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Introduction

Considérons g une algebre de Lie simple de dimension finie et de rang .
Choisisons h une sous-algebre de Cartan et A le systeme de racines associé.
Fixons un ensemble de racines positives A* et notons II = {ay,...,q}
I’ensemble des racines simples correspondant. Si o € A, désignons par g, le
sous-espace radiciel de g associé a a.

Pour I C II, posons A; = ZI N A. Fixons la sous-algebre parabolique
standard :

m=b®< o, ga>-

acAjUAT

Un idéal i de p; est dit ad-nilpotent si pour tout = € i, ad,, z est nilpotent.
Puisque tout idéal de p; est h-stable, on en déduit facilement qu’un idéal est

ad-nilpotent si et seulement s’il est nilpotent. De plus, on a i = € g,, pour
acd

un certain sous-ensemble ® de A*\ A;.

Ces objets ont été largement étudiés lorsque I = (), c’est-a-dire lorsque
pp est une sous-algebre de Borel de g. Ces études ont été motivées par un
résultat du a Peterson :

Théoréme 1 Le nombre d’idéaux abéliens de py est 2'.

Une démonstration de ce résultat se trouve dans [Ko] et utilise le groupe
de Weyl affine noté W dans la suite. Ce groupe joue un role important dans
les différentes caractérisations des idéaux ad-nilpotents établies par Cellini
et Papi dans [CP1] et [CP2|. Citons également les travaux de Panyushev,
Sommers et Suter ([Pa],[So|,[Sut]) entre autres, sur ce sujet.

1



2 Introduction

Résumons ces différentes caractérisations dans le schéma suivant :

[déaux
ad-nilpotents
de Po
cp1
Antichad éléments
ntichaines cP1 cP1 .
-compatibles
de AT 0 bl
de W
cpr| | LUpes
classiques
cP2
Certains
sous-diagrammes D c QY
de diagrammes
cP2
W -orbites
de
Q"/(h+1)Q"

Précisons les notions utilisées dans ce schéma.

Soit V Tespace euclidien 3 %_, Ray de produit scalaire (.,.). Notons W
le groupe de Weyl associé a A et h le nombre de Coxeter associé a W.

On a :

Fo={®C A ;siaed e At a+pe At alorsa+ [ € D}.

Rappelons la définition de l'ordre partiel suivant sur A* : a < 8si f—«
est une somme de racines positives. Une antichalne est une partie de A*
contenant des racines deux a deux non comparables pour <. Pour toute



antichaine I", Sommers a montré dans [So] qu'il existe un élément w € W tel
que w(I') C IL.

Pour a € A, notons

2a
oV =

(o, @)
la coracine correspondante. Désignons par QQV le réseau des coracines de A.

Soit V = V @RS ®RA. Etendons (voir chapitre 1) 'application bilinéaire
définie plus haut sur V' en une forme symétrique bilinéaire non dégénérée sur
V, également notée (y.)-

Notons A = A + Z§ Densemble des racines affines (réelles). Fixons le
systéme de racines positives AT = (AT 4+ N&) U (A~ + N*4). Soit 6 la plus
grande racine de A*. Alors, = {ag = =0+ §,a1,- -,y } est I'ensemble
des racines simples (affines) pour A

Un élément w € W est dit (-compatible s’il vérifie les deux conditions
suivantes :

(1) w™(a) > 0, pour tout a € II.

(2) Si w(a) < 0 pour un a € II, alors w(a) = B — § pour un certain
Be AT,

Finalement, posons

D={recQ;(r,a;)<1,j=1,...,let (1,0) > —2}.

Expliquons brievement les différentes correspondances du schéma.
Soit i un idéal ad-nilpotent de py. Fixons

O ={ae AT\ A g, Ci}.

On a alors ®; € Fy. Réciproquement, pour tout élément ® € Fy, P, ga
est un idéal ad-nilpotent de py.
Soit & € Fp. Notons

Dpin = {3 € P;8—a g ®, pour tout « € At}

Alors ®,,;, est une antichaine de A*. Réciproquement, si on considere une
antichaine I'; alors I’ensemble des racines qui sont plus grandes qu’un élément
de T" est un élément de Fy.

Lorsque g est de type classique, on peut disposer 1’ensemble des racines
positives dans un diagramme de forme convenable (qui dépend du type) par
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rapport & l'ordre partiel de A'. Les éléments de Fy correspondent alors
a certains sous-diagrammes. Cela permet d’obtenir une énumération des
idéaux ad-nilpotents de py, type par type.

Soit w € W, (-compatible. Posons

Nw) ={a € At;w Ha) e A}
Alors, d’apres [CP1], 'ensemble
b, ={a€At;—a+de Nw)}

est un élément de Fy.

Le groupe de Weyl affine peut s’écrire comme le produit semi-direct de W
par I’ensemble des translations ¢, de vecteur 7 € QV. Ceci permet d’établir
une correspondance entre les éléments (-compatibles de W et les éléments de
D. Ces derniers sont ensuite mis en bijection avec les orbites de Q¥ /(h+1)Q",
ce qui permet d’obtenir une formule générale pour I’énumération des idéaux
ad-nilpotents de pg. Voir [CP2].

L’idée dans le chapitre 1 est de voir comment ces caractérisations peuvent
étre adaptées dans le cas ou I # (). Le schéma des différentes caractérisations
devient alors :

Idéaux
ad-nilpotents
de p;

éléments
I-compatibles
de W
types
classiques
Certains

sous-diagrammes
de diagrammes




Il n’y a plus de correspondance directe entre les idéaux et les antichaines, ni
avec des orbites de QV. On a :

Fr={®C AT\ Apsiae®, B3 ATUA,a+ [ € At alors a+ (3 € O},

Précisons ce qu’est un élément I-compatible.
Un élément w € W est I-compatible si et seulement s’il est (-compatible

et s'il vérifie
w(I) C 1L

Notons
C={x e V;(w,x) >0 pour tout a; € II}, A={z € C;(0,x) < 1},

respectivement la chambre fondamentale et I'alcove fondamentale relatives a
WetW.

Posons D = {(r,v) € D x W;vt.(A) C C}. Nous pouvons réécrire
la correspondance entre les éléments (-compatibles et I'ensemble D de la
maniere suivante : 'application

D = {weW,0-compatible}
(1,v) +— vt,

est bijective.
Désignons par I,, 'unique élément maximal de {I C II; w soit I-compatible}.
Pour 7 € QV, posons :

D _ { {a €T (a,7) =0} U {0} if (0,7) =—1,
4 {a € II; (o, 7) = 0} if (0,7) # —1.

Nous pouvons voir la proposition suivante comme un équivalent de la
correspondance entre les éléments ()-compatibles et D.

Proposition 2 Soit (1,v) € D, et w = vt, € W. Alors v(D,;) =1I,. En
particulier, w est I-compatible si et seulement si I C v(D,).

Dans le chapitre 2, nous nous intéressons a l’énumération des idéaux
abéliens et ad-nilpotents. Papi et Cellini prouvent dans [CP1] que, & chaque
idéal abélien correspond une alcove contenue dans 2A. Comme le volume de
2A est 2! fois le volume de A, nous obtenons une démonstration du résultat
de Peterson.
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Nous voulons procéder de maniere analogue pour énumérer les idéaux
abéliens de p;. Notons :

Abr = {w € w; ip, est un idéal abélien de p;}.

Posons ny = 1 et notons n;, © = 1,...,[, les entiers srtictement positifs

tels que 6 = 22:1 n;co;. Pour J C 11, on pose n; = Ha]_eJ nj. Soit w € W

I-compatible, d’apres ce qui précede, on a w(I) C ﬁ, et donc n,-1(7) a un
sens. Par des considérations sur le volume des faces de I'alcove fondamen-
tale, nous obtenons alors le théoreme suivant, qui peut étre vu comme une
généralisation du résultat de Peterson :

Théoreme 3 Soit [ C 11, on a alors :

1
=N oy = 20
- n

1 weAby

Ce qui nous permet de démontrer le théoreme suivant :

Théoréme 4 Soit I C 11, si g est de type A; ou Cj, alors la sous-algéebre
parabolique p; a exactement 27 idéauz abéliens.

Pour déterminer le nombre d’idéaux abéliens lorsque g est de type B ou
D, et le nombre d’idéaux ad-nilpotents dans le cas classique, nous utilisons
des diagrammes, comme dans [CP1].

Définissons une relation d’équivalence sur A™ \ A; : deux racines [ et
v sont dans la méme classe d’équivalelnce si g, et gg sont dans le meme
sous-module simple pour I'action du facteur de Levi standard de p;.

Dans un premier temps, procedons comme dans [CP1] en disposant les
racines positives dans un diagramme de forme adéquate. Ensuite, regroupons
dans une méme case les racines qui font partie de la meéme classe d’équivalence.
Nous obtenons alors un nouveau diagramme. Les éléments de F; sont alors
en bijection avec certains sous-diagrammes de ce nouveau diagramme.

1 21
N =
otons C; 1 ( ]

entiers tels que g < p, posons :
P+ag+Dp—q+2)
q'(p+2)! '

) le [-ietme nombre de Catalan. Pour p, ¢ deux

! J—
j;,q -

On a alors le théoreme suivant :



Théoréme 5 Soit I C 1I de cardinal v. Soit X le type de g et s,l; définis
comme dans 2.2.8, (2.10) et (2.11).
Si X = Ay, alors
1Fr = Ci—ry1.

Si X = By, alors

tFr=(1—r+1)C_, + Z 7-2/(171")43‘»1]‘*1’

j=1
oun=s—1sio €1, et n =5 sinon.
Si X = (), alors
(l—7“+1)Cl,r st Q/I,
1Fr=< l—r+2

5 lerJrl st ap € 1.

Si X = Dy, alors

(1 — r—l—l >
Cl —r +Z 2(l T *Llj*l SZ. ﬁ{al_l,al}m] - ]_7

s— 1
(l —7r+ 1)Cl—r -+ Z ,];(l,r),lj7lj,1 st {alfla al} C [7
j=1

(3( =) = 2Crorrt

! .
E , 2—r) —t—1,—2 + Dupy—i;—10,-1 Sinon.

\ Jj=1

Notons F& I'ensemble des éléments de F; qui correspondent & des idéaux
abéliens. On a alors le théoreme suivant :

Théoreme 6 Soit I C II de cardinal r. Soit X le type de g et s,l; définis
comme dans 2.2.8, (2.10) et (2.11).
Si X = By, alors

. [—r—1
l—r .
2 —1—212( -1 ) sty €1,
J:
2”1+§n r= 1) Gaer
]:

ﬁfab —
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oun=ssiqZletn=s—1siaq€l.
Si X = Dy, on poset = §({a_1,oq} NI). Siaq €1, alors le cardinal de
Feb est :

. [—r—1 [ —r—2
: l—r l—r—2 SR
(i) 2" =2 +§:P< L1 )—( L1 )}mt-&
j=1
ﬁn?”*+§i(l_r_1)sm—1
l—l ) -
=1 !
(iii QZTI—I—Z(ll_T__l ),sit:2.

Siaq &€ 1, alors le cardinal de F¢° est :

(iv) 2”+Z2<ll_,7"__11 ),sz't—o,
j=1 !
s s—1
[—r—1 [—r—2
v) 27T ol g ( )+ ( ),mt:L

Jj=1
(i)?T+2§f it e
v AN B
j:

Lorsque g est de type F, F' ou GG, ’énumération des idéaux ad-nilpotents
et abéliens est obtenue en utilisant GAP4.

Soit i un idéal ad-nilpotent d’une sous-algebre parabolique p;. Notons

k+1 _

i'=ieti A,

pour k > 0, la suite centrale descendante de i. Rappelons que l'indice de
mlpotence de i est le plus petit entier k tel que i**! = {0} (i.e. le nombre de
termes non nuls dans la suite centrale descendante).

Dans le chapitre 3, nous calculons le nombre d’idéaux ayant un indice de
nilpotence fixé lorsque g est de type A ou C'. L’idée est de construire une
application entre des systemes de racines de rangs différents. Gardons les
notations précédentes mais ajoutons en indice le rang du systeme de racines
considéré. Par exemple, A;" désigne I'ensemble des racines positives lorsque
le rang est [.

Soit I C II; de cardinal r. Supposons que g soit de type A; (resp. que g
soit de type C] et que la plus longue racine ne soit pas dans ). On établit une



bijection entre les idéaux ad-nilpotents de p;_,. ¢ et les idéaux ad-nilpotents
de p;; qui conserve l'indice de nilpotence. On obtient alors d’apres [KOP] :

Proposition 7 Soit I C II; de cardinal r. Soit X le type de g. Notons

al(K) le nombre d’idéauz ad-nilpotents de p;; d’indice de nilpotence K.

Supposons que X = Ay, alors
g 7 1, — 1
o — Q5 —
ol (K) = 3 H(ﬂ+ - )
0=ip<i1<-<ig<ig41=l4+1-1 j=0
Supposons que X = C; et que oy &€ I, alors

dw- T (i)

iy — 1
0<iy <+ <ip<ippr=l—r j=1 It J

nc 1(21+22—1>
0

n=

st K =2k, et
I K 2i1+i2 1 — Z.jJrZ - ij —1
B ( ) —i2<i1<0<i2<~z~<ik<ik+1l—r JZI ( ij+1 N ij )
si K =2k — 1.

Supposons que X = C) et que oy € I, alors

k—1 . . ig—i1—1 . .
I . Zj+2_2j_]- 21+12—2
)= 2 [ ( 41— U ) ( n

Lit+1

0<iy <+ <ig <t =l—r+1 j=1 n=0
st K =2k, et
k—1 ) . 1
of (K) = > ity 2T
. L+l —
1—ia<i) <O0<in <<t <ipp1=l—7+1 j=1
st K =2k —1.

En particulier, o} (K) ne dépend que du cardinal de 1.

Un chemin de Dyck de longueur 2n peut étre vu comme un mot de 2n
lettres u ou d, ayant le méme nombre de u et de d, et tel qu’il y ait toujours
plus de u que de d a gauche d’une lettre.
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Soit ® € Fy, notons :
Io ={a eI;® € Fin }.
C’est I’élément maximal de 'ensemble {I C IT; ® € F;}.

Dans le chapitre 4, lorsque g est de type A;, en utilisant la bijection
donnée dans [AKOP]| entre les éléments de Fjg et les chemins de Dyck de
longueur 27 4 2, nous établissons une bijection entre les éléments ¢ € Fj
tels que 1l = 7 et les chemins de Dyck admettant r udu.

De plus, en considérant la bijection naturelle entre les éléments de F; p et
les chemins de Dyck de longueur 2/ + 2 donnée dans [Pa], nous établissons
une dualité entre les éléments de ® € Fy tels que §®,,,, = p et ceux tels
que §P,;n = I —p. Une telle dualité a déja été démontrée dans [Pal, mais les
idéaux duaux ne sont pas les mémes.



Chapter 1

Characterization of
ad-nilpotent ideals of a
parabolic subalgebra

Let g be a complex simple Lie algebra of rank [. Let h be a Cartan subalgebra
and A the associated root system. We fix a system of positive roots AT,
Denote by IT = {ay, ..., q;} the corresponding set of simple roots. Let V' be
the Euclidian space 22:1 Ray. For each a € A, let g, be the root space of
g relative to «.

