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ABSTRACT. We prove that the mirror symmetry of Berglund-Hiibsch-Chiodo-
Ruan, applied to K3 surfaces with a non-symplectic involution, coincides with
the mirror symmetry described by Dolgachev and Voisin.
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1. INTRODUCTION

Berglund-Hiibsch in [2] described a very concrete construction of mirror pairs of
Calabi-Yau manifolds given as hypersurfaces in some weighted projective spaces.
This construction has been used by Chiodo-Ruan in [5] to prove that the transposi-
tion rule of Berglund-Hiibsch provides pairs of Calabi-Yau manifolds whose Hodge
diamonds have the symmetry required in mirror symmetry. If one applies this
construction to K3 surfaces given by Delsarte type equations in weighted projec-
tive spaces, this gives a priori no information, since all K3 surfaces have the same
Hodge diamond. In this paper, we show that the transposition rule, in the case of
K3 surfaces admitting a non-symplectic involution, provides pairs of K3 surfaces
that belong to the mirror families constructed by Dolgachev in [9] and Voisin in [19].

Let W denote a Delsarte type polynomial having as many monomials as vari-
ables. Assume that the matrix of exponents of W is invertible, that {W = 0} has
an isolated singularity at the origin and that it defines a well-formed hypersurface
in some normalized weighted projective space. We denote by Aut(W') the group of
diagonal symmetries of W, by SL(WW) the group of diagonal symmetries of deter-
minant one, and by Jy the monodromy group of the affine Milnor fibre associated
to W. For any group G C Aut(W), we denote by GT the “transposed” group of
automorphisms of the “transposed” potential W7 (see section 3 for more detail).
The main result of this paper is the following:

Theorem 1.1. Let W be a K3 surface admitting an equation in some weighted
projective space given by a non-degenerate and invertible potential of the form:

22 = f(y, z,w).

Let Gw be a group of diagonal symmetries of W such that Jy C Gyw C SL(W).
Put é\v/[/ = Gw/Jw and G%, := Gl,/Jwr. Then the Berglund-Hiibsch-Chiodo-

L T
Ruan mirror orbifolds [W/Gw) and [WT /Gw | belong to the mirror families of
Dolgachev and Voisin.

The theorem will be proved in several steps in the sections 5.1.1, 5.2.1, 5.3.1, 5.4.

The mirror symmetry we consider in this paper applies for Calabi-Yau varieties
in weighted projective spaces which are not necessarily Gorenstein. This is the
main difference with the mirror symmetry of Batyrev in [1]: the construction of
Batyrev applies to reflexive polyhedra which produce hypersurfaces in weighted
projective spaces with Gorenstein singularities. Most of our K3 surfaces are not
contained in a Gorenstein weighted projective space. This is in fact a big difference
between the Berglund-Hiibsch-Chiodo-Ruan (BHCR for short) mirror symmetry
and the Batyrev mirror symmetry, as remarked by Chiodo and Ruan in [5, Section
1]. However if the ambient space is Gorenstein the BHCR~mirror construction is
essentially the same as the Batyrev-mirror construction.

Aknowledgements. We thank Alessandro Chiodo for many helpful discussions.

2. MIRROR SYMMETRY FOR LATTICE POLARIZED K3 SURFACES

2.1. K3 surfaces with non-symplectic involution. We briefly recall the classi-
fication theorem for non-symplectic involutions on K3 surfaces given by Nikulin in
[14, §4] and [16, §4]. Let X be a K3 surface. The local action of a non-symplectic
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involution ¢ at a fixed point is of type:

(6 5)

so that the fixed locus X* is the disjoint union of smooth curves and there are no
isolated fixed points. The invariant lattice:

H*(X,Z)" :={x € H}(X,Z)|wx =z}

is 2-elementary, i.e the discriminant group (H?(X,Z)")V/H?*(X,Z)" = (2/27)%*
for some integer a. According to Rudakov-Shafarevich in [18], its isometry class is
determined by the invariants r,a and &, where r = tk H*(X,Z)" and é € {0,1}
and is 0 if and only if for any = € (H*(X,Z)")V, 22 € Z.
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FIGURE 1. Nikulin classification

Theorem 2.1. [14, Theorem 4.2.2] The fized locus of a non-symplectic involution
on a K3 surface is
o empty if r =10, a =10 and § =0,
o the disjoint union of two elliptic curves if r =10, a =8 and § =0,
e the disjoint union of a curve of genus g and k rational curves otherwise,
where g=(22—r—a)/2, k= (r —a)/2.

Figure 1 shows all the values of the triple (r,a,d) which are realized and the
corresponding invariants (g, k) of the fixed locus.

2.2. The Dolgachev-Voisin mirror symmetry. Let M be an even non-degenerate
lattice of signature (1,p —1), 1 < p < 19.

Definition 2.2. An M -polarized K3 surface is a pair (X, j) where X is a K3 surface
and j : M — Pic(X) is a primitive lattice embedding.
Dolgachev in [9] constructs a (coarse) moduli space Kjp; parametrizing M-

polarized K3 surfaces, which has dimension 20 — p. Assume now that

M*NH*(X,Z2)=Us M
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where U is a copy of the hyperbolic plane. As described in [9] one can define the
mirror moduli space of Ky as the moduli space K ; of M-polarized K3 surfaces:
one can use the primitive embedding M < M+ C H?(X,Z) to get a primitive even
non-degenerate sublattice of signature (1, (20—p)—1) of the K3 lattice U@ Eg(—1)2.
Observe that for generic K3-surfaces Xy € Ky and X7 € K7 we have

dim Ky =20 —p, 1kPic(Xu) =p,
dim K;; = p, rk Pic(X ;) = 20 — p.

We consider now the special case where X is a K3 surface admitting a non-
symplectic involution and M = H?(X,Z)*. Denote the anti-invariant lattice
H?(X,Z)” = (H*(X,Z)")* N H?*(X,Z).

Proposition 1. [19, Lemma 2.5, §2.6] Let (r,a,6) # (14,6,0) and g > 1. Then:
o H3(X,Z)" =Ua M,
o the moduli spaces Ky and Ky; are mirror of each other,
o if Xor € Kpg has invariants (r,a,d) then the invariants of X € Ky are
(20 — r,a,d), in particular Xy; has also a non-symplectic involution.

Remark 2.3.

e In the Figure 1 one can see the mirror couples making a reflection with
respect to the axis through » = 10 and 1 < g < 10 and deleting the axis
with g = 0 and the point (r,a,d) = (14,6,0).

e Since K3 surfaces with a non-symplectic involution are projective the in-
variant lattice contains an ample class. One can then consider instead of
Kjs the moduli space K¢, of ample M-polarized K3 surfaces and do the
same construction of mirror moduli spaces as above.

3. THE BERGLUND-HUBSCH-CHIODO-RUAN CONSTRUCTION

3.1. Hypersurfaces in weighted projective spaces. Let z1,...,x, be affine
coordinates on C", n > 3, and let (wy,...,w,) be a sequence of positive weights.
The group C* acts by

Mz1,oooymn) = (A2, ., A 2y,)

and the weighted projective space P(wy, ..., w,) is the quotient (C™\{0})/C*. The
weighted projective space is called normalized if

ged(wy, ..., Wy, ..., wy) =1 for alli.

Weighted projective spaces are singular in general and the singularities arise only
on the fundamental simplex A with vertices the P; := (0,...,0,1,0,...,0). The
vertices are singularities of type 1/w;(ws,...,w;,...,w,), they are not necessarily
isolated, since the higher dimensional toric strata of A can be singular too. For
example we can have singularities along the edges P;P;, in this case each generic
point of the edges is a singularity of type 1/h; j(w1,...,w;,...,w;,...,w,) where
hi; = ged(w;, w;). The weighted projective space P(w1,...,w,) has Gorenstein
singularities if and only if w;| Y"1, w; for all j, this is also equivalent to say that
the weighted projective space is Fano, or finally, regarding P(wy, ..., w,) as toric
variety, that its associated polytope is reflexive [7, Section 3.5].

