to the permutation(1234) of se
tion 1.3. In S4 the square of an element of order 4 is an evenpermutation of order 2 and ea
h su
h permutation is the square of a permu-tation of order 4. Hen
e the �x lines of the elements in [�4�04℄ = [�(p4; p4)℄are the same as in [�24℄. �Under the 
onjuga
y 
lasses we write the number of the distin
t eigenspa
esin C 4 , a short explanation of this follows.Conjuga
y 
lasses with eigenvalues �1G6 [�24℄ [��3�03℄,[��23�023 ℄ [��23�03℄, [��3�023 ℄18 16 16G8 [�24℄,[��4�04℄ [��3�03℄ [�3�4�03�04℄18 32 72[�3�4�4℄ [�2�03�04℄36 36G12 [�24℄ [��25�2�025 �4℄ [��5�05℄, [��25�025 ℄450 200 72



4.1 Lines of �x points 41In the 
ase of [�24℄, [�3�4�03�04℄, [�3�4�4℄, [�2�03�04℄ ea
h matrix has two distin
t�x lines. Sin
e �, �� are in the same 
onjuga
y 
lass, if n is the total numberof elements in a 
onjuga
y 
lass, we get just 2 � n2= n distin
t �x lines. The
onjuga
y 
lasses [�3�03℄ and [�3�023 ℄ under G6 
ontain 16 elements ea
h, withjust one line of �x points (this follows from the table on page 15). So we have16 distin
t lines of �x points. Observe that if we use again the notation ofthe 
onstru
tion on page 39 and the �x line of �3�03 passes through the pointsz1, z3, the �x line of �3�023 passes through the points z2, z4. This shows, inparti
ular, that these matri
es have distin
t �x lines.The 
onjuga
y 
lasses [�3�03℄ under G8 and [�25�2�025 �4℄, [�5�05℄ under G12 haveorder respe
tively 64, 400 and 144. Now the elements �23�023 , (�25�2)2(�025 �4)2and �45�045 are in these 
onjuga
y 
lasses and have the same �x lines, hen
ewe get just 642 = 32, 4002 = 200 and 1442 = 72 distin
t �x lines for the elementsin ea
h 
onjuga
y 
lass.Lemma 4.3 If [�℄ denotes a 
onjuga
y 
lass in the previous table, then the�x lines of the elements in [�℄ form one orbit under Gn. Moreover, the �xlines of the elements in [�2�03�04℄ are in the orbit of the �x lines of the elementsin [�3�4�4℄ under the a
tion of the matrix C of page 17.Proof. The statement is 
lear when � has just one line of �x points. MoreoverC�3�4�4C�1= �2�03�04, so the last assertion is 
lear too. We are left to provethat the two �x lines of the elements in [�24℄, [�3�4�03�04℄ or [�3�4�4℄ areequivalent under Gn. The latter are eigenspa
es of C 4 with eigenvalues 1 and�1. Remember that if � is an element in one of the previous 
lasses then�� is in the same 
onjuga
y 
lass. It has the same eigenspa
es but witheigenvalues inter
hanged. So we 
an �nd a matrix in Gn whi
h maps one lineto the other and vi
e versa. �This in parti
ular shows that every Gn-invariant property, whi
h holds for aspe
ial �x line of an element in a 
onjuga
y 
lass above, holds for ea
h other�x line of the elements in the same 
onjuga
y 
lass.Lemma 4.4 The interse
tion points of the previous lines are real. In par-ti
ular they are not on the quadri
.Proof. Let L6=L0 be �x lines of the elements �, �0 2 Gn. They des
end fromeigenspa
es in C 4 with eigenvalue 1 or �1. Let x 2 L\L0. Considering x aseigenve
tor in C 4 , we have �x = �x and �0x = �x, with �,�= �1. We havealso ��x = ���x = ��x and ��x = ��0�x = �0�x, sin
e the matri
es � and �0 are real.Hen
e �x is eigenve
tor with the same eigenvalue as x. As point of P3C , thismeans that �x 2 L \ L0 too, but L 6= L0 therefore x = �x, so x is a real point.�



42 4 SINGULAR SURFACESWe will see that the singular points of the surfa
es in the pen
ils are inter-se
tion points of these lines. This lemma shows that they are real points.From now on, if not expli
itly stated, we 
onsider just �x lines of elementsbelonging to the 
onjuga
y 
lasses in the table on page 40 (eigenvalues �1).4.2 Con�gurationsWe re
all the de�nition of spa
e 
on�guration of lines and points. For moredetails 
f. [7℄, p.12.De�nition 4.1 A spa
e 
on�guration of lines and points is a system of llines and p points s.t. ea
h line 
ontains � of the given points and ea
h pointbelongs to � lines. We say that we have a (p�; l�) 
on�guration. In thissituation p � � = l � �: (7)On pages 38, we have seen that the singular points are on lines of �x points.Assume that S is a Gn-orbit of singular points with jSj := N0. Let N1 be thenumber of distin
t lines �xed by some elements in a 
onjuga
y 
lass [�℄. Theyform one orbit under the a
tion of the group Gn (
f. lemma 4.3), thereforeif the line L, with �L = L 
ontains n0 of the N0 points, ea
h other �x line
ontains n0 points too. Moreover we haveLemma 4.5 Let p 2 S and assume that n1 of the �x lines of the elementsin [�℄ 
ontain p. Then through ea
h other point of S pass n1 lines.Proof. Assume that p 2 L with �L = L and let q 2 S, q 6= p. There isa 
 2 Gn with q = 
p. Clearly q 2 
L, whi
h is a �x line of the element�0 = 
�
�1 2 [�℄. Therefore if n1 lines pass through p, then n1 lines passthrough 
p = q. �In 
on
lusion the �x lines and a set of singular points like S form a 
on�g-uration of lines and points in sense of de�nition 4.1. Writing again formula(7), we have N1 � n0 = N0 � n1: (8)If the n0 singular points belong to an invariant surfa
e in Fn(�), then all theN0 points belong to the same surfa
e, so we know that in the pen
il we havea surfa
e with at least N0 singular points.



4.3 Coverings of P1 43Cy
les of A4, S4, A5 and points of P3CIn 
hapter 1 we showed how a 
y
le in a permutation group A4, S4 or A5has a representation as a matrix of SO(3). By the map � de�ned on page 6it 
orresponds to two matri
es in SU(2) and just to one in PGL(2). At thebeginning of 
hapter 3 we identi�ed this spa
e with P3C nfP1 � P1g. In thisway we 
an think of A4, S4, A5 as subsets of P3C and of a 
y
le as a point ofP3C . We will use this fa
t several times in se
tion 4.4. Here we showProposition 4.4 The points of A4, S4 and A5 form one orbit under thea
tion of G6, G8 and G12.Proof. For I2A4, S4, or A5 and q2A4, S4 or A5 one has �(q; I)I= q, with�(q; I)2G6, G8, G12. So the assertion follows. �Proposition 4.5 The points of S4nA4 form one orbit under the a
tion ofG6.Proof. The point p3p4 of P3C 
orresponds to the 
y
le (34) of S4nA4 and thematri
es �(q; I), q 2 ~A4�PGL(2) 
orrespond to 
y
les of A4. Observe thatthe produ
t �(q; I)p3p4 = qp3p4 is in S4nA4, in fa
t 
onsidering the sign ofthe permutations we �nd sgn(q) � sgn((34)) = 1 � (�1) = �1. Moreover fortwo di�erent 
y
les q; q0 2 A4 we have qp3p4 6= q0p3p4, therefore we 
an write:S4nA4 = f�(q; I)p3p4jq 2 A4gThis shows that the points of S4nA4 form one orbit under the a
tion of G6.�4.3 Coverings of P1A point x02P3C , not in the base lo
us of the pen
il Fn(�), determines a surfa
eSn(x) + �Qn(x) = 0, � = � Sn(x0)Qn(x0)2P1, passing through x0. If x02Qn then� = 1. Consider now a line of �x points L as in se
tion 4.1. First assumethat L does not meet the base lo
us. We de�ne a morphismf : L �! P1 (9)via f(x) = � Sn(x)Qn(x) if x 62Qn, f(x) = 1 if x 2 Qn. The �ber over a point�2P1 
onsists of the points of interse
tion of the surfa
e Sn(x)+�Qn(x) = 0with the line L. In general, i.e. away from the rami�
ation lo
us (for the



