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ABSTRACT. A generalized Kummer surface X obtained as the quotient
of an abelian surface by a symplectic automorphism of order 3 contains
a 9As-configuration of (—2)-curves. Such a configuration plays the role
of the 16 A -configurations for usual Kummer surfaces. In this paper we
construct 9 other such 9A;-configurations on the generalized Kummer
surface associated to the double cover of the plane branched over the
sextic dual curve of a cubic curve. The new 9Ajs-configurations are
obtained by taking the pullback of a certain configuration of 12 conics
which are in special position with respect to the branch curve, plus some
singular quartic curves. We then construct some automorphisms of the
K3 surface sending one configuration to another. We also give various
models of X and of the generic fiber of its natural elliptic pencil.
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1. INTRODUCTION

A Kummer surface Km(A) is the minimal desingularization of the quotient
of an abelian surface A by the involution [—1]. It is a K3 surface containing
16 disjoint (—2)-curves, which lie over the 16 singularities of A/([—1]). We
call such set of curves a 16 Aj-configuration. A well-known result of Nikulin
[18] gives the converse: if a K3 surface contains a 16A j-configuration, then it
is the Kummer surface of an abelian surface A, such that the 16 (—2)-curves
lie over the singularities of A/([—1]).

Shioda [31] then asked the following question: if two abelian surfaces
A and B satisfy Km(A) ~ Km(B), is it true that A ~ B 7 Gritsenko
and Hulek [14] gave a negative answer to that question in general. In [22],
[23], we studied and constructed examples of two 16A;-configurations on
the same Kummer surface such that their associated abelian surfaces are
not isomorphic.

Kummer surfaces have natural generalizations to quotients of an abelian
surface A by other symplectic groups G C Aut(A). If G = Z/3Z, then the
quotient surface A/G has 9 cusp singularities, in bijection with the fixed
points of G. Its minimal desingularization, denoted by Kms(A), is a K3
surface which contains 9 disjoint Ag-configurations, i.e. pairs (C,C”") of
(—2)-curves such that CC” = 1. It is then natural to ask if an isomorphism
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Km3(A) ~ Km3(B) between two generalized Kummer surfaces implies that
A and B are isomorphic.

With this question in mind, in the present paper we construct geometri-
cally several 9As-configurations on some generalized Kummer surfaces previ-
ously studied by Birkenhake and Lange [7]. Their construction is as follows.
For A generic, the dual of a cubic curve Ey : 2 + 3 + 22 — 3\zyz = 0 is
a sextic curve C) with a set Py of 9A5 singularities corresponding to the
nine inflection points on F). The minimal desingularization X, of the dou-
ble cover of P? branched over C) is a generalized Kummer surface with a
natural 9As-configuration Ag. The surface X, has a natural elliptic fibra-
tion ¢ : X\ — P! for which the 18 (—2)-curves in the 9A-configuration are
sections, and the reduced strict transform of C) is a fiber.

In order to find other (—2)-curves on X, we study the set Ci2 of conics
that contain at least 6 points in Py. One has

Theorem 1. The set Ci2 has cardinality 12. FEach conic in Cio contains
exactly 6 points in Py and through each point in Py there are 8 conics. The
sets (Pg,Ci12) form therefore a (9s,12¢)-configuration.

The configuration (Py,Ci2) has interesting symmetries, e.g. there are 8
conics among the 12 passing through a fixed point ¢ in Py and the 8 points
in Py \ {¢}, which form a 85 point-conic configuration. The freeness of the
arrangement of curves Cig is studied in [20], where we learned that this
configuration has been also independently discovered in [12].

The irreducible components of the curves in the K3 surface X, above the
12 conics are 24 (—2)-curves. This set of (—2)-curves contains nine 8 Ag sub-
configurations which are the strict transform of the nine 85 sub-configurations
of conics. Using the pullback to X, of some 9 special (singular) quartic
curves, we are able to complete each of these 8 Ao-configurations into a new
9A,-configuration Ay, (k€ {1,...,9}).

According to [4], to a 9Agz-configuration corresponds an Abelian sur-
face A and an order 3 symplectic group G such that X, ~ Kmgs(A) and
the 9Aq-configuration is the exceptional divisor of the minimal desingular-
isation Kmgs(A) — A/G (this is the analog of Nikulin’s result for 16A4-
configurations).

A Kummer structure on K3 surface X is an isomorphism class of Abelian
surfaces A such that X ~ Km(A). Kummer structures are in one-to-one cor-
respondence with the orbits under Aut(X) of Nikulin’s 16 A;-configurations
(see e.g. |22, Proposition 21]).

Similarly, one can define a generalized Kummer structure on a K3 sur-
face X as an isomorphism class of pairs (A,G) of abelian surfaces A and
order 3 symplectic group G such that X ~ Kms(A). We show that there is
again a one-to-one correspondence between generalized Kummer structures
and the orbits of the 9Aa-configurations. Using the 9Aa-configurations we
constructed, we obtain:
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Theorem 2. The 9As-configurations Ai,..., Ay we obtained on the K3
surface Xy are contained in the Aut(X))-orbit of Ay.

For the proof we construct automorphisms sending one configuration to
another. Some of these automorphisms are obtained by using translations
by torsion sections of the natural elliptic fibration ¢ : X — P!, and some
other by using the Torelli Theorem for K3 surfaces.

We then continue our study of the surface X by obtaining various models
in projective space, in particular as a degree 8 non-complete intersection in
PP, We construct a model of the generic fiber Ex3 of the fibration ¢.

Theorem 3. The fibration ¢ : Xy — P! has 8 singular fibers of type As;

the 24 (—2)-curves above the 12 conics in Ci2 are contained in these fibers.

A Hessian model of the generic fiber of ¢ is

A3(t2 + 3) — 4t?
A2(t2 —1)

We also get a Weierstrass model of Ex3. It turns out that the Mordell-
Weil group of the fibration ¢ has rank 1 and torsion (Z/3Z)?%; we compute
its generators. Using the translation maps constructed from the model Eks3,
we can acquire other 9As-configurations from the previously known one. We
also obtain another construction of the K3 surface X as a double plane:

Egs:a®+y° 4+ 25 + z=0.

Theorem 4. The surface Xy is the minimal desingularization of the double
cover of P? branched over the sextic curve which is the union of the elliptic
curves E and its Hessian

)
2
The strict transform on Xy of the 12 lines of the Hesse arrangement in P?

are the 24 (—2)-curves above the 12 conics.

He(\): o +¢2+ 2%+ zyz =0,

Finally let us mention that the conics through 6 points in Py have been
used by Degtyarev [10] in order to study Oka’s Conjecture.
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2. PRELIMINARIES

2.1. Notations and conventions. Let n : ¥ — Z be a dominant map
between two surfaces and let C' < Z be a curve. In this paper, the reduced
pullback of C' minus the irreducible components contracted by n is called the
strict transform of C on Y.
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Definition 5. We say that two (—2)-curves E, E’ on a K3 surface form

L o . - -2 1
an As-configuration if their intersection matrix is: < 1 2) - We say that
the (—2)-curves Ey, EY, ..., E,, E/, form an nAs-configuration if the curves

Ej;, E} j€{l,...,n} form n disjoint Ag-configurations.

We recall (see [11]|) that a (v, by)-configuration is the data of two sets
Pu, Ly of respective cardinality v and b, plus a subset I C P, x Ly, such that
for each element p in P,, there are r elements [ in £, such that (p,[) € I, and
for each element [ in Ly, there are k elements p in P, such that (p,l) € I.
One has vr = bk. When v = b and r = k, we call such a configuration a
vp-configuration.

2.2. Generalized Kummer structures. Let X be a K3 surface. Suppose
that C = Ay, A),..., Ag, A is a 9A-configuration on X. By the results of
Barth [4], there exist coefficients a;,a} € {1,2} and a divisor D € NS(X)
such Z?Zl(ajAj + ajA}) = 3D. Let X — X be the blow-up at the 9
intersection points AxA} (k = 1,...,9). The strict transform of C on X
is the union of 18 disjoint (—3)-curves. The quoted results of Barth gives
that there exists a unique triple cover map B — X (for the theory of cyclic
covers, see |6, Chapter 1, Section 17]) branched over the 18 (—3)-curves;
the reduced pull-back of these curves are (—1)-curves and the pull-back of
the exceptional curves on X are 9 (—3)-curves. The minimal model of B is
then an abelian surface B with an order 3 symplectic automorphism group
G coming from the cyclic cover, and the surface X is (isomorphic to) the
minimal desingularization of the quotient surface B/G.

Definition 6. A generalized Kummer structure (of order 3) on a K3 surface
X is an isomorphism class of pairs (4, G) of abelian surfaces equipped with
an order 3 symplectic automorphism subgroup G C Aut(A), such that X ~
Kms(A4), where Kmg(A) is the minimal desingularization of A/G.

Proposition 7. There is a one-to-one correspondence between Kummer
structures on X and Aut(X)-orbits of 9As-configurations.

Proof. Let u: X — X be an automorphism of X sending the configuration
C to the configuration C’. Let B, B’ be the abelian surfaces and let G C
Aut(B), G’ C Aut(B’) be the order 3 automorphism groups such that X is
the minimal desingularization of B/G and B’/G’, and the exceptional curves
of the minimal desingularization are respectively in C, C’. Let us prove that
there exists an isomorphism 7 between the abelian surfaces B, B’ such that
G =rGr~'.