A hypersurface W in P(wy, . . ., wy,) is defined by a quasihomogeneous polynomial
flz1,...,z,). Let d be its total degree, W is said well formed if the following
conditions are satisfied for all i, j:
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e ged(wr, ..., Wi, ..., w;,. .., wy,) divides d,

o ged(wy, ..., w;,...,wy) =1
and it is called quasismooth if it is non-degenerate, i.e. its affine cone is smooth
outside its vertex (0,...,0) . Finally W is said to be Calabi-Yau if it has canonical
singularities (in particular W is Gorenstein), its canonical bundle is trivial and
HY(W,0w) =0 for all i =1,...,n — 2. Observe that by [6, Lemma 1.12] a well
formed and quasismooth hypersurface W in P(wy, ..., w,) is Calabi-Yau if and only
ifd=>%7" w.

The genus of a smooth curve Cy of total degree d in P(w;,ws,ws) is given by

the formula:

1 d? ged(w;, w; gcd (d,w;)
1 C _ = e 79 j i) 1
( ) q( d) 2 w1w2w3 o wiw; Z

Reid in [17] and Yonemura in [20] give a list of all possible families of K3 surfaces
in weighted projective spaces. These are 95 in total and only 14 of the weighted
projective spaces are Gorenstein. For each type Reid describes the singularities on
the K3 surface. By [6] the 95 projective spaces have canonical singularities, and
in fact one can determine 104 families of weights such that the weighted projective
spaces have canonical singularities. However in 9 cases one can not obtain K3
surfaces with canonical singularities [6, Theorem 1.17].

3.2. Invertible potentials. We recall briefly the mirror construction of Berglund-
Hiibsch in [2] and Chiodo-Ruan in [5]. Consider the potential:

n n
W=W(x1,...,20,) = ZHag?”

i=1 j=1
This is a quasi-homogeneous polynomial in n variables, containing n monomials.
Since we have n monomials it is not a restriction to consider all the coefficients
equal to 1. To this polynomial we associate the matrix A = (a; ;)i j=1,.n and
the potential is called invertible if the matrix A is invertible over Q. Denote by
AL = (a’ ’J)” 1,...,n the inverse matrix and define the charge, ¢; := Z;—;l a"7, as
the sum of the entries of the i-th row of A~!. Clearly the charges g; satisfy:

¢ 1
Al =1
n 1
Let d be the least common denominator of the charges and let w; := dg;. We assume
that {W = 0} defines a well formed and quasismooth hypersurface in P(wy, . .., w,),
which has total degree d. In the sequel we denote this hypersurface again by W.
In particular this means that the potential is non-degenerate. By [8, Proposition 6]
if the weighted projective space is normalized and the hypersurface is quasismooth
of dimension > 3 then it is well formed. In the case of K3 surfaces this is also true
by checking in the Reid’s 95 list.
We define the group of diagonal automorphisms by

Aut(W) := {7 = (1., 7) € (C)" Wz, ., mtn) = Wz, 20) )
Each column of A~! can be used to define the diagonal matrix
p; := diag(exp(2mia’7), ... exp(2mia™)) € Aut(W).
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The matrix jy is defined as the product

pr-+ - pn = diag(exp(2migy), . ., exp(2ign))
and acts trivially on the hypersurface W, since it acts trivially on the weighted
projective space. The group Jy generated by ju is cyclic of order d. Denote by
SL(W) := Aut(W) N SL,(C)
and assume that W is Calabi-Yau. Then ), ¢; = 1 and so Jy C SL(W).
Let Gw be a group of automorphisms such that Jy C Gy C SL(W) and

Gw = Gy /Jw. We associate to W in a natural way a potential W7 and a group
qu;/. The potential W7 is defined by transposing the matrix A:

n n
W =W (zy,...,z,) = Z H a:;lJ
i=1 j=1
Similarly we denote by qu the charges of W7 Since the matrix of W7 is AT, the
charge qJT is the sum of the entries of the column p; of A~!. We have the relation
(A" Aq=q"
where q and T denote the n x 1-matrices whose entries are the charges g;, respec-
tively qu. Observe that >, q; = >, q]-T =2 a7
The group G, is defined by Krawitz in [11] as:
n n
Gl = H(p?)mﬂ | H 3" is Gyy-invariant
j=1 j=1
where the definition of the automorphisms pjT of WT is similar as the definition
of p; using the matrix AT. By [13, Theorem 1] a potential W given by a n x n

matrix is nondegenerate and invertible if and only if it can be written as a sum of
invertible potentials of atomic types:

errmat = 1z,

o ai az an—1 a
Wioop = x{'To + Ty J:g—i—...—i—acg"_l Tp + x0T,
Wehain = z'za+ 32z + ...+ 2, zn + 0.

Recall that if W is a fermat type polynomial (i.e. sum of Wermat) then {W = 0}
defines a variety in some weighted projective space and the weighted projective
space is Gorenstein. In the other cases this is not true in general.

The potential W7 is quasismooth by the classification of [13] and the charges
satisfy g7 + ...+ ¢L = 1: this implies easily that the equation {W7 = 0} defines a
variety in a normalized weighted projective space. By [8, Proposition 6] if n > 5 the
hypersurface is well formed and so the potential W7 defines a Calabi-Yau variety.
If n = 3,4 it is also true by a quick case-by-case analysis.

Remark 3.1. Without the condition ) ,¢; = 1 it is not true that the equa-
tion {W7 = 0} defines a variety in a normalized projective space. For example
W = 2529 + 2323 + 2324 + 29 defines a surface in P(7,19,16,6) and W7 defines a
surface in P(9,18,9,4), which is clearly not normalized.

Proposition 2. Let W be a nondegenerate potential defining a Calabi- Yau manifold
in P(wy,...,wy,). Then the action of SL(W') on the volume form is trivial.
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Proof. We can write the volume form locally for z; # 0 and ?)TM:L #0 as

L dl‘g VAN /\dl‘n_l
§ = T
Ox .y

Let g = (exp(2miay),...,exp(2miay,)) € SL(W). We can multiply this element
by exp(2mwi(—aq/wy)) to normalize it as g = (1, exp(27wifs),. .., exp(2mif,)) with
Bi = a; — (w;/wy)ay. If we apply this transformation to W, this is multiplied by
exp(2dmi(—ay /wy)). We have that

g% = exp(27i(—pfy — (a1 /w1)d))W.

Hence the form £ is multiplied by exp(27id), with
5:51+---+5n+%d:a1+042+...+ozn € Z.
1

|
The groups satisfy Jyr C G, C SLyyr. Putting GF, := G,/ Jyyr, we have:

Theorem 3.2. [5, Theorem 2] The Calabi- Yau orbifolds [W/évvv] and [WT/E??V}

form a mirror pair, i.e. we have
HE(W/Gw], C) = HE> (W /G ], ©)
where Her(—,C) stands for Chen-Ruan orbifold cohomology.

4. THE GROUP OF DIAGONAL AUTOMORPHISMS

4.1. Lattice theoretical description of Aut(W). In this section we recall the
description of Borisov [4, Proposition 2.3.1]. It is easy to see that Aut(W) is a
finite abelian group. Writing (y1,...,7v,) = (exp(2ima;),...,exp( 2ima,)) we have
an isomorphism

Auwt(W) = < (ay,...,a,) € (Q/Z)" | A : ez p = Aut(W),

Qn

We identify p; with the i-th column (a'?, ..., a™") of A=1. Since Ap; = (0,...,0,1,0,...

where the 1 is at the place i, we get p; € Aut(W),. In fact the p; generate
Aut(W). We want to describe Aut(WW), in a more precise way.