For I C 11, set A; = ZINA. We fix the corresponding standard parabolic
subalgebra :

plzh@ @ o

aEATUAT

An ideal i of p; is ad-nilpotent if and only if for all z € i, ad,, x is nilpotent.

In their articles [CP1] and [CP2], Cellini-Papi established different charac-
terizations of the set Z of ad-nilpotent ideals of a Borel subalgebra. They con-
structed a bijection between Z and certain elements of the affine Weyl group
W associated to A, which we shall call (-compatible. These ()-compatible
elements are in turn characterized by elements of the coroot lattice. We
extend in this chapter their theory to the case of parabolic subalgebras.

11



12 1. Characterization of ad-nilpotent ideals of a parabolic subalgebra

1.1 Generalities on the affine Weyl group

We shall conserve the notations given above. In this section, we shall recall
some basic facts on the affine Weyl group associated to A. In particular, we
need to recall two different realizations of this group. See [Bo|, [CP1] and
[Ka] for more details.

We fix a scalar product (.,.) on V. For a € A, let

200

(@, )

¥ =

denote the corresponding coroot. Denote by Q¥ the coroot lattice of A.

Let W denote the Weyl group associated to A. We shall realize the affine
Weyl group as a group of automorphisms of the affine root system associated
to A. Let V =V @ Rd & RA\. We extend the above bilinear form on V' to a
non-degenerate symmetric bilinear form on V', also denoted (.,.), by setting

(AMA) = (8,8) = (A V) = (6,V) =0 and (5,\) =

Let A = A+Z4 be the set of (real) affine roots. We fix the following positive
root system At = (AT + N§) U (A~ + N*6). We shall write o > 0 (resp.
a < 0)if a € At (resp. if @ € A~ = —AT). Let 6 be the highest root of A,
then 11 = {ag = =0+ 0,04, -+ ,aq} is the set of simple roots for N

Note that for any element 3 + ké € A*, we have (6 + ko, B+ ko) =
(6,6) #0. For all a € A+, we denote by s, the reflection of V defined by

for z € V. The affine Weyl group W is the subgroup of Aut(V) generated
by {sq; o € II}. Observe that w(8) = 6 for all w € W, s4(A) = A, for all
a €Il and s,,(A) = X — ”9”2040, where ||0]] = \/(0,0).

Let 7 € @V, we define the endomorphism ¢, of v by :
b
t;(x+ad+b\) = x+ad+b\+br+ (5(7, 7)— (z,7))6  (1.1)

for x € V and a,b € R. Let S = {t,;7 € @V}, then the group W is the
semi-direct product of S by W.



1.1. Generalities on the affine Weyl group 13

Consider the TW-invariant affine subspace
E={zeV; (2,6)=1} =V @RS+ \.
Let # : E — V be the projection ax + bd + A — ax and

1 .V — F
Vo= v+ A

For w € W, we set W = m o w), o¢. The map w + W defines an injective

morphism of groups from W to Aut(V). We shall identify W with its image
W g under this map.

For oo € A, 5 is the reflection s, on V associated to «, and for 7 € QV,
t, is the translation T, by the vector Ton V. Fora € AT, k> 0,z €V, we
obtain that

S o) =2 — ((z,a) — k)Y = Tiav 0 So(x)
Sarrms(@) =2 — ((z,a) + k)a¥ = T_jqv 0 So(T).

Thus 5-,5%s and S,1xs are the orthogonal reflections with respect to H, 5, =
{zr € V; (z,a) = k} and H, _y respectively. It follows that W,z is the
semi-direct product of W by the group of translations T, 7 € QV.

Observe that for v e W, 7€ QV, a € A and k € Z, we have

’U_tT(HO(,k) = Hv(a),kJr(T,a) .

Recall that the connected components of the complement of Uae Anez Hak
in V' are called alcoves. The group W,s acts simply transitively on the set
of alcoves. We denote

C={zxeV;(u,x)>0foralla; €I}, A={zeC;(0,z) <1}

respectively the fundamental chamber and the fundamental alcove with re-
spect to IT and II.
We shall end this section by recording the following results :

Proposition 1.1.1 For w € W, let N(w) = {8 € At; w(B) < 0} and
denote by L(w) the length of any reduced expression of w.

(a) We fix a reduced expression of w = sp, o --- 0 sg, with §; € ﬁ, then
N(w) = {sg, 0---055,_,(6,);1 < p < k}. In particular, N(w) contains a
simple root.
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(wq) if and only if, there exists

A~

u € W such that we = wyu, and {(ws)
uniquely determined by N(w).
(¢) If N(w) N AT £, then N(w) NI # 0.

(b) Let wy, wy € W, then N(w) € N(w
= l(wy) + L(u). In particular, w is

Proof. For parts (a) and (b), see for example [CP1]. Let us prove (c). The

case A; is clear. In the others cases, this is a direct consequence of the fact
that N(w) is a “compatible” set, by theorem 1.3 from [CP1]. O

1.2 [-compatible elements in W
Let I C IL
Lemma 1.2.1 An ideal i of p; is ad-nilpotent if and only if it is nilpotent.

Proof. Since i is h-stable, we have

i= b/ D (@ ga)a
acd
where h’ C hand ® C AT UA;.

Assume that there exists h € h’\ {0}, then there exists & € A such that
a(h) # 0. Consequently for x € g, \ {0}, we have (ad,,h)"(z) = a(h)"z # 0.
So x € iand iis neither nilpotent nor ad-nilpotent. Therefore we may assume
that ' = 0.

Assume that there exists « € A;N®. Then, g, € i and hence [gq, §-o C
[ga, 7] C 1. This is absurd because h’ = {0}.

It follows that ® C AT\ A; and such an ideal is nilpotent and ad-
nilpotent. O

Let i be an ad-nilpotent ideal of p;. We set
O, ={a € AT\ Ar; g, Ci}.

Then by the proof of Lemma 1.2.1, we have i = P .4 8o and if a € @,
B e At UA; are such that a + 5 € AT, then a + 3 € ®;.
Conversely, set

Fr={®C AT\ Apifae® e ATUA,a+ [ € At then a + (3 € D}.
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Then for ® € F7, ip = @, 9a is an ad-nilpotent ideal of p;.
We obtain therefore a bijection

{ad-nilpotent ideals of p;} — Fy, i — ;.
For ® € F;, we define ®! = &, &% = (dF~1 + )N A, for k > 2 and

Lo = | J (9" + ko).

keN*

Since any ad-nilpotent ideal of p; is an ad-nilpotent ideal of the Borel
subalgebra py = b, we have by [CP1] the following proposition :

Proposition 1.2.2 Let & € F;, then there exists a unique we € W such
that Lq;. = N(UJ@)

Thus we have the following injective map :

{ad-nilpotent ideals of p;} — W
i — We,

Recall from [CP1] the following characterization of the image of the above
map when I = (.

Proposition 1.2.3 Let w € W, then there exists an ideal i of b such that
N(w) = L, if and only if

(a) w(a) >0, for all a € T1.

(b) If w(a) < 0 for some a € ﬁ, then w(a) = =9 for some § € AT,
If these conditions are verified, we say that w is Borel-compatible or (-
compatible.

For w € W, let ¢, ={aecAt;—a+J e N(w)}.

Theorem 1.2.4 Let w € W be Borel-compatible and I C I1. The following
conditions are equivalent :

(a) ip, s an ad-nilpotent ideal of py.

(b) $a(Py) = Py, foralla e 1.

(¢) $a(Ls,) = Lo, for alla € 1.

(d) N(sqw) = N(w)U{a}, foralla € I.

(e) w(a) €T, foralla € 1.
If the hypothesis and these equivalent conditions are verified, we say that w
1s [-compatible.
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Proof. (a) = (b) By assumption, we have ®,, € F;. Let § € ®,, then
sa(B) = 08— (B,aY)a, hence s,(®,,) C P, for all & € I. Moreover, since s,
is an involution, we obtain that s,(®,) = D,.

(b) = (c) Since w(d) = 0, for all w € W, this is clear (by induction on k
or just remark that ®¢ € F;).

(¢) = (d) Let a € I, by assumption, we have s,(N(w)) = N(w), hence for
€ N(w), we have s,(3) € N(w). So w's.(8) < 0 and 8 € N(s,w). We
have proved that N(w) C N(s,w). Since N (w) = f(w) and £(s,w) = £(w) =+
1, by Proposition 1.1.1, we obtain that N (s,w) = §N(w) + 1. Moreover we
have (s,w) ' (a) = w™(—a) < 0, hence N(s,w) = N(w)U {a}.

(d) = (e) Let « € I. By assumption, we have N(w) C N(s,w), hence by
Proposition 1.1.1, there exists § € 11 such that,

N(saw) = N(wss) = N(w) U {w(8)} = N(w) U{a}.

Consequently, we have w™!(a) = 3 € .

(e) = (a) By assumption, ®,, is an element of Fy, so to prove that @,
belongs to F7, it suffices to prove that ®,, € F,, for all a € I.

Let a € I and assume that w™(a) € II. Let 3 € ®, be such that
B —ae AT. We have

wl(=(B-a)+8) =w(=B+8) +w ' (a) e (A~ +I)NA.

It follows that w=!(—(8—a)+4) < 0. Moreover, w™(—a+0§) = w™ ' (—a)+
0 > 0 hence a ¢ ®;,. We obtain that ¢, € F,,, for all o; € I, hence ig,, is
an ad-nilpotent ideal of p;. 0

Another characterization of ad-nilpotent ideals in b is given in [CP2]
via the set D = {7 € Q";(r,;) < 1,7 =1,...,land (7,0) > —2}. Let
D = {(r,v) € D x W;vt,(A) C C}. We can state this characterization in
the following way:

Proposition 1.2.5 The following map is bijective :

D — {weW,0-compatible}
(r,v) — vt,.

Remark 1.2.6 In [CP2], the above correspondence is not viewed in the same

way since the elements of W are written t;v = vt,-1(;y instead of vt., for
weW and T € QV.
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Let w € W be Borel-compatible, then I,, = {a € ;w™(a) € I} is the
unique maximal element of {I C II; w is [-compatible}. For 7 € @Y, set

D { {aell; (o, 7) =0} U{-0} if (0,7)=—1,
T {a €Tl;(a,7) =0} if (0,7) # —1.

Proposition 1.2.7 Let (1,v) € D, and w = vt, € W. Then v(D,;) = 1.
In particular, w is I-compatible if and only if I C v(D,).

Proof. Let a € I,,,, then
w i (a) =t_v Y (a) =v Y a)+ (v (a),7)s € I

If w™(a) € II, then we have v~ () € Il and (v~ (a),7) = 0, hence v"!(a) €
D,. If w(a) = ap, then we have v™1(a) = —60 and (6,7) = —1, hence
—0 =v7'(a) € D,.

Conversely, let « € D, NII, then vt (o) = v(a) € AT, because w is
Borel-compatible. Then we have N(ws,) = N(w)U{w(a)}, and by part (3)
of proposition 1.1.1 , there exists a simple root § € II such that 5 € N(ws,).
Since N(w) N AT = (), we obtain that w(a) =  and v(«@) € I,,.

Assume now that —¢ € D,. Since w is Borel-compatible, vt (ag) =
—v(0) € At. As above we have N(ws,,) = N(w)U{w(ap)}, and by part (3)
of proposition 1.1.1, there exists a simple root 8 € Il such that § € N(ws,,).
Since N(w) N A* = (), we obtain that w(ag) = § and v(—0) € L,.

We have therefore proved that v(D,) = I,,, which concludes the proof. O

Let us denote H, = H,p for a € I, and H,, = Hpy. Let {wy,...,w;}

be elements of V' such that (w;,«;) = d;;. Set ng = 1 and let n;, i =

1,...,1l, be the strictly positive integers such that § = Zézl n;oy.  Let

W; = wi/ng, i = 1...1, and Wy = 0. Then the closure A of A is the

convex hull Conv(wy,wy,...,w;) of Wyp,...,w;. For k € N* the convex
hull (resp. the image by w € Weg of the convex hull) of (k + 1) points
in {@p,w1,...,w} is called a k-face of A (resp. of wW(A)). For example,

H, NA= Conv(wy,..., 0i1,Wit1,...,w;) is an (I — 1)-face of A.
We shall give yet another characterization of ad-nilpotent ideals of p;
which shall be useful in enumerating abelian ideals when g is of type A or C.

Proposition 1.2.8 Let w € W be Borel-compatible and I C I1. Then, ig,,

is an ideal of pr if and only if for all o € I, w(A) N H, is an (I — 1)-face of
w(A).
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Proof.
Assume that w € W is I-compatible. Let (7,v) € D be such that w = vt,.
By proposition 1.2.7, I C v(D,), and v"!(a) € D,, for all « € I. Let a € I,

we distinguish two cases :
If v (a) = 3 € I, then (B,7) = 0. We obtain that

vt (Hp) = Hy(g),(r.5) = Ha-

Hence w(A) N H, is an (I — 1)-face of w(A).
If v!(a) = —6, then (0, 7) = —1. We obtain that

E(Hozo) - Hv(@),(T,H)-l—l - Ha-

Hence, w(A) N H, is an (I — 1)-face of w(A).

Conversely, let v € W, 7 € QY be such that w = vt, € W is Borel-
compatible. By assumption, for all a € I, there exists g € Il such that
w(Hg) = H,.

If g € I, then

vt-(Hp) = Hug) (r.p) = Ha
hence (7,3) = 0, and w™!(a) = +5. Since w is Borel-compatible, we have
necessarily w™(a) > 0, and so « € v(D,).
If B = «g, then
vt (Heoy) = Ho),(ro)+1 = Ha
hence (7,0) = —1, and w™(a) = +(6 — §). Since w is Borel-compatible,
we have necessarily w™(a) > 0, and so a € v(D,). We have proved that
I C v(D,), and by proposition 1.2.7, w is I-compatible. O

Let Hy = V. For J C II non empty, denote H; = Nocs Ha- By the
proposition above, if w is I-compatible, then we have w(A) N H; = w(A N
Hw—l(j)).

1.3 Relation with antichains

Recall the following partial order on A" : o < §if 8 — v is a sum of positive
roots. Then it is easy to see that ® € Fy if and only if for all « € &, 5 € AT,
such that o < 3, we have g € ®. We can now define, for ® € Fy :

Bin ={3€P;8—agd, foralla € AT}
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the set of minimal roots of ® for <.

A set of positive roots A is called an antichain of (AT, <) if all the
roots in A are pairwise non comparable with respect to <. It is clear that
®,,;, is an antichain. Conversely, let A be an antichain. Set ® = {§ €
AT; there exists @ € A such that @ < 8}, then ® € Fy. So each antichain
corresponds to an element of Fy. By a similar proof as in [Pa], we obtain the
following proposition:

Proposition 1.3.1 Let I C II be of cardinality r and ® € F;, then we have

Proof. Let I C II be of cardinality » and ® € F;. Set I' = ®&,,;, U =
{m,...,%}. Let vi;,7; € I, then v; —v; € A by the definition of ®,,;,, and
the fact that ® € F;. Thus the angle between any pair of distinct elements
of I' is non acute and since all the +;’s lie in an open half space of V', they are
linearly independent. Consequently, we have §I" < r, and hence §®,,;, < [—7.