As above let X, X’ be the blow-up of X at the 9 singular points of C and C’
respectively. The automorphism p extends to an isomorphism i : X = X'

The map ~B’ — X & X’ is branched with order 3 over the strict transform
of CN’ in )~(’ . By uniqueness of the triple cover, there is an isomorphism
7: B — B’', (which gives an isomorphism to 7 : B — B’ between the minimal
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models). Moreover, the order 3 automorphisms group G of transformations
of the triple cover B — X is sent by transport of structures to the order 3
automorphism group G’ of transformations of the triple cover B’ — X', i.e.
G’ = 7G7~!. This property is preserved when taking the minimal models:
G'=1Gr L.

For the converse, let (B,G) and (B’,G’) be equipped abelian surfaces
such that Kmg(B) = X = Kmg(B’) and there is an isomorphism 7 : B — B’
with G = 77!G'r. The map B — B’ — B’/G’ is 3 to 1 and G-invariant,
thus it induces an isomorphism B/G ~ B’/G’. That isomorphism extends
to the desingularization: X = Kmg(B) ~ Kmg(B’) = X and sends the first
9A-configuration to the second. O

2.3. The Néron-Severi and transcendental lattices. In this Section,
which can be skipped in a first reading, we compute the Néron-Severi lat-
tice and the transcendent lattice of the generalized Kummer surface X, the
results will be used in Section 3.

2.3.1. The Néron-Severi lattice. Let A be an abelian surface with a symplec-
tic action of a group G := Z/3Z. The quotient A/G has 9A, singularities
and the minimal resolution is a generalized Kummer surface X := Kmg(A)
which carries a 9Ag-configuration Ay, A, ..., Ag, Aj of (—2)-curves.

Observe that the abelian surface has Picard number at least 3, see [5,
Proposition on p. 10] and the K3 surface X has generically Picard number
p(X) equal to 19. Let K3 denote the minimal primitive (rank 18) sub-lattice
of the K3 lattice H2(X,Z) containing the 9 configurations Ay. The lattice
K3 is described as follows. By [3, Proof of Proposition 1.3|, it is generated
by the classes Ay, A, ..., Ag, A} and the following three classes

vi = § Yo (Ai — 4))
= %((AQ — A/) + 2(A3 — Ag) + Ag — Alﬁ + 2(A7 — A,7) + Ag — Ag + 2(A9 — Aé))
(A4 — Ai} + 2(A5 Al ) -+ AG — A% =+ 2(147 — A/7) —+ 2(A8 — Aé) + Ag — Aé)

Then the discriminant group Ky /K3 is generated by the classes

. :%(A5—A/5—|—A7—A{7+A8—A/8)
wy = 5(2(Ag — A)) + Ag — Ag + 2(A7 — AL) + Ag — Ay)
wgzé(Ag—Ag—FAg)—A%—{—A(g—Ag)

with intersection matrix (the coefficients are in Q/27):

o 0 -2
0o -2 _5

_2 _i 03
3 3

Assume p(X) = 19 (the minimal possible) and that Dy, a generator of
K3 C NS(X), has square D3 = 2. We state here the following Lemma for
later use in Sections 4.1 5.3:

Lemma 8. The Néron-Severi lattice is NS(X) = ZD2 & K3 and its discrim-
inant group has order 54.
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Proof. The lattice K3 is 3-elementary and D% = 2, thus the result. [l

2.3.2. The transcendental lattice. Since NS(X) = ZDy @& K3, we know that
the discriminant group is

NS(X)¥ _ (ZD2)V . Ky
NS(X) —  ZD: P K-

The intersection matrix of the generators wi, ws, w3 — w; — wy + %Dz is

0o o0 -2
N=| 0 -2 0
1

2
-2.0

Recall that the quadratic form on the discriminant group has values in
Q/2Z and the corresponding bilinear form has values in Q/Z, see e.g. [17,
Section 2|. The transcendental lattice T'x of X has rank 3 signature (2,1),
and since H?(X,Z) is unimodular det Tx = —2 - 3% with discriminant form
the same as the discriminant form of NS(X) scaled by —1. As in [24, Defi-
nition 2.1|, we define

2

Definition 9. We call the discriminant d of an indefinite rank 3 lattice small
if 4 - d is not divisible by k? for any non square natural number k congruent
to 0 or 1 modulo 4.

The lattice T'x is small, thus by [9, Theorem 21, p. 395| and [9, Corollary
1.9.4] it is uniquely determined by its signature and its discriminant form.
Consider now the rank three lattice T' of signature (2,1) with Gram matrix

0 3 0
3 6 =3
0 -3 6

It has determinant —2 - 3% and if one calls w1, uo, us its generators, one
computes that the discriminant group is generated by

2u; ug  3uit2ustug
30 37 6

and the discriminant form is the same as —N so that by unicity:

Proposition 10. The transcendental lattice Tx is isometric to T.

2.4. The Hesse, dual Hesse, and related configurations. Let us recall
the construction and properties of the Hesse configuration before introducing
a configuration with analogous properties in the next section.

Let E < P? be a smooth cubic curve and Ty its set of 9 inflection points.
Fixing an inflection point as the group identity, the set 7y is the 3-torsion
subgroup E[3]. The Hesse configuration is defined to be the pair (79, L12),
where L12 is the set of 12 lines through pairs of points in 7g. Since each
line meets Ty at 3 points and each point of 7g is contained in 4 lines, the
Hesse configuration is a (94, 123)-configuration. Removing one point of the
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Hesse configuration and its 4 incident lines, one obtains a symmetric 83-
configuration of 8 points and 8 lines.

We note that the construction is not unique to the curve E. If P is the set
of inflection points of any nonsingular cubic plane curve E, then there exists
a pencil of elliptic curves (called the Hesse pencil) whose set of inflection
points is P.

By taking the 12 points and 9 lines in the dual space (P?)* corresponding
to the 12 lines and 9 points dual to the Hesse configuration, one obtains a
dual (123, 94)-configuration called the dual Hesse configuration. As above,
removing one line and the 4 points it meets gives a dual symmetric 83-
configuration.

As abstract configurations, the above configurations can be realized from
the symmetric 134-configuration of points and lines in the plane P?(F3). Re-
moving a fixed point and the set of 4 lines which pass through it, gives
the (123,94)-configuration, and removing a fixed line and the 4 points it
contains gives the (94, 123)-configuration. The (94, 123)-configuration is nat-
urally identified with A%(F3) = P2(F3) \ P!(F3) equipped with its system of
affine lines, consistent with the identification 79 = E[3] = F3 in the Hesse
configuration.

3. NINE NEW 9A9-CONFIGURATIONS

3.1. (93,126) and 8s-configurations of conics. Let us fix A ¢ {1,w,w?},
for w such that w? +w + 1 = 0. The dual Cy, of the elliptic curve

Ey: 22+ 4¢3+ 22 —3\ayz =0,

is a 9-cuspidal sextic curve, (i.e. a sextic curve with 9 cusps) and conversely
any 9-cuspidal sextic curve is obtained in that way. The curve C is:

Cy: (28 + 90+ 20) +2(203 — 1) (233 + 2323 + 4323)
—6\2zyz(a® + 2 + 23) — 3A(\3 — 4)2?%y?22% = 0.
The images by the dual map of the 9 inflection points of E) are the 9 cusps
of C). The set Py of the 9 cusps p1,...,pg is

pr=0M\:1:1), pa=N:w:w?), pr=0A:w?:w)
pr=(1:XA:1), ps=w?:A:w), ps=(w:A:w?
p3=(1:1:)), ps=(w:w?: ), po=(w?:w:N).

When A varies, the closure of the set of points p; is a line, denoted by L;; we
obtain in that way a set L9 of 9 lines. Dually, the points on L; correspond
to the pencil of lines meeting in the inflection point (corresponding to p;) of
the elliptic curve E. One can check moreover that the line L; is the tangent
line to the cusp p;. Let P12 be the intersection points set of the lines in Lg.

Theorem 11. The set Py has cardinality 12. The pair (P12, Lg) forms a
(123, 94)-configuration which is the dual Hesse configuration. The set Cio
of conics containing 6 points in Py has cardinality 12; each conic of Cio is
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smooth. The pair of sets (Pg,Ci2) of points and conics form a (9s,126)-
configuration.

More precisely, the union of the pairwise intersections of the 12 conics in Cqo
is Pg U P12. The intersections between the conics are transverse. Moreover,
each point of P13 is contained in exactly two conics. A conic C in C1o meets
9 conics of C1a in 4 points of Py and the two remaining conics in 3 points of
Py and one point of P1a.