Let My and Ny be two free Z-modules of rank n with basis respectively uq, ..., up,
and vy, ...,v,. We define a non-degenerate bilinear form:

<—7—>2M0><N0—>Z

by (u;,v;) := a;;. This induces an immersion {: Ny — Mg := Homgz (Mo, Z)
defined by &(v)(u) = (u,v). Let uf,...,u) be the dual basis of M defined by
uf(uj) = &; ;. Then for v; € Ny we have {(v;)(u;) = (u;,v;) = a;,; hence:

n
§(v) = aijul.
i=1
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In conclusion, identifying v; with its image £(v;) we identify Ny C M as a Z-
submodule of finite index equal to det(A). We have that vy, ..., v, form a basis of
Mg ® Q. We can write it in compact form as

hence the columns of A=1 are the coordinates of the uf € M{ ® Q in the basis
vj. We define a surjective map: Mg — Aut(W);, uf — pl. For an element
Mui + .+ Aud € Mg (here \; € Z) its image is (A1, ..., An)(A7H)T so0 it is in
the kernel of this map if and only if there exist (a1, ..., a,) € Z™ such that

Hence an element is in the kernel if and only if
n n n
Aul 4.+ A, = E a1 jo5ul + ...+ E QO Uy = E ov;
=1 =1 =1

and so the kernel is exactly Ny. In conclusion M§ /Ny = Aut(W), and in particular
Aut(W) is of order det(A). The inverse morphism is given by:

(al, Ce 7an) S Aut(W)+ — aiv1 + ...+ apv, + Ng € MS/N()

n 1 i}
(115---,m) € Aut(W) = ; % log(vi)vi + No € Mg /No.

In the same way as before we define a surjective map: ¢ : My — N§ := Homgz(No, Z)
by ((u)(v) = (u,v), and in this case u; = > 7, a; jv;. The coordinates of v} €
N§ ® Q in the basis ug, . .., u, are the entries of the j-th line of the matrix A~1.
Finally observe that since M /Ny is a torsion group we have ¢ = £*.

Consider now the potential W7 associated to AT. It is clear that Aut(W7), =
Ng /My of order det(AT) = det(A). Looking at the Smith normal form of the

matrix A we have (see also [11, Lemma 1.6]):

Corollary 1.

1) [Aut(W)| = |Aut(WT)| = det(A),
2) Aut(W) = Aut(W7T). More precisely:

AUt(errmat) = Z/CLZ
A (Wiay) = Zf(as---an— (~1)")Z
AUt(Wchain) = Z/(al e a")Z

Remark 4.1. In fact there is a natural coupling Aut(W) x Aut(W7) —s C* show-
ing that Aut(W7) is isomorphic to the dual group Hom(Aut(W),C*) of Aut(W),
see [10, Proposition 2] for more details.
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4.2. Description of G¥,. Identifying Aut(W) with M /No, the element jy corre-
sponds to q1u1 +. ..+ guvn + No € M /Ny. Denote deg” := qrv1 +. ..+ guvn € Mg,
this element is characterized by the relations deg”(u;) = 1 for all i. The el-
ement jyr = diag(exp(2imql),...,exp(2irql)) € Aut(WT) is identified with
qtuy + ...+ qtu, + My € N§/My. Denote deg = qlus + ... + ¢lu, € N§,
this element is characterized by deg(v;) =1 for all i.

Let now G := Gw be a subgroup of Aut(W). It corresponds to a submodule
No C N C Mg, that we can describe as

N ={(a1v1 + ...+ apvy) € M{ | (a1,...,a,) € G4}

where as before G, is the subgroup of Aut(W); which corresponds to G C Aut(W),
that is G4 = N/Ny. In particular Jyy C G if and only if deg® € N. Denote
M := N* = Homg(N,Z), we have the inclusions My C M C Ng. In particular
G C SL(W) = Aut(W) N SL,(C) if and only if each element (ay,...,a,) € G4
satisfies Y1 a; € Z. But >, a; = deg(aivi + ... + anvy,), hence we get the
equivalence:

G CSL(W) < VYveN, deg(v) €Z < dege N* = M.

The Z-module M corresponds to a subgroup of Aut(W7) which is precisely GT' :=
G1,, that is (GT); = M/M,. This can be seen as follows. The elements of M = N*
are by definition of the form Byvi +...4 Byvk € N with (G107 +...4+ B,v%)(u) € Z
for all w € N (here 8; € Z). Writing v = Y[, a;v; with (a1,...,a,) € G4 the
condition reads: Biay + ...+ Bnha, € Z, where the coefficients a; are rational. This
shows that (GT), = M/M,.

Writing v = aquj + ... + au;, € M with a; € Z we can give a more explicit
description. Noting that

a1 a1
=A"! :
Ay Qo
we get:
n @ n
M= By € Ny [ (B, B)A™ | 0 | €Z,V) aiuf €N
i=1 U i=1

Using the identification of v} with the vector pl € Aut(W7T), (the pl are the
columns of (A~1)T) and the identification of u} with pI € Aut(W), this gives

(65} n
€7, VZaipi S G+

=1

(GT)+ = Zﬁlﬁzw(ﬂlavﬂﬂ)Ail
=1 o

Hence to give the couple (G,G7) it is equivalent to give the couple (N, M = N*).
Since (N*)* = N one has (GT)T = G. If we take G = {1} this corresponds to the
submodule N = Ny, so {1}7 = GT corresponds to N which gives GT = Aut(W7T).
Similarly Aut(W)T = {1}.

Remark 4.2. The non-degenerate bilinear form (—, —) on My x Ny induces a non-
degenerate Q/Z-bilinear form on the product Aut(W), x Aut(W7),, and so one
can identify (GT), with the orthogonal module of G .



10 MICHELA ARTEBANI, SAMUEL BOISSIERE, AND ALESSANDRA SARTI

Proposition 3. Consider two groups G1 C Gy C Aut(W). Then GI c GT
Aut(WT) and we have a group isomorphism Go/G1 = GT /G

Proof. The groups G; can be identified with N; /Ny, where Ng C Ny C Ny C M,
so G2/Gy corresponds to No/Nj. Applying the contravariant functor Hom(—,7Z)
to the exact sequence:

0— Ny — Ny — No/N; — 0
we get
Hom(Ny/Ny,Z) = {0} — Ny — N — Ext},(No/Ny,Z) — 0.
Since Exty,(Na/Ny,Z) = Ny /N1, we have Nj/Nj = No/N; and we are done. W

We now study (J&)+. The group J can be identified with

{Zﬁivf € Ny /My | ZBiQi GZ}.

i=1 i=1
On the other hand, writing S0} +.. .4+ Brvk = byus +. ..+ bpuy, with (by,...,0,) €
Aut(WT), we get
b1 by
: = AT :
677, b'ﬂ
This gives:

=1 =1

hence
JL, = SL,(C) N Aut(W7T) = SL(WT)
(Jwr)T = SL,(C) N Aut(W) = SL(W).

Particularly interesting for us will be the case when SL(W7) = Jyr. By proposi-
tion 3 it follows

Corollary 2. We have SL(WT)/Jyr = SL(W)/Jw and so SL(IWT) = Jyr if
and only if Jyw = SL(W).

Remark 4.3. If n = 4 and W is a K3 surface by proposition 2 the group SL(W)/Jw
acts symplectically. Since SL(W)/Jw is finite and abelian it appears in the list of
the 15 possible finite abelian groups (including the identity group) given by Nikulin
in [15).