44 4 SINGULAR SURFACESde�nition of rami�
ation lo
us 
f. e.g. [13℄, p. 299), this is a n : 1 
over of P1.In fa
t the line L interse
ts a general surfa
e of the pen
il in n = degFn(�)points.If L meets the base lo
us Qn \Sn of Fn(�), then the map f is not de�ned atthe points of interse
tion p1; p2. By lemma 4.2 the line L meets ea
h surfa
ein Fn(�) with multipli
ity one at these points. So f extends to a 
over�f : L �! P1 (10)of degree n� 2 having bran
h points of order n2 � 1 at p1, p2. We 
al
ulatenow the degree of the rami�
ation lo
us of the maps f and �f . For this were
all Hurwitz's theorem (
f. [13℄, p. 301):Theorem 4.1 (Hurwitz) Let f : X �! Y be a �nite morphism of 
urves,and let n = degf , then :2g(X)� 2 = n � (2g(Y )� 2) + degR;with R the rami�
ation lo
us, degR =Pp2X(ep � 1) and ep the rami�
ationindex.Proposition 4.6 The degree of the rami�
ation lo
us of the morphism f is2n� 2 and of �f it is 2n� 6 (n = 6; 8; 12).Proof. Apply Hurwitz's theorem to f and �f . �Put now � :=Pp62Qn(ep�1) and let L\Qn= fp1; p2g. If L does not meet thebase lo
us then we have epi = n2 , if L meets the base lo
us then epi = n2 � 1.Using now the degree of the rami�
ation lo
us whi
h we found above we getin the �rst 
ase � = n and in the se
ond 
ase � = n�2. This gives an upperbound for the number of singular points whi
h eventually o

ur on L.Proposition 4.7 The singular points of the surfa
es in the pen
ils are ram-i�
ation points of the morphism (9), resp. (10).Proof. The rami�
ation lo
us of f , resp. �f are the points of L where theJa
obian matrix has not maximal rank. A 
al
ulation shows that this is the
ase at the singular points. �In fa
t, ex
ept for the points on the 
omplex quadri
, we will see that alsothe 
onverse is true, i.e. ea
h rami�
ation point is a singular point.



4.4 Singular points 454.4 Singular pointsWe have seen on page 38 that the singular points of the surfa
es in the pen
ilsFn(�) lie on lines of �x points. These are the �x lines of the elements in the
onjuga
y 
lasses in the table on page 40. By lemma 4.3 we have to analyzejust one line in ea
h 
onjuga
y 
lass. In se
tion 4.3 we de�ned morphismsfrom a �x line L to P1 and we remarked that the degree of the rami�
ationlo
us gives an upper bound for the number of singular points on these lines.In this 
hapter we take a spe
ial line in ea
h 
onjuga
y 
lass and we givethe singular points of the surfa
es in the pen
ils Fn(�) on it. We found thesingular points and the value of � for whi
h the surfa
e is singular in Fn(�)in the following way. Let ff = 0; g = 0g be the equations of the line L and�iSn(x) + ��iQn(x), i = 0; 1; 2; 3, denote the partial derivatives with respe
tto x0; x1; x2; x3. The solutions (�; (x0 : x1 : x2 : x3)) in P1 � L of the system8>><>>: f = 0g = 0Fn(�) : Sn(x) + �Qn(x) = 0�iSn(x) + ��iQn(x) = 0 (i = 0; 1; 2; 3)give the singular points and the singular surfa
es in the pen
ils. We 
al
ulatethem using MAPLE. We give these results in the tables in 
hapter 6. Thelast 
olumn of ea
h table will be explained in detail thorough i),ii),iii),iv)below. So when we refer to the tables of 
hapter 6, we mean only the �rst�ve 
olumns. Using the latter, we give a �rst resultProposition 4.8 In ea
h pen
il Fn(�), n = 6; 8; 12, there is at least onesurfa
e with singular points whi
h 
orrespond to 
y
les in the permutationgroups A4, S4 and A5. More pre
iselysurfa
e sing. pointsF6(�1) A4F6(�14) S4nA4F8(�1) S4F12(0) A5Proof. We use the identi�
ation given on page 43, and the propositions 4.4and 4.5. The surfa
es F6(�1), F8(�1), F12(0) 
ontain the point (1 : 0 : 0 :



46 4 SINGULAR SURFACES0)2P3C whi
h 
orresponds to the identity. The surfa
e F6(�14) 
ontains thepoint (�1 : 0 : 1 : 0) 2P3C whi
h 
orresponds to the matrix1p2 � �i ii i � 2 PGL(2):Via the map � we �nd the matrix of SO(3)0� 0 0 �10 �1 0�1 0 0 1Awhi
h 
orresponds, with notation of 
hapter 1, se
tion 1.3, to a rotation oforder 2 around an e-axis of the o
tahedron. �Then we pro
eed as follows.i) We show that the singular points of interse
tion of a spe
ial �x line witha singular surfa
e form one orbit under the �x group of the line. Hen
e thesingular points of this surfa
e on the �x lines in the orbit of the given lineform a Gn-orbit (
f. lemma 4.3)ii) All the singular points on the lines in the tables 1; 2; 3 of 
hapter 6 aredouble points.iii) We explain how the �x lines meet ea
h other, so that using the formula(8): N1 � n0 = N0 � n1, we �nd the singular points on a surfa
e.iv) We show, if ne
essary, that the �x lines of the elements in any other
onjuga
y 
lass meet a singular surfa
e in points of the Gn-orbit of i).Hen
e from the tables on 
hapter 6 and ii) using the degree of the rami�
ationlo
us of the morphisms f , resp. �f on these lines (
f. proposition 4.6) we get� the rami�
ation points, not on the multiple quadri
, are double pointson surfa
es in the pen
ils. Their number is n if the line does notinterse
t the base lo
us, resp. n� 2 if the line meets the base lo
us,� we have no other rami�
ation points on the �x lines, so no other singularpoints and singular surfa
es in the pen
ils.This, together with the tables in 
hapter 6, shows that:in ea
h pen
il there are exa
tly four singular surfa
es, with double points,whi
h by i) and iv) form one orbit under Gn.To show i)-iv) the following fa
ts will be useful. We use the notation of
hapter 1.



4.4 Singular points 471) Consider a �x line L��0 of an element �(�; �0). Then for x 2 L��0 theorbit of x under �(�; I), �(I; �0) is again on L��0 . In fa
t these last matri
es
ommute with �(�; �0), hen
e leave the line L��0 invariant.2) We have seen in se
tion 4.1 that a matrix of order two in ~S4�PGL(2)is the square of a matrix of order four. Consider the matrix q22 ~S4. Thereis a matrix q2 ~S4 s.t. q2= q2. The matri
es �2 := �(q2; I) and �(q; I), resp.�4 := �(I; q2) and �(I; q) 
ommute. As in 1), we 
an 
onsider the orbit of apoint on a �x line of the matrix �24 under the a
tion of �(q; I) and �(I; q),and of the matri
es �3�4�4, resp. �2�03�04 under the a
tion of �(I; q), resp.�(q; I).3) Consider the matri
es �(�; �0), resp. �(
; 
0) in the same 
onjuga
y
lass in the table on page 40 and the interse
tion point, x, of their �x linesL��0 6=L