O

Remarks 1.3.2 (i) Recall from [CP1], that an antichain T C A" is of car-
dinality | if and only if I' = II. This result has no equivalence in the general
parabolic case. For example, in By, the set ® = {1+ 20} is an ad-nilpotent
ideal of po, such that @, = P and §P,, = 1.

(ii) Let g be of type A;. Let I C 11 be of cardinality v and ® € Fj, then it
is possible to show that P, =1 — 1 if and only if Ppip = 1T\ 1.






Chapter 2

Enumeration of ad-nilpotent
and abelian ideals

2.1 Enumeration via the volume of the faces
of the fundamental alcove

Recall from [CP1] and [Ko], that for w € W the set ip, is an abelian ideal of b
if and only if wW(A) C 2A. As a consequence, we have the following remarkable
result of Peterson : the number of abelian ideals of b is 2. Observe that the
above result says that the number of abelian ideals in b depends only on the
rank of g. In the case of parabolic algebras, we shall see in this section to
what extent this result can be extended.

For J C I, let F; = AN H; = Conv(w;; a; € J). Observe that the F;
are the faces of A. Let w € W, if w(A)N Hyis an (I — 4J)-face of w(A), then

we shall call wW(A) N H; an (I — §J)-alcove of H;.

Proposition 2.1.1 (a) Let w € W and I C 11, ifw(A) C 2A and wW(A)NH;
is an (I — §1)-alcove of Hy, then w is I-compatible.

(b) Let I C Il and w,w'" € W be I-compatible. Ifw(A) C 24, w'(A) C 24
and w(A) N Hy = w'(A) N Hy, then w = w'.

Proof. (a) Let w € W and I C 11 be of cardinality r. If w(A) C 2A, then w
is Borel-compatible and the ideal i, is abelian.

Set N =1—r+1. Since w(A)NH is an (I —r)-alcove of Hy, there exist N

vertices ;,, . . ., W;, of A such that wW(w;,),...,w(®;,) belong to W(A) N H;.

21
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There exist r distinct reflecting affine hyperplanes Hy, ..., H, of the form
H,, for a € II, such that Nj=1 H} contains @y, ,...,W;. For j =1,...,r,
H;Nw(H;) contains w(Wy, ), . .., W(W;y ). Since the dimension of Hy is N —1,
it follows that H; C w(H}).

The hyperplane H; is defined by the equations (z,a) = 0 for all « € I,
it follows that w(H}) is an hyperplane of the form Hp,, where 8 is a linear
combination of elements of I.

Assume that 3 ¢ I. Then, the intersection of Hgo with the closure
of the fundamental chamber C' is of dimension at most [ — 2. Since by
construction Hy contains an (I — 1)-face of w(A), and w(A) C C, we obtain
a contradiction. It follows that 3 € I.

Set w = vt,. We then have that for each g € I :

w™ (Hgo) = Hy-1(g),(ro-1(8)) = Ha

for some a € II. If o € II, then v~}(8) = £« and (r,v71(8)) = 0. Since w
is Borel-compatible, we obtain that w™*(3) = a.

If @ = ap, we obtain that v™1(8) = 60 and (7,v7'(8)) = +1. Since w is
Borel-compatible, we finally obtain that w™(3) = ag. Thus, w™(I) C 1,
and w is [-compatible as required.

(b) Let I C II and w, w" € W be I-compatible. Let o € I, then w

is I \ {a}-compatible. It follows by proposition 1.2.8 that W(A) N Hp\(ay is

an (I — #/ + 1)-alcove of Hp\(a) and it is the convex hull of w(A) N H; and

vertex of Hp (o) NW(A), which is not in Hy N wW(A). In the same way
’(é) N Hp\(ay is an (I — 1 + 1)-alcove of Hp\(ay and it is the convex hull of
(A

=

'(A)N H; and a vertex of Hp (o3 Nw'(A), which is not in H; Nw(A). Since
(A) C 2A, there is a unique vertex in H I\{a} satisfying these conditions.
So, W(A)NHp 1oy = w'(A)NHp (o3 and by induction, we have w(A) = w'(A).
Hence w = w'. O

gl g

Let F, =2ANH; = Conv(2w;; a; € J). It is clear that F} is a union of
(I — gJ)-alcoves of H;. Let

Abr = {w € /W; ip, is an abelian ideal of p;}.

By the above proposition and by proposition 1.2.8, we obtain the following
result :

Theorem 2.1.2 Let I C II, then the map w — w(A) N Hy is a bijection
between Aby and the set of all the (I — #1)-alcoves of F}.
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Remark 2.1.3 The above theorem can be viewed as a generalization of Pe-
terson’s result.

In order to determine f£.A4b;, we are reduced to computing the volume
of the (I — gI)-alcoves of F}. Furthermore, to compute the volume of the
(I — gI)-alcoves of F}, it suffices to compute the volume of the (I — #I)-faces
of A.

Let d(x, H,) denote the distance from = € V to the affine hyperplane H,,

for aw € T1. For B a k-alcove, let Volg(B) be the k-volume of B. By [Be], the
volume of the fundamental alcove is

1
Vol;(A) = = x d(0, H,,) x Vol;_1(Fy,).
l 0 0

Since the projection of 0 on H,, is W, we have d(0, H,,) = HT}H' We obtain
that Vol;(A) = mVoll_l(Fao). Moreover, by [CLO],

1
Vol (A) = i oy A - ATy
Let D = |w; A --- AWy, then

D
Vol,_1(Fy,) = mnoﬂeﬂ- (2.1)
To compute the (I — 1)-volume of the faces F,,, i =1,--- 1, we compute
the [-volume of the convex hull of ({&y,...,w;} \ {w;}) U {Hz—”} Thus, we
have :

1 Q
Vol,_(F,,) = WA A A AWy
(=1t [l
Since o; = 22:1(041‘, Qg )W,
D
VOll—l(Fai> = 77%”062” (22)

(- 1)

We have therefore computed the (I — 1)-volume of the (I — 1)-faces of A.
In particular, we have :

Lemma 2.1.4 Let o;, aj € ﬁ, be such that (o, o) = (aj, o), then :

n,»Voll_l (F}) = njVoll_l (E) .
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This Lemma also appears as Proposition 26 in [Sut]. We shall generalize
this result. For I C I, let ny = 1if I =0, and n; =[]
shall prove the following result :

over T otherwise. We

~

Proposition 2.1.5 Let I C 11 and w € W be such that w='(I) = J C II.
Then, we have :

n[VOll,ﬁJ(FJ) = nJVoll,M(FI)
To prove this proposition, we need the following technical lemma :

Lemma 2.1.6 [/\et I C II be such that 41 <1 —1. Let w € /I/I? be such that
wHI) = J C II. Let oy be any element of J if ag € J, and aj = o if
ag € J. Set a; = w(a;). Then we have :

nzd(wﬂ H[) = njd(wj, HJ)

Proof. The result is clear if J = (). We may therefore assume that 1 < #J <
[ —1.

Step 1 : Assume that o € J. We shall determine the distance d(wy, H ).
Let Jy be the connected component of J containing «ag. Set r = f.Jy.

If Jo = {ap}, then the projection of 0 on Hj is HQGHQ. Therefore, the
1

distance d(wy, Hy) is ol
Now assume that Jy # {ag}. Then, Jy \ {ap} contains one or two

roots [ such that (3,60) # 0. Set Jo = {f1,...,0:}, ap = By and V;, =

Dps.c0\ (a0} RO:-
First of all, assume that Jy \ {ap} contains only one root [3; such that

(6, 0) # 0. Let v € Vj, be such that (v, ;) = 1 and (v, 5;) = 0 for all

B; € Jo\ {Br B} Let e = (|6]*(1 — 552))~" and B = (6 — (8, G)n)-
Then, we have (8,a) =0 for all « € Jy \ {ap} and

(8.0) = w6l - 0.8 (.0 = o)1~ 0y =1

For all x € H;, we have (7, z) = 0, and so

(B—x,0) = wm(0—(0,5)% 08— )
gt[(97ﬁ> — (0, 2)]
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We have proved that ( is the projection of Wy in H;. It follows that by
taking any = € H;, we have d(wo, H;)? = ||8]]* = (z, 8) = u(z,0) = pu.

Since I C 1T and J = w™!(I) and I have the same Dynkin diagram, we
have by a case by case consideration that Jy is of type A,., C,., or D,.

If Jy is of type A,, then by renumbering the roots 3;, the Dynkin diagram
of Jy is of the form :

Then t = 1, and take
2

=—— ((r—1 —2 e B ).

Vi rl\ﬁllP((r )L+ (r—=2)B2 4 -+ Br1)

r—

So (v, 0) = =+, and we have

2r
=——. 2.3
M e 23
If Jy is of type C)., then the Dynkin diagram of J; is of the form :
k 1 2 r—2 r—1
Again t = 1, and take
2
=——((r—1)B1+((r—2)By4 -+ Br_1).
i r”ﬁl'P(( ) 1 ( ) 2 1)
So (4, 0) = @, and we have
r
= 24
SRRV [Tk 24

If Jy is of type D,, then the Dynkin diagram of .J; is of the form :

1
2 3 r—2 r—1
k
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or of the form :

In the first case we have t = 2, and we take
2
Yt = r|‘ﬁ2|‘2((r - 2)61 + Q(T - 2)62 + Q(T - 3)63 + -+ 251”71)-

Thus (v, 0) = @, and we have

r

= ————. (2.5)
2[|6]]?
In the second case, we have t = 1 and we take
1
Ve = W@ﬂl +28y 4 -+ 2083+ Br_a + Bro1).
1
Thus we have
; (26)
Mt = . .
16112

Assume now that .Jy contains two roots a such that («, #) # 0. Then the
Dynkin diagram of Jy is of type A, and these two roots are Ox_1, Bri1 :

Let n,n" € Vj, be such that (n, Bx_1) =1 = (1, Bxs1) and (n, 5;) = 0 (resp.
(n',3;) = 0) for a}l Bi € Jo \ {Bk—1, Bk} (resp. B € Jo \ {Br,Brs1}). Let
= (1021 = E2)) " and 8 = (0 — (0, Be—1)n + (6, Be—1)')). Then we
have (5,«) =0 for all a € Jy \ {ap} and

(3,0) = pull|0]]* = (0, Be—1)n + (0, Br—1)', 0)] = 1
(B—,8) =@ — (9, Br_1)n+ (0, Be_1)n), 3 — 1) =0
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for all x € H;. We obtain that 3 is the projection of 0 on H;. Take

2
1= o D (k= Dt )
/ - 2 o . _
" (r_k‘i‘l)”ﬁkJrl”?(ﬁr_‘_Qﬁrfl_“ —|—<7“ k)ﬁk+1)

then (n+17/,0) = &1 + ri;_’il. We obtain that :

2k(r —k+1)

(@0, Hy) = 18] = pu = .
(wO? J) ||ﬁ” K n%(r+1)|’6|’2

(2.7)

Observe that the formulas (2.3) and (2.7) generalize the formula obtained
when Jy = {ap}. Let k be the position of o € Jy, then we can sum up the
above results in the following table, when 1 < §J <[l —1:

D, D,
Jo A, Cr t=2 | t=1
2k(r —k +1) r r 2

d H
o 17| o D0 | w3+ IO | 202102 | w07

Table 2.1:

Step 2 : Assume that J C II. Let a; € J. We shall determine the
distance d(w;, H).

We have H; = Vect(w,; ¢ such that oy & J) C Hpa,y C V. Let Hy =
{z € V; (x,w;) = 0 for all ¢ such that a; € J}, then Hy = Vect(ay; o € J),
and dim(Hy N Hp\ja,3) = 1. Since

Hp\ (o)) NHy = {w: ZTtOét; (x,0) =0 for all g € J\{aj}},

ore€J

there exists 7 € V' such that H (o, N Hy = Vect(y), and (v, a;) # 0. Thus,
we have Hj\(a;3 = Hy @ Cy. It follows that there exists p € C* such that
w; +py € Hy.

Let J; be the connected component of J which contains «;. Set J; =
{81, ..., B}, with aj = Be. Set V;, = @Bjer R/j3;. We may choose vy such
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that (v,a;) =1 and (y,a) =0 for all @ € J; \ {a;}. Since (@; + py, o) = 0,

we obtain that yu = —%, and hence
J

@, 1) =100, 23)

where v depends only on the position of a; in the Dynkin diagram of J;.
Finally, we need to compute explicitely d(@;, H) in some particular cases.
We use the numbering of [T, chapter 18].
If J; = A,, take

2
R A A

+ (k=D —k+ 181 +k(r—k+1)0k+ k(r — k)Beia + - + kG-
If J; =C,, and k = r, take

y= W‘z(ﬁl + 20+ + (= 1)Ba + 5.

If J; = D,, take

v = ||ﬁr||2[ﬁl+2ﬁ2+ T+ (r=2)B
ollr =26, + 5] k=,
T =B %H [B1+202+ -+ (r —2)Br—2
B (= 28] if k=r—1,
v = H;H2[2ﬁl + 20y + -+ 26,2
+Br-1 + Br] if k=1

In these particular cases, we obtain the following result :

Final step : We are now in a position to prove the lemma. Let I; be the
connected component of I containing «;. If J C II, then we have the result
by (2.8), since a; and «; have the same position in the Dynkin diagram of
J; and I; respectively.

If ap € J, then the connected component Jy of J containing ay is of the
type A,, C,, or D,. Again since w™!(ay) and oy have the same position
in the respective Dynkin diagram, we obtain the result by inspecting the
correspondence between tables 2.1 and 2.2. O
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C, D, D,
JJ Ar k:r ]CZT_].,T k:
2k(r—k+1) r r 2
d(W',H])2
’ n(r+ Doyl | n3(r+ Dlleyll* | 2n3lag)* | ndlloy]
Table 2.2:

Proof. [Proof of proposition 2.1.5] The case #I = 0 is trivial since in this
case, Fj = F; = A.

Let I C II. Let us proceed by induction on #/. If 1 = 1, the result is
proved in lemma 2.1.4. Assume that [ > £/ > 1 and that the claim is true
for 1 — 1. Let o be any element of J if ay & J, and a; = ay if ap € J. Set
a; = w(a;). Then, we have by lemma 2.1.6,

1
nJVO].l—ﬁI(F[) = nJ(l - ﬁ] + 1)V01l_ﬁ[+1 (FI\{O%}> X m
ny n;
= (L — 41+ 1) Vol g1 (Frges) X ———i
A Yol Enen) g,
1
= n[(l - Jj] + ]-)VOll—ﬁI-‘rl(FJ\{aj}) X m
R

= nIVOII_ﬁI(FJ).

Finally, the result is clear if §/ = [ since in this case Fy (resp. Fj) is a single
point. Il

Observe that for I C I, F} = 2F}, so
Vol,_y;(F}) = 27 Vol (Fy). (2.9)

We obtain a generalization of Peterson’s result :

Theorem 2.1.7 Let I C 11, then
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Proof. Let I C Il and w € w. By propositions 1.2.8 and 2.1.1, then

> Voly_y (w(A) N Hy) = Vol,_y (F}).

wEAby

Observe that for any element w € Ab;, we have wW(A) N Hy = W(Fy,-1(p)),
and Vol (W(F,-1(1))) = Vol_41(F-1(1). So by proposition 2.1.5 and by
(2.9), we obtain that

N1 _
> D Voly_y(Fr) = 274 Vol,_y; (Fr)

n
wEAby I

Thus, we have the result. 0

Theorem 2.1.8 Let I C 11, if g is of type A; or C;, then the parabolic
subalgebras p; have exactly 2= abelian ideals.