5. THE BERGLUND-HUBSCH-CHIODO-RUAN MIRROR SYMMETRY FOR K3
SURFACES

In this section we prove theorem 1.1 by a specific analysis of the possible decom-
position of the polynomial f(y,z,w) as a sum of atomic types. The possibilities
are: chain, loop, fermat, chain+fermat and loop+fermat.
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5.1. The chain case. Consider a potential of the form:

a a Ap—1
Wehain = 21 %2 + 25%x3 + ...+ 2" 7 xp + 20"

where
1 (_1)n+1
ap 1 a1 aiaz T Tarap,
1 o L =L -y
a2 as azaz " az--an
A = t. . s A_l =
Ap—1 1
0 an 1
an

One can easily show that (cf. [11, Lemma 1.6]):
Aut(Wenain)+ = {Brul + ... + Buuy, | Bi € Z, 0 < B; < a;}.

As shown in the corollary 1 this is also isomorphic to Z/(a; - - - a,)Z and as in [12,

Section 4] a generator is given by (g1, ..., p,) where
-1 n—i+1
p; = eo
a/Z PR an

Proposition 4. The order of SL(Wepain) is

n—1

| SL(Wenain)l = ged | | (=1)" + > (=1)"ay---a; | , a1---an
j=1
hence SLWehain) = Jw,,... of and only if the total degree of Wepgin s equal to
ged (((—1)" + Z;-:ll(—l)”_jal e aj> , ap - an).

Proof. An element (a1, ..., 0pn) € Aut(Wengin)+ With o € Z> is contained
in SL(WChaiTL)Jr if

n —1)* + ":1 1) g ---a.
O‘Z%‘:a(( " T2 (7Y - ]>EZ.
i=1

ai---Qp

Let ¢ := ged (((—1)” + Z?;ll(—l)"—jal o aj) Jay-- an) and denote

n—1
(~1)" + > (=1)"ay---a; =+¢ and ay---ay = BL.
=1

Then we must have o = A with 1 < A < /£ and the assertion holds. B
With the same notation as above we have:

Corollary 3. A generator of SL(Wepain)+ S (Bo1, ..., Bon)-

Remark 5.1. Particularly interesting for us is the case n = 3. In this case the
formula reads | SL(Wehain)| = ged (=1 + a1 — ajaq, ajasas).
We generalize now proposition 4 in the following form:
Proposition 5. Let W denote a potential of the form.:
22— (28 @y + 23wz + . F e e, 20,

We have Auwt(W) =Z/2Z x Z/ay - - - anZ, and
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(1) If2 does not divide ay - - - ay, i.e. Aut(W) is cyclic of order 2a; - - - a,, then:

n—1
|SL(W)| =ged | a1 ---an +2 (71)"+Z(71)”*ja1~~aj , 2a1 - ap

j=1
(2) Otherwise let 2%, k > 1, be the greatest power of 2 dividing ay - - - a,,, then
Aut(W) is not cyclic and
(22) [SLOW)| = ged (=" + S)) (-1 Far -+, a1---an) if 2
divides (—1)" + 3777 ( " ay - aj.

(2b) |SL(W)| = 2gcd((( )"+ Y (1) ay - aj), a1~--an) oth-

erwise.

Proof. (1) The proof in the case that Aut(W) is cyclic is the same as in the
case of a potential of chain type, where this time a generator for Aut(W)y is

(1/2, 01", o).
(2) Observe that one gets elements of SL(W) by taking the elements in SL(W pain)
with determinant 1 or —1 and multiplying them by 1 or —1, hence by proposition 4

one gets | SL(W)| > gcd((( n™+ 370 )" ay - j), a1-~an). We show

now (2a) and (2b). First we assume that we can write:
ai---a, =254 and (—1)" + Z(—l)"ijal ceaj =28y
and 2 does not divide § and 8. We want to determine o € Z such that:

a(( " +Za .F.a)" Jay -+ “J’>:a<;)

is an integer or is an integer divided by 2. Since 2 does not divide S the second
condition is not possible, so | SL(W)| = 2§, this proves (2a).
If we assume that:

n—1

ay---ap =26 and (—1)" + Z(—l)nijal Saj =0y

Jj=1

with 2 not dividing v, we must determine an integer o such that is an integer

2k6
or an integer divided by 2. Taking a = 2¥3s with 1 < s < § we get an element
of Aut(Wepgin) with determinant 1 and taking o = = 2k-185 with s = 2t — 1 and

1 <t <6 we get an element of determinant —1. Hence we get (2b). W

Remark 5.2. It is easy to see that if n = 3 the condition (2a) of the proposition 5
is not possible.

5.1.1. BHCR-mirror construction for K3 surfaces of chain type. We consider a
potential W of the form:

2% — (y"z 4 z%2w 4+ w*)
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and we assume that it satisfies the Calabi-Yau condition Y7, ¢; = 1. Then {W =
0} C P(wy,ws,ws, wys) defines a K3 surface of total degree d = > w; with a non-
symplectic involution ¢: x — —z . Applying the results of §4.1 the charges are

1 agag—ag-l-]. _ag—l 1

q1 = 5, 42 = y 43 y qa .
2 a1a20as3 aza3 as

The transposed potential W7 is

22— (Y™ 4 y2® + 2w™)
and defines a K3 surface in a weighted projective space with charges

T_l T_l T_al—l T_alag—al—i—l
Q=549 = — 43 = y Qy =
2 a1 a1a9 aj1a20as

Borcea in [3, Tables 1, 2, 3] and Yonemura in [20, Table 2.2] write equations of K3

surfaces in weighted projective 3-spaces, which are not always of Delsarte type. Our

first aim is to write down equations of the form 22 = Wgpqain when possible. The

list of possible weights are given in [3, 17, 20] and for given weights (w1, wa, w3, wy)

we get the relations

(2) 2wy =d, al:d—w37a2:d—w4 .
w2 ws Wy

and the possible equations are listed in the table 1. As usual the weights are in non
increasing order, so to get a solution of (2) one has to check all permutations of
the coordinates y, z, w. We explain briefly the notation of the table 1. In the first
column we write the number of the K3 surface following [3] and we put in parenthesis
the number of the transposed K3 surface. In the fourth column we write the
Nikulin’s invariants (r,a) of the non-symplectic involution on W = 22 — f(y, z,w).
In the fifth column we compute the order of the group SL(W) by using proposition 5.
Except in the four cases denoted by * the table proves theorem 1.1 in the chain
case: the BHCR-mirror symmetry coincides with the mirror symmetry between the
families described by Dolgachev and Voisin (observe that here the only possibility
is éVVV = id). The proof of theorem in the four special cases is given in §5.1.2.

To compute r one has to study the action of the non-symplectic involution ¢ on
the singularities of the K3 surface. As explained in the §3.1 these arise on the edges
or on the vertices of the fundamental simplex (the singularities are also listed in
[20]). The pull-back of the hyperplane section gives a contribute of one to r, the
other invariant classes are obtained by taking the t-orbits of the exceptional curves
in the resolution of the singularities. We compute a = 22 — r — 2g by using the
formula (1).

We compute explicitely two cases, the other cases are similar.

No. 1: (wi,ws, w3, wg) = (3,1,1,1). Here d = 6 and the only possibility is
(a1, a2,a3) = (5,5,6), which gives the equation 22 = y5z + 2°w + w®. The surface
is smooth and so the only invariant class is the pull-back of the hyperplane section.
The genus of the curve {y°z + 2°w + w% = 0} in P? is 10, so (r,a) = (1,1). The
potential W7 defines a K3 surface 22 = 3° + y2° + zw® in the weighted projective
space with weights (25,10, 8,7), which has 14;, 144, 14 and 1A7 singularities so
the invariants are (r,a) = (19,1) (this is No. 27 in the list). Using proposition 5
we find that | SL(WT)| = |Jyyr| = 50 and so the claim is proved.