Proof. By a computer search, the 12 conics are:

Cro3a56: 2+ A+ 1)(wry +w?zz +yz) + Wy + w2z = 0,
Cr23789: o2+ (A + 1) (wlry + wrz + yz) + wy? + w222 =0,
Cioaprs: oy —Az2 =0,

Ci24689: 2+ (WA + 1)(zy + wrz + wyz) + y* + w?2? =0,
Ciro5670: 2+ (WA +1)(zy + wirz + w?yz) + y? + w2? =0,
Ci34589: 2+ (WA +w?)(2y + y2z + wz2) +wy? + 22 =0,
Ci346790: —M\y? +22=0,

Cissers: ©2+ (WA +w)(zy + yz + wlez) + w?y? + 22 =0,
Cosapro: 22+ (A +w?)(vy + 22 + Wy2) + wy? + w2? =0,
Casaers: ¥2+ (A +w)(ry + 22 +wyz) + W (y? + 22) = 0,
235689 A* —yz =0,

Cis6789: 2+ N+ 1) (zy+xz+yz2)+y*>+22=0,

where the index 7, j, ..., n of the conic C} ;. , means that this conic contains
the 6 points ps, s € {i,7,...,n}. It is easy to see that the points in Py are in
general position: no line contains 3 cusps, thus the conics are smooth. From
the data of the conics and the knowledge of the points in Py they contain,
one can check the assertions about the configuration of the 12 conics and
the 9 points. If one renumbers the 12 conics by their order C1, ..., Cis from
the top to bottom of the above list, one obtains that the pair of (indexes of)
conics which have an intersection point not in Py are

(1,2), (1,12), (2,12), (3,7), (3,11), (4,8),
(4,9), (5,6), (5,10), (6,10), (7,11), (8,9),

and correspondingly, the 12 points are

(1:1:1), (w:w?:1), (W?:w:1),(1:0:0),(0:1:0), (W?:1:1),
(1:w?:1), (w:1:1),1:w:1), (w?:w?:1),(0:0:1), (w:w:1).

respectively. One can check easily that these 12 points in Pj5 are the inter-
section points of the lines in Lg, which lines form the dual Hesse arrangement
(see Section 2.4). By Bézout’s Theorem, the intersections between the conics
are transverse. (]

Let ¢ € Py and define P, = Py \ {¢}.

Theorem 12. The set C4 of conics containing the point g has cardinality 8.
The set of points Py and the set of conics Cq form an 8s-configuration: each
point is on 5 conics and each conic contains 5 of the points in Py.
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For each conic C in Cy there exists a unique conic C' € Cy such that there is
a unique point in the intersection of C' and C" which is not in Py.

Proof. That can be checked directly from the datas in the proof of Proposi-
tion 11. (|

Let X be the minimal desingularization of the double cover branched over
the sextic curve Cy with 9 cusps. We denote by 7 : Xy — P? the natural
map and we denote by A, A; the two (—2)-curves in X above the point p;
in Py. The curves A;, A;-, je{l,...,9} form a 9As-configuration, which we
call the natural 9As-configuration. We have

Lemma 13. The strict transform by the map n : X\ — P? of a conic C € Cio
is the union of two disjoint (—2)-curves ¢, 6.

Let C, D be two conics in C1a. Suppose that C and D meet in 4 points in
Py. Then the (—2)-curves Oc, 0, 0p, 0, are disjoint.

Suppose that C' and D meet in 3 points in Py. Then, up to exchanging 6p
and 0, the curves Oc,0p, 0,07, form a 2Az-configuration.

Proof. Rather than performing a double cover and taking the resolution of
surface singularities, we perform one blow-ups at each cusp g € Py of Cj,
so that the branch locus is smooth and tangent to the exceptional curve E
(see also Figure 3.1). On the double cover, the reduced image inverse of the
curve E is the union of two (—2)-curves on the smooth K3 surface X.

By that local computation, we see that for C' € Ci9, the curves 0¢,0cs are
disjoint (the strict transform C of C' under the blow-up map do not meet
the branch locus).

Suppose C and D meet in 4 points in Py. The intersection being transverse,
each strict transforms C, D of the curves C, D under the 3 blow-ups at each
cusps is the union of two disjoint curves not meeting the branch curve and
the 4 curves in C, D are disjoint.

If C' and D meet in 3 points in Py then they meet transversely at a unique
point not in Py. Then taking the above notations, we have this time CD = 1,
so that the last assertion holds. O

Let P, and C, as above. Using Theorem 12 and Lemma 13, we get:

Corollary 14. The strict transform by n of the 8 conics in Cq forms an
8 As-configuration.

For each point ¢ = p;, j € {1,...,9}, we denote by A; the corresponding
8 As-configuration on X,. In order to obtain new 9As-configurations, one
needs to find other As-configurations. This will be done in the next section
by using singular quartics instead of conics.

Remark 15. Using a computer, we found eight 8As-configurations in the
set of 32 (—2)-curves which is the union of the two 8As-configurations A}
and {A1, A},..., Ag, Ag} \ {A;, A}}. However one can compute that the
orthogonal complement of 6 of them are lattices with no (—2)-classes, thus



10 DAVID KOHEL, XAVIER ROULLEAU, ALESSANDRA SARTI

one cannot complete these 6 configurations into 9As-configurations. The
32 (—2)-curves can be realized as lines in a projective model of X}, see
Proposition 19.

3.2. Nine new 9Aj-configurations. Let p; € Py be one of the 9 cusp
singularities of the sextic Cl.

Theorem 16. There exists a unique quartic curve (Qj passing through the 9
points in Py, with a unique singularity at the point p;. The singularity has
multiplicity 3, it is of type Ds: it has two tangents, one branch is smooth
while the other branch is a cuspidal singularity. The tangent at the cusp of
Q; 1s also the tangent to the cuspidal singularity of the sextic Cy at p;.

The curve Q; has geometric genus 0. Its strict transform denoted by n on
X\ 1s the union of two (—2)-curves 7]-,7} which form an As-configuration.
The curves 'yj,'y} and the 16 curves in .A; form a 9As-configuration Aj;.

Proof. We give in the Appendix the equations of the 9 curves Q;, j €
{1,...,9}. These curves have been constructed using the LinSys program
by C. Rito which enables to find curves of given degree with prescribed sin-
gularities and given tangencies at a set of points in the plane. Conversely,
one can check that the singularity of @); at p; has multiplicity 3, is resolved
by one blow-up, with the exceptional divisor meeting the strict transform in
two points, one of multiplicity 2.

The curve @; has genus 0, (see e.g. [13, Chapter 4, Section 2|). By Bézout’s
Theorem, the intersections of the quartic @); with the 8 conics in Cio that
contain p; are transverse, so that the curves in A;- are disjoint from fyj,fyg.
and we thus get a 9As-configuration. See Figure 3.1 for the behavior of the
quartic curve ); under the double cover. ([

FIGURE 3.1. Behavior of the quartic (); under the double cover
A
\ -9
/
PQ — 7] X)\
blow-up 2:1 cov V5
O @ El-1 =2

Remark 17. In Section 4.3, we study some automorphisms of X . We obtain
that the nine above 9As-configurations are in the same orbit under the action
by 3-torsion of the Mordell-Weil group of a fibration of Xj.

4. PROJECTIVE, HESSIAN AND WEIERSTRASS MODELS OF X,

4.1. The natural elliptic fibration of X,. Let Dy be the big and nef
divisor on X, which is the pull back of a line in P?. For A generic, the
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divisors Dg, A1, A7 ..., Ag, Ag form a Q-basis By of NS(X)) /q; they generate
an index 3% sub-lattice of NS(X),) (see also Lemma 8).

Let 41 : Yy — P2 be the blow-up of the plane at the 9 cusps of the sextic
curve C'y and let F1,..., Fg be the exceptional curves over py,...,pg. The
strict transform by p of the curve C is the smooth genus 1 curve

Cy=pu Cy— 22?:1&, such that C3 = 0.
The surface X is the double cover of Yy branched over Cy; we denote by
17/ : X A Y)\
the double cover morphism (so that 7" E; = A;+ A}) and by F, the ramifica-
tion locus, so that 2F, = 1 *Cy. Since 2F, = /*C = 6Dy—2 Z?:l(Aj—{—A;),
we get
_ 9
F, =30 — (S9_,4;+ 4)
Let L < P? be a line; the curve C) belongs to the linear system
9
6 =1[6L— 223':117]"
of sextic curves with a double point at points in Pg. One computes that this
linear system is 1 dimensional. Moreover there exists a unique cubic curve
Ca(\) (called the Cayleyan curve, see [1]) that contains the 9 points in Py,
which is
(4.1) Ca(\): z® 4+ %+ 2% - ()‘?)%wxyz =0,
so that 2Ca(A) € 0. The linear system ¢ lifts to a base point free linear
system ¢ on Y, with C) € §'. The linear system ¢ defines a morphism
¢' 1 Yy — P! and induces an elliptic fibration
0: Xy — P!

for which Fj, is a fiber, and which we call the natural fibration.

Let p,q be the images by ¢ of the strict transforms in X of Ca()) and
Cy. In fact the surface X, is the fiber product of the fibration ¢’ and
the quadratic transformation P! — P! branched at p,q. Indeed both maps
X\ — Y, and Yy, xp1 P! has the same branch locus in the rational surface
Y.

The curves A;, A}, ..., Ag, Ay are sections of ¢, and one can check that the
curves 1,7, - - -, 79, Yo are also sections (see Figure 3.1).

Theorem 18. The fibration ¢ contracts the 24 (—2)-curves O;, j € {1,...,24}
which are above the 12 conics C12. The singular fibers of ¢ are 8 fibers of
type Aa, each singular fiber is the union of 3 curves ©;. For X generic, the

fibration ¢ has fibers with non-constant moduli and the Mordell-Weil group
of the fibration ¢ is Z x (Z/37)*.

Proof. The following four sextic curves

C123456 + C123789 + Cas6789, Cr24578 + C134679 + C235689,
Ch24689 + C135678 + C234579, Cr25679 + C134589 + C234678,
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belong to the linear system § of sextic curves that have multiplicity 2 at the
points in Pyg; actually their singularities are nodes. By the results in the
proof of Theorem 11, the strict transform to Y) of the above 4 sextic form
4 fibers of type As, which lies in the étale locus of 1. Their strict transform
on X, is therefore the union of eight fibers of type As. A fiber of type As
contributes to 3 in the Euler characteristic of X, which is equal to 24. Since
there are 8A, singular fibers, the fibration has no other singular fibers. The
24 curves ©; above the 12 conics are in the fibers, thus are contracted by ¢.