Proof. 1f g is of type A; or Cj, the numbers n;, for i =0, ..., [, depends only
on the length of «;. It follows that for any w € Ab;, n; = n,-1p). So by
theorem 2.1.7, we obtain the result. O

Remark 2.1.9 The fact that the numbers n;, i = 0,...,1, depends only on
the length of a; is false when g is not of type A or C. Indeed, theorem 2.1.8
is false in general. For example, in Bs, the parabolic subalgebra piq,y has
only 3 abelian ideals. We shall see in the next section another way to count
the number of abelian ideals in cases B and D.

2.2 Enumeration via diagrams

In this section, we shall determine, via diagram enumeration, the number of
ad-nilpotent (resp. abelian) ideals of p;, for I C II, when g is simple and of
classical type. We shall use the numbering of simple roots of [TY, chap.18].

Recall the following partial order on AT : o < B if 8 — « is a sum of
positive roots. Then it is easy to see that & € Fy if and only if for all
a € ® 3 e AT, such that o < 3, then 8 € ®. When g is of type A, B,
C or D, we can display the positive roots into a diagram of suitable shape,
as in [CP1]. Then, they established a bijection between elements of Fy and
certain subdiagrams.
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Let I C II. In order to adapt this construction in the parabolic case py,
we shall use a similar construction, but our diagram will depend not only on
the type of g, but also on I.

Let I C II and 7,8 € At. We say that 3 ER ~ if there exists € I such
that 8+ n = 7. Define an equivalence relation on A* \ A; : for [ C II,
v ~p (3 if there exist By,..., 0, € AT\ A; such that

(1) ﬁ:ﬁla 72ﬁ37

(ii) either g; R Biy1 or Biiq R G, fori=1,...,s—1.

As the standard Levi factor of p; acts in a reductive way on the nilpotent
radical, the fact that two roots 3,y are ~; equivalent means that g, and gg
are in the same simple submodule.

Let X be the type of g. The idea is to start by displaying the positive
roots AT in a diagram T of a suitable shape as in [Sh] (or as reformulated
in [CP1]) : that is, we assign to each box labelled (i,j) in T, a positive
root ¢; ;. The shape and the filling of T'x are chosen such that we obtain
a bijection between elements of Fy and the northwest flushed subdiagrams,
henceforth nw-diagrams, of T (in type D, we need to include also nw-
diagrams modulo a permutation of certain columns). Then, for I C II, we
delete the boxes containing elements of A;. Observe that the set of boxes
of the same equivalent class is connected. Therefore, we can regroup into a
big box all the roots of the same equivalent class. We obtain a new diagram
denoted by T%. Then, we count the nw-diagrams of 7% (again in type D, we
need to count also nw-diagrams modulo a permutation of certain columns),
which are clearly in bijection with the elements of F;.

2.2.1 Type A

If g is of type A, then T}, is a diagram of shape [[,/ —1,...,1]. The label
(7,7) means a box in the i-th row and the j-th column. The boxes (7, j) of
Ty, are filled by the positive roots ¢; ; = a; + -+ o_j41, 1 < 4,5 <. For
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example, for [ = 5, we have :

L1,1[t1,2t1,3[t1,4E1,5

L2,1[t2,2[t2,3t2,4

L31[t3,2[t3,3

Laifta2

151

Let I C II. We first delete the boxes containing elements of A;. Then, we
regroup the equivalent classes of ~; proceeding simple root by simple root :
for each a; € I, we regroup the (I — i + 1)-th and the (I — i+ 2)-th columns
if 2 # 1, and the rows 4, ¢ + 1 if 7 # [, on T4,. At the end, we obtain that
TA{z is a diagram of shape [ — #1,1 —#I — 1,...,1]. For example, for A5 and
I ={as, a3}, we have :

!

A\

t1,1t1,2t1,3t1,4t1,5‘

l51

1
Let C; = 1 ( 2/ ) denote the [-th Catalan number.

Proposition 2.2.1 Let I C II. Let S} be the set of all nw-diagrams of T} .
Then, the cardinality of Sﬁl i85 Cl_gr41-

Proof. Let I C II, then T} if of shape [l — #I,1 — I —1,...,1], so by [St,
8,6.19 vv.|, we obtain that the cardinality of the set of nw-diagrams of Tj;l is
Ci—sr41- O

2.2.2 Type (;

Definition 2.2.2 Let p,q be two integers such that ¢ < p. Let T, , be the
(shifted) diagram of shape [p+q—1,p+q—3,...,p—q+ 1] arranged in the
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following way :
ptq:l

——
p—q+1

If g is of type Cj, then T¢, is the diagram 7, and the boxes (4, j) of T¢,
are filled by the positive roots ¢; ;, where

o ozi+---+ozj_1+2(aj+---+az_1)+al, l<j<i-1,
T a4 g, <73 <20—-1.

Let I C II, we first delete the boxes containing elements of A;. Then, we
regroup the equivalent classes of ~; proceeding simple root by simple root :
for each a; € I\ {oy}, we first regroup column 2/ — i and column 20 — i + 1 if
i # 1, then we regroup the i-th and (i 4+ 1)-th columns and also the i-th and
(¢ + 1)-th rows on T¢,. If a; € I, we regroup also the columns [ and [ + 1.
We obtain at the end that Tél is a diagram of shape T;_47 ;47 if oy & I and
of shape T} _4r41,-41, if oy € I.

By [Pr], we obtain directly that the number of nw-diagram of T, is

pP+q

» . Consequently, we have the following proposition :

Proposition 2.2.3 Let I CII. Let S, be the set of all nw-diagrams of T¢, .
Then, the cardinality of Sél 8

I — 4 +2

(l - ﬁ]—}- 1)Cl—ttl Zf (0%} g I, and 5

Crgrv1 f aw €1

2.2.3 Type B; and D,

Let I C II. Assume that g is of type X = B; or D;. Then the shape of T%
is more complicated than in the case A or C, so we need more combinatorial
results on diagrams.
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Definition 2.2.4 Let p,q be two integers such that ¢ < p. Let T be the
diagram of q rows of the shape [p,p—1, ..., p—q+1] arranged in the following

way:
P

Proposition 2.2.5 Let p,q be two integers such that q < p. Then, the
number of nw-diagrams of T} , is

7 PratDip—g+2)
D,q ] | )
q'(p+2)!

Proof. Let D, be the set of nw-diagrams of 77 . We shall proceed by
induction on ¢. If ¢ =1, then T} | is

P

p
A\

so we have
o _(pt+a+Dip—q+2)
#Dpa =Ty =pt1= q'(p+2)! '
Assume that ¢ > 1 and the claim is true for ¢ — 1. For 1 < k< p—q+1, let

Sy ={S €D, (¢qk)eSand (¢,k+1) ¢S}
p—g+1
Then, §S, =7, ; , ., and L = U Sk, is the set of nw-diagrams containing

k=1
at least a box in the last row of T} . Since D), is the disjoint union of D, 4 4

and L, we obtain that :

p—q+1

!
T, = Tl +il=Y T ..
1=0

_ i 7 - i (k+q)(k—q+3)

2 - ik +2)
p+qg+1lp—q+2)
q'(p+2)!
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where the last equality is a simple induction on p > gq. 0

Definition 2.2.6 Let p > q be two positive integers and 1 < 1 < Iy <
- <y < g+ 1 be some other integers. Denote by T, ,(l1, 12, ..., 1) the new
diagram obtained by adding to T, , the boxes (I;,l; — 1), for 1 < i <'s. For
example, T5 4(2,4) is:

pt+q—1
7\

——
p—q+1

where the added boxes are marked with a X.

Proposition 2.2.7 Let p > q be two positive integers and 1 < I3 < ly <
- <lg < g+ 1 be some other integers, then the number of nw-diagrams of

T
p+aq -
( P ) - Z%lﬂflj»lrl'
j=1

palli,loy o 1) s
Proof. Let D, (ly,...,l5) be the set of nw-diagrams of T, ,(l1,...,ls) and

D, (L1, ..., 1s) be its cardinality. Let bs = (I5,{s — 1). Set

E={SeD,,(l,...,l5);bs &S},
F={SeD,,(l,....ls);bs € Sand S\ {bs} € E},
G={S€eD,,(l,...,l5);bs € Sand S\ {bs} & E}.

Then, we have clearly D, (l1,...,1l;) = {E + tF + {G.

If S € F, then S contains all the boxes north-west of b, and the other
boxes of S are strictly north-east of by, so there exists a bijection between
F and the set of nw-diagrams of 77, , ;, ;. For the example in definition
2.2.6,if S € F, S is a nw-diagram of :

p+g—1
7\
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containing b,. Hence it suffices to count the nw-diagrams of the subdiagram
strictly north-east of by :

p+q—Is
A

ls—1

So by proposition 2.2.5, the cardinality of F'is 7], ; ; ;.

If S € G, then S\ {b;} is a nw-diagram of T" where ' =T, , if s = 1 and
T=1T,,,...,l;_1)if s > 1. So the cardinality of G is the cardinality of the
set of nw-diagrams in 7" minus the cardinality of the set H of nw-diagrams
having at most Iy — 1 rows. Observe that the elements of H correspond to

those of E. Hence, (by [Pr])

an(ll, .. .,ls_l) — ﬁE if s > 1,

he = (p+q)—aE if s = 1.
p

The result now follows easily by induction on s. U

Notations 2.2.8 Fixz I C II. Let Iy,...,1I; be the connected components
of I of cardinality r1,...,7s respectively. For each connected component I;,
set m; = min{i;o; € I;}. Without loss of generality, we shall assume that
my < me < --- < msg.

If g is of type By, then T, is Tj; and the boxes (4, j) of T, are filled by
the positive roots t; ;, where

it 2y et ), 1<
= i+ ayj, I<y<20-1.

As before, for I C II, we delete the boxes containing elements of A;. For
j=1,...,s, set

7j—1
lj=m;— Y 1 (2.10)
k=1

Regroup the equivalent classes of ~; proceeding simple root by simple root
: for each o; € I\ {oy}, we first regroup rows ¢ and i + 1 and if ¢ # 1, we
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regroup column 2/ — ¢ and column 2/ — ¢ 4 1, then the columns ¢ — 1 and 2.
If a4 € I, we also regroup the columns [ — 1, [ and [+ 1. We obtain that T]:{,l
is a diagram of shape Tj_y7;_4(l1,...,l,), where the [; are defined as above
and, n = s —1if ap € I and n = s if oy € I. For example, for B; and
I ={as, a3, a5}, we have :

‘tm b1 ti3ftia tis tie [t1,7 T8 t1,9‘

Lo2 123 [l24 to5 tog
133 [t3,4 t35 36 by

La4 tas tae

It follows from proposition 2.2.7 that :

Proposition 2.2.9 Let I C Il be of cardinality r. Let Sél be the set of all
nw-diagrams of Tg,. Then, the cardinality of Sp is

((=r+1)C + Z 1)l -1
j=1
wheren =s—1if oy € I, and n = s otherwise.

If g is of type Dy, then T, is 1},-1, and the boxes (i, 7) of T, are filled
by the positive roots ¢; ;, where

o+ -+ 2+ o) o+, 1<5< -2,
tij=4 ait-+as+ta, j=1-1,
Oéi—|—"'—|—06217j, l<j<2l—1

For I C 1II, we first delete the boxes containing elements of A;. For j =
1,...,s, set

j—1
mj—Zrk if j #sor Iy #{q},
= = (2.11)
mj—Zrk—l if j =sand I, = {oy}.
k=1

Regroup the equivalent classes of ~; proceeding simple root by simple root :
for each a; € I\ {oy_1, oy}, we first regroup the rows ¢ and i + 1 and if i # 1,
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we regroup column 2/ — ¢ — 1 and column 2/ — ¢, and then the columns 7 — 1
and 1.

If a1 € I, but oy ¢ I, then we regroup the columns [ — 2,/ — 1 and
columns [, + 1.

If oy € I, but ay_1 & I, then we first reverse the columns [ — 1 and [, and
then we regroup the (new) columns [ — 2, — 1 and columns [, + 1.

If {oy_1, o} C I, then we regroup the four columns [ —2,1—1, [l and [ +1.

We obtain that if {a;_1,;} ¢ I, then with the [; as defined above, Tzl)l
is a diagram of shape Ty_yy;g—1(l1, ..., ). If {ay_1, ¢} C I, then T}, is a
diagram of shape Tj_y 41 (l1, ..., ls—1).

In the following examples, we denote by i the simple root «; and by 2
the element 2c; and for example 12234 indicates o + 209 + ag + ay. We
consider, X = D5 and [ is respectively {ay, ag, a5} and {ag, ay, as} :

1223245 123245[ 12345 1234 | 1235 123 \
23245] 2345 234 | 235 23 \ \bl \

345 34 35 3 \ by
KN o
\1223245123245 12345 1235 1234 123 |12 1\ ‘

23245 | 2345 235 234 23 b,
345 35 34 3

Definition 2.2.10 For a subdiagram L ofT[I)l, we shall denote by L*® the set
of bozxes of L obtained from L by exchanging columnsl—r—1 and l—r (resp.
l—randl—r+1)ifoq &1 (resp. if oy € 1).

If L® is a nw-diagram of T[I,l, then we say that L is a e-nw-diagram of
Th, .

Proposition 2.2.11 Let I C II be of cardinality r. Let Sfjl be the set of
nw-diagrams of T]’;l if {oy_1, 0y NI # 0, and be the union of the set of nw-
diagrams and the set of e-nw-diagrams of Tf;l if {ag_1, o0} NI = 0. Then,
the cardinality of 8{71 is

(1) (3<l - r) - 2)0177”*1 + Z %,(lfr)fljfl,lj72 + 7;,([77‘)71]'71,[]‘717 th = O’

Jj=1
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o L=r+l 2 ,
(11) TCI*T + Z 7—2/(1—7‘)—l]-—1,l]-—17 th =1,
j=1
s—1
(i) (1=r+0Cr+ Y Ty s, ift =2,
j=1

where t = §({ay_1,u} N I).

Proof. Assume first that {«;_1,q} NI = (. Note that, the elements of F;
are in bijection with the subdiagrams S of Tf)l =T vi—r—1(ly,-..,ls) such
that either S or S*® is a nw-diagram. Let

Ey = the set of nw-diagrams of T, ,
E, = (the set of e-nw-diagrams of T}, ) \ E;.

So S}, = Ey U E, (disjoint union). By proposition 2.2.7, we have :

l—r+1 -
LBy = TCZ_T + Z D)=Ly —10;—1-
=1

On the other hand, the number of elements of Ey is §£; — §F, where F' is
the set of elements of F; having columns [ —r — 1 and [ —r (resp. | —r and
[ —r+1) of the same length if a; & I (resp. if oy € I).