No. 3a, No. 3b: (wi,ws,ws,ws) = (5,3,1,1). We have d = 10, the only
solution with weights (5,3,1,1) in this order is (a1, as, as) = (3,9, 10), which is the
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No. (w17w27w37w4) f(y,Z,’lU) (Tv CL) | SL(W)‘ ‘JW|
(1)27 | (25,10,8,7) y® +yz° +2w® | (19,1) 50 50
(2)37 | (16,7,5,4) wd +wzt + 29° | (14,4) 32 32

(3a)28 | (27,18,4,5) v +y2? + 2w | (17,1) 54 54
*(30)5 | (7,4,2,1) 2T+ 2y +yw!® | (7,3) *42 14
#(4)30 | (4,2,1,1) vyt +yS 2w’ | (2,2) %24 8
#(5)3b | (5,3,1,1) 2Ty +ydw+w® | (3,1) 30 10
(7)14 | (13,8,3,2) w3 +wy? +y28 | (13,3) 26 26
(8)38 | (16,9,5,2) wib + w28 + 293 | (14,2) 32 32
(11)17 | (15,8,6,1) 25+ zy? +yw?? | (11,1) 30 30
(12)31a | (8,4,3,1) 2+ 2yt +yw'3 | (6,4) 16 16
(13)19 | (15,10,4,1) y® +yz2® + 2w | (9,1) 30 30
(14)7 | (9,5,3,1) wBy +y32 428 | (7,3) 18 18
(16)31b | (8,4,3,1) vyt +yw'? + w2’ | (6,4) 16 16
(1711 | (11,7,3,1) 2y + yPw+w?? | (9,1) 22 22
(19)13 | (13,7,5,1) y32 + 2w+ w? | (11,1) 26 26
(25)32 | (8,5,2,1) 28 4 2wt +wy? | (6,2) 16 16
(2711 (3,1,1,1) Yo+ 25w+ wb | (1,1) 6 6
(28)3a | (5,3,1,1) Y3z + 22w+ w0 | (3,1) 10 10
%(30)4 | (7,3,2,2) yiz + 280w +w” | (10,6) *42 14
(31a)12 | (13,6,5,2) 2y +ytw +w'? | (14,4) 26 26

4 12 5
(31b)16 | (15,7,6,2) yrw +w iz 420 | (14,4) 30 30
8 14 3
(32)25 | (21,14,5,2) Pw+wiy+y3 | (14,2) 42 42
(36)47 | (18,12,5,1) y® + yw? +wz" | (10,0) 36 36
3721 (5,2,2,1) wdz + 2y + ¢° (6,4) 10 10
2,1 16 6 3 2 1 1

(38)8 | (9,6,2,1) w'®z 4+ 2%y +y° | (6,2) 8 8
(40)42 | (6,4,1,1) y? +y2® 4+ 2wt | (2,0) 12 12
(42)40 | (22,13,5,4) vz + 28w +w'l | (18,0) 44 44
(47)36 | (14,9,4,1) 3w +w?tz + 27 | (10,0) 28 28

TABLE 1. The chain mirror cases

surface 22 = y32 + 2%w + w!%. This has one Ay singularity so (r,a) = (3,1) and

W7 is the surface 22 = 3% + y2° + zw!® in P(27,18,4,5), which has 14;, 143,
144 and 1Ag singularity, so (r,a) = (17,1) (this is the No. 28 in the list). Using
proposition 5 we find Jyyr = SL(WT) and the claim is proved.

If we permute the weights we have a solution only for (5,1,3,1), in this case
(a1, a2,a3) = (7,3,10) and writing back in the coordinates in the space with weights
(5,3,1,1) we get 2 = 27y +y>w+w'® which has (r,a) = (3,1). The surface defined
by WT is 22 = 27 + 2y + yw!® in the weighted projective space with weights
(7,4,2,1). This has 3A; and 1A3 singularities so (r,a) = (7,3) (this is No. 5 in the
list). This is not the mirror of W in the sense of Dolgachev and Voisin. In fact the
order of Jyyr is 14 but the order of SL(W7T) is 42. We have to study the minimal
resolution of the quotient of W1 by JZ,/Jyr. We will discuss this special case in
detail in the next section.

5.1.2. The four special cases. We study more in detail the cases where the surface W
is such that the group SL(W)/Jw is not trivial. We denote by v: W — W the
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minimal resolution. Let G := SL(W)/Jy, which in all these cases is isomorphic to
Z/3Z. Denote by ;1 the blow-up of W at the fixed points of G, which are isolated
since G acts symplectically on W. We have a commutative diagram:

(3) T 7 T Rl T 2:1 P(ws, ws, wa)
Wy = W/G W/G W/G

Here we denote by G the group acting on W, its pull-back to W and its pull-
back to TW. Moreover we denote by C the branching curve of the double cover
W — P(ws, ws, ws) and by C; C Wi its pull-back to Wj.

No. 3b. The surface W has equation z? = 27y + y3w + w'® and as previously
seen W has (r,a) = (3,1). We study now the surface w. By corollary 3 a genera-
tor for SL(Wepain )+ is (14/15,7/15,3/5) hence we take g := (1,14/15,7/15,3/5) as
generator of é+ 2 7,/37 with action on the coordinates in the order x, z,y, w. We
must study the fixed locus of the group G on W to describe the singularities and so
to get the values of the invariants (r, a) for the K3 surface Wi (clearly since we al-
ways consider diagonal automorphisms, the surface W inherits the non-symplectic
involution ¢). A local analysis in the charts shows: the point (0:1:0:0) € W
is an A, singularity which is fixed by ¢ hence induces on the quotient W/ G an Ag
singularity. The point (0:0:1:0) is an As singularity, and finally (1:0:1:0)
and (—1:0:1:0) are 24, singularities which are interchanged by ¢. On W we
find in total 13 invariant curves for the action of ¢, hence » = 13. Observe that the
automorphism § preserves the curve C' and it fixes two points on it (correspond-
ing to the Ag singularity and the first of the Ay singularities). Using the Hurwitz
formula we find that the genus of the curve C; is ¢ = 3. In conclusion we get
(rya) = (13, 3) so the surface W is the mirror surface of the surface with equation
2?2 = w'% + 332 + 27 which is the No. 5. in the list.

No. 5. The surface W has equation 22 = w'% + y3z + 27 in P(7,4,2,1). We
have d = 14 and W has 143 and 3A; singularities, which are all fixed by ¢ and
so W has (r,a) = (7,3). We study the surface W. We have SL(W)/Jw =2 Z/3Z,
so we take a generator of this cyclic group and we study the fixed locus. A gener-
ator for Aut(Wepain)+ is (—1/210,1/21,—1/7) and by corollary 3 a generator for
SL(Woahain)< is then (—1/21,10/21,—10/7) = (20/21,10/21,4/7). Consider now
the element g := (1,20/21,10/21,4/7) € SL(W)4. If we consider its cube we get an
element of (Jy )+ and so we get a generator of SL(W);/(Jw)+. A local analysis
in the charts shows: the point (0:1:0:0) € W is an Aj singularity which in the
quotient W/é is an Aj; singularity. The point (1 :0:1:0) € W is fixed by g
hence we have an Ay singularity on W/ G. Finally the point (0:0:0:1) is an Ay
singularity of the quotient. The 3 curves on W in the graphs of the A; singularities
are permuted by g and so they give only a contribute of 1 for r of W7. We find
in conclusion the invariants (r,a) = (17,1), so the surface Wy is the mirror sur-
face of the surface with equation 22 = 27y+y3w+w'® which is the No. 3b in the list.
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No. 4. The surface W has equation 22 = y*z + 26w + w” in P(7,3,2,2). We
have d = 14 and W has 7A; singularities and 14, singularity, so for W we have
(rya) = (10,6). A generator of SL(Wepain)+ is (20/21,4/21,6/7) giving the gen-
erator § = (1,20/21,4/21,6/7) for SL(W)+/(Jw)+. A local analysis in the charts
shows: the point (0:1:0:0) € W is an Ay singularity which is fixed by g and it
is an Ag singularity in the quotient. The point (0:0:1:0) € W which is an A;
singularity is fixed by g and is an A5 singularity in the quotient. Finally the point
(1:0:0:1) gives an Ay singularity. The remaining 6A; singularities on W are
permuted in two length 3 orbits on W and so we have 2A; singularities. We find
(r,a) = (18,2) so the surface W is the mirror surface of the surface with equation
22 = w’z + 2%y + y* which is the No. 30 in the list.