The strict transform He(A) on X, of Ca()) is smooth, of genus 1 (we
will see that this is the Hessian of the curve E), thus the notation; see also
Remark 25). Since He(\) - F, = 0, we have that He(\) = F,. The curve F,
is isomorphic to E). For generic A, the curves Ca()) and E) have distinct
j-invariants, thus the fibers of ¢ have a non-constant moduli. Since the
fibration is not isotrivial, results of Shioda (see [30, Corollary 1.5]) apply
and tell that the Mordell-Weil group of sections of ¢ : Xy — P! has rank
1=19—-(2+8(3—-1)).

In fact, elliptic fibrations of K3 surfaces are classified by Shimada in |28].
A table with the 3278 possible cases is available in [29]. Our fibration is case
number 2373 in that table, where one can find moreover that the torsion
part of its Mordell-Weil group is isomorphic to (Z/3Z)2. O

4.2. Two polarizations and a degree 8 projective model. The divisor
D14 = 4D2 — (Z?:lAj —+ A;)

is linearly equivalent to Dy + F' (F' a fiber of ¢) and is effective. Let us define
Dg =Dy — (Al + All)

Proposition 19. The divisors Dg and D14 are ample of square Dg = 8§,
D?, = 14. The linear system |Dg| is base point free, non-hyperelliptic, and
defines an embedding Xy — P° as a degree 8 surface. For d € N*, let ng
be the number of (—2)-curves of degree d for Dg. The series S ngT? begins
with

32T + 2072 + 334T* + 576T° + 8807 + 864077 4 177847°%...,
i particular X contains 32 lines and 20 conics.

Proof. Let B be a (—2)-curve such that D14B < 0. Since Dy is effective and
D2 > 0, one has Dy B > 0, moreover since F is a fiber, FB > 0 and we must
have Dy B = 0 = F'B. That implies that B is an irreducible component of a
singular fiber, ie B = ©; for some j € {1,,24}. But since D20; = 2 for all
7, such a curve B cannot exist, thus D4 is ample.

Let us prove that Dg is ample. We have

Y1 +71 = 4Dy — 2(A; + A)) — Z?:1(Aj + AY),

thus Dg = A; + A} + v + 7} and the divisor Dy is effective. We check that
DgA; = DgA} =Dgvy; = Dgy} = 1 and D? = 8, therefore Dy is nef and big.
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Suppose that there is a (—2)-curve B on X such that DgB = 0. Then by
the above expression of Dg, one has A1 B = A} B = 0. Let L < P? be a line.
For j € {2,...,9}, let us consider the linear system

8 =14L — (p1 +pj + 3 7—1pe)]

of the quartic curves that go through the points in Py and with multiplicity 2
at p1 and p;. Using LinSys, one can compute that for each j > 1, the linear
system ¢; is a pencil of curves and the base points set is Pg. Moreover, the
generic element ¥; of d; is an irreducible curve of geometric genus 1 which
cuts C) in Py and two more points. Thus we obtain that for each j > 1, the
strict transform of ¥; is an irreducible curve I'; such that

Dg=Tj+ Aj+ A} and I'j = 2.

Since DgB = 0, we obtain A;B = A;.B =0 for all j € {1,...,9}. Since
the orthogonal of the classes Aj, A%, j € {1,...,9} (on which B belongs) is
generated by Ds, the class of B must be a multiple of Dy and have positive
square, which is absurd. Therefore Dg is ample.

Suppose that there is a fiber F” such that DgF’ € {1,2}. Observe that
by using the expression for Dg, we get that F'T; =0,1,2. If F'T'; = 0, then
I'; is contained in a fiber of the fibration determined by F’, but this is not
possible since F? =2. If F'T'; = 1, then I'; is a section of the fibration so is
a rational curve, but again this is not possible. If F'T; = 2 (we can assume
that this holds for all j, otherwise we are in a previous case), then F” is in
the orthogonal complement of the A;, A;- but this is not possible since this
is generated by L, which is of square 2. Therefore there are no such fiber F”’
and using |25], we obtain that the linear system |Dg| is base-point free and
gives an embedding of X.

With respect to the divisor Dg, the degrees of the curves Ay, A}, 71,7}
equal 2 and the degrees of curves A;, AL, i > 2 is 1. For the assertions on
the number of rational curves of degree d < 8 we used an algorithm (see
e.g. [21]), which computes the classes of (—2)-curves in NS(X},) of given
degrees with respect to a fixed ample class. O

Proceeding in a similar way as in the proof of Proposition 19, we obtain:
Proposition 20. Leti,j € {1,...,9}, i # j. The divisor
Dij=Dis— (Ai+ Aj + Aj + A))
is nef of square 2 and the linear system |D; ;| is base point free.

One can compute that the intersection with D;; is 0 for the 10 curves
Qijklmn’egjklmn (where {k,l,m,n} C {1,...,9} is a set of 4 elements such
that the conic Cjjpimn exists), and for the (—2)-curve which is the strict
transform on X, of the line through cusps p;, p;.

4.3. A Hessian model of the natural fibration of X,.
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4.3.1. The generic fiber of the elliptic fibration ¢ and 18 rational points. Let
o be the equation of the 9 cuspidal sextic C which is the dual of ), and let
¢y be the equation of the Cayleyan elliptic curve Ca(\) (see equation (4.1)),
the unique cubic that goes through the 9 cusps of the sextic curve C}.

We recall (see Section 4.1) that Y) is the blow-up of the plane at the 9
points in Py; it has a natural elliptic fibration ¢’, coming from the pencil of
sextic curves which have double points at the 9 points in Py, pencil which is
generated by C) and 2Ca(\). A singular model of Y) is therefore obtained
as the surface in P! x P? with equation ufy — vc?\ = 0, where u,v are the
coordinates of P'. The projection onto P! induces the fibration ¢’ : Yy — P!
A singular model of the K3 surface X) is the surface X3 in P! x P? with

equation u?fy — fu2c§ = 0; again the projection onto P! induces the natural

fibration X3 — P!, where the generic fibers are 9-nodal sextic curves.

In order to obtain a smooth model of X}, let us consider the linear system
L4(Pg) of quartics that contain the 9 cusps. The linear system L4(Py) has
(projective) dimension 5 and defines a rational map ¢ : P2 --» P not defined
on Py. One computes that the image of Xf\mg by the rational map

(iq,®) : P x P2 ——5 P! x PP

is a smooth model of Xy; from Section 4.1, the images of the cusps are the
18 (—2)-curves on X, forming a 9As-configuration. Taking the generic point
over P!, one get a smooth genus 1 curve in P?Q(t) (where t = %). That curve

FEk3 has naturally 18 rational points, corresponding to the 18 (—2)-curves.
Using Magma, we computed a Hessian model Fx3 — ]P’?Q( £’ which is

Theorem 21. A model of the generic fiber of the fibration Xy — P! is
N (82 4 3) — 4t?
A2(t2 —1)
The elliptic curve Egs contains the 9 obvious 3-torsion points

Qi=0:-1:1), Qa=(-1:0:1), Q3 =(-1:1:0),
Qi=0:-w:1), Qs=(w+1:0:1), Qg =(—w:1:0),
Qr=0:w+1:1), Qs=(—w:0:1), Qg=(w+1:1:0)

(where w? +w + 1 = 0; we take @Q; as the neutral element) and the following
9 points

(4.2) Eyxs 23 +y°4+ 23+ z=0.

P =
Py =

=2t At +1) A+ N),
At —1):=2t: Xt + N),

(
E
(Qw+2)t: Awt+w) : Adt+ )

Py = (Mw+1)(=t+1): —2wt: M+ ),
(
(
(
(

A
I

(WH+DAE+1) :wA(—t+1):20),
=(—2wt: —AMw+1)(t+1): Xt —N),

7
|

-
I
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Together, these 18 points are the above-mentioned rational points of Ex3/q(w,1)
corresponding to the 18 sections of the fibration of X.

Remark 22. For the neutral element of Fig3, let us choose (1. One can
check that the point P is the translate of P; by the 9 torsion point @y
(kj S {1, ce ,9}), ie. P =P + Q.

4.3.2. A smooth model of X in P! x P2. By taking the homogenization of
the generic fiber Fi3 in (4.2), we get a natural model of the K3 surface X
as

(4.3) N (u? —0?) (22 4 2 + 23) + (V3 (W? + 30?) — 4u?)zyz = 0.

in the space P! x P? (with coordinates u, v; x, ¥, z, where t = 2). That model
is smooth, and the generic fibers are smooth cubic curves, by contrast with
the previous model X)S\mg . We denote by (P) the section in X corresponding
to the points P € FEgs3. Using Magma, it is then possible to obtain the
equations of the (—2)-curves (also sections) A; = (Q;), resp. A} = (B),
which are on X — P! x P2. We can check that:

Lemma 23. The 9 curves Aﬁ—A} (7 €41,...,9}) form a 9As-configuration.