Clearly, the number of elements of F'is exactly the number of nw-diagrams
of the diagram obtained from T}, by removing the (I —r)-th (resp. (I—r+1)-
th) column if a; & I (resp. if ay € I). So, by proposition 2.2.7,

g = (1= 7)Crr1 + Z 72/(14)71]‘72,1]-71-

j=1
We obtain therefore the result since we have the equality :

/]"l

Y ot
2([*7“)71]'72,671 - %(l*?”)*ljfl,ljf2'

T/

2(l—-r)—l;—1,lj—1

If aj_1 or oy € I, then there is no column reversing. Then the result
follows from proposition 2.2.7 according to the shape of T[I)l. O

As in [CP1], we have clearly a bijection between F; and S%. It follows
from propositions 2.2.1, 2.2.3, 2.2.9, 2.2.11, that we have :
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Theorem 2.2.12 Let I C II of cardinality r, X be the type of g and s,l; as
defined in 2.2.8, (2.10) and (2.11).
If X = Ay, then

1Fr=Criq.
If X = By, then

ij[ (l—T+1C[ T+Z 2(1—r)—1,l;—1>

where n = s —1 if oy € I, and n = s otherwise.

If X = (), then
(=r+1)C if él,
Fr=4 |- 2
i %CZT+1 if o€l
If X = Dy, then
([ —r+1 .
TCZ r“‘z 2(1—r)—lj—1,l;—1 Zfﬁ{al—laal}ﬂfz 1

7j=1
s—1

4F, — (l—r+1)C- r“‘z s0-r)—ty -1 W {o,au} C L
B —7) = 2)Cr- 1+

E / .
2(l r)—=lj—1,1;—2 +7—2(l*1”)*lj71,l]'—1 otherwise.

2.2.4 Abelian ideals

We have already determined in theorem 2.1.8 the number of abelian ideals
for type A and C'. We shall now enumerate the abelian ideals of p; using
diagrams when g is of type B or D. Observe that a similar argument could
be used to enumerate abelian ideals in type A and C'.

Definition 2.2.13 Let p be a positive integer and R,, be the diagram of shape
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[p,p —1,...,1] arranged in the following way :

p
—_—

Proposition 2.2.14 The number of nw-diagrams of R, is 2P.

Proof. We shall procced by induction on p. If p = 1, the result is clear.
Assume that p > 1 and the claim is true for p — 1. Let b be the box (1,p)
and

E = the set of nw-diagrams of R, which do not contain b,

F = the set of nw-diagrams of R, which contain b.

Then, the number of nw-diagrams of R, is §£ + §F'. Furthermore, by the
induction hypothesis, we have §E = 2P~! = #F, and we obtain the result. [J

Definition 2.2.15 Let p be a positive integer and 1 < 13 < ly < --- < Iy <
p+ 1 be some other integers. Denote by Ry(l1,ls,...,ls) the new diagram
obtained by adding to R, the boxes (I;,l; — 1), for 1 < i < s. For example,
Ry(3) -

p
—_—

Proposition 2.2.16 Let p be a positive integer and 1 < [} < Iy < --- <
ls < p+ 1 be some other integers, then the number of nw-diagrams of

Rp(ll,lg,...,ls> 18
b N~ P
2 +Z;(lj—1>'
=
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Proof. Let Dy(ly,...,ls) be the set of nw-diagrams of R,(ly,...,ls) and de-
note by Dy(l,...,1l,) its cardinality. Let by = (l5,ls — 1). Set

E={SeD,l,....1);b &5}
F={SeD,l,....l);bs € Sand S\ {bs} € E}
G={SeD,yly,....ls);bs € Sand S\ {bs} & E}

Then we have clearly D,(ly,...,ls) = {E + {F + {G.

If S € F, then S contains all the boxes north-west of b, and the other
boxes of S are strictly north-east of b,, so there exists a bijection between
F and the set of nw-diagrams of 7" where T' is a diagram whose shape is a
rectangle containing p — [; + 1 columns and /; — 1 rows. For the example in
definition 2.2.15, if S € F, S is a nw-diagram of :

p
—_—

bs

containing b,. Hence it suffices to count the nw-diagrams of the rectangular
subdiagram strictly north-east of b, :
} -1

So by [Pr] the cardinality of F' is . ]i 1
J

If S €@, then S\ {bs} is a nw-diagram of L where L = R, if s =1 and
L =R,(ly,...,ls—1) if s > 1. So the cardinality of G is the cardinality of the
set of nw-diagrams in L minus the cardinality of the set H of nw-diagrams
having at most [, — 1 rows. Observe that the elements of H correspond to
those of E. Hence, by proposition 2.2.14

tIG _ { Dp7q(l1, .. .715,1) - ij if s > 1,

p—l1+1
N

P _4F if s =1.

The result now follows easily by induction on s. 0



2.2. Enumeration via diagrams 43

Let F#* = {® € F;ig is abelian }. If S is a subdiagram of a diagram, let
77 = max{k; (h, k) € S},
so (h,77) is the right most box in the h-th row of S.

Proposition 2.2.17 Assume that g is of type B;. Let I C 11 be of cardinality
r. Consider ® € F; and S its corresponding nw-diagram in Tél. Then
® € F if and only if

(a) ¥ <l—rifog €1,

M) +7 <2(l—7r)—1ifor €1.

Proof. Let Sy be the corresponding nw-diagram of ® in Tgl, then by [CP1],
we have ® € F;° if and only if o4 <21 — 1.

If oy € I, then Tfo = 7'590. The regrouping process reduces the number of
columns on the left of column [ of T gl by one for each simple root in I\ {a;}.
It follows that ® € F@ if and only if 777 < — 7.

The argument is similar for the case a; & I. 0

Proposition 2.2.18 Assume that g is of type B;. Let I C 11 be of cardinality
r, and ly,...,ls be as defined in (2.10). Then we have :

o [—r—1
l—r .
2 —i—é 2( L—1 ) ifoy &1,
Jj=1
2l—’“—1+§n L=r=1) raer
L —1 1 9

wheren=sifay &1 andn=s—11if oy € I.

L =

Proof. Recall that Tél is of shape Tj_,;—(l1,...,l,), where n = s if a; & I
andn=s—1if o € 1.

Let ® € F; and S be the nw-diagram of 7| EI;Z corresponding to ®.

Assume that oy € I, then [; = 1. By proposition 2.2.17, S is in the left
hand half of T% , so it is a nw-diagram of R;_,_y(1,...,l,). We then obtain
the result by proposition 2.2.16.

Assume that oy € I. Let E be the set of nw-diagrams of Tél associated
to elements of F&. Set

P={SeE;m <l—r—1},
Q={SeE;m>1—r—1}.
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Then, we have {E = P + Q).
If S € P, then S is included in the left hand half of Tél, SO

~(l—r—1
P:2l—7‘—1+ ( )
d ijl -1

by proposition 2.2.16.
Fori=1—r....2(l—7r)—1,1let Q; ={S € Q;7’ =i} and P, = {S €
P;7? =2(l—r)—1—1i}. We then have :

2(1—r)—1 2(1—r)—1
Q= |J @ and P= [J P
i=l—r i=l—r
Fori=1—r,...,2(l—r)—1, we have an obvious bijection between P; and Q);
given by the adding or removing of boxes (1,2(I—7r)—1),...,(1,i). Therefore
fP = #(Q and the result follows. O

Proposition 2.2.19 Assume that g is of type D;. Let I C 11 be of cardinality
r. Consider ® C F; and Sg its corresponding subdiagram in T[I)l. Set S = Ss
if Se is a nw-diagram and S = S if S§ is a nw-diagram. Then ® € F if
and only if

(a) ¥ <l—rifog €1,

b) o +7 <20—-7r)—2ifay g 1.

Proof. If I = (), set S = Sy, then by [CP1], we have ® € F§ if and only if
7150 —1—7'250 <20 —2.

Assume that oy € I, then 7'15 0= TQS . The regrouping process reduces the
number of columns of the left of column [ of Tgl by one for each simple root
in I\ {a1}. Tt follows that ® € F¢ if and only if 7 <1 — 7.

The argument is similar for the case ay & I. 0

Proposition 2.2.20 Assume that g is of type D;. Let I C 11 be of cardinality
roandly, ..., ls be as defined in (2.11). Set t = §({ay_1, ¢} NI). If ay € I,
then the cardinality of F¢° is :

- [—r—1 [—r—2
: l—r _ ol-r-2 . : —
W2 -2 +Zl{2< lj—1 ) ( I —1 )]’th "
J:
.. l—r—1 2 l—r—1 .
(ii) 2 —1—2 L1 cift =1,
i=1 !
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(iii) 27" 1+Z(ZZ_T_1 ),ift:Q.

If oy & I, then the cardinality of F& is

: [—r—1
: - : _
(iv) 2 —1—512< -1 ),zft—O,
]:
s s—1
Z [—r—1 Z [ —r—2
l—r—1 l—r—2 . o
)2 ( lj—1 )JFA ( l—1 )’th—l’
j=1 J=1
(vi)2l’"+2$§1 =r—l ift =2
— l;—1 ’ ’
j:

Proof. We proceed as in the case of type B; but here, we need to take into
account column reversing.

Recall that if t = 0 or 1, T}, is of shape Tj_.;_,_1(l1,...,l) and if t = 2,
T}, is of shape Ty (l1, ..., ls—1).

Let 8% be the set of subdiagrams of Tf)l corresponding to elements of
F9. The shape of elements of S is conditioned by proposition 2.2.19. Let

E) = the set of nw-diagrams in 8%,
E5 = (the set of e-nw-diagrams in S%) \ E.

Consider ® € F® and S its corresponding subdiagram in S%.

First assume that oy € I, then [, = 1. If S € Fy, by proposition 2.2.19,
S is in the left hand half of TJSZ, so it is a nw-diagram of R;_,_1(1,...,1,),
where n = sift =0,1 and n = s — 1 if £ = 2. Hence, by proposition 2.2.16,

we have
. [—r—1
_ ol-r—-1
= +Z1( =1 )
]:

If t # 0, there is no column reversing, so Fy = (). If t = 0, the number of
elements of Ey is 11 — §(F N Ey), where F' is the set of nw-diagrams of T},
having columns [ —r and [ — r + 1 of the same length.

Clearly, the number of elements of F'is exactly the number of nw-diagrams
of the diagram obtained from Tél by removing the (I —r + 1)-th column. So,
by proposition 2.2.19, the set of elements which are in F' N E; is in bijection
with the set of nw-diagrams of R;_,_5(1,...,l). So by proposition 2.2.16, we
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obtain :
- [—r—2
_ ol-r-2
HE =2 +Z( L1 )
J=1
We obtain therefore the result.
Now assume that oy ¢ I. Set

P={SeE;m <l—r—1},
P={SeE;rs<l—r—2},
Q={Se b, >1—-r—1}.
Then, we have {E; = §P + 1Q.
First assume that t = 0 or 1. If S € P, then S is included in the left
hand half of Tél, so by proposition 2.2.16, we have

- [—r—1
ﬁP:2l7r71_'_ ( )
2. 4

Fori=1Il—r.. . 20—r)—21let Q;={Se€Q;75=i}and P,={S €

P;77 =2(1 —r) —2—i}. We then have :
2(l-r)—2 2(l—r)—2
Q= U Q; and P = U P;.
i=l—r i=l—r

Fori=1—r,...,2(l—7r)—2, we have an obvious bijection between P, and Qi
given by the adding or removing of boxes (1,2(I—r)—1),...,(1,i). Therefore
fP = #(Q and by proposition 2.2.16, we have

~ > l—r—2
_ ol-r—2
4P =2 +§1( L1 )
j:

If t = 1, there is no column reversing, so we have the result. If ¢t = 0, then the
number of elements of F; is £, —4F, where F' = F;N{e-nw-diagrams of S¢}.
By proposition 2.2.19, we have F' = Q U 15, so by the consideration above,
we have §F = 24Q). It follows that §F, + §E; = 24P.

For the last case t = 2, the shape of Tf;l s T—yy—r(ly, ..., ls—1). S € P,
then S is included in the left hand half of T' él, so by proposition 2.2.16, we

have
—/(l-r—1
_ ol—-r-1
4P =2 +§;( L1 )
]:
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We have Fy = (), and Q; is defined for i« = 1 —r,...,2(l —r) — 1. Set
P,={SeP;r¥=2(1-r)—1—1i}. We then have :

2(1—r)—1 2(1—r)—1
Q= U Q; and P = U P;.
i=l—r i=l—r
As above, fori =[1—7,...,2(l—7)—1, we have an obvious bijection between
P; and Q; given by the adding or removing of boxes (1,2(l—r)—1i), ..., (1,7).
Therefore §P = §@ and the result follows. OJ

Remark 2.2.21 All the results above depend on the numbering of simple
T0018S.

2.3 Enumeration for exceptional types

In this section, we determine the number of ad-nilpotent and abelian ideals
of a parabolic subalgebra when g is of exceptional types F, F' and . This
is done by using GAP4.

First of all, we determine the set of antichains in A™. Then, by section
1.3, we obtain from the antichains all the elements of Fy.

Next, to check if an element ® € Fp is an element of ® € Fy,y, for o € 11,
it is enough to check that {f —a;a € ®}N(ATU{0}) C ®. Thus, for [ C II,
we obtain that the elements of F; are those of Fy satisfying the condition
above for each o € 1.

Let ® € F;, then ® corresponds to an abelian ideal if and only if ®2 = ().
Since the roots in ®2 corresponds to those which are in the derived subalgebra
of the ideal which corresponds to @, it is also an ideal. So ®? # () if and only
if the highest root 6 is an element of ®2. Then, to check if ® is abelian, we
need only to check that 6 & ®2.

Let N7 be the set of ad-nilpotent ideals of p; and let Ab; be the set of
abelian ideals of p;. The following tables give the cardinality of N; and Ab;
for each type E, F' and G. The subset I of II is described by the symbol
e in the Dynkin diagram without arrow which corresponds to the type we
consider.

For example, if we consider Fjg, the diagram which corresponds to I =
{ag, a5} is

[ )
O 0O eO0
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where we use the numberings of [TY].
The orientations for the diagram in type F' and G are those in [TY].