0 . We have �(�; �0)x = x and �(
; 
0)x = x or equivalently�x�0�1 = x and 
x
0�1 = x: (11)Consider x as a 2 � 2-
omplex matrix. Sin
e x 62 Qn (
f. lemma 4.1), it isan invertible matrix, hen
e we 
an write the (11) asx�1�x = �0 and x�1
x = 
0:Now 
onsider the groups < �; 
 >:= G1 and < �0; 
0 >:= G2. The point xde�nes an inner automorphism of SU(2)intx : SU(2) �! SU(2)q 7�! x�1qxwhi
h restri
ts to G1 as intxjG1 : G1 �! G2: (12)We identify the elements �, 
, �0, 
02 ~G � SU(2) with permutations of A4, S4or A5. So the morphism (12) is in fa
t an isomorphism between subgroups ofthese permutation groups. If G1 = G2= A4; S4 or A5, by [24℄, 11.4.6, p. 313,the automorphism is an inner automorphism given by an element y 2 A4, S4or A5. Consider y as matrix of PGL(2). We havey�1�y = �0 and y�1
y = 
0;This means that y as point of P3C belongs to L��0\L

0 . Sin
e the lines aredi�erent, ne
essarily x = y. So x2 A4, S4 or A5. The automorphism (12)tells us in fa
t mu
h more: for ea
h element p2G1 we have x�1px= q2G2, sox belongs to the �x line of �(p; q) too.



48 4 SINGULAR SURFACES4) In se
tion 4.1 we showed that the �x lines of the elements in [�24℄ arethe same as those of the elements in [�4�04℄. The �x lines of the matri
es in[�2�03�04℄ are in the orbit of the �x lines of the matri
es in [�3�4�4℄ under thematrix C (
f. lemma 4.3). Moreover the surfa
es of the pen
ils are invariantunder C.We will use these fa
ts several times in the sequel. However, to understandi)-iv) 
orre
tly, one has to keep in mind the tables of 
hapter 6.The situation is quite easy for the pen
il F6(�). We 
an apply 1) above toea
h �x line and see that the points of interse
tion with a singular surfa
eform one orbit (
f. table 6.1 on pages 65-65). This shows i). Moreover sin
ein this way they have all the same multipli
ity, using Bezout's theorem andlemma 4.2 (if the line meets the base lo
us), we see that the singular pointsare all double points, this proves ii). This, together with proposition 4.8,
ompletes the 
ase of the surfa
es F6(�1) and F6(�14): they have 12 doublepoints. Using 3), we explain iii) for the surfa
es F6(�23) and F6(� 712).Proposition 4.9 The �x lines of the elements in [�3�03℄ meet at the pointsof A4.Proof. Assume that x is an interse
tion point of L��0 6=L

0 , the �x lines ofthe elements �(�; �0), �(
; 
0) 2 [�3�03℄. Thenx�1�x = �0 and x�1
x = 
0:If < � >=< 
 > then �=
 be
ause they are in the same 
onjuga
y 
lass.So we get �0=
0 too, but this is not possible sin
e the �x lines are distin
t.We assume < � >6=< 
 > and so < �0 >6=< 
0 >. If for some produ
t�a1
a2 = �b1
b2 then �a1�b1 = 
b2�a2 . This is possible if and only if a1 = b1and a2 = b2. It follows that j < �; 
 > j � 9, but < �; 
 >� A4 and A4
ontains no proper subgroups of order � 9, so < �; 
 >= A4. In the sameway we have < �0; 
0 >= A4. By 3), the point x determines an automorphismA4 �! A4q 7�! x�1qx;with x 2 S4. Now, in terms of 
y
les of A4, x does not inter
hange the
onjuga
y 
lasses of (123) and (132) in A4, so x 2 A4.Proposition 4.10 The �x lines of the elements in [�3�023 ℄ meet at the pointsof S4nA4.



4.4 Singular points 49Proof. The proof is the same as the proof of proposition 4.9 with the onlydi�eren
e that su
h an x inter
hanges the 
onjuga
y 
lasses, so x 2 S4nA4.�Using the formula (8) on page 42 with N1 = 16, n0 = 3 and n1 = 1 we getN0 = 48, the number of singular double points on F6(�23) and F6(� 712).The situation is more 
ompli
ate for the pen
ils F8(�) and F12(�), �2P1.First, we show that the singular points on F8(�1), resp. on F12(0) are doublepoints.Proof. Consider the interse
tion with the �x lines of �24, resp. of �5�05, thenuse Bezout's theorem and lemma 4.2. �Combined with proposition 4.8, this 
ompletes the des
ription of these sur-fa
es.The surfa
e F8(�34). By 1) the points of interse
tion with the �x line of �4�04form one orbit and have the same multipli
ity, hen
e this must be 2. Thisshows i) and ii). About iii), we haveProposition 4.11 The lines of �x points of the elements in [�4�04℄ meet atthe points of S4.Proof. Let L�4�04 6=L

0 be the �x lines of �4�04 and �(
; 
0)2 [�4�04℄. If x=L

0\L�4�04, then x�1
x = 
0 and x�1p4x = p4. If < 
 >=< p4 > then
 = pm4 , m 2 N , so 
0= x�1pm4 x= (x�1p4x)m= pm4 and 
= 
0= pm4 . Hen
eL

0= L�4�04 , whi
h 
ontradi
ts the assumption. So < 
 >6=< p4 > and< 
0 >6=< p4 >. Moreover if 
a1pa24 = 
b1pb24 then a1 = b1 and a2 = b2. So weget j < 
; p4 > j � 16, hen
e < 
; p4 >= S4. Similarly < 
0; p4 >= S4. By3) we have an automorphismS4 �! S4q 7�! x�1qxwith x2 S4. �Using the formula (8), we �nd 72 double points on F8(�34). In this 
asewe have to show iv) too. By 4), we only need to show that the points ofinterse
tion of the �x lines of �3�4�4 are in the orbit of these 72 points underG8.Proof. Using 2) we see that the points on these lines form one orbit. The�x lines of the element �23 are < (1 : 0 : 0 : 1); (0 : 1 : 1 : 0) > and



50 4 SINGULAR SURFACES< (0 : �1 : 1 : 0); (�1 : 0 : 0 : 1) >, these are �x lines of a matrix in [�4�04℄(
f. 4)).They meet the �x lines of �3�4�4 at the points (1 : a : a : 1), resp.(a : 1 : �1 : �a), a := 1 +p2. �The surfa
e F8(�59). To prove i) and ii) we apply 1) and lemma 4.2 to thesingular points on the �x line of �3�03. They form one orbit and hen
e havemultipli
ity 2. By proposition 4.9 and proposition 4.10 these �x lines meet inpoints of S4, so we �nd 96 singular points on F8(�59) (use the formula (8)),this gives iii). To prove iv), we show that the points of interse
tion of the�x lines of �3�4�03�04 with F8(�34) are in this orbit.Proof. Observe that these 96 singular points are the 48 of the surfa
es F6(�1)and F6(�14) together. By table 1, we know that the point (0 : 1 : 2 : 1) 2F8(�59) too and is one of the 96. Using the notation of 
hapter 1 we put�134:= �1�3�4, �123:= �1�2�3. Then�134(0 : 1 : �1 : 1) = (�1 : 1 : 0 : 1); �123(0 : 1 : �1 : 1) = (1 : 1 : 0 : 1);�134(0 : 1 : 2 : 1) = (�2 : 1 : 0 : 1); �123(0 : 1 : 2 : 1) = (2 : 1 : 0 : 1);whi
h shows that the four points of interse
tion of the �x lines of �3�4�03�04with F8(�59) are in the orbit of the 96 above. �The surfa
e F8(� 916). By 2) the points of interse
tion of the �x lines of�3�4�4 with F8(� 916) form one orbit. So sin
e they have all the same multi-pli
ity this must be 2, we get i) and ii). We prove iv). By 4), we have onlyto show that the singular points on the �x lines of [�3�4�03�04℄ are in the orbitunder G8 of the previous points.Proof. The lines of �x points of �2�3�4�03�042[�3�4�03�04℄ are < (0 : 0 : 0 :1); (�1 : 0 : 1 : 0) > and < (1 : 0 : 1 : 0); (0 : 1 : 0 : 0) > and they 
ontainthe points (1 : 0 : �1 : �p2) resp. (1 : p2 : 1 : 0) of a line of �x points of�3�4�4. The �x lines of �2�3�4�03�04 meet the surfa
e F8(� 916) in two pointswhi
h by 1) form one orbit, so the assertion follows. �To get iii) we have,Proposition 4.12 The lines of �x points of the elements in [�3�4�03�04℄ donot meet at the points of F8(� 916).Proof. We use 3). Let x= L�3�4�03�04 \ Lpq, with Lpq a �x line of �(p; q) 2[�3�4�03�04℄, and L�3�4�03�04 a �x line of �3�4�03�04. We have x�1p3p4x = p3p4and x�1px = q. Consider the group < p3p4; p > and < p3p4; q >, wherep; q 2 [p3p4℄. Assume < p3p4 > 6= < p > and < p3p4 > 6=< q >, soj < p3p4; p > j � 4, j < p3p4; q > j � 4. We now identify the matri
es of