Proof. We use the equations of the (—2)-curves A, A;- in the model X, C
P! x P? to check that AjAL =1 and AjA) = AjA, = AJA; =0 for k # j.
In fact, one already knows that 3-torsion sections are disjoint by [16, VII,
Proposition 3.2] (thus the sections A;-, being translated of the group of 3-
torsion sections, are also disjoint). O

One can check moreover that the 9 intersection points of A; with A} for
1=1,...,9 are on the fiber over 0 of the fibration ¢, fiber which is isomorphic
to E). Using the addition law on the elliptic curve Ek3, one can find other
points of Fks, and therefore sections of p. By example the following points

Ry = (=2t: Mt —1): At +\),

Ry = (A(t+1):—=2t: Xt — \),

Ry = (=AXt+X: =Xt —\:2t),
Ry=(2w+2)t: Aw(t —1) : Xt + )),

Ry = (—Mw+1)(t+1): —2wt : Xt — \),
Rs=(w+ DAt —1): —wA(t+1) : 2t),
Ry = (—2wt: Mw+ 1) (=t +1) : X+ A),
Rs = Aw(t+1): 2w+ 2)t: At — ),

Ry = (—wAt +w: (w+ 1A+ N) 1 2t),

are the points R; = —P; + @y, € {1,...,9}. We have
Lemma 24. The 9 curves A;, (R;), i =1,...,9, form a 9As-configurations.

Proof. The curves A; (resp. (R;)) are images of the curves A} (resp. A;) by
the translation by —A} and we already know that the curves A;, A, form a
9A,-configuration. O
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We already know that the fiber at 0 of the elliptic K3 surface ¢ : X, — P!
is isomorphic to E), moreover:

Remark 25. From equation 4.3, the fiber at oo of X\ — P! is the elliptic
curve
B )\3_4
He(\): o3 4+4%+ 2%+ (/\%xyz =0,

which is in fact the Hessian of the curve E). The j-invariants of Ca(\)
and He(\) are distinct, in particular these curves are not isomorphic. The
Cayleyan curve Ca(\) is the quotient of Hessian He(\) of Ey by a 2-torsion
point; in particular the two curves are 2-isogeneous, see [1].

4.3.3. A degree 8 non-complete intersection model in P>. One can check that
the map from X, C P! xP? to P obtained as the product of the identity map
of P! with the Segre embedding composed with the projection to P, is an
embedding with image a degree 8 K3 surface in P® defined by the following
5 equations:

—UUy + U Us, —UUs + UgUs, —U Uz + UpUy,
)\2(U3U3 - Ug’ + U12U4 — UZ:’) + ()\3 — 4)UU U5
+A2(U2U5 + 3\U3U4Us — U3),
N(US 4+ U + U3 — UgU2) + (X3 — 4)UpUy Uy
+ A2 (=U1UZ + 3A\U UsUs — UsU?),

in particular this is not a complete intersection (in fact, by using |2, Chapter
VIII, Exercice 11], a K3 surface has a degree 8 smooth model which is not
a complete intersection if and only if it has a smooth model in P! x P? of
bi-degree (2, 3)).

Using the images of the known (—2)-curves on X, one finds that this
surface in P° contains at least 33 lines.

The involution ¢’ defined by w — (—ug : —u1 : —ug : u3 : ug : us) acts on
X — P?. Also one can check that the order 3 automorphisms

a1 u— (U s ug U ug U U3),
g i u— (ug : wug : wug :uz Wy wlus)

act on X and so does the involution
Bru— (up:ug:uy:ug:us: ug).

The fixed point set of 1 is the union of 6 points, the fixed point set of 5 is a
genus 2 curve. The involution ¢’ is symplectic. Using the above equations of
X and the equations of curves Ay, ..., Aj in IP5, one can check that the auto-
morphism group G that preserve globally the 9As-configuration Ay, ..., Af
contains the group G1g isomorphic to Zs x S3 generated by a1, as, 0’ 3. We
prove in Section 5.3 that Gig has index 2 in the group G¢ preserving the
configuration Ay, ..., Aj.
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4.4. A Weierstrass equation. We recall that w is such that w?4+w+1 = 0.
Let us prove the following result

Theorem 26. A minimal Weierstrass model of the elliptic K3 surface X
is the elliptic curve

El/@(w,t) : y2 =3 — %AZL‘ + W}ZLB7
where the three polynomials A, B, D in Q(w)(t) (of respective degree 8, 12
and 8) are defined in the Appendiz. The 8 singular fibers Ay of Xy are over
the 8 zeros of D.

Proof. A direct computations gives that the j-invariant of the elliptic curve
E K3 is

. A3
7T TR D)
where the formulas for the polynomials A and D in ¢ are given in the Ap-
pendix. For any j ¢ {0,1728}, the elliptic curve
1 ] 1 ]
48 j — 1728 864 j — 1728
has j-invariant equal to j. In our case, we compute that we have
.\
j—1728  B?’
where the polynomial B is also defined in the Appendix. By taking the
change of variables

Eo(j): y*==z

=iz, y =udy
with v = (B/A)Y? in the equation of Ey(j), we obtain the elliptic curve
FE,. The curve E; has also its j-invariant equals to 7, is also in Weierstrass
form, but its coefficients are coprime degree 8 and 12 polynomials in t. The
discriminant of the equation of F; is

A=—(N(\-1)D)3,

where D is a product of 8 degree 1 polynomials in t. According to [16, Table
IvV.3.1], the associated elliptic surface is a K3 surface with 8 singular fibers

of type As.
Using Magma, we finally obtain an isomorphism defined over Q(w,t) be-
tween the Hesse model Ex3 and the Weierstrass model Ej. O

5. ON AUTOMORPHISMS OF THE K3 SURFACE X)

5.1. On the Mordell-Weil lattice of the elliptic fibration ¢. For a
point P € Eg3(Q(w,t)), let us denote by (P) — X, the corresponding
section of ¢ : X, — P!, We denote by 7 € Aut(X)) the automorphism
which is the translation by A}. We have
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Theorem 27. Modulo torsion, the section A} = (P1) generates the Mordell-
Weil lattice MWL(Xy) of sections.

Remark 28. One can compute the classes in NS(X ) of the curves (R;)
(which are the translate by (—P;) of the curves A;); we give these classes in
the Appendix. Using that knowledge, we get the matrix representation on
NS(X)) of the action of the automorphism 7. The characteristic polynomial
of Tis (T — 1)3(T?+ T + 1)

Proof. Let O = A; be the zero section, and let F be a fiber of ¢ : Xy — PL.
Using the knowledge of the action of the automorphism 7 (which is the
translation by (Pp)) on NS(X)), we get that

(6P,) — 2(3P,) + O = 6F

in NS(X)), thus (see e.g. [27, Chapter III, Theorem 9.5|) (3P;,3P;) = 6 and
(Py, Py) = %, where (-,-) is the bilinear pairing on MWL(X)) associated to
the canonical height.

Let Triv(X)) be the lattice generated the zero section and the fibers com-

ponents of the fibration. The determinant formula [26, Corollary 6.39] is
|det NS(X)| = |det Triv(Xy)| - det MWL(X))/[MWL(X)|?.

By Lemma 8, we know that |det NS(X)| = 54. We have moreover det Triv(X,) =
—3% and [IMWL(X,)|?> = 3%, thus we obtain that

det MWL(X,) = 2.

By Theorem 18, the group MWL(X},) has rank 1; since (P, P;) = %, we
conclude that P; generates MWL(X ) modulo torsion. O

Using the action of 7 and its powers, we can obtain more classes in NS(X)
of the sections on the K3 surface X, — P

Remark 29. We searched the 9As-configurations among a set of 45 sections,
but we obtained only the expected ones, i.e. the 9As-configuration that are
translate of the configuration A;, A, i € {1,...,9}. Since these configura-
tions are images of one configuration by an automorphism (the translation
by A} and its multiples), these 9Ag-configurations give the same generalized
Kummer structure.

5.2. More elements of the automorphism group and another double
plane model. The K3 surface X is constructed as the minimal desingu-
larization of the double cover of the plane branched over the sextic curve
Cy. Let o € Aut(X),) be the corresponding involution. By construction
0(Aj) = A, 0(A}) = Aj and o preserves the fiber of the fibration X — P'.
From these facts, we know the action of o on the Néron-Severi lattice, since
we know also the action of 7, and one can compute that

Lemma 30. We have o = ToT.
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Let us recall that we denoted by (R;) the sections corresponding to the
points R; = —P; + Q; in Exs. We also have a model X, C P! x P2. From
the equations of the curves involved, we obtain that:

a) the natural map 7o : X\ — P? induced by the projection P! x P? — P2 is
a2tol map,

b) it contracts the (—2)-curves Aj,..., Ag to the 9 torsion base points 79 of
the Hesse pencil 2% + 4% + 23 — 3uxyz = 0, p € PL.

c) for j € {1,...,9}, the curves A and (R;) are mapped to a line L’ that
contains exactly one point of 7g, that line is therefore tangent to the sextic
curve at its other intersection points. The 9 lines are in general position.

We can therefore compute the action of the involution o/ € Aut(X))
corresponding to the double cover mo on the Néron-Severi lattice (the curves
A; and (R;) are exchanged and one can check that the fiber is preserved;
the classes of (R;) in base F, A;, A;- are in the appendix). The action of ¢’

on Xy < P? is given in sub-section 4.3.3. We get:
Lemma 31. We have T = o0’.

We compute moreover that the pull-back by s of the 9 points of Ty are
the irreducible curves A1, ..., Ag, in fact we have

Theorem 32. The surface X is the minimal desingularization of the double
cover of the plane branched over the sextic curve Cg which is the union of
the elliptic curves

Eyv: 234+ +23 -3 zyz=0
and the Hessian of Ey:

He(\): 2 +¢°+2° + ()‘i\%ll)xyz = 0.