No. 30. The surface W has equation 22 = w”z + 28y + y* in P(4,2,1,1). We
have d = 8 and W has 2A4; singularities which are interchanged by ¢ and so for w
we have (r,a) = (2,2). A generator for G4 is § = (1,11/12,7/12,1/2), which acts
on the coordinates x,w, z,y in this order. We study its fixed points on W. A local
analysis in the charts shows: the points (1:1:0:0) and (—1:1:0:0) are two
A; singularities on W (interchanged by ¢) which are fixed by § so in the quotient
we get 245 singularities. The points (0 : 0: 1 :0) and (0:0: 0 : 1) are two Ay
singularities in the quotient. We find (r,a) = (10, 6) so the surface W is the mirror
surface of the surface with equation 22 = y*z + 28w + w” which is the No. 4 in the
list.

5.2. The loop case. Consider a potential of the form:

a a an—1
Wioop =21 2 + 25°x3 + ...+ 2," T &y + 27" T1.

As in [12, Section 3] a generator of Aut(Wieep)+ is given by (¢1,...,¢,) with

(_1)n (_1)n—j+1a1 Qs
1/}1 = T ) % = T !

where I" := ajas - - - a, — (—1)", in the particular case of n = 3 we get the generator
%(—1, ai, —alag), with I' = aiasa3 + 1.

L j>2

Proposition 6. The order of SL(Wigep) is

| SL(Wigop)| = ged | [ (=1)" + D (1) *lay--a;1 |, T
j=2

hence SL(Wioep) = Jw,,,, if and only if the total degree of Wieep is equal to
ged (=" + X5y (-1)" a1 0,1 ) , T).

Proof. The proof is similar as the proof of proposition 4. B

Corollary 4. A generator of SL(Wisep) @5 (81, - .., Biby) with 8 =T /| SL(Wieep)|-
We generalize now proposition 6 in the following form:
Proposition 7. Let W denote a potential of the form:
22— (2 @y + 23wz + . T T, + 20 r).
We have Aut(W) = Z /27 x Z/T'Z.
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(1) If 2 does not divide T, i.e. Aut(W) is cyclic of order 2T, then:
n
[SLOW)|=ged [T +2 | (=) + > (=) 7™ ay---a; 1 |, 2T
Jj=2

(2) Otherwise let 2%, k > 1, be the greatest power of 2 dividing T' then Aut(W)
s not cyclic and

(22) [SLOW)| = ged (((—1)" + X_p(~1)" 7+ ay - wa;-1 ), T) if 2% di
vides (—1)" + 327 _o(=1)" 7 ay - a;1.

(2b) |SL(W)| = 2gcd((( )"+ Y0, (~1)" i+ -aj_l), r) other-

wise.

Proof. The proof is similar as the proof of proposition 5. B

Remark 5.3. It is easy to see that if n = 3 the condition (2a) of the proposition 7
is not possible.

5.2.1. BHCR-mirror construction for K3 surfaces of loop type. We consider a po-
tential W in the form
2 — (y¥ 2 + 22w + wy).
We assume that it defines a K3 surface (i.e. the sum of the charges is one) in a
weighted projective space P(w1, we, w3, wy) and denote by d its total degree. The
possible weights for weighted projective spaces in which we can define K3 surfaces
in the form W are listed by [3, 17, 20], and the exponents a; must satisfy:
d— w3 d— wy d—w;

2w1:d,a1: , Q2 = , az =
w2 w3 Wy

We collect the possible equations in table 2, where we use the same notation as in
table 1. Except in the first case the table proves theorem 1.1 in the loop case. The
proof of theorem in the special case is given in §5.2.2.

No. | (w1, ws, w3, wy) | fy,z,w) (rya) | |SLOW)| | |Jw]
(1] (3,1,1,1) vz + 2w +wly | (1,1) 6 42
(23)3 | (5,3,1,1) yr+ 22w +wTy | (3,1) 10 10
(13)11 | (11,7,3,1) y3w 4wz + 2%y | (9,1) 22 22
(11)13 | (13,7,5,1) Y3z + 2w+ wfy | (11,1) 26 26
(3)23 | (19,11,5,3) vz + 2Tw+wy | (17,1) 38 38

TABLE 2. The loop mirror cases

5.2.2. The special case. No. 1. In this case W = W7T and G = SL(W)/Jw =
Z,/7Z which as shown in proposition 2 acts symplectically on . We use the same
notation as in diagram (3). The equation of the surface W is 2% = y%z + 25w +
w®y which is a smooth surface of degree 6 in P(3,1,1,1), the genus of C is 10
so (r,a) = (1,1). By the corollary 4 a generator for SL(Wj,ep)+ in this case is
(20/21,5/21,17/21) and a generator for SL(W)y is g := (1,20/21,5/21,17/21).
By a local analysis in the charts we find that the points (0:1:0:0), (0:0:1:0)
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and (0:0:0: 1) are fixed by § and are contained on C. So on W/G we find 3Aq
singularities and a fixed curve of genus 1, so the invariants for W7 are (r,a) = (19,1)
and Wy is the mirror of W.

5.3. The fermat case. We consider a potential
Wy =it 4+ ... +ain.

Recall that Aut(Wy,) = Z/a1Z % ... X Z/apZ. We study now SL(Wy, ). If n =1
clearly there are no diagonal symmetries of determinant one except the trivial one.
If n = 2 it is easy to see that the order is ged(aq,as), in general we have:

Proposition 8. The order of SL(Wy, ) is

|SL(W;,)| = gcd(a1-~-an_1,...,a1---&}---anl...,ag---an)
(=1)"
I1 I[I ged({aitier)
k=2 \ Ic{1,...,n}
[T|=F

Proof. An element of Aut(W, ) has the form:
(exp(2micvy /aq), . .., exp(2miay, /ay))
where o; € Z/a;Z. Tt is in SL(W7, ) if the exponents satisfy the condition
ay(ag--an)+...+aiar @ an)+...+ag(ar--rap—1) =0 mod ag - ay.

Let 0 :=ged(ay -+ an-1,-..,a1 @ Qp,...,a2" - ay), then the equation is equiv-
alent to:

ar(ag-ran)+ ... +ai(ar-a;an)+ ...+ an(ar - ap—1) ~0 mod a1-~-an,

0 0
which has exactly 6 solutions. The last equality follows from an easy combinatorial
exercise. l

Remark 5.4. For n = 3 one has

| SL(Wy,)| = ged(araz, aras, azas) = god(on, az) - god(as, a) god(es, aa)
3 Y b .

ged(ay, az, as)

Corollary 5. Let W denote a potential of the form:

2 — (29 . i),

(1) If 2 divides a; - - - a,, then | SL(W)| = 2| SL(Wy,)],
(2) otherwise | SL(W)| = | SL(Wy,)

Proof. 1t follows easily from proposition 8. B

Remark 5.5. If the potential 22 = 2% + ... + 2% defines a hypersurface in
a normalized weighted projective space, then the case (1) of corollary 5 is not
possible.
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5.3.1. BHCR-mirror construction for K3 surfaces of fermat type. Consider a po-
tential W in the form

x? — (Y™ + 2% + ™)
that defines a K3 surface. The possible weights are described by [3, 17, 20]. Clearly
we have that W = W7, To determine the possible exponents a;, as, az the relation
with the weights is the following

2’(1)1 = d, ai1wy; = d, AWy = d, asws = d

and the possible equations are listed in the table 3. Using the results of corollary 5
we compute the order of SL(WW). There are only two cases where the BHCR-mirror
of W is W itself. This proves theorem 1.1 except for exactly 8 cases, where the
group SL(W)/Jw is not trivial. We discuss some of them in §5.3.2. In the table 3
in the last column we describe explicitly SL(W)/Jy since it is not straightforward
and we use Nikulin’s classification [15] of finite abelian groups acting symplectically
on a K3 surface.