2.3. Enumeration for exceptional types

Table Eg
NT | §Ab; NG | 8AD;
833 | 64 || o6 1971 21
201 | 40 oe 255 | 40
323 | 41 0o 255 | 40
197 | 21 . 60 16
ol 10 oo 81 16
68 16 oo o6 8
82 | 24 || o, 60 | 22
82 | 24 || o, 60 16
80 | 22 oe 90 | 24
68 16 oo 80 | 22
81 16 0o ol 10
21 8 oo 23 11
26 11 oo 20 7
16 6 - 21 8
18 D oo 27 | 11
24 6 oo 18 3
19 10 oe 36 15
26 11 0o 19 10
23 11 0o 21 8
20 10 oe 27 | 11
21 8 0o 16 6
6 4 - 10 6
8 4 . 9 6
9 5 oo 8 4
6 4 oo 7 3
8 4 oo 7 3
5 4 oe 9 6
10 6 0o 6 4
6 4 cos 2 2
3 2 oo 4 3
3 2 ceos 3 2
2 2 . 1 1

49



50

2. Enumeration of ad-nilpotent and abelian ideals

Table Ex

N;

1A

Ni

1A

cooooo | 41601 128 || 400000 | 837 | 70
coco0o0o0 | 90 | 78 || cecoo0o | 1251 ] 73
voeooo | 1600 84 | c00e0o | 1385 ] 73
cocoeo | 1076 70 || 6o500e | 879 | 32
e0coo0o | 261 | 42 | ee5000 | 202 | 3D
ececoo | 398 | 47 | e05eco | 314 | 45
eccoeo | 261 | 42 | 4o000e | 215 | 24
cecooo | 391 | 39 | coecoo | 298 | 46
coceoco | 374 | 39 || coS0eo | 315 | 42
cocooe | 231 | 23 || ceecoo | 373 | 4l
ceceoo | 456 | 48 | ceSoeo | 377 | 4D
cecooe | 280 | 21 | ooeeco | 415 | 41
coeceo | 467 | AT | coecoe | 397 | 25
coceeo | 291 | 35 | 6o5ece | 288 | 22
cocoee | 203 | 13 | eeS000 | 83 | 18
eoeocoo | 101 | 25 || 408e0o | 110 | 25
eccoeo | 9 | 26 || eo300e | 71 | 16
eeecoo | 64 | 20 | ee5eco | 88 | 25
eecoeo | 17T | 23 |l eecooe | 62 | I
eoeeoo | 123 ] 26 | ececeo | 122 | 30
ececoe | 9 | 18 |l ecceeo | 89 | 23
eocece | 81 | 17 | 4occee | 61 | 11
ceecoo | 83 | 18 || ceSeoco | 160 | 24
cecoeo | 138 ] 25 | ceSo0e | 98 | 13
cossoo | 80 | 18 | ooeceo | 113 | 25
coecoe | 80 | 17 | co5eeo | 94 | 18
cocece | 105 ] 16 || co50ee | 64 | 10
ceesoco | 99 | 22 || ceeceo | 137 | 26
ceecoce | 100 | 15 || ceceeo | 115 | 25
ceceoce | 11 | 14 |l ceCcee | 73 | 10
coeseo | 93 | 20 || coeece | 101 | 15

Oo0OeoOee

36

11

OO0OOCeee

o4
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Table F; (cont’d)

N

1A

iN;

1A

eeecoo | 21 | 8 | eedeoo |39 | 13
secoeo | 34 | 13 || eel00e | 26 | 8
soeeoco | 34 | 12 || 4o00eo | 41 | 16
ececoe | 30 | 11 |l 40Ceeo | 34 | 13
ecoece | 30 | 12 |l a0lces | 23 8
eoeeoo | 23 | 11 |[eeeceo | 29 | 14
eeecoe | 23 | 10 || seceeo | 33 | 14
eecece | 28 | 10 || eecoes | 22 | 8
soeeeo | 30 | 14 |l eotece | 35 | 11
soecee | 28 1 9 |leccees | 20| 6
ceesoo | 20 | 8 |l oecceo | 37 | 12
ceecoe | 27T | 8 | cedeeo | 40 | 13
ceceoe | 491 9 | oed0ee | 29 | 7
coseeo | 21 | 8 |l ooeece | 32 | 10
coecee | 26 | 8 | ooCees | 24| 6
ceeseo | 27 | 11 || cecece | 31 | 8
ceecee | 31 | 8 |l oeeee | 23| O
coesee | 18 | 5 Jleececo | 6 4
eoeceo | 10| 6 | eaecoe | 8 4
ceceeo | 10| 8 | 4edece | 14 ] 6
eecoee | 101 5 Jleceeeo | 10| 6
soeece | 14 | 7T |leotoee | 11| 6
eocees | 101 5 |leeveeo | 9 6
cecece | 9 O || eeeces | 10| 6
ceceee | 9 4 ||eceees | 8 4
ceseeo | O 4 | ceseos | 10| 4
cescee | 11 | 5 lselees | 12 ] 4
coeees | 8 4 ||oeeees | 7 3
ceceec | 2 2 Jleseece | 3 2
ceeces | 4 3 |leecess | D 3
coeeee | 4 3 ||eeeees | 3 2

3 2 1 1

COe e e oo

o1



2. Enumeration of ad-nilpotent and abelian ideals

Table Eg

I INT | Ab; I tNT | BAD;

coooooo | 200801 256 || 000000 | 4954 143

0000000 | 0188 | 124 || jeooo00 | 7397 | 153

coeocooo | 9941 | 163 || coce0o0o | 8691 | 153

coooeoo | 1169 | 149 || s oo0o0eo | 0012] 111

oogoooo 4452 121 oo;oooo 1422 58

oogoooo 112]— 79 0020000 1981 85

oogoooo 1818 80 oogoooo 1554 85

oogoooo 1260 65 oogoooo 961 71

oo;oooo 2183 63 oo:oooo 1898 71

oo;oooo 2183 86 oo;oooo 2047 81

oo;oooo 1583 61 oo;oooo 1139 71

oofoooo 2150 88 oogoooo 2786 88

oogoooo 2448 93 oogoooo 1890 73

oogoooo 1411 79 oofoooo 2502 84

ooioooo 3039 99 oogoooo 2365 79

oosoooo 1787 85 oogoooo 1906 74

oogoooo 209]— 74 ooco)oooo 1568 80

oogoooo 1279 55 ooco)oooo 1244 71

oogoooo 924 52 oo;oooo 392 26

oo:oooo 52]— 30 oo;oooo 599 41

oo;oooo 549 41 oo;oooo 439 31

oo;oooo 317 37 ooco)oooo 361 42

oogoooo 484 40 oogoooo 446 48

oogoooo 378 40 ..Co)ooo. 267 43

oos.ooo 658 41 .oc.)o.oo 741 53

oosoooo 598 45 .ofooo. 433 48

oogoooo 514 39 .og.o.o 541 43

oogoooo 391 46 oogoooo 356 32

oogoooo 336 43 oogoooo 239 30

oo:oooo 430 29 oo;oooo 873 45

oo;oooo 814 45 oo;oooo 636 35

oo;oooo 46]— 41 oo:oooo 461 39




2.3. Enumeration for exceptional types

Table Fg (cont’d)

1

N

1A

I

NI

1A

[ ]
OOCe®@O eO0O0

689

49

L]
OO @00 eo0

280

39

coecooce | 388 ] 45 || co5eeco [093 | 49
coceoeo | 6811 39 || co8ecce [475| 49
cocoeeo | 4121 34 || o8ce0e |412] 44
cocccee | 260 34 || segecoo | 066 | 43
ceececo | 815 ] 35 | ceecoeo |0668 | 47
cesccoe | 463 | 50 || ceceeco | 726 ] 45
cececeo | 788 ] 49 | sececoe |60 | 52
cecoeeo 498 38 | ceSoecs | 476 | 49
cecooee |315] 36 || coeeeco [O77| 42
coesceo | 736 46 || socecoe |012] 49
coeceeo | 096 41 || soec0ece |80 | 52
coeccee |390] 39 || coceeeo |363] 30
cocesce | 37T 4l || so5eces |319] 36
cocoeee | 2241 28 || 460000 | 87 | 11
eececoo [ 186 ] 18 |l eececo [170] 20
eeccceo | 141 ] 16 || 4ed000e |105] 19
ecescoo | 160 17 |l 4o80e0o | 218 ] 23
ececceo |182] 19 || 4o8000e | 130 ] 22
eccesco | 188 ] 25 || e0eceo |214] 21
eccecoce | 190 27 | 453ceeo | 140 ] 19
eccoece [ 133] 20 || ecSc0es | 86 | 19
eseecoo [ 1121 18 | eevceco [161] 26
eeecceo | 1431 25 |l sec00o0e | 98 | 26
eeceeco | 163] 20 || eedeceo |175] 25
eececoe | 1241 26 || secoeeo |123] 20
eeccece | 11T 27 | g4Cccee | 76 | 19
eceseco | 186 21 |l eoceceo |225] 26
eceecoce | 161 ] 27 || eocceeo | 184] 24
ececeoce [ 170 31 |l eoecoes [112] 23
ecceseo | 119] 17 || ¢o0eece | 127 ] 24

o
e O0O0CeOCee

99

22

o
@O0 O0OO0Ceee

71

16

23
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Table Fg (cont’d)

I

N;

1A

I

N;

1.Ab;

cesscoco |105] 16 || ceeceoo | 187 | 22
ceecoeo | 161 ] 18 || ceg0oo0e [112] 21
cecesoco | 205 | 28 || celeceo |301] 24
cececoe | 2111 30 || cedoeeo | 192 22
cecoece | 186 28 || cedooes |116| 22
coessoo | 1211 23 || soqeceo | 184 19
coescoce | 1241 25 |l so0ceeo | 165 23
coscece | 1701 29 || sog0cee | 99 | 23
coceseo | 134 17 || coSeecs | 146 ] 27
coceces | 1221 21 || co3cees | 77 | 18
ceessoco | 1041 22 || seqeceo |206| 27
ceescoce | 141 ] 28 || seeceeo |200| 25
ceecece |195] 32 || seecoes |119] 24
ceceseo | 103 ] 21 || ceCeeoe | 169 | 28
cececee | 1331 26 || cecoees | 87 | 20
coeeseo [ 1271 19 || coveeos [139] 26
coescee | 1211 24 || so00eee | 101 21
cocesse | 66 | 17 || ge0ecoo | 24 | 6
eoececo | 42 1 9 | eeecoeo | 37| 8
eseccoe | 29 | 9 | eedeeoo | 70 | 12
eececeo | 1O | 11 || eedecoe | 50 | 14
eecoeec | 04 | 1l |l eeScecs | 00 | 14
escooee | 34 | 1l || ecseeoo | 48 | 11
eceeceo | 69 | 10 || eoeecoe | 50 | 13
ececeeo | 60 | 13 | eo0cece | 62 | 16
ececcoee | 40 | 13 | ecleeeo | 53 | 10
ecceece | O7T | 16 || ecSeces | 49 | 13
eccoeee | 30 | 11 | eegeeoo |36 | 9
esececeo | 49| 13 || eevecos |37 | 13
eseceeo [ 92 | 13 |l eeccecs | 00 | 17
eeeccee | 32 | 13 | eeceeeo | 44| 10

o
e 00000

ol

14

o
[ I BN NeNY B ]

39

14
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Table Fg (cont’d)

1

N

1A

I

NI

1A

o
e 000000

27

10

o
O ®ee0 0 0O

48

eceeece | 04 | 10 |l ecveces | 47 | 15
ececees | 36 | 13 || ecSeees | 26 | 10
cesssco | 32 | 10 || seseceo | 49 | 9
cesscoe | 30 | 12 || seQceeo | 58 | 12
cescece | 98 | 15 || segcoes | 36 | 12
ceceseo | 68 | 12 || s4Ceece | T | 18
cececee | 61 | 15 || sedcees | 38 | 13
coseseoc | 34 | 8 |l coteecs | 43| 14
coseces | 40 | 11 || co0cees | 34 | 12
cocesse | 29 1 9 |l seceeeo | 39 | 11
ceesece | 90 | 15 || sececes | 43 | 15
ceecese | 39 | 13 || seceees | 31 | 12
coessee | 20 | 11 | eeteeco | 8 4
eeseceo | 12 1 4 | 4e0ec0e | 10 ] 5
esesceec | 17T 1 6 |leescecs | 16 | 7
eecccee | 121 6 | eeCeeeo |23 | 6
eecesce | 20 | 9 |l eedeces | 20 | 8
eecceee | 14 | 7T |l eo0eeeo | 16 ] O
ecessce | 191 8 |l eoteces |19 ] 7
ececeee | 16 | 8 | ecCeees | 13| 6
eoeeeeoc |11 | 5 |leeceece | 16| 7
eoceces | 101 8 |leeccees | 13 ] 7
eecesee | 121 6 | eceeees |12 ] 7
cessseo | 10| 4 | oe0eece | 14 ] 7
cesscee | 14 | 6 | oescees | 10 ] 7
cecesee | 16 | 7T |l ooteees | 9 4
cesssee | 10| 6 | eeceeeo | 3 2
coceece | 4 3 |l eeseces | D 3
csscees | O 4 | eeceses | 7 | 4
ecessse | D 3 ||eeceoes | 4 3

. 3 2 . 1 1

Oeee o000

25
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Table Fj
I NG | 8AD; I NG | BAb
cooo | 105 | 16 ecoo | 24 6
ceoo | 35 12 coeo | 32 10
cooe | 49 9 eeco | 10 5
eoceo0 8 4 eoco e 12 4
ceeo | 14 7 ceoce | 14 6
coee | 10 4 eeec | 4 3
eece | § 3 ecee | 3 2
ceee | 3 2 coee 1 1

where we use the following orientation for the Dynkin diagram of Fj :

1 2 3 4
O—C—>0—=0
Table G5

I | 4N7 [ BADr || I | N7 | 2AD;
oo 8 4 ) 3 2
oe 4 3 o0 1 1

where we use the following orientation for the Dynkin diagram of Gj :

1 2

===



Chapter 3

Ad-nilpotent ideals having a
fixed index of nilpotence

Let i be an ad-nilpotent ideal of a parabolic subalgebra p;. Let

R+ i

i'=1andi i* 1],

for k£ > 0, be its central descending series. Recall that the index of nilpotence
of i is the smallest k such that i*** = {0} (i.e. the number of nonzero terms
in the central descending series). For example, we have n({0}) = 0 and the
abelian ideals are the ideals whose index of nilpotence is smaller than or
equal to one. Let ®; be the element of F; which corresponds to i as in 1.2.
Then n(i) is the smallest integer such that ®*V+! = (). We set n(®;) = n(i).

Let I C II. In this chapter, we enumerate the number of ad-nilpotent
ideals of a parabolic subalgebra p; having a fixed index of nilpotence when g
is of type A or C'. The results depend essentially on the cardinality of I. The
idea is to construct a suitable map between root systems of different ranks.
The method we use does not work in the other cases.

We shall conserve the notations used in previous chapters. Since we
consider root systems of the same type but of different ranks, we shall add as
an indice its rank to distinguish them. For example, A;" will denote the set
of positive roots when the rank is /. All the numberings used for the simple
roots are those of [TY].

57
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3.1 Type A

Assume that A, is of type A.,. Let I C II; be of cardinality . We shall
construct a bijection between F; ; and F;_, y. By abuse of notation, if n <,
a simple root a; € A} is still denoted by a; in A}

For 1 <p <, set:

Xp ALy = A
Qitta;  ifj<p—1,
az—|——}—a] — Oéi+1+"'+aj+1 1fl>p7
a; + -+ ajn ifti <pandj>np.

Let I = {a,...,q;.} C II; be such that i1 < iy < -+ < i, we set

[ | -1 l—r+1
X1 = Xi, © Xy ©77 7O Xy

Example 3.1.1 Takel =4, I = {«ay,a3}. Then we have :

3 4
5o AT X, AT RER AF
oy + Qo — Qo + O3 — Qo + Q3 + Qy
(07] — [6%) g (6)
(67) — Q3 — Yy

Let R} be the set of elements of A", which do not begin or end with an
element of A; ;.

Lemma 3.1.2 The image of XlI_T is RY.

Proof. We shall proceed by induction on 7. If I = {a,}, by the definition of
X}, the result is clear.

Assume that the result is true for r—1,r > 2. Let I = {ay,,...,q;.} C I,
be such that i1 < iy < --- < i,. The image of XR%%} is then, by the induction
hypothesis, RR%%}.