Proof. Let Fy and F, be the two fibers of the fibration X, — P! at 0 and
infinity. One computes that mo(Fy) = E), m(Fs) = He(\), and moreover

T3 (Ex) = 2F) + 35 4y, m5(He(N)) = 2Fu + 307_1 Aj,

thus F) +He(\) is the branch locus of the map my. By Bézout Theorem, the
singularities of Ey + He(\) are nodal since the curves E) and He(\) meet at
To. O

Remark 33. For each j = 1,...,9, the images by my of the two sections
(—=2P1 + Qj), (2P + Q;) is the same quartic curve, which is nodal with 3
nodes. The images of (—P1+Q);), (P1+@Q);) are the 9 lines, their coordinates
in the dual plane with basis x,y, z are the same as the points in Pg. These
9 lines are the inflection lines of the curve E).

We recall that the Hesse configuration is the point-line configuration (94, 123)
of the 9 points in 79 and the 12 lines £12 such that each line contains 3 points
in 79 and each point is on 4 lines.
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Proposition 34. The images by m in P? of the 24 irreducible components
of the singular fibers of the fibration ¢ : Xy — P! are the 12 lines of the
Hesse configuration.

Proof. We give in Theorem 26 the 8 points p € P! such that the fiber F,
over p is singular. We are then able to compute these singular fibers in
X C P! x P? and their images in P2, O

Remark 35. Using the elliptic curve Fx3, we obtain that the sub-group Tors
of order 3 elements in the Mordell-Weil lattice MWL(X)) is generated by
two order 3 elements t;, t2 which acts on NS(X)) via

t1(4)) = Agj t1(A)) = Agj, ta(4)) = Ayj ta(A)) = Ay
where o = (1,2,3)(4,5,6)(7,8,9) and p = (1,4,7)(2,5,8)(3,6,9). The ele-
ments of Tors commute with o (and of course with 7). The action of Tors
is transitive on the nine 9As-configurations we found in section 3.2.

5.3. On the stabilizer group of natural 9A,-configuration. Recall that
X is the minimal desingularization of the double cover of P? ramified over
the 9-cuspidal sextic Cy. The strict transform on X, of C) is a smooth
elliptic curve isomorphic to E). The linear system defined by that elliptic
curve defines an elliptic fibration which we denote ¢ : X, — P!, and which we
called the natural fibration. The curves A;, A;- (above the cusps) are sections
of ¢, the 24 (—2)-curves 0, 0', (for some set J C {1,...,9} of order 6) above
the 12 conics are contained in the fibers (see Proposition 18), their classes
are given in the Appendix, under a simpler labelling ©;, j € {1,...,24}. We
have

Proposition 36. An integral basis B of the Néron-Severi lattice of X is

F7 Alv Allv A27 Al27 A37 Agv A47 Aip A57 A/57 Aﬁv A77 A{Yv
Os, 014, O22, Oa3, O,

where F is a fiber of the fibration . The discriminant group Ans(x,) =
7.)27, x (7./3Z)> is generated by

wo = 3(0,1,1,0,0,0,0,1,1,0,0,0,1,1,1,1,1,0,0)3,

v = %(A3 + 245 + As + 2AL + A7 4 24%),

’Ué = §(A2 + 2A/2 + 2A4 + AZL + 2A5 + A/5 + A7 + 2A{7),
vé = g(Al + 2A,1 + As + QAg + A7 + 2A/7).

Proof. By Lemma 8, the discriminant group of the Néron-Severi lattice has
order 54. The lattice generated by the elements in B has rank 19 and dis-
criminant equal to 54, thus these elements generate NS(X)). By taking the
inverse of the intersection matrix of the vectors in B, we get the generators
of the discriminant group. O

The non-immediate part of the Gram matrix of the basis B is the inter-
section matrix of the 5 curves ©;, j = 5,14, 22,23, 20 with the curves in B,
whose matrix is:
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01001 001O0O0O1O0T1O0 -2 1 0 0 0
o o01001 001 00101 1 =20 0 0
00001 10O0O0OO0OT1T1TO0TO0 O 0 -2 0 0
000 O0O0OO0OOOT11TO0OT1TO01TO0 O 0 0 -2 0
00001101 O0O0O0O0OO0T1T O 0 0 0 -2

Let G¢ be the automorphism sub-group of Aut(X)) preserving globally the
configuration C = A, A}, ..., Ag, Aj. The proof of the following Proposition
will also serve as a preliminary for the proof of Theorem 39 in the next
section:

Proposition 37. The group Ge¢ is isomorphic to Zo x (Z3 x S3), where
Zz xS acts symplectically on Xy. The center of Ge is generated by the
non-symplectic involution o associated to the double cover map Xy — P?
branched over the cuspidal sextic curve Cy.

Proof. Let ¢ be an element of G¢. Since it preserves globally the config-
uration C, it must map its orthogonal complement (generated by Do, the
pull-back of a line) to itself. There are 279! bijective maps
o {Al,All,...,Ag, é} — {Al, /1,...,A9, é}

which preserves the incidence relations of C. Since a linear map is defined
by the images of the vectors of a basis, each map u extends to a linear
automorphism ¢, : NS(X)) ® Q — NS(X,) ® Q sending Dy to Dy and
the configuration C to itself. The action of ¢ on NS(X,) must be one of
these maps. Using the integral basis B of Proposition 36, we obtain that
among all the possibilities, only 864 matrices in basis B of such ¢, are in
GL19(Z). These 864 matrices are the elements of a group Gggq isomorphic
to the product of Z/27 with AGL9(F3), the affine linear group of the space
IF%. The center of Gggs has order 2 and is generated by the matrix of the
non-symplectic involution ¢ defined in section 5.2. In the appendix, we
give two generators g1, ga (of respective order 8 and 6) of the group Gaza C
Gspa isomorphic to AGLy(IF3). Their action on the 2-torsion part of the
discriminant group Ang(x,) is trivial, and one computes that their action on
the 3-torsion part of the discriminant group Ang(x,) is by the matrices

1 11 1 00
g1 = 2 10 , g2 = 0 20
1 00 0 01

in basis v1,v9,v3. The group Gpisc generated by g1, go is isomorphic to
the symmetric group Sy. The kernel of the map G432 — Gpige IS a group
G1g isomorphic to Zz x S3. Let Tran(X,) be the orthogonal complement of
NS(X)) in H?(X,Z); it is a rank 3 signature (2, 1) lattice. There exists an
isomorphism
Yt Amvan(x,) = ANs(xy)

between the discriminant groups, such that the quadratic forms of the groups
satisty grvan(x,) © 7 = —gNs(x,)- Since an element ¢ € G1g acts trivially on
Ans(x,), We can extend it to an isometry I of H?(Xy,Z) by gluing it with
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the identity map on Tran(X)) (see e.g. [31, Theorem 12| and references
therein for an example of such construction). Since I' is the identity on the
space Tran(X,) ® C containing the period, this is a Hodge isometry. Since
I" naturally preserves the polarization Diq = 4D3 — (A, + A}) (studied in
Proposition 19), it is effective. Therefore we can apply the Torelli Theorem
for K3 surfaces (see [6, Chap. VIII, Theorem 11.1]) and conclude that there
exists a unique g € Aut(X),) such that g* =T" on NS(X}).

By [15, Corollary 3.3.5], since the Picard number of X is odd, the only
Hodge isometry on Tran(X}) is £1;. Suppose that an element g of G432 not
contained in (G1g comes from an automorphism of X. From the definition of
g, its action g on Ang(x,) is non trivial, thus its action on Tran(X)) is also
non-trivial. The automorphism g is therefore non symplectic and it acts by
—Id on Tran(Xy). Thus g € Gpisc acts on the discriminant group Ayan(x,)
by —Id. However —Id is not contained in Gpjsc =~ S4: a contradiction and
g cannot come from an automorphism of Xj.

Since 0 commutes with the elements of (G432, the automorphism group of
the configuration is the direct product of Gig and (o) ~ Zo. O

Remark 38. We give a geometric interpretation of the some elements of the
group G¢ =~ Zg X (Zz x S3) in sub-section 4.3.3: the group G¢ contains the 9
translations by 3-torsion automorphisms (from the fibration ¢ : X\ — P!),
and the involution ¢ from the double cover X — P2. One can recover the
automorphisms in the subgroup Zs x S3 of G¢ as follows:

Let A be the abelian surface and let J4 be the order 3 symplectic automor-
phism acting on A such that X, = Km3(A) is the minimal resolution of
A/ J 4, the exceptional locus being C. The automorphism J4 fixes 9 points
0 = s1,...,89 which form a group isomorphic to (Z3)2. The group generated
by the translation by the s; and the involution [-1]: 2z € A - —z € A'is
isomorphic to Zg x.S3. These isomorphisms induce automorphisms on A/.J 4,
hence automorphisms on K3 surface X ; these automorphisms preserve C.

5.4. An automorphism sending a 9As-configuration to another. Let
C' =By, B},..., By, Bj

be one of the nine 9A,-configurations found in section 3.2 (so that B; B} =1,
B;Byj, = 0 for j # k), namely we choose the 9A-configuration

C' = 012,09, 014,05,014,07,02,03, 71,7, 04,601, 05,015, 0, O13, 010, O11,

where the classes of the (—2)-curves ©; (which are the curves 6; j i m.n,o more
conveniently labelled and numbered) and ~;,7; are in the Appendix. The
eight Ag-configurations Bj, B;, je{l,...,4,6,...,9}, are contained in the
fibers of ¢ and the Ag-configuration Bj, B, is the strict transform under the
double cover map of a the quartic curve Q.