4.4 Singular points 51~S4 with 
y
les of S4. The element p3p4 
orresponds to the 
y
le (34) and wehave two possibilities: p = (12), then j < p3p4; q > j = 4; p = (13),(23),(14)or (24), then < p3p4; p >�= S3 (j < p3p4; p > j = 6).a) Let p = (12), then < p3p4; p >=< (34); (12) > = f(12); (34); (12)(34); Ig�= D2 (the dihedral group with 2 � 2 = 4 elements), so ne
essarily q = (12)too. Sin
e x�1p3p4x = p3p4 and x�1px = p we get x�1p3p4px = p3p4p and interms of 
y
les x�1(12)(34)x = (12)(34). This means that x belongs to a �xline of �24. These �x lines 
ontain points of F8(�1) or F8(�34) and no othersingular points. So x 62 F8(� 916).b) Let S :=< p3p4; p >�= S3. We have S 0 :=< p3p4; q >�= S3 too. Now xde�nes an automorphism: S �! S 0q 7�! x�1qxand x belongs to a �x line L�1�2 of �(�1; �2)2 [�3�03℄. Again these lines 
ontainssingular points of F8(�1) and F8(�59) and no other singular points. Sox 62 F8(� 916). �There are 72 �x lines of the elements in [�3�4�03�04℄. So we have a (722; N01)
on�guration with the singular points on F8(� 916) found above. By the for-mula 72 � 2 = N0 � 1, we �nd N0 = 144.The surfa
e F12(� 225). The points on the �x line of �5�05 form one orbit by1) , so they have all the same multipli
ity whi
h must be 2. This shows i)and ii). About iii) we haveProposition 4.13 The lines of �x points of the elements in [�5�05℄ meet atthe points of A5.Proof. Let L�5�05 6=L�1�2 denote the �x lines of �5�05:= �(p5; p5) and of theelement �(�1; �2)2 [�5�05℄. Let x = L�5�05 \ L�1�2 . We 
an assume as usual< p5 >6=< �1 > and < p5 >6=< �2 >, moreover pa15 �a21 = pb15 � b22 holds if andonly if a1 = b1 and a2 = b2, therefore we have j < p5; �i > j � 25. Herej < p5; �i > j = 30 is impossible, be
ause A5 does not 
ontain subgroups oforder 30. Hen
e we have < p5; �i > = A5 (i = 1; 2). By 3), the point xde�nes an automorphism A5 �! A5q 7�! x�1qx:This automorphism is 
onjugation by some element of S5. However, it doesnot inter
hange the 
onjuga
y 
lasses in A5. So x, in fa
t, belongs to A5�P3C .�



52 4 SINGULAR SURFACESUsing this proposition and the formula (8), we �nd 360 singular points onF12(� 225). We show that the points of interse
tion of the �x lines of theelements in [�24℄ and F12(� 225) are some of these 360. This shows iv).Proof. Observe that the point x = (0 : 0 : � � 1 : 1)2 L�5�05 \ F12(� 225) ison the �x line < (0 : 0 : 1 : 0); (0 : 0 : 0 : 1) > of �13:= �1�3. Moreover thepoints �(q1; I)x= (0 : 0 : 1 : 1� �), �124x = �1�2�4x = (0 : 0 : 1 : � � 1) and�124(0 : 0 : 1 : 1� �) = (0 : 0 : 1� � : 1) are on the �x line of �13 too. Thisproves the assertion. �The last two surfa
es in F12(�) are more diÆ
ult to analyze.The surfa
e F12(� 332). The points of interse
tion with the �x line L�3�023 of�3�023 2 [�25�2�025 �4℄ areQ0 := (0 : 1 : 1 : 0); Q1 := (0 : �1 : 0 : 1);Q2 := (0 : 0 : 1 : 1); Q3 := (0 : � + 1 : 2 + � : 1);Q4 := (0 : � � 3 : � � 2 : 1); Q5 := (0 : 15(� � 3) : 15(2 + �) : 1):The �rst three and the last three points form one orbit under the a
tion of�(p3; I) . The matrix�(
; 
) = 1p20BB� �1 0 0 00 1� � �� 10 �� 1 � � 10 1 � � 1 � 1CCA 2 G12;with 
 = q1p�15 2 ~A5 is s.t. �(
; 
)Q0 = Q4. So the points Q0, Q1, Q2, Q3, Q4,Q5 form one orbit on L�3�023 . In parti
ular they have all the same multipli
ity,so this must be 2. This shows i) and ii). We show that these lines meet insu
h a way that the surfa
e F12(� 332) has at least 300 singular points. Thisexplains iii).Proof. A 
al
ulation with MAPLE shows that the points Qi are in fa
t nodeson F12(� 332) (a more pre
ise explanation will be given at the end of this
hapter on pages 54-55). Sin
e degF12(� 332)= 12 they are at most 645 byMiyaoka's bound (
f. [21℄). Hen
e some of the lines of �x points of theelements in [�25�2�025 �4℄ must interse
t at these points. Let x 2L�1�2\L�25�2�025 �4where L�1�2 denotes the �x line of �(�1; �2) 2 [�25�2�025 �4℄. Then x�1p25q2x =p25q2, and x�1�1x = �2. We assume < p25q2 >6= < �1 > and < p25q2 >6=< �2 >.We have the following possibilities:a) < p25q2; �1 >= A5 therefore < p25q2; �2 >= A5 too. By 3) we get x 2 A5,but this is not the 
ase.



4.4 Singular points 53b) G:=< p25q2; �1 >�= A4 and G0:=< p25q2; �2 >�= A4 too. The point xdes
ribes an isomorphism G �! G0q 7�! x�1qx:In parti
ular x belongs to four lines of �x points of elements in the 
onjuga
y
lass [�25�2�025 �4℄ and to three lines of �x points of elements in the 
onjuga
y
lass [�24℄. Observe that we 
annot have more lines of �x points 
ontainingx. Otherwise applying again 3), we �nd x2A5. Using formula (8) we have200 � 6 = N0 � 4, so N0 = 300. �To prove iv), we show that the two points of interse
tion of the �x lines ofthe elements in [�24℄ with F12(� 332) are in the orbit of the 300.Proof. We have seen that a singular point of the 300 is 
ontained in three�x lines for elements in [�24℄. These lines, by table 3, 
ontain two singularpoints of F12(� 332), whi
h, by 1), form one orbit. This proves the assertion.�The surfa
e F12(� 22243). Consider the points of interse
tion of F12(� 22243) andthe �x line of �25�2�025 �4. By 1) they form an orbit of length three under�25�2. So we get i).Proof of ii). Consider the morphism f of page 43 on this line. The degreeof the rami�
ation lo
us is 12 (not 
onsidering the interse
tion with Q12).The points of interse
tion with the surfa
es F12(0) and F12(� 332) have multi-pli
ity 2, hen
e an easy 
al
ulation shows that the points on F12(� 22243) havemultipli
ity 2 too. �Now we want to explain iii).Proposition 4.14 The lines of �x points in [�25�2�025 �4℄ do not meet at thepoints of F12(� 22243).Proof. The proof is very similar to the proof in the des
ription of the surfa
eF12(� 332) on page 52. So, with the same notation, we have to show that in 
aseb), the point x is not on F12(� 22243 ). On the 
ontrary assume that x is one ofthe points in F12(� 22243)\L�25�2�025 �4 . Then we have a (2003; N04) 
on�gurationwith the �x lines of the elements in [�25�2�025 �4℄ and using formula (8) on page42 we �nd N0 = 150. With the �x lines of the elements in [�24℄, we havea (450n0; 1503) 
on�guration and so n0 = 1. But if a line of �x points ofan element �(q; q0) 2 [�24℄ 
ontains the point x then it 
ontains the point�(q; I)x too, therefore n0 � 2 and we get a 
ontradi
tion. So x 62 F12(� 22243)and N0 = 600. �



54 4 SINGULAR SURFACESThis shows that we have at least 600 singular points on F12(� 22243). Finallywe prove iv). We show that the points on the �x lines of the elements in[�24℄ are in the orbit of these 600 points.Proof. The point x = (0 : 1 : � � 2 : 0)2 L�25�2�025 �4 \ F12(� 22243) is 
ontainedin the �x line < (0 : 1 : 0 : 0); (0 : 0 : 1 : 0) > of �1234 := �1�2�3�42 [�24℄.Following notation of 
hapter 1, put �12 := �1�2 and �14 := �1�4. The points�12x = (0 : 2� � : 1 : 0), �14x = (0 : � � 2 : 1 : 0) and �14(0 : 2� � : 1 : 0) =(0 : 1 : 2� � : 0) are on this line too. �We now show that the singular points are in fa
t all nodes (= ordinary doublepoints A1).De�nition 4.2 A point p on a surfa
e S � P3C given by the equation fF =0g is a node if it is a singular point and in an aÆne neighborhood of p with
oordinate x; y; z, the rank of the Hesse matrix H at p is maximal, morepre
isely: rankHjp = rank0B� �2F�x�x �2F�x�y �2F�x�z�2F�y�x �2F�y�y �2F�y�z�2F�z�x �2F�z�y �2F�z�z 1CAjp = 3Equivalently p is a node if it is analyti
ally isomorphi
 to the vertex of aquadrati
 
one (
f. [1℄, lemma 30).We show that the point I = (1 : 0 : 0 : 0) is a node. In aÆne 
oordinatesx = x1x0 , y = x2x0 , z = x3x0 is the origin (0; 0; 0). The equation of the surfa
eF6(�1) be
omes0 = 1 + x6 + y6 + z6 + 15(x2y2 + x2z2 + y2z2 + x2y2z2)�(1 + x2 + y2 + z2)3= �3(x2 + y2 + z2) + terms of degree � 3:The Hesse matrix at the origin is0� �3 0 00 �3 00 0 �3 1A ;whi
h 
learly has rank 3.The surfa
e F8(�1) has equation0 = 1 + x8 + y8 + z8 + 14(x4 + y4 + z4 + x4y4 + x4z4 + y4z4)+168x2y2z2 � (1 + x2 + y2 + z2)4= �4(x2 + y2 + z2) + terms of degree � 3:



4.4 Singular points 55The Hesse matrix at the origin has again rank 3, therefore the origin is anode. In the 
ase of F12(0) the 
al
ulations are more 
ompli
ate. Using theexpression on page 31, we �nd the equation of S12= F12(0) in the previousaÆne 
oordinates0 = 2(x2 + y2 + z2) + terms of degree � 3:The Hesse matrix 
omputed at the origin has rank 3 as in the previous 
ases,hen
e we have a node again. This shows that all the points of A4, S4 and A5are nodes on the surfa
es F6(�1), F8(�1) and F12(0). For the others singularpoints in the pen
ils, the method is the same, we eventually translate thesurfa
e in su
h a way that the singular point 
oin
ides with the origin of anaÆne 
hart. In any 
ase 
al
ulations with MAPLE show that the singularitiesof the surfa
es in the pen
ils are nodes (in fa
t one has to 
he
k it just forone singularity on ea
h surfa
e, the other singularities are in its orbit underthe a
tion of Gn).In the following table we 
olle
t the values of � for whi
h we have singularsurfa
es in the pen
ils Fn(�). We denote by Nn(�) the number of nodes onsu
h a surfa
e. Denote by S the sum of the numbers of singularities and byA the alternating sum of the numbers of singularities of the four singularsurfa
es in ea
h pen
il. For 
onvenien
e we give these number here, in thelast two 
olumns of the table. We shall use them in the next 
hapter.n6 � �1 �2=3 �7=12 �1=4 S 120N6(�) 12 48 48 12 A 08 � �1 �3=4 �9=16 �5=9 S 336N8(�) 24 72 144 96 A 012 � �3=32 �22=243 �2=25 0 S 1320N12(�) 300 600 360 60 A 0



56 4 SINGULAR SURFACES



575 Final RemarksIn this last se
tion we 
onsider the numbers S and A given in the table onpage 55. We show that these are determined by the topology.5.1 The number of nodes in the pen
ils Fn(�)Consider the variety�n := f((� : �); x) 2 P1 � P3 j �Qn(x) + �Sn(x) = 0g:We have proje
tions �n � P1 � P3pr1 . & pr2P1 P3:The proje
tion pr1 is a 
at morphism (for the de�nition of 
at morphism
f. e.g. [13℄, p. 256) with �bres of dimension 2. Let �n� denote the �brepr�11 (�) over a � 2 P1. By the theorem on �bre dimension (
f. [13℄, p.256,proposition 9.5) we getdim�n = dim�n� + dimP1 = 3On the other hand the �bre over a point x0 2 P3, not in the base lo
us, is apoint of P1. More pre
isely is the value (� : �) 2 P1 s.t. �Qn(x0)+�Sn(x0) =0. So dim(pr�12 (x)) = 0, for all x 2 P3nBn. If x0 2 Bn, all the surfa
esof the pen
il Fn(�) 
ontain the point x0, so pr�12 (x0) �= P1. We 
an write�n = P1�Bn [ �nnfP1�Bng. The restri
tion pr2 : �nnfP1�Bng �! P3nBn isa surje
tive morphism with �bres of dimension 0, therefore is an isomorphism.We now 
al
ulate e :=e(�n), the topologi
al Euler-Poin
ar�e 
hara
teristi
 of�n. Using the additivity of e we have e(�n) = e(P1 � Bn) + e(�nnP1 � Bn).By the isomorphism pr2 on P1 � Bn we gete(�nnfP1 � Bng) = e(P3nBn)= e(P3)� e(Bn)= 4� e(Bn);on the other hand e(P1 � Bn) = e(P1) � e(Bn)= 2 � e(Bn):Putting togethere(�n) = 4� e(Bn) + 2 � e(Bn) = e(Bn) + 4: (13)