No. | (w1, ws, w3, wy) | [y, z,w) (rya) | |SLOW)| | [Jw]| | SL(W)/Jw
x1](3,1,1,1) Yo+ 204w | (1,1) 72 6 | Z/2Z xL[6Z
¥2 | (5,2,2,1) Y+ 20 +wl® | (6,4) 50 10 7./57
*8 | (9,6,2,1) v 4+ 22+wl® | (6,2) 54 18 7/3Z
18 | (15,10, 3,2) Y3+ 210+ wl® | (10,4) 30 30 1
26 | (21,14,6,1) Y3+ 2T +w*? | (10,0) 42 42 1

x30 | (4,2,1,1) v+ 22w | (2,2) 64 8 | Z/27 x 7./AZ

%34 | (10,5,4,1) yt+ 25+ w? | (6,4) 40 20 727

x41 | (6,3,2,1) yt 425 +w'? | (6,2) 48 12 | Z)27Z x 7./2Z

%42 | (6,4,1,1) Y3+ 212+ wl? | (2,0) 72 12 7./6Z

x45 | (12,8,3,1) v+ 22+ w?t | (6,2) 48 24 7./27.

TABLE 3. The fermat mirror cases

5.3.2. The special cases. The study is essentially the same as in the chain case or
in the loop case and we use again diagram (3). We discuss however some cases in
detail, since here the group acting on the surface W7 is not always cyclic.

No. 1: The equation 2 = y°+2° 4w’ defines a smooth K3 surface W of degree
d=61inP(3,1,1,1) and (r,a) = (1,1). The group G = SL(W)/Jw is of order 12.
By Nikulin’s classification [15] of finite abelian groups acting symplectically on a
K3 surface, G & Z/2Z x Z/6Z. The group (Jy )4 is generated by the element
(1/2,1/6,1/6,1/6) and observe that the elements (1/2,1/2,1,1) and (1,1/6,5/6,1)
generate éJr. Denote by (1,0) the generator of order 2 and by (0,1) the generator
of order 6. Again by [15] we know that we have the following number of fixed
points:

HE 5)(6) —— H{ 1)(2) —— H{, 5)(0) —— H{,

(12)(2) —— HE, )(6)

HE, 1)(2) —— H? 4 (6)
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where we follows the notation of [15] and we denote by H'(t) the cyclic group of
order m with generator x, and the t in parentheses denotes the number of fixed
points having H]* as stabilizer.

Looking at the diagram and by a local analysis one sees that it is enough to
study the fixed points of the elements (1,0), (0,3) and (1,3). The fixed points of
(1,0) are (1:1:0:0),(=1:1:0:0) and (0:0:1:¢&%), with £ = exp(2mi/12)
and j =1,3,5,7,9,11. The first two points are interchanged by ¢ and have in fact
stabilizer of order 6. The computation for the elements (0,3) and (1, 3) is similar.
We find that the quotient W/ G has in total 3A5 and 3A; singularities which gives
r = 19. Finally by an easy computation one sees that the curve C' contains 18
points with stabilizer group of order 2 hence by Hurwitz formula the curve C has
genus 1 so the invariants for Wy are (r,a) = (19,1). This shows that the surface
W1 is the mirror of the surface W.

No. 41. The K3 surface W has equation: z? = y* + 26 4+ w'? of total degree 12
in IP(6,3,2,1). The surface W has two A; singularities at the points (1:0:1:0)
and (—1:0:1:0) which are interchanged by ¢ and two A, singularities at the
points (1 :1:0:0) and (=1 :1:0 :0) which are exchanged by ¢ too. We find
r = 4 and the genus of the fixed curve C is 7 hence (r,a) = (4,4) (observe that this
is different from the value given by Borcea in [3, Table 3]).

The group G has order 4 and by Nikulin’s classification [15] it is either Z/4Z or
Z/2Z x ZJ27. Here (Jw )+ is generated by (1/2,1/4,1/6,1/12). The two elements
(1,0) := (1,1/2,1/2,1) and (0,1) := (1/2,1,1,1/2) are different and of order 2 in
SL(W)4/(Jw )+ hence SL(W)/Jw = Z/2Z x Z)2Z.

Fized points of (1,0): after blowing up the singularities of W, the element fixes
6 points on the two As-graphs of curves and the points (1 : 0 : 0 : &), with
& :=exp(2mi/12) and (1:0:0: 1) which are interchanged by ¢.

Fized points of (0,1): there are eight fixed points (0 : 1: ¢ :0), (0:1:&%:0),
(0:0:¢7:1),j=1,3,5,7,9,11.

Fized points of (1,1): after blowing up the singularities of W, the element fixes
four points on the two Aj-graphs of curves and the 4 points (0 : ¢ : 0 : 1), with
¢ =exp(27i/8), 7 =1,3,5,7.

By a careful look at the action of G on W and W we find that Wi has the following
configuration of curves: (14; + 145) +4A; + (1As +24;) so r = 16. The curve C
contains 12 points with stabilizer of order 2 hence the genus of C; is 1 and so the
invariants of W1 are (r,a) = (16,4). This shows that W is the mirror of W.

5.3.3. The subgroups. In the table 3 there are 4 cases where one can consider non
trivial proper subgroups G = G/Jw of SL(W)/Jw. Noting that W = W7T and
applying proposition 3 we have that GT = (SL(W)/Jw) /é By making similar
computations of the Nikulin invariants (r,a) for W/G and W/ GT one obtains that
the corresponding minimal resolutions are mirror K3 surfaces, proving theorem 1.1
also in these cases. In table 4 we collect the computation for all possible subgroups
in the case No. 1. The others cases are similar.

5.4. BHCR-mirror construction for K3 surfaces of chain+fermat type or
loop+fermat type. Combining atomic types we obtain two possible potentials:

Wep =y*z 4292 +w®, Wiy =y"z+ 2%y +w.
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(G)4+ | generators | (r,a) (GT)+ generators (r,a)
ZJ2Z | (1/2,1/2,1,1) | (8,6) Z]6Z (1,1/6,5/6,1) | (12,6)
Z2Z | (1,1/2,1/2,1) | (8,6) Z/6Z (1/2,1/3,1/6,1) | (12,6)
7/27 | (1/2,1,1/2,1) | (8,6) 7/6Z (1/2,5/6,2/3,1) | (12,6)
z/3z | (1,1/3,2/3,1) | (7,7) | z/2z < z/2z. | UTNTRY | (18,7)

TABLE 4. The subgroups in the fermat case No. 1

Then the equation of the K3 surface W is 22 = W, or 2 = Wjs. Observe that in
the loop—+fermat case we have W = W7,

Proposition 9. Let W be a potential of the form x?> — W.s. The automorphism
group of diagonal symmetries is Aut(W) 2 Z /27 x Z/(a1a2)Z X Z/asZ. One has

10203
a1a
lem (gcd(alag,lfal) ’ CL3)

1) If 2 divides ——~222—— or 2 divides az then | SL(W)| = 2| SL(W,;)|,
f

ged(araz,l1—ar)

(2) otherwise | SL(W)| = | SL(W¢y)|.