Let @« = a; + - -+ + o be an element of RZIK{I%_T} and set 8 = x! (o). If
j <, then 3 =a, so 3 € R

If i <4y, then 8 = 41 + -+ ajq1 € Rl]. Since i1 < 19 < -+ < 1, We
also have that 3 € RL.

Ifi <4, and j > 4, then 8 = o + - - - + a;41. With the same argument
as before, we also have that 3 € RY.
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By the definition of Xé, it is injective, hence the map Y, " is also injective.
Since

I(1+1) r(r—1) ((—=r)l—7r+1)

l_ _ — — #tAT

ﬂRI - 9 Tl + 2 2 ﬁAl*T’

we obtain that the image of le’" is RL. 0

Let @ € A\ A, 1, we denote by eq;() the set of roots 5 € A}, such that
B~ a (see 2.2). And for an equivalence class eq;(«), we denote by ,,;, the
unique minimal root of this equivalence class for the partial order <. By the
previous lemma, it is clear that we have :

A\ A= U eqr(xr(a)).
aEAlJr_T

and R!, the image of X}, is exactly the set of minimal roots of each of these
equivalence classes.
In Example 3.1.1, we have x4 (AF) = {as + a3z + ay, ag, iy} = R} and

U eqr(xj(@)) = {or+ oz +as+ a0 +as+ g}
O‘EA?;T U {Oél + Q9 + Qg, Qg + as, 0 + a9, a2}
U{OZg +OZ4,CY4}

- AI\A4J'

Lemma 3.1.3 Let o, 8 € A" be such that a+3 € A . Then x}(a+ ) €
eqr(xXi(@)) + X1 (B).

Proof. We shall proceed by induction on r. For i < j, denote by «; ; the root
ait--+a; €AL,. Set @ =a;; and f = aji1, where i < j < k.

Assume that = 1 and that / = {«,}. By a simple case by case verifica-
tion, we have that if j # p— 1, then x}(a+8) = xh () +x5(0). If j=p—1,
then

Xr(a+ ) = qip1 + ap + apripi = Xi(@) + a, + x7(0)

and ;1 + @, € eqr(x}(a)). The induction follows easily. O
Let X} : RS — A}" be the map such that Y, oxt(a) = a for all « € A} .

Similar to lemma 3.1.3, we also have by a straightforward verification the
following lemma :



60 3. Ad-nilpotent ideals having a fixed index of nilpotence

Lemma 3.1.4 Lety € R} be the sum of two roots a and 3 € A;. Then, we
have YZI(O[ + ﬁ) = Yll(amzn) + yll(ﬁmzn)

In Example 3.1.1, if we take v = ag + a3 + a4, a = as + a3 and 3 = ay,
we have i, = g, Bmin = @4 and :

Observe that we obtain the same result if we take a = ap and = a3z + ay.
For ® € F_,, set

b(®) = | ear(xi(a)).

acd

Proposition 3.1.5 The map b is a bijection between the set Fi_, ¢ of ad-
nilpotent ideals of the Borel subalgebra p;_,p and the set F; 1 of ad-nilpotent
ideals of the parabolic subalgebra p; ;. Moreover, it preserves the index of
nilpotence.

Proof. We shall first prove that the image of b is the set of ad-nilpotent ideals

of pys.
Let ® € F;_,9. By Lemma 3.1.2, for « € ®, x}(a) € R}, and we have

eqr(xXi(@)) € A7\ Ay

Let v € b(®), then there exists @ € ® such that v € eq/(x}(a)). Let
B € A UA, 1 be such that v+ 3 € A", We shall prove that n = v+ 3 € b(®).

First assume that 5 € A;;, then eqi(y + ) = eqi(y) and v+ 3 €
eqr(Xf(a)).

Assume that 5 € A\ A, ;. Replacing 3 and ~ by elements in the same
equivalence class, we may assume that 1 = 7,,;, (this is possible because we
are in type A). Exchanging  and =y if necessary, we may further assume that
7 does not begin by a root in A; ; and 3 does not end by a root in A ;.

We then have by Lemma 3.1.4 that :

We obtain that v+ 8 = x}(a + ), where 3’ € A" . Since ® € F;_, 4, we
have that a + 3’ € ®, which allows us to conclude that n € b(®), hence we
have b(®) € Fi ;.
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Conversely for W € F; 1 set b(W) = {X;(min); o € ¥} C A . We shall
prove that b(¥) € Fi_, .

Let 3 = Xy (min) € b(¥) and v € A, be such that 3+~ € A} . By
Lemma 3.1.3 and since x4(3) = @min, we have :

Xr(B+7) € eqr(cmin) + X5 (7).

Set X4(B+7) =n = a++ where a € eqr(am) and 7/ = x;(y). Since
v € Fi 1, we have o € ¥ and therefore n € W. It follows that v 4+ 8 =
X (i) € B(W). ]

Now, an easy verification shows that b and b are mutually inverse, which
proves that b is a bijection.

It remains to prove that b preserves the index of nilpotence. Let ® €
Firg, ¥V = b(®) and o, € ¥ be such that v = o+ 3 € b(P). Since 7
and 7,,;, are in the same equivalence class, we can assume without loss of
generality that v = Y, € R}, By Lemma 3.1.4, we have :

Xo(a+ B) = X (min) + X (Bmin) = o + 3.

It follows that o + 8 = x}(a/ + ') € X} (®?). We obtain that n(¥) < n(®).
Conversely, let o, 3 € ® be such that v = a + 8 € ®, then by Lemma
3.1.3, we have :

Xi(a+ B) € eqr(xi(a)) + xh(B) € 2.

So, we have n(®) < n(V¥), which concludes the proof. O

Let I C II; be of cardinality . The above bijection allows us to apply all
the results known for the ad-nilpotent ideals of the Borel subalgebra p;_, g,
to the ad-nilpotent ideals of p; ;. We deduce from [OP, AKOP], the following
corollary :

Corollary 3.1.6 Let g be of type A; and I C 11, be of cardinality r. Let

ol (K) denote the number of ideals of Fi; whose index of nilpotence is K.

Then o
-y ()

Tig1 — s
O=ig<iy < <ig <irs1=l+1—r j=0 I+ J

In particular, of (K) depends only on the cardinality of I.
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Example 3.1.7 If we consider As, we have :

3 i (0) | (1) | 0/ (2) | a/(3)

| —| D

1 7 ) 1
1 3 1 0
1 1 0 0

3.2 Type C

In this section, we shall determine the number of ad-nilpotent ideals of a
parabolic subalgebra having a fixed class of nilpotence when g is of type C.
We shall consider the following two cases separately : if I contains the long
simple root «; or not. If I does not contain the long simple root «;, the
methods used are similar to those used for type A in the previous section. If
I contains oy, we need extra tools.

3.2.1 The index of nilpotence when o; ¢ I.

In this section, A, is of type C,.

Let I C II; \ {ay} be of cardinality r. We shall construct a bijection
between F;; and Fi_, .

For 1 <p <, set :

Xp ALy = A
Aty ifj<p—1,
az++a] — Oéi+1+"'+aj+1 1f7'>p7
o+ g ifi<pandj>p.

and

Xpl@i o 4 2000 + -+ 200 + ) =

{X%(Oéﬁ"“‘i‘al1)+Xl(04q+1+"'+0412) ifp#l—-1,
Xp(OéH-"'—i-Oélfl) +Xp(04q+1+"'+06172) +ai ifp=1-1.

Let I = {ay,,...,q;.} C I, \ {ay} be such that iy < iy < --- < i,, and
set X =X, ©Xi, 1, 0 oXg
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Example 3.2.1 Takel =4, I ={ay,a3}. Then we have :

3 4
XyooooAf S A B AT
20(1 + Qo — 20(2 + a3 — 20(2 + 20&3 + 0y
a1 + o — Qo + O3 — Qg + Q3 + 0y
aq — (0D — (6%)
(0%)] — 3 — iy

Observe that the definition of Xi, is similar to the definition given in
section 3.1. Using similar arguments, we have the following proposition :

Proposition 3.2.2 For ® € Fi_, 5 and I C I, \ {o}, set
b(®) = | ear(xi(a)).
acd

The map b is a bijection between the set Fi_,y of ad-nilpotent ideals of p;_,. g
and the set Fi 1 of ad-nilpotent ideals of the parabolic subalgebra p;; which
preserves the index of nilpotence.

Then, by [KOP], we have the following corollary :

Corollary 3.2.3 Let g be of type C; and I C 1, \ {y} be of cardinality r.
Let of (K) denote the number of ideals of Fi; whose index of nilpotence is
K. Then

- ¥ (S ()

b1 — i
0< iy <oor<igy <ippr =l—r j=1 It J n—0

of K =2k, and
k-1 , .
a{(K) _ Z 2¢1+i2712 ( Zj-;?_z_j;l )
—ip<i1 KO<ig <+ <igy i1 =l—r =1 JHL T
i K =2k — 1.

In particular, of (K) depends only on the cardinality of I.

Example 3.2.4 [f we consider C3 and I C II which does not contain ag, we
have :

E=S
~
o

~
@)

N~—
o

~

—
—_

S~—

@ (2) | 1 (3) | o7(4) | 07 (5)

| =D

7 ) ) 1 1
3 1 1 0 0
1 0 0 0 0
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3.2.2 AKOP algorithm

Let us recall the algorithm given in [AKOP, KOP] for computing the index
of nilpotence in type A.
An [-tuple A = (A, Ao, ..., \) € Nlis a partition if Ay = Mg = --- >\

Definition 3.2.5 Let T} be the diagram of shape [I,1 —1,...,1] (see 2.2.1).
We say that X is contained in Ty if \; <t fori=1,...,1. We shall represent
A as a subdiagram F\ of T}, called Ferrers diagram of X, above the line x+y =
[+1.

For example, for [ = 13 and A = (10,10,9,6,5,4,4,3,1,1,1,1,0) :

Figure 3.1: F)

We shall draw a dotted line associated to A\. We start at the top of the
line x4+y = [+ 1. We go left until we meet F\. Then, we continue downwards
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until we reach z +y = [ + 1. Then we iterate the procedure until we reach
the bottom. See Figure 3.1.

Let n(\) be the number of points of the dotted line on = +y =1 + 1,
which are not at the top or bottom. For example, we have n((0,...,0)) =0,
and for the partition A of figure 3.1, we have n(\) = 3.

We have easily from this iterative construction that :

Proposition 3.2.6 [AKOP] Let A = (A1, \a, ..., \;) be a partition contained
w T;. Then :

n(AH-Q—)\l) .- '7)‘l) +1 Zf A1 > 17
(A, Az, A) =4 1 if A =1,

This provides an easy algorithm to compute n(\).
For example, for A as in Figure 3.1, we have :

n(\) = n(10,10,9,6,5,4,4,3,1,1,1,1,0)
= n(5,4,4,3,1,1,1,1,0) + 1
= n(1,1,1,0) +2
= 3.

Recall from 2.2.1, that if g is of type A;, we can display the positive
roots A" in 7}. Then the ad-nilpotent ideals of the Borel subalgebra are in
bijection with the nw-diagrams of 7;. Let i be an ad-nilpotent ideal of p; .
Let T be the nw-diagram corresponding to i in 7;. Then it is clear that T’
is the Ferrers diagram of a partition contained in 7;. We say that A is the
partition corresponding to i.

By [AKOP] we have the following proposition:

Proposition 3.2.7 Let i be an ad-nilpotent ideal of p;p and X\ be the corre-
sponding partition. Then :
n(i) = n(\).

Let J C {1,...,l}. We decompose J into connected components J; U.JyU
---UJs. For i € J contained in the connected component J,, set

ki = 8{k € Jy k > i},

Let I C 1I; and i be an ad-nilpotent ideal of p;g. Let A be the partition
correponding to i and F' its Ferrers diagram. We have that i is an ideal of
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p;r if the cells of F' don’t contain elements of A;; and if F' contains the
equivalence classes of its roots. In terms of the partition A, it means that for
J ={j;a; € I}, we have :

(Jjl—j+1—-k)¢gF forjeJ,p=1,...,s, and k=0,...,k,;,
NpFlL—j5+1 forall j€ J\ {1} and k=1,...,[,
)‘j:)‘j-l-l for all] € J\{l}

If these conditions are satisfied, we say that A is J-compatible. The partitions
which are J-compatible correspond exactly to the ad-nilpotent ideals of p; ;.

Let J C {l,...,1} be of cardinality r. For a partition A which is J-
compatible, we set p(A) to be the partition in 7;_, obtained from A by re-
grouping, for i € J, the (I — i+ 1)-th and the (I — i + 2)-th columns if i # 1,
and the rows 7, i+ 1 if ¢ # [ on its Ferrers diagram. Then we have by 2.2.1 and
Proposition 3.1.5 that p()) is the partition corresponding to the ad-nilpotent
ideal b(i) of p;_,9. Since by Proposition 3.1.5, we have n(i) = n(b(i)). By
Proposition 3.2.7, we obtain the following proposition :

Proposition 3.2.8 Let J C {1,...,l} be of cardinality r. Let X\ be a J-
compatible partition and N = p(\), then :

n(A) = n(\).

3.2.3 The index of nilpotence when [ contains ;.

Let g be of type C;. We fill the diagram 7% _; with the positive roots of C
by associating the cells of the "upper half” of T5,_; with positive roots as in
2.2.2 and by associating the cells in the rest of T5,_; in a symmetric fashion
in such a way that cell (i, 7) gets associated the same root as cell (j,4), as in
[AKOP].

For example, for [ = 3, we obtain the following diagram :

12223 1223 | 123 | 12 1

1223 | 223 23 2

123 23 3

12 2
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where we use the notation of 2.2.3.

Now, for ® € Fg, let I’ be the collection of cells which contain a root
a € ®. A subdiagram of Ty _; is called self-conjugate if when it contains a
cell (7, 7), it contains also the cell (j,7). Then, F'is clearly self-conjugate. For
example, according to this description, ® = {0, a; + 2as + a3, 2as + a3, a1 +
ag + ag} corresponds to the self-conjugate partition (3,2,1,0,0). We say
that this partition A is the partition corresponding to ®.

Let A be a partition corresponding ® € F; 4, then for n(\) defined as in
proposition 3.2.6, we have by [KOP] that :

n(A) = n(®). (3.1)

Let I C 1I; be of cardinality r and such that oy € I. Let ® € F;;. Let
F be the diagram associated to @ included in Ty ; constructed as above
and let A be the corresponding partition. Since F' is self-conjugate, we have
that A is J-compatible, where J = {j,2] — j;; € I}. Observe that J is of
cardinality 2r — 1.

Now by Proposition 3.2.8, we have that ' = p(\) € Ty, and

By (3.1), to calculate the index of nilpotence of ®, it is enough to calculate
n(A'). Hence, to calculate the number of ideals of F; ; with index of nilpotence
K, we have to calculate the number of self-conjugate partitions N € To;_y
satisfying n(\) = K.

In [KOP], they computed the number of self-conjugate partitions A" € T,,,
for n odd. We can obtain the result for n even by a simple shift of indice.

Proposition 3.2.9 Let g be of type C; and I C 1I; containing «;, be of
cardinality r. Let of (K) denote the number of ideals of Fi; whose index of
nilpotence is K. Then

e —i =1\ O iy iy — 2

I . J+2 — bty — 1 2

SEEEED SRR | (Gl I S G
0<iy <oy <ipy1=l—r+1 j=1 J J n=0

if K =2k, and

k-1 . .
ol () = ) ey (V)

b1 — i
1—iy <iy KO<ig<-r<ify<ippq=l—r+1 j=1 g
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if K =2k —1.
In particular, of (K) depends only on the cardinality of I.