58 5 FINAL REMARKSThe redu
ed base lo
us Bn 
onsists of 2n lines fL1; : : : ; Lng [ fL01; : : : ; L0ng� Q2. They meet ea
h other at n2 points. For two interse
ting lines Li, L0iwe have e(Li [ L0i) = e(Li) + e(L0i)� e(Li \ L0i)= 2e(P1)� e(Li \ L0i)= 4� 1= 3;so e(Bn) = 2n�e(P1)�n2 = 4n�n2 = n(4�n). Substituting in the expression(13), we �nd e(�n) = n(4� n) + 4: (14)Consider again the �rst proje
tion pr1. Following [3℄ proposition 11.4, p.97,we denote by Xgen the generi
 (smooth) �bre of the map pr1, by Xs the �breover a point s 2 P1 and by s0 = (1 : 0), s1, s2, s3, s4 2 P1 the 
riti
al valueof pr1, i. e. in our situation the value of P1 s.t. Xs0 is the multiple quadri
Qn and Xsi, i = 1; 2; 3; 4, is a singular surfa
e with nodes (in 
hapter 4 weshowed that we have exa
tly 4 su
h surfa
es in ea
h pen
il). Applying now[3℄, proposition 11.4, on page 97, in 
ase of surfa
es we gete(�n) = e(Xgen) � e(P1) + 4Xi=1 (e(Xsi)� e(Xgen)) + (e(Qn)� e(Xgen)): (15)The 
al
ulation of e(Xgen) is standard and we re
all it later. We now 
al
ulatee(Xsi). Ea
h of the surfa
es Xsi, i = 1; : : : ; 4, has nodes, so let �i : ~Xsi �!Xsi denote the blow up of these surfa
es at the nodes. A theorem of Atiyah(
f. [1℄, theorem 1) shows that e( ~Xsi) = e(Xgen). Let now p1; : : : ; pmi be thenodes of Xsi then we havee( ~Xsi) = e(Xsi) + miXj=1 e(pj)= e(Xsi) + fnumber of nodes on Xsig= e(Xsi) +mi;so e(Xsi) = e( ~Xsi) � mi = e(Xgen) � mi. Re
all that e(Qn) = e(Qn)red =e(Q2), and e(Q2) = e(P1 � P1) = e(P1) � e(P1) = 4. Substituting in (15), wegete(�n) = 2e(Xgen) + 4Xi=1 (e(Xgen)�mi � e(Xgen)) + (4� e(Xgen))= 4 + e(Xgen)� 4Xi=1 mi;



5.1 The number of nodes in the pen
ils Fn(�) 59with � :=ftotal number of nodes in the pen
il Fn(�)g we 
an writee(�n) = 4 + e(Xgen)� �: (16)We 
al
ulate now e(Xgen). As remarked this 
al
ulation is standard, 
f. e.g. [13℄, p. 433-434. We will use the same notation as [13℄. We write Xgen:= X, it is a hypersurfa
e of degree n in P3C . Consider the exa
t sequen
e ofthe tangent bundle TX on X0 �! TX �! TP3jX �! OX(n) �! 0Remember that for a 
ompa
t variety the se
ond Chern 
lass 
2(X) = e(X),where by de�nition 
2(X) := 
2(TX). By the properties of the Chern poly-nomial (for the de�nition and the properties 
f. [13℄, p. 429-431), we get
t(TX) � 
t(OX(n)) = 
t(TP3jX)
t(TX) = 
t(TP3jX)
t(OX(n)) : (17)Let H denote the hyperplane se
tion on X, then
t(OX(n)) = 1 + (nH)t:We have the exa
t Euler sequen
e0 �! OP3 �! 4 �OP3(1) �! TP3 �! 0;and get 
t(TP3) = 
t(4 �OP3(1))
t(OP3) . Let h denote the hyperplane se
tion on P3.We have 
t(4 �OP3(1)) = (1 + ht)4 and 
t(OP3) = 1, therefore we get
t(TP3) = (1 + 4ht+ 6h2t2 + o(t3)):Substituting in (17) and developing 11 + (nH)t as Taylor series, we get
t(TX) = (1 + 4Ht+ 6H2t2 + o(t3))(1� nHt+ n2H2t2 + o(t3))
2(TX) = (6� 4n+ n2)H2Sin
e H2 = H �H = n we �nd e(X) = 
2(TX) = (6� 4n+ n2)n.Putting this value in (16) we gete(�n) = 4 + n(6� 4n + n2)� �:



60 5 FINAL REMARKSUsing (14) we �ndn(4� n) + 4 = 4 + n(6� 4n+ n2)� �;� = n(n2 � 3n+ 2):For n = 6, 8, 12, we �nd the following total number of nodes in F6(�), F8(�),F12(�): n 6 8 12� 120 336 1320They are in fa
t the same numbers, S, whi
h we found in 
hapter 4 (
f. tableon page 55).5.2 Morse theory on the pen
ils Fn(�)We have seen that ea
h point of P3C , outside the base lo
us, determines asurfa
e in the pen
il Fn(�). We 
onsider just the real points, i.e. the pointsof P3R, and de�ne a map for ea
h n = 6; 8; 12:�n : P3R �! Rx 7�! � Sn(x)Qn(x)In fa
t a point p 2 P3R belongs to the surfa
e Sn(x)� Sn(p)Qn(p)Qn(x) = 0. Sin
eQn(x) 6= 0 for all x 2 P3R, the map �n is C1. We show that:1) The 
riti
al points of �n are singular points on the surfa
es in the pen
ilFn(�) (for the de�nition of 
riti
al point 
f. [20℄, p. 4).2) The Hesse matrix of �n at a 
riti
al point p, up to multipli
ation by apositive s
alar, is equal to minus the Hesse matrix of Fn(�) at p, �=� Sn(p)Qn(p) .Proof. 1) A point p 2 P3R is a 
riti
al point of �n if and only if all thederivatives �i�n, i = 0; 1; 2; 3 vanish at p. We have�i(� Sn(x)Qn(x))jp = (��iSn(x)Qn(x) + Sn(x)�iQn(x)Qn(x)2 )jpand these are all equal to zero if and only if p is a singular point on thesurfa
e fSn(x)� Sn(p)Qn(p)Qn(x) = 0g.



5.2 Morse theory on the pen
ils Fn(�) 612) We 
onsider the se
ond derivatives �j�i�n, i; j = 0; 1; 2; 3. We have�j�i(Sn(x)Qn(x))jp = �j(��iSn(x)Qn(x) + Sn(x)�iQn(x))jpQn(p)2+(��iSn(x)Qn(x) + Sn(x)�iQn(x))jp| {z }=0 ) � (� 2Qn(p)3 )= �j(��iSn(x)Qn(x) + Sn(x)�iQn(x))jpQn(p)2= (��j�iSn(x)Qn(x)� �iSn(x)�jQn(x)+�jSn(x)�iQn(x) + Sn(x)�j�iQn(x))jp 1Qn(p)2 :Now �iSn(x) = � Sn(p)Qn(p)�iQn(x) for all i = 0; 1; 2; 3, therefore we get:�j�i( Sn(x)Qn(x))jp = (��j�iSn(x)Qn(x) + Sn(x)�j�iQn(x))jp 1Qn(p)2 :Hen
e the Hesse matrix of Fn(� Sn(p)Qn(p)) at p is(�i�j(Sn(x)� Sn(p)Qn(p)Qn(x))jp) = �Qn(p)(�j�i(� Sn(x)Qn(x))jp): �We have seen that the values of � 2 P1 s. t. Fn(�) is singular (n = 6; 8; 12)are all real and the singular points too, therefore these are the 
riti
al valuesand the 
riti
al points of �n (by 1)). The index of a 
riti
al point of �n isde�ned as the number of negative eigenvalues of the Hesse matrix of �n atp, hen
e by 2), of minus the Hesse matrix of Fn(� Sn(p)Qn(p)) at p. Clearly ifp 2 Fn(�) is a 
riti
al point with index m, then all the points in the orbit ofp under the a
tion of Gn have the same index. With the help of MAPLE itis possible to 
al
ulate the index of ea
h singular point (
f. 
hapter 4, pages54-55, where we 
al
ulated the Hesse matrix of F6(�1), F8(�1) and F12(0)at I). In the following table we give the degree n of the pen
il, the value �for whi
h Fn(�) is singular, the index of the singular points of Fn(�) and thenumber Ci of 
riti
al points with this index (
f. table on page 55):