Theorem 39. There exists an automorphism f of Xy sending the curve A;
(resp. A%) to the curve Bj (resp. BY) for j € {1,...,9}. In particular, the
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configuration C = A1, A}, ..., Ag, Ay is sent by f to the configuration C', and
therefore the configuration C' is on the Aut(X)y)-orbit of C.

Proof. For finding the automorphism f we proceeded as in Proposition 37:

Let ¢ € Aut(X,) be an automorphism sending C to C’. The orthogonal
complement of C is generated by Do, the pull-back of a line in P? and the
orthogonal complements of C’ is generated by the divisor

Dj = 7Dy — 25771 (A; + A)) — 2(Ay + A}),

of square 2. Since ¢ must preserve the Néron-Severi lattice, we have ¢(D3y) =
D). There are 279! bijective maps

M:{Al,All,...,Ag, é}—>{Bl, 1,...,BQ,B{)}

which preserves the incidence relations of C and €’ and which extend uniquely
to isometries qgu of NS(X,) ® Q. If two of these maps él, ng preserve the
lattice NS(X)), then gZ)Q_ 1¢~51 also preserves that lattice, moreover it also pre-
serves the configuration C. It is therefore an element of the group Ggga
defined in the proof of Proposition 37. Thus the set of maps ¢ (among the
maps ¢,,) that preserve NS(X)) is the orbit of ¢; under the action of Ggey
on the left. The element ¢; defined by sending Aj to Bj and Aj to Bj
preserves the lattice NS(X)) (its matrix fz in basis B is given in the Appen-
dix). Its action on the discriminant group is trivial. Then, as in the proof of
Proposition 37, we can extend ¢; to an Hodge isometry of H?(X),Z).

Let us prove that this isometry is effective. The polarization (see Propo-
sition 19) D1y = 4Dy — > (A; + Aj}) is sent to Dy = 4Dy — > (B; + Bj) =
Dl + F; where Fj is (the class of) a fiber of a fibration f; by Remark 40.
Using the classes of the curves in NS(X), it is easy to check that the curves
Bj, B’ are 18 sections of fi.

The degree 7 curve @ —P? defined by

Az’ — 22225y + 303252 — (20" + M)ty + NPyt + 3A322y5
FAZYT — 202202 — 1aPyz + Aaty?z — (20° +F 9N 23y 2 + (V3 4 1)2?
ytz — (BN 4 2\ ) xSz — 20%y02 + 3032527 + Aaty2® + (3M5 4 40?)z3y 22
F(4N3 — D)2y 2% + dday®2? + A%y02% — (20 4+ N2tz — (20° + 9A%)23y2®
+(42% — Da?y?2® — BAT 4+ 4Ny + Ny2® + X232 + (A3 + 1)yt
+adzy? 2t + N0yP 20 + 3032225 — (3T + 20 )zy2® + A%y%2% — 20228 + 0227 =0

is irreducible with singularities of multiplicity 4 at the point p; in Py, and
with multiplicity 2 at the eight remaining points (the curve @ was found by
using LinSys). The geometric genus of @ is 1 and @ meets the branch locus
at two other points, so that its strict transform on X is smooth of genus 2
in the linear system |Dj|. Thus D) is effective, nef and |Dj| is base point
free.

Let C be an irreducible (—2)-curve on Xy. If CF' = CD, = 0, then C
is contained in a fiber of f; and is contracted by |Dj|. The second point
implies that C is one of the curves Bj, B;- (otherwise the Picard number of
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X, would be > 19), but then one has CF’ = 1, which is a contradiction.
Thus D], is ample and the isometry is effective.

We then conclude as in the proof of Proposition 37 that there exists an
automorphism of X such that its action on the curves A;, A;- is as described.

O

We recall that for £ = 1,...,9, the point px € Py is the point over which
Ay, + A}, is contracted by the double cover map 7 : X\ — P2.

Remark 40. For any point pg, the pencil of lines through p, induces an
elliptic fibration f; : X\ — P! such that the curves Ay, Aj, are sections and
the curves Aj,A;- for j # k are contained in the fibers. The singular fibers

of f are also 8;&2; from the known intersection numbers of these fibers with
the elements of basis Ds, A1, ..., Aj, we obtain that the class of a fiber is

Fiy = Dy—(AptA}) = 5 (F+35 (Aj+47)) — (Art+A}) = 3D5=370, (B;j+5))
where F' is a fiber of ¢ and the B;, B} are the curve in the 9Ag-configuration

found in Section 3.2, D), being the generator of the orthogonal complement
of the Bj, Bi’s. The curves Bj, B} are sections of f.

So the geometric situation for the configuration Ay, A, ..., Ag, Aj and
fibration fj is very similar to the situation for C’ and fibration ¢ for which
8 of the Ag-configurations in By, B], ..., Bg, B are in the 8 singular fibers
and the remaining one are sections.

5.4.1. Aligned singularities of the union of the 12 conics. The fibration ¢
has the remarkable property that the 18 sections Aj, A;- meet on the same
fiber, which is isomorphic to F). It can be instructive to understand how
the similar result holds for the fibration f; (see Remark 40) and the curves
Bj,Bg, this is the aim of this subsection, which also gives an explanation
why each line of the dual Hesse configuration contains 4 double points of the
curve Zoecu C and these double points form the set Pis.

We recall that the 12 conics in C12 meet in either 4 or 3 points in Py. If
two conics meet in 3 points in Py then the fourth intersection point is an
ordinary singularity of the union of the 12 conics. Above the 8 conics that
contain py are the 16 (—2)-curves that gives a 8 Ag-configuration, which one
can complete to a 9As-configuration according to section 3.2.

The 8 conics containing p; have the property that they meet by pairs into
4 points ¢, ..., q4 not in Py and that these 4 points are on a line containing
p1. That line L, is the tangent line to the cusp p; (it is one of the lines of
the dual Hesse configuration defined in Section 2.4). It meets the cuspidal
sextic in p (with multiplicity 3) and at points 71,72, r3. One can check that
the fiber Fy of fi which is the strict transform on X of L is isomorphic to
E) (since we know the branch locus Fy — Lq).

The 8 points in X, above q1,...,qs are the meeting points of the curves
in the 8As configuration obtained by taking the strict transform of the 8
conics trough p;. Following the Figure 3.2, the 9" Aj-configuration also has
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its intersection point on that fiber Fy. In fact, the fiber Fy is the image by
an automorphism of X of the fiber over 0 of ¢.

The union of the dual Hesse configuration and the 12 conics in C15 is a line-
conic arrangement with 9 points of multiplicity 9, 12 points of multiplicity 5
and 72 double points, and with other remarkable properties studied in [20].
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6. APPENDIX

Let Dy be the pull-back of a line by the double cover map 7 : Xy — P!, Let
us define the following classes in the Q-basis By = (D2, A1, A}, ..., Ag, Ap):

By =2D; — § (X924, + 4}), By =20, — § (S9_14;+24]) .
We remark that B? = B2 = 2, BBy = 5 and By + By = Dy4. We have
Di4A; = D14A;- = 1, therefore B;A; € {0,1}, BlA; € {0,1}. Using algo-
rithms described in [21], we find that for j € {1,...,9}, the classes of the
curves v;, fyé- above the quartic (); are
Y= (A + A/) = By — (A] + A;)

It is easy to check that vj = 7]' = —2, yjfyj =1,and for 1 <i+#j <9, we
have ~;y; = 'yz’yj =0 and %7; = 3. In fact, using that the image in P? of
Vi 'yj is a quartic curve that goes through the points in Py with a multiplicity
3 at pj;, one gets

4Dy = 5 + 7} + 2(A; + A)) + Y0 (45 + A)).

The classes in the Q-basis By = (L, A1, A}, ..., Ag, Af) of the 24 (—2)-
curves 0; . n, 0! ,, above the 12 conics C; ., in C12 are