Proof. We have Aut(Wey)y = Z/(a1a2)Z X Z/asZ and the elements of the groups
can be written as (a/ajaz2, a(—aq1)/ara2, B/a3), with (o, B) € Z/(a1a2)Z x Z/a3Z.
It corresponds to an element of determinant one if:

a(l—ay) B

+—€Z.
a1a2 as

| SL(Wep)| =

Let X := ged(ayag, (1 —aq)). This is equivalent to the equation

(1 — al)ag a1a2 alagag)
A +h A A
It is now an easy exercise to count the solutions. Similarly, the elements of Aut(W)
can be written as («/2, Baias, B(—a1)/a1a2,7v/a3z) with («, 8,7) € Z/2ZxZ[(a1a2)Zx
Z/asZ and are of determinant one if:

=0 mod (

« 1—a
24— e
2 a1a9 as

2aiasas3

It is easy to see that there are

solutions. This gives the result.
lem( 2 )

ajag a
"ged(ajag,l—ap) @3

Proposition 10. Let W be a potential of the form x% — Wis. Then automorphism
group of diagonal symmetries is Auwt(W) = Z/2Z x Z/(aras — 1)Z x Z/a3Z. One
has

(a1a2 — 1)@3

a1a2—1
lem (gcd(alag—l,l—al) ’ a?’)

1) If2 divides ——2%2=L - or 2 divides a3 then | SL(W)| = 2| SL(Wiy)|,
f

ged(araz—1,1—aq)

(2) otherwise | SL(W)| = | SL(Wyy)|.

| SL(Wiys)l =
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Proof. Same argument as above. H

The proof of theorem 1.1 in all these cases is similar as before. We collect the
results in the tables 5 and 6. In the table 5 the group SL(W)/Jw is always cyclic
of order two or is trivial. In the table 6 in most cases one can deduce the structure
of SL(W)/Jw from its order and using Nikulin’s list of finite abelian groups acting
symplectically on a K3 surface. Only two cases are not straightforward: the first
and the third. One has to look closely at the elements of SL(W) and Jyw to deduce
the structure. In the first case one can easily see that SL(W)/Jy contains an
element of order eight and in the second case it contains an element of order four.
Hence also in these cases theorem 1.1 holds.

5.4.1. The subgroups. In the table 6 there are 3 cases where one can consider non
trivial proper subgroups G = G/Jw of SL(W)/Jy. We prove theorem 1.1 in these
cases as in §5.3.3.
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No. | (w1, we,ws,ws) | f(y,z,w) (rya) | |SLOW)| | |Jw]
*(15)1 | (3,1,1,1) v’z + 25 + ub (1,1) 12 6
*(33b)2a | (5,2,2,1) ylz + 25+ w0 | (6,4) 20 10
(39)2b | (5,2,2,1) wly +y° + 2° (6,4) 10 10
%(18)3 | (5,3,1,1) Yz + 210 +wt® | (3,1) 20 10
(35a)4 | (7,3,2,2) yrz+ 2T +w” | (10,6) 14 14
(24)5 | (7,4,2,1) vz + 2T +w | (7,3) 14 14
*(41a)6 | (9,4,3,2) ylw+w? +25 | (10,6) 36 18
*(8a)7 | (9,5,3,1) Y3z + 28 +w'd (7,3) 36 18
*(7)8a | (9,6,2,1) Py +y® +w'® (6,2) 36 18
(46)8b | (9,6,2,1) w2y + 2+ 22 | (6,2) 18 18
(48)8¢ | (9,6,2,1) w2+ 29 +94% | (6,2) 18 18
#(1)15 | (15,6,5,4) why +y° +25 | (12,6) 60 30
(34a)16 | (15,7,6,2) yrw +wh + 25 | (14,4) 30 30
(19)17 | (15,8,6,1) vz 4+ 2+ w0 | (11,1) 30 30
#(3)18 | (15,10,3,2) w'y + 1% + 210 | (10,4) 60 30
(17)19 | (15,10,4,1) Py + P w0 | (9,1) 30 30
(5)24 | (21,14,4,3) Ty + P +wtt | (13,3) 42 42
(45b)25 | (21,14, 5,2) Bw+ % +w? | (14,2) 42 42
(36)26a | (21,14,6,1) wBy +y3 + 27 | (10,0) 42 42
(47)26b | (21,14,6,1) w3z +y3 + 27 | (10,0) 42 42
(42b)29 | (33,22,6,5) w'?z 4 21 443 | (18,0) 66 66
%(350)30a | (4,2,1,1) Zw+uwS+yt | (2,2) 16 8
*(43)30b | (4,2,1,1) 2Py + 9t +wd (2,2) 16 8
x(31a)31a | (8,4,3,1) Ay 4+ yt +wlt (6,4) 32 16
*(34b)31b | (8,4,3,1) 2w+ w' +y* | (6,4) 32 16
*(45a)32 | (8,5,2,1) vPw+wl®+ 28 | (6,2) 32 16
#(41b)33a | (10,5,3,2) 2w+ wl®+yt | (8,6) 40 20
*(2a)33b | (10,5,3,2) Py+yt+w® | (8,6) 40 20
(16)34a | (10,5,4,1) wPy +yt+2° | (6,4) 20 20
*(310)34b | (10,5,4,1) w2 + 25+ 9yt | (6,4) 40 20
(4)35a | (14,7,4,3) wiy+y*+27 | (10,6) 28 28
*(30a)35b | (14,7,4,3) wdz + 27 +yt (10,6) 56 28
(26a)36 | (14,9,4,1) yPw 4+ w?® + 27 | (10,0) 28 28
(26)39 | (20,8,7,5) Pw+y+u® | (14,4) 40 40
x(6)41a | (6,3,2,1) wly +y* + 28 (6,2) 24 12
*(33a)41b | (6,3,2,1) w02+ 26+ 4% | (6,2) 24 12
*(44)42a | (6,4,1,1) ABy+y3+w? | (2,0 24 12
(29)420 | (6,4,1,1) Zlw+w?+y3 | (2,0) 12 12
*(300)43 | (12,5,4,3) Zly+yS+u® | (14,2) 48 24
*(42a)44 | (12,7,3,2) vz + 28 +w? | (10,4) 48 24
*(32)45a | (12,8,3,1) wiby +y3 + 28 | (6,2) 48 24
(21)45b | (12,8,3,1) wlz+ 22493 | (6,2) 24 24
(8b)46 | (18,11,4,3) vw+w'? +22 | (14,2) 36 36
(26b)47 | (18,12,5,1) 2Tw + w38 + 42 | (10,0) 36 36
(8¢)48 | (24,16,5,3) 2w+ w'® + 43 | (14,2) 48 48

TABLE 5. The chain+fermat mirror cases
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No. | (w1, w2, w3, wyq) | fy,z,w) (rya) | |SLOW)| | [Jw] | SL(W)/Jw
*1|(3,1,1,1) Yoz + 2%y + w® (1,1) 48 6 Z/8Z
x2 | (5,2,2,1) yrz + 2ty + w' (6,4) 30 10 Z/3Z
%3 | (5,3,1,1) v+ 2Ty +w® | (3,1) 40 10 Z/AZ
x5 | (7,4,2,1) vz + Oy +wtt | (7,3) 28 14 7.)27.
6 (9,4,3,2) yiw+wTy + 25 | (10,6) 18 18 1
10 | (11,6,4,1) iz + 2ty +w? | (10,2) 22 22 1

%30 | (4,2,1,1) w4 wiz4+yt | (2,2) 48 8 Z/6Z

%31 | (8,4,3,1) 2w+ wBz+yt | (6,4) 32 16 7.)27

%32 | (8,5,2,1) yvw+wlly+28 | (6,2) 32 16 Z/2Z
36 | (14,9,4,1) 3w +wfy + 27 | (10,0) 28 28 1

%42 | (6,4,1,1) Mw+wltz+9y3 | (2,0) 60 12 Z/5Z
47 | (18,12,5,1) ZTw+wilz + 43 | (10,0) 36 36 1

TABLE 6. The loop+fermat mirror cases