62 5 FINAL REMARKSn � �1 �2=3 �7=12 �1=46 index 0 1 2 3Ci 12 48 48 12� �1 �3=4 �9=16 �5=98 index 0 1 2 3Ci 24 72 144 96� �3=32 �22=243 �2=25 012 index 0 1 2 3Ci 300 600 360 60A theorem of Morse (
f. [20℄, p. 29, theorem 5.2) gives the following formulafor the Euler Poin
ar�e 
hara
teristi
 of P3R(we use the notation of [20℄):�(P3R) = 3Xi=0 (�1)iCi = C0 � C1 + C2 � C3: (18)In fa
t this formula holds when given a 2 R, ��1n (a) 
ontains at most one
riti
al point, whi
h is not the 
ase here. In our situation on a �ber ��1n (a),a 2 R, the 
riti
al points (if there are) have all the same index, so usingremark 3.3, p. 19 of [20℄, we see that the theorem holds in this 
ase too.Substituting the values of the table above on the right hand side of theequality (18), we getn = 6 : 12� 48 + 48� 12 = 0n = 8 : 24� 72 + 144� 96 = 0n = 12 : 300� 600 + 360� 60 = 0;this agrees with the well known fa
t �(P3R) = 0 (
f. e.g. [10℄, p. 100).Using now the lo
al equation of �n at a 
riti
al point p (
f. [20℄, p. 6, lemma2.2), it is possible to show how the surfa
es of the pen
ils behave 
lose top. In the following pi
ture we write on the left border the index of a 
riti
alpoint p, then the lo
al equation of �n at p. This is 0 at p, so the fourth
olumn shows how the surfa
e whi
h 
ontains p looks like at p in P3R. For
 < 0 or 
 > 0 we see how the other surfa
es of the pen
il behave 
lose to p.



5.2 Morse theory on the pen
ils Fn(�) 63index lo
al equation 
 < 0 
 = 0 
 > 00 x2 + y2 + z2 = 
 r �! ...........................................................................................................................................................................................................................................................................................................................1 x2 + y2 � z2 = 
 ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ................................................................. �! .............................................................................................................................................................................................................................................................................................................................................................................�����\\\\\................................................................. �! ............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. .................................................................................................................................................................................................................
2 �x2 � y2 + z2 = 
 ............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................. �! .............................................................................................................................................................................................................................................................................................................................................................................�����\\\\\................................................................. �! ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................3 �x2 � y2 � z2 = 
 ........................................................................................................................................................................................................................................................................................................................... �! r



64 5 FINAL REMARKS



656 TablesWe 
hoose a represent � in ea
h 
onjuga
y 
lass of the table on page 40 andwe write it in the �rst 
olumn of the following tables with its order. Then wegive the number N1 of �x lines of the elements in its 
onjuga
y 
lass, and the�x line(s) of the 
hosen matrix �. In the third 
olumn we write the surfa
esof Fn(�), whi
h the �x line(s) of [�℄ meets at singular points. Then we givethe singular points, whi
h are also the rami�
ation points of a morphism(9) or (10) and eventually the interse
tions with the base lo
us. Finally wewrite the 
on�guration of the �x lines of the elements in [�℄ with the singularpoints of the surfa
es in the pen
il. We put a := 1+p2 and � := 12(1+p5).6.1 Bi-tetrahedral group G6Matrix N1 Fix line(s) Surfa
e Fix points Con�g.�24order 4 18 h0BB� 0010 1CCA ;0BB� 1000 1CCAi F6(�1) 0BB� 0010 1CCA ;0BB� 1000 1CCA (182; 123)F6(�14) 0BB� 1010 1CCA ;0BB� 10�10 1CCA (182; 123)+2 points in thebase lo
ush0BB� 0001 1CCA ;0BB� 0100 1CCAi F6(�1) 0BB� 0001 1CCA ;0BB� 0100 1CCA (182; 123)F6(�14) 0BB� 0101 1CCA ;0BB� 0�101 1CCA (182; 123)+2 points in thebase lo
us



66 6 TABLESMatrix N1 Fix line(s) Surfa
e Fix points Con�g.�3�03(�23�023 )order 3 16 h0BB� 1000 1CCA ;0BB� 01�11 1CCAi F6(�23) 0BB� 31�11 1CCA ;0BB� 3�11�1 1CCA (163; 481)0BB� 01�11 1CCAF6(�1) 0BB� 11�11 1CCA ;0BB� �11�11 1CCA (163; 124)0BB� 1000 1CCA�3�023(�23�03)order 6 16 h0BB� 0110 1CCA ;0BB� 0�101 1CCAi F6(� 712) 0BB� 021�1 1CCA ;0BB� 0�112 1CCA (163; 481)0BB� 0121 1CCAF6(�14) 0BB� 0110 1CCA ;0BB� 0�101 1CCA (163; 124)0BB� 0011 1CCA



6.2 Bi-o
tahedral group G8 676.2 Bi-o
tahedral group G8
Matrix N1 Fix line(s) Surfa
e Fix points Con�g.�24order 4 18 h0BB� 0010 1CCA ;0BB� 1000 1CCAi F8(�1) 0BB� 1000 1CCA ;0BB� 0010 1CCA, 0BB� 10�10 1CCA (184; 243)F8(�34) 0BB� 10�a0 1CCA ;0BB� �a010 1CCA (184; 721)h0BB� 0100 1CCA ;0BB� 0001 1CCAi F8(�1) 0BB� 0100 1CCA ; 0BB� 0001 1CCA, 0BB� 010�1 1CCA (184; 243)F8(�34) 0BB� 010�a 1CCA ;0BB� 0�a01 1CCA (184; 721)�3�03order 3 32 h0BB� 1000 1CCA ;0BB� 01�11 1CCAi F8(�1) 0BB� 1000 1CCA ;0BB� �11�11 1CCA (323; 244)F8(�59) 0BB� 01�11 1CCA ;0BB� �31�11 1CCA (323; 961)+2 points in thebase lo
us



68 6 TABLESMatrix N1 Fix line(s) Surfa
e Fix points Con�g.�4�04order 4 18 h0BB� 1000 1CCA ;0BB� 0100 1CCAi F8(�1) 0BB� 1000 1CCA ;0BB� 0100 1CCA (184; 243)0BB� 1�100 1CCAF8(�34) 0BB� 1�a00 1CCA ;0BB� �a100 1CCA (184; 721)�3�4�03�04order 2 72 h0BB� 1000 1CCA ;0BB� 0101 1CCAi F8(�1) 0BB� 1000 1CCA ;0BB� 0101 1CCA (722; 246)F8(�59) 0BB� �1101 1CCA ;0BB� �2101 1CCA (724; 963)F8(� 916) 0BB� �p2101 1CCA (722; 1441)h0BB� 010�1 1CCA ;0BB� 0010 1CCAi F8(�1) 0BB� 010�1 1CCA ;0BB� 0010 1CCA (722; 246)F8(�59) 0BB� 01�1�1 1CCA ;0BB� 01�2�1 1CCA (724; 963)F8(� 916) 0BB� 01�p2�1 1CCA (722; 1441)



6.2 Bi-o
tahedral group G8 69Matrix N1 Fix line(s) Surfa
e Fix points Con�g.�3�4�4order 2 36 h0BB� 1p210 1CCA ;0BB� 01p21 1CCAi F8(� 916) 0BB� 1p210 1CCA ;0BB� 01p21 1CCA (364; 1441)0BB� 10�1�p2 1CCA ;0BB� p210�1 1CCAF8(�34) 0BB� a1�1�a 1CCA ;0BB� 1aa1 1CCA (364; 722)0BB� 1�1�a�a 1CCA ;0BB� aa1�1 1CCAh0BB� p2�101 1CCA ;0BB� 1�p210 1CCAi F8(� 916) 0BB� p2�101 1CCA ;0BB� 1�p210 1CCA (364; 1441)0BB� 01�p21 1CCA ;0BB� �101�p2 1CCAF8(�34) 0BB� a�a11 1CCA ;0BB� 11�aa 1CCA (364; 722)0BB� a�1�1a 1CCA ;0BB� �1a�a1 1CCA