0

0123456 = 1(3, —-2,-1,-2,-1,-2,-1,—-1, — 2 —1,-2, —1 2,0,0,0 ,0, ,0),
093456 = 3(3, -1,-2,-1,-2,-1,-2,-2,—1,-2,—1,-2,-1,0,0,0,0,0,0),
0123789:2(3, -2,-1,-2,—-1,-2,-1,0,0,0,0,0,0, -1, -2, —1, -2, -1, —2),
023780 = +(3,—-1,-2,-1,-2,—1,-2,0,0,0,0,0,0, -2, —1, -2, —1, -2, —1),
9124578:i(3, -2,-1,-1,-2,0,0, -2, —1,—1,-2,0,0, -2, —1,—1,-2,0,0),
0’124578:2(3, -1,-2,-2,-1,0,0,—1,—-2,-2,-1,0,0, -1, -2, -2, —1,0,0),
0124680 = =(3,-2,—1,—-1,-2,0,0,—1,-2,0,0,—2,—1,0,0, -2, —1, -1, —2),
49’124689=i(3, -1,-2,-2,-1,0,0,-2,—-1,0,0,—1,-2,0,0, -1, -2, =2, —1),
0125679:2(3, -2,-1,-1,-2,0,0,0,0,-2,—1,—1,-2,—1,-2,0,0, -2, —1),
025670 = =(3,—-1,-2,-2,-1,0,0,0,0, -1, -2, -2, —1,-2,—1,0,0, -1, —2),
9134589=i(3, -2,-1,0,0,-1,-2,-1,-2,-2,-1,0,0,0,0, -1, -2, =2, —1),
0’134589:2(3, 1,-2,0,0,—2,-1,-2,—-1,—1,-2,0,0,0,0, -2, —1, —1, —2),
0134679 = =(3,-2,—1,0,0,—-1,-2,-2,—~1,0,0,—1, -2, -2, —1,0,0, -1, —2),
49’134679=i(3, -1,-2,0,0,-2,—1,-1,-2,0,0, -2, -1, —1,-2,0,0, =2, —1),
0135678:2(3, -2,-1,0,0,-1,-2,0,0,-1,-2,—-2,—1,—1,-2,—-2,—1,0,0),
0135678 = 5(3,—1,-2,0,0,-2,-1,0,0,-2,-1,-1,-2,-2,-1,-1,-2,0,0),
234570 = +(3,0,0, -2, -1, -1,-2,-2,—-1,-1,-2,0,0,—-1,—2,0,0, -2, —1),
0534579:2(3,0,0, 1,-2,-2,—-1,-1,-2,-2,-1,0,0,—2,—1,0,0, —1, —2),
0234678 = 1(3,0,0, -2, -1, -1,-2,—1,-2,0,0, -2, —1, -2, -1, -1, -2,0,0),
953467;3:%(3,0,0, 1,-2,-2,-1,-2,-1,0,0,—1,-2, -1, -2, -2, —1,0,0),
0235680 = 5(3,0,0,—2,—1,-1,-2,0,0,-2,—1,-1,-2,0,0, -2, -1, -1, —2),
9535689:?3,0,07 1,-2,-2,-1,0,0,—1,-2,—-2,-1,0,0, -1, -2, -2, —1),
9456789:*(370,070,070,07 1,-2,-1,-2,-1,-2,-2,-1,-2,—1,-2,-1),
0356789:%(3000,0,0,0,7 2,-1,-2,-1,-2,-1,-1,-2,—1,—-2, -1, -2).

We also denote by ©;, j = 1,...,24 these curves in the order of the above
list.

For k =1,...,9, the quartic curves Q)i through Py that have a multiplicity
3 singular point at p are:
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Q1 zt — 2223y + 30%2%y% — (O3 + Day® + Myt — 20282 + (=23 + Day?z — 20072
+3022%2% + (=X 4 Dayz? + (A + 205727 — (A3 + Dzz® — 20y2° + A2t =0,
Q2: z* — (AN + 1)/ APy 4+ 302y — 22y® + 1/ 0y — 2282 4 (=23 + 1)/ Mayz — 2y°2
F(A3 +2)2%2% + (1 — 23/ Ay 4+ 30727 — 222° — (VP + 1)/ \y2® + 21 =0,

Qs xt —22%y + (AW +2)2%y? — 20y® oyt — (VP 1)/ A2z + (1= \3)/dzPyz

+(1 =X/ Axy®z — (A3 + 1) /082 + 3\a?2? + 30y%22 — 202° — 2y2° + 1/X2* = 0,
Qa4 x4 2w + 2 Ax3y + 3wy — (A3 + Day® — (w+ DAy* — 2wra®z

(WX + w4 Dzy’z — 2wy z — (3w + 3)A%222% 4+ (w — wA?)zy2?
+(A* 4+ 20)%2% — (A3 + Daz® + (2w + 2)Ay2® + wiz* =0,
Qs : zt — (WA + W) /A2y + 3wiz?y? — 2zy® — (W + 1)/ Ay* — 2waz
+(1 = X/ AzPyz — 2wy 2 — ((w+ 1)A3 + 2w + 2)2%2% + (w — wA3) /Azy2?
30222 — 222% — WP (N2 4+ 1)/ \y2® + w2t =0,
Qo : x4 2w + 2)2%y + (WA® + 2w)2?y? — 20y® + WPyt — (WAP +w)/ A3z
+(1 =X/ Az?yz — (WA — W)/ Azy?z — (WA +w) /NP2
—(Bw 4+ 3)Ax?22% + 30y% 2% — 2223 + (2w + 2)y2® +w/Azt =0,

70 X —2wATY — (3w + riy” — + 1xy” +wAy™ + (2w + x°z

Q 4 _2wAz? 3w+ 3)AN22%y? — (A2 + Day® + why® + 2w + 2)Az?
+(w — wA)zy?z 4+ 2w + 2)AyP2 + 3wA?z?2? — (W3 — w?)ay2?
F(OA* +20)9%2% — (A3 + D2z’ — 2why2® + WAzt = 0,
Qs : zt — (WA +w)/ Ay — (Bw + 3)Ax®y® — 229 + w/ Xyt + (2w + 2)z32
+(1 =2/ AxPyz + 2w +2)y32 + (WA + 2w);§222 — (W — W)/ Azy2?
30227 — 222 — (WA + w)/Ay2® + Wt =0,
Qo : z* — 2wy + (WA — 2w — 2)2%y? — 2xy® + wyt — (WA + W?) /A3
+(1 =2/ A2?yz 4+ (—wh? +w)/Ary?z — (W3 4 w?) /Ay
+3wAz?2? 4 30y% 2% — 222° — 2wy2® + w? /A2t =0,

where w? +w +1=0.
The matrices in basis B of the generators of the group Ggss ~ AG L2 (F3)
preserving the natural 9As-configuration A;, A}, ..., Ag, Ay are

10 0 0 0 O 0 1 -2 0 0 0 0 0 O 1 0 1 0
o0 0 0 0 -1 1 0 0 0 0 0 0 0 1 0 0o -1 0
00 0 0 0 O 1 0 0 0 0 0 0 0 1 0 0 0 O
o1r000 1 -1 1 -1 0O0O0OO0OO0O-1 0 0 1 0
o010 0 2 =21 o 00 0 OO -1 -1 O 1 0
o0 0 0 0 4 -2 1 o 100 00 -1 -1 -1 2 0
oo0o0o00 2 -1 1 -1 010O0O0-1 0 -1 1 0
o0 0 0 0 -1 1 0 1 00 0 1 0 O 0 1 -1 0
oo0o00O0 -2 2 -1 1 0O0O0OO0OT1 1 0 1 -1 0
gg=1 0 0 0 1 0 -1 0 0O -1.0 0 0 0 0 O 1 0 0 0
oo0o001 -2 0 -1 0 0O0OO0OO0OTO0O O 1 0o -1 0
o0 000 2 -1 0 o 00100 O -1 -1 1 0
oo0000 -3 2 -1 1 0O0O0OO0OO0 1 1 1 -2 0
00 0 0 0 O 1 0 1 0 0 0 0 0 O 0 0 0 O
oo0o00O0 -2 1 -1 2 0O0UO0O0O0 1 0 1 -2 0
00 0 0 0 1 1 -1 2 000 O0O0C 1 -1 0 0 O
00 0 0 O -3 0 o 00000 -1 -1 -1 1 0
oo0o0O0O0 -4 2 -2 1 0O0O0O0O0 1 1 1 -2 1
o0 0 00 2 -1 1 1 00 O0O0O0 -1 -1 0 1 0
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The automorphism f of Theorem 39 acts on the Néron-Severi lattice by

-1 0 0 -1
0 0 0 -1

0 0 0 -1
0 0 0 -1

0

-3

—2

-1

-1
-1
-1

0 0 O
0 0
0 0

-1
-1

0 0 -2

-1

-2 2 -1 0 -1 0 0 -1

-2

0 0 -2

-1

0 0 -2

0

8=

Let us define

/!
7

A

9
J

9 /
J:lAi7 S

§=3"

The classes of the (—2)-curves (R;) defined in Section 4.3 are

i)

(S+25"+34;+3A

_ 1
=2 -1

(Ri)

where L is the pullback of a line by the double cover map Xy — P2. The

translation automorphism 7 defined in Section 4.3 sends L to the class

L'=7L—%(S+29").
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The three polynomials A, B, D in Q(w)(t) of Section 4.4 are defined as
follows:
A= (X324 303 — 42 (X312 + 323 + (6w + 6)A%t? + (—6w — 6)\? — 4t?)
(312 4+ 303 — 602 + 6)2 — 412)(A312 + 303 — 6wA?t? + 6wA? — 4t2),

B = (A6t 4 6542 + 9A0 + 65¢* + 12052 — 18X\5 — 18 %% + 3642 — 18)\*
—8A3t — 240312 — 24021 + 240212 4 16t4)

(A6t 4+ 602 + 9N 4 (—6w — 6)A3tt 4 (—12w — 12)A512 + (18w + 18) A5 — 18wA*t?
+36wA? — 18w — 834 — 24312 + (24w + 24)A%t* + (—24w — 24)\%t2 + 16t4)

(A% 4 6012 + 9N 4 6LwAPtt + 12wA512 — 18wA® + (18w + 18) A1t

+(—36w — 36)A12 + (18w + 18)AT — 8A3 1 — 24X3¢2 — 24wA?t? + 24wA%2 + 16t1),

D=(\+2)t— 2w+ DA ((N—2w —2)t — 2w+ DA) (A + 2w)t — (2w + 1)N)
(A= D ((AN+2)t+ 2w+ DA (N = 2w — 2)t + (2w + DA (A + 2w)t + (2w + 1)N).
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