70 6 TABLESMatrix N1 Fix line(s) Surfa
e Fix points Con�g.�2�03�04order 2 36 h0BB� p2�101 1CCA ;0BB� �1p210 1CCAi F8(� 916) 0BB� p2�101 1CCA ;0BB� �1p210 1CCA (364; 1441)0BB� 01p21 1CCA ;0BB� 101p2 1CCAF8(�34) 0BB� 11aa 1CCA ;0BB� a�a�11 1CCA (364; 722)0BB� a�11a 1CCA ;0BB� �1aa1 1CCAh0BB� 01�p21 1CCA ;0BB� 101�p2 1CCAi F8(� 916) 0BB� 01�p21 1CCA ;0BB� 101�p2 1CCA (364; 1441)0BB� p210�1 1CCA ;0BB� 1p2�10 1CCAF8(�34) 0BB� aa�1�1 1CCA ;0BB� 1�1a�a 1CCA (364; 722)0BB� a11�a 1CCA ;0BB� 1a�a�1 1CCA



6.3 Bi-i
osahedral group G12 716.3 Bi-i
osahedral group G12
Matrix N1 Fix line(s) Surfa
e Fix points Con�g.�24order 4 450 h0BB� 0100 1CCA ;0BB� 0001 1CCAi F12(� 332) 0BB� 0101 1CCA ;0BB� 010�1 1CCA (4502; 3003)F12(� 225) 0BB� 010�� 1CCA ;0BB� 010�(1� �) 1CCA (4504; 3605)F12(0) 0BB� 0100 1CCA ;0BB� 0001 1CCA (4502; 6015)F12(� 22243) 0BB� 010�(� + 1) 1CCA (4504; 6003)0BB� 010�(2� �) 1CCA



72 6 TABLESMatrix N1 Fix line(s) Surfa
e Fix points Con�g.�24order 4 450 h0BB� 0010 1CCA ;0BB� 1000 1CCAi F12(� 332) 0BB� 1010 1CCA ;0BB� 10�10 1CCA (4502; 3003)F12(� 225) 0BB� 10��0 1CCA ;0BB� 10�(1� �)0 1CCA (4504; 3605)F12(0) 0BB� 1000 1CCA ;0BB� 0010 1CCA (4502; 6015)F12(� 22243) 0BB� 10�(� + 1)0 1CCA (4504; 6003)0BB� 10�(2� �)0 1CCA



6.3 Bi-i
osahedral group G12 73Matrix N1 Fix line(s) Surfa
e Fix points Con�g.�25�2�025 �4order 3 200 h0BB� 1000 1CCA ;0BB� 01� � 20 1CCAi F12(0) 0BB� 1000 1CCA (2003; 6010)0BB� �(1� �)1� � 20 1CCAF12(� 22243) 0BB� 01� � 20 1CCA (2003; 6001)0BB� �3(1� �)1� � 20 1CCAF12(� 332) 0BB� �(� + 1)1� � 20 1CCA (2006; 3004)0BB� �(3� �)1� � 20 1CCA0BB� �(5� 3�)1� � 20 1CCA



74 6 TABLESMatrix N1 Fix line(s) Surfa
e Fix points Con�g.�5�05(�25�025 )order 5 72 h0BB� 1000 1CCA ;0BB� 00� � 11 1CCAi F12(� 225) 0BB� 00� � 11 1CCA (725; 3601)0BB� �(� + 2)0� � 11 1CCA0BB� �(4� 3�)0� � 11 1CCAF12(0) 0BB� 1000 1CCA (725; 606)0BB� �(2� �)0� � 11 1CCA0BB� ��0� � 11 1CCA+2 points in thebase lo
us



757 Pi
tures

A4 � A4{symmetri
 sexti
 with 48 nodesx60 + x61 + x62 + x63 + 15 �x20x21x22 + x20x21x23�++15 �x20x22x23 + x21x22x23�� 23(x20 + x21 + x22 + x23)3 = 0



76 7 PICTURES

A4 �A4{symmetri
 sexti
 with 48 nodesx60 + x61 + x62 + x63 + 15 �x20x21x22 + x20x21x23�++15 �x20x22x23 + x21x22x23�� 712(x20 + x21 + x22 + x23)3 = 0



77

S4 � S4{symmetri
 o
ti
 with 72 nodesx80+x81+x82+x83+14 �x40x41 + x40x42 + x40x43 + x41x42 + x41x43 + x42x43�++168x20x21x22x23 � 34(x20 + x21 + x22 + x23)4 = 0



78 7 PICTURES

S4 � S4{symmetri
 o
ti
 with 144 nodesx80+x81+x82+x83+14 �x40x41 + x40x42 + x40x43 + x41x42 + x41x43 + x42x43�++168x20x21x22x23 � 916(x20 + x21 + x22 + x23)4 = 0



79

A5 �A5{symmetri
 surfa
e of degree 12with 600 nodes



80 7 PICTURES

A5 � A5{symmetri
 surfa
e of degree 12with 360 nodes



NOTATIONS 81NotationsSO(n) spe
ial orthogonal group, 1V Klein four group, 1A1,A2,A3 rotations of order two in V , 1T tetrahedral group, 1A4 even permutation group of four obje
ts, 2R3 rotation of order three in T , 2O o
tahedral group, 2S4 permutation group of four obje
ts, 3R4 rotation of order four in O, 3I i
osahedral group, 4A5 even permutation group of �ve obje
ts, 4� := 12(1 +p5) golden se
tion number, 4R5 rotation of order �ve in I, 4H real algebra of Hamilton's quaternions, 5q0; q1; q2; q3 basis of H , 5SU(2) spe
ial unitary group, 6� : SU(2)! SO(3) 2:1 morphism, 6I identity matrix, 6~G binary group, 6~V := ��1(V ) binary Klein four group, 6~A4:= ��1(T ) binary tetrahedral group, 7p3 matrix of order six in ~A4, 7~S4:= ��1(O) binary o
tahedral group, 7p4 matrix of order eight in ~S4, 7~A5:= ��1(I) binary i
osahedral group, 7p5 matrix of order ten in ~A5, 7� : SU(2)� SU(2)! SO(4) 2:1 morphism, 7H:= �( ~V � ~V ) Heisenberg group, 8�1 := �(q1; I); �2 := �(q2; I); matri
es of order four in H, 8�3 := �(I; q1); �4 := �(I; q2)G6:= �( ~A4 � ~A4) bi-tetrahedral group, 9�3 := �(p3; I),�03 := �(I; p3) matri
es of order six in G6, 9G8:= �( ~S4 � ~S4) bi-o
tahedral group, 9�4 := �(p4; I); �04 := �(I; p4) matri
es of order eight in G8, 9G12:= �( ~A5 � ~A5) bi-i
osahedral group, 9�5 := �(p5; I); �05 := �(I; p5) matri
es of order ten in G12, 10C [x0 ; x1; x2; x3℄ 
omplex polynomial ring in four variables, 13C matrix of order two in GL(4;R), 17



82 NOTATIONS�24 produ
t of �2 and �4, 19C [x0 ; x1; x2; x3℄Gj C -ve
tor spa
e of G-invarianthomogeneous polynomials of degree j, 22Qj(x) 
omplex multiple quadri
(x20 + x21 + x22 + x23) j2 , 26S6(x) invariant polynomial under G6, 27S8(x) invariant polynomial under G8, 28S12(x) invariant polynomial under G12, 30Fn(�) pen
il Sn(x) + �Qn(x) = 0, 33Sn,Qn surfa
es whi
h 
orrespond to thesets fSn(x) = 0g, fQn(x) = 0g, 33PGL(2) proje
tivization of the spa
eof invertible 
omplex 2� 2-matri
es, 34Bn interse
tion of Q2 and Sn, 35
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