For example, if we consider C'5 and I C II which contains a3, we have :

20y (0) oy (1) | 0(2) |1 (3) | ey (4)
1] 1 | 3 [ 4 | 1
1 1 1 | 0




Chapter 4

Application of Dyck paths in
the enumeration of ad-nilpotent
ideals

A Dyck path of length 2n is a path which begins at the origin (0,0), ends
at (2n,0) and consists of diagonal lines of direction (1,1) and (1, —1), such
that the path stays above the line x = 0. We can encode each (1,1) by the
letter u (for up), each (1,—1) by the letter d (for down), thus obtaining the
encoding of a Dyck path by a word, called a Dyck word. Observe that there
is a correspondence between the set of Dyck paths and the set of words using
the letters u and d, having the same number of u and d and such that there
is always more u’s than d’s to the left of a letter. We call a peak of a Dyck
path, an occurrence of ud in the corresponding Dyck word. The height of a
Dyck path is the maximum ordinate of its peaks.

For example, the Dyck path of length 8 and of height 2 which corresponds
to the Dyck word uduududd is :

> . . . . . . . .
20 ° ° ° ° ° °
19 . °

0 1 2 3 4 5 6 7 8

In this chapter, we assume that g is of type A. We describe two different
ways, from [Pa] and [AKOP], of associating a Dyck path to an ad-nilpotent

69
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ideal of pyp. Then, we use the AKOP correspondence to link the number
of occurrence of udu in a Dyck word D and the cardinality of the maximal
subset I C II such that the ideal which corresponds to D is an ideal of p;.

In the last section, we use these correspondences to establish a duality
between the elements ¢ € F;p such that §®,,;,, = k and those such that
#®,in = | — k. This duality is different from the one given in [Pa].

4.1 Partition and Dyck path

Let A = (A1,...,\) be a partition whose Ferrers diagram F' is included in
T;. We draw a dotted horizontal line from the top of the line x +y =1+1 to
F and a dotted vertical line from F' to the bottom of the line x +y =1 + 1.
For example, when A = (5,3,1,1,1,0,0), we have :

Figure 4.1:

If we rotate the figure clockwise by 45 degrees, we can easily see that we
obtain a Dyck path of length 2[ + 2 called P(\) as in [Pa]. This construction
defines clearly a bijection P : A — P(\) between partitions whose Ferrers
diagram are included in 7; and Dyck paths of length 2/ + 2. In the above
example, the Dyck path P()) is :
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b o o o o o o o e o o o o o o
36 e o . e o o o . e o o o
20 o [ ] e e e e o o o [ ] e e o
1 e e e e o o o o o o o o o o e o

4.2 AKOP bijection

In this section, we shall see how to generate another Dyck path from a
partition. The construction is taken from [AKOP].

Let A be a partition whose Ferrers diagram is included in 7;. We can
construct the dotted line as in the section 3.2.2. We shall describe the con-
struction of this line in a more formal way.

Let k = n()\) Set Zn =[+1 for all n > ]f, Zk = )\1, ’ik,1 = Al*ik+27

Ih—2 = N—ip 1425 ---5 41 = N—ip42 and 7, = 0 for all p < 0. We have
0<ip <---<ip <l+ 1. The dotted line describes the shape of a partition
MM = (gLt e e iy (4.1)

Any partition A\ whose associated dotted line gives the partition AM must
necessarily contain the cells

(L), (I — g + 2,051), (I —ip1 +2,052), ..., (I =iz +2,07).

The "minimal” partition in the sense of inclusion of diagram that contains
these cells is :

m (s =i+l ip—ik—1 i3 —1 ig—2
AT = (g, i 7 i AP T, 0277, (4.2)

For example, take [ = 13 and A = (10,10,9,6,5,4,4,3,1,1,1,1,0), as in
3.2.2, we have n(\) = k = 3, i3 = 10,i5 = 5,i; = 1. The three distinguished
cells above are :

(1,10),(5,5), (10, 1).
So we have :

AM = (10,10, 10, 1
A = (10,5, 5,

=
ot
o
ot
o
ot
\')—‘
=
—_
=
Qo
=
(o

,5,1,1,1,1,1,0,0,0).

ot
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These partitions are illustrated in the figure below, where the distinguished
cells are marked with x, and A is the partition corresponding to the dotted
line outside A, while \™ is the one which corresponds to the dotted line inside

A

Observe that the difference AM \ \™ is a disjoint union of k rectangles,
denoted by Ry, ..., Ry from the top to the bottom. More precisely,

Rj={(s,t);l —ip1+2<s<l—iy+2and i, 1 <t<ip}.

Inside each rectangle R;, the shape of A could be described by a word M;,
whose letters are d and [, where d indicates a down step and [ indicates a
left step.

Let h; be the number of d in M;, which is at most the height of R; and
let [; be the number of [ in M;, which is the length of R;. Then we have :
hj:ij—&—l_ij_l 1f]7é1, and hj <ij+1—ij—1 lf]:]_,

lj =1t — -1,

so hj < lj41 — 1 and the equality holds if j # 1. Furthermore the shape of
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M; is [%0dl%1d . . .dl""i | where a;; € N, 0 < ¢ < hj. We then have :

h;

lj = Zajﬂ-. (43)

=0

In the above example, we have My = dldl*dl, M, = lddldI>d and M, = ddI.

We shall now generate a Dyck path step by step from the M;.

First, let D1 be the Dyck path of length 2(I+1—1i) containing [ 41—y,
peaks. Next, we have M = [*0d[*'d ... dl"*". We insert a;o peaks on
the first peak of the already existing Dyck path Dy, then a;, peaks on the
second peak, and so on. We call D, the new Dyck path obtained. Observed
that the highest peaks of D, are exactly those newly inserted, so there are
exactly l. Since hy_1 < lp—1, the procedure can then be iterated by inserting
peaks only on highest peaks. Each intermediate Dyck path obtained after
using the word M is denoted by D;. At the end, we obtain a Dyck path D)
of length 2] + 2.

For example, if we consider [ =7 and A = (5,3,1,1,1,0,0) :

Figure 4.2:
We have n(\) = k=2, iy =5 and i; = 1. Then Dj is the Dyck path :
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Figure 4.3: D5

We have M, = [2di?d, so we first insert 2 peaks on the first peak of Dj,
then again two peaks on the second one. We obtain D:

Figure 4.4: D,

Finally, M; = dl so we insert a; o = 0 peak on the first highest peak of D,
and a;; = 1 peak on the second highest peak. We obtain Dj:

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Figure 4.5: D,
By [AKOP], we have the following proposition :

Proposition 4.2.1 The map D : A — D, defines a bijection between the set
of partitions contained in I} and the set of Dyck paths of length 21 + 2.

4.3 Dyck path and number of udu

Let A = (A1,...,\) be a partition such that n(\) = k. Let Dy be the Dyck
path obtained from A as described in section 4.2. We shall see how to count
the number of udu contained in D).
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Recall that a peak is an occurrence ud in the Dyck word. This peak could
be followed by an u, a d or nothing in the Dyck word. If it is followed by a
u, we call it a u-peak. Each u-peak will give an udu and vice versa.

Let 1 < j < k+ 1. Let u; be the number of u-peaks in the Dyck path
D;. For example, Dy consists in [ — Ay +1 = [ — i, + 1 peaks, so it is easy
to see that ugp, 1 =1— A;.

To construct D;_; from D;, we add some peaks on the highest peaks of
D;. Then, one must understand how the insertion of p peaks on a highest
peak modifies the number of udu. Consider a peak P of maximal height on a
Dyck path. If we add p peaks, the part of the Dyck word which corresponds
to P (which was ud) becomes uudud . ..udd (with p ud), so we obtain p — 1
udu. If P is a u-peak, then we also "destroy” the udu given by P. So at the
end, we only add p — 2 udu. For example, in the following Dyck path which
contains 2 udu :

Figure 4.6:

if we add 2 peaks on the first highest peak, we add 2 — 2 = 0 udu, so we
obtain the following Dyck path with still 2 udu:

0

If P is not a u-peak, then we do not "destroy” a udu, so we effectly add
p — 1 udu. For example, if we add 2 peaks on the second highest peak of
Figure 4.6, we add 2 — 1 = 1 udu, so we obtain 3 udu at the end:
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0

Set agr10 =1 —1x + 1, My = 1*+10, and hyy; = 0. We have seen that
each word M; is in the form [*0d[%'d .. .dl%hi . Let

Aj = {(ja t)at S {Oa s '7hj};aj,t 7é 0}7

Recall from the construction that the number of highest peaks in D is :

h;
Z aji = lj. (44)
t=0

Observe that a highest peak is a u-peak if it is not the last one of a consecutive
group of highest peak. Hence, the g-th peak of D; is not a u-peak if and only

if there exists 7 € {0,...,h;} such that ¢ =)""_,a;s. Set

L,= {(p, t);there exists 0 <r < hyyq;t+1= Z%H,q} ,

q=0

k k
Uy=MN\L,, L=]L, U=]U,.
p=1 p=1

Thus L; corresponds exactly to the set of highest peaks in D; which are not
u-peaks and where we insert new peaks. It follows that :

Uj—1 = Uj + Z (@j-10—2) + Z (@j-10 = 1).

(j_l)t)eu]'—l (j_l’t)ez’j—l
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At the end of the construction, the number of udu in D, is u;. By
induction, we have

k+1
w = Zup > (ae=2+ > (ae—1)
(1,t)ets (1,6)eLq
= l—)\1+z ajt—Q Z(aﬁ—l).
(J,t)eu (J,t)eL

Since Z(j Hea Gt = A1, we obtain the following proposition :

Proposition 4.3.1 Let A be a partition contained in T;. Then, the number
of udu in Dy is | — 26U — 4.L.

To illustrate this, we could follow again the construction of the Dyck path
which corresponds to A = (5,3,1,1,1,0,0). We first have the Dyck path Dj
in Figure 4.3, with n — A\; + 1 = 3 peaks, and ug = 2. Then we use the word
M, = [2dl*d = [%20d]%21d, where as0, 2,1 € Lo, so we add azg—2+az1—2 =0
peak. So uy = 2. Then we use the word M; = dl = [*-0d[*+', where a; ; € U,
so we add a;; —1 = 0 peak. Hence, u; = 2.

4.4 Ad-nilpotent ideals of a parabolic subal-
gebra and Dyck path

In this section, we assume that g is of type A;.

Let ® € Fp which corresponds to an ad-nilpotent ideal i of py. By 2.2.1,
® corresponds to a nw-diagram 7" of 1. Let A be the partition whose Ferrers
diagram is 7" and which corresponds to i as in section 3.2.2. By [AKOP],
the construction of 4.2 which to a partition A associate the Dyck path D,
is a bijection between the set of ad-nilpotent ideal i of pp having index of
nilpotence k and the set of Dyck path from (0,0) to (2] 4+ 2,0) with height
k+1.

For ® € Fy, set

Ip = {a cII;® € Fryy}-
It is the maximal element of {I C II; ® € F;}. (denoted by I, in 1.2.7) We
shall see how to link the number of udu of the Dyck path which corresponds
to ® and Is.

Set a; j = a; +---+aj, forall 1 <@ < j <. Since g is of type A4;, we
have easily the following lemma :
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Lemma 4.4.1 An element ® € Fy is an element of F;, for I C I, if and
only if for all oy ;j € Ppnin, we have oy, 0; & 1.

It follows from Lemma 4.4.1 that :
Is = 1T\ {o; € II; there exists a; j or ay; € Pppin }-

The problem is not to count the same root twice. For example, in A7, for
D,in = {13, 5, 57}, we have IT\ I = {1, oo, a3, a5, az} but we find as
in the beginning or in the end of the support of two roots in ®,,;,. So if we
set :

L ={w; € ®pyip; there exists a root of shape ay,; € Dpyin },

we obtain that
il =1 —24U —4L. (4.5)

Let A be the partition which corresponds to ® and let F' be the Ferrers
diagram of A. Let D) be the Dyck path which corresponds to A. Let «;; €
@i Then the cell (i,14+1—j) = (i, \;) of a; ; in F' is a south-east corner
of the diagram and two cases are possible : there exists a rectangle R, such
that (i, \;) € R, or (i, \;) is not in any rectangle. If the last case occurs, then
(i,04+1—j) is above a rectangle R,. For example, if A = (5,3,1,1,1,0,0),
we have that s 5, a5 7 are in the first case and «; 3 is in the second case.
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If o ; is in the rectangle R,, then the cell (¢, \;) = (i,{ — j + 1) which
corresponds to «; ; in I satisfies :

l—ip +2<i<l—1y+2, (4.6)
ip—l < /\Z < ’ip, (47)

and so we have :
l—ip+1<g<l—ip 1+ 1 (4.8)

If ov; ; is above the rectangle R, then the cell (¢, [—j41) which corresponds
to a; ; in I satisfies :

Define the map r from ®,,, to {1,...,k} which to «;; associate the
integer 7 (¢ j) = p such that q; ; is in or immediately above the rectangle R,,.

Let a; j € ®ppin, and p = (e ;). Since the cell (7,1 — j+ 1) which contains
«; ; in T; is a south-east corner, there is a horizontal line under this cell. If
¢ = (i,l—j+1) is in the rectangle R, then it is at the row ¢ = i — (I —i,41+2)
of R, and the line under ¢ correspond to the part [“»7 in M,. Furthermore
(p,q) € Ap.

If ¢ is immediately above the rectangle R,, then the line under c corre-
sponds to {*»° in M, and (p,0) € A,. Since in this case, by (4.9) we have
(t,l—74+1) = (I —ipt1+2,14,), we obtain that i — (I —i,11 +2) = 0. We can
define in any case the map s from ®,,;, to N by :

s(aij) =1 — (I = i, ;)41 +2). (4.10)

Furthermore, in both cases, the line under the cell which contains «; ; is the
part [“7i2 i) in M, (o, ;) and (r(e;), s(@;)) € Avga,)-

Conversely, let (p,q) € A,. Then, there is a horizontal line under the
row ¢ = q¢ — | — ip+1 + 2 of F' which is under a south-east corner of F. This
south-east corner is a cell (4, ;) which corresponds to a root «;;, where
[ —j54+1=\;. So we have a bijection :

v CI>mm

—
Qij

A
(r(aiy), s(aiy))

Lemma 4.4.2 We have V(U) =U and V(L) = L.
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Proof. Since L = ®,,;,, \U and £ = A\U, it suffices to prove that V(L) = L.
Let oy ; € L. Set p = (), ¢ = s(a;) and let ¢ = (i, \;) be the cell
which corresponds to «; ; in F'.
First assume that ¢ = j. Then, we have ¢ = (i,l — i+ 1). If ¢ € R, then
by (4.6) and (4.8), we have :

i=1—ip+1,

so by (4.10), we have that ¢ = i,41 — i, — 1 so by (4.3), a,, € L,.

If ¢ is above R, then by (4.9), we have ¢ = (i,[—i+1) = (I —ip11+2,1p),
so ¢ =0 and 4,41 — 4, = 1, hence by (4.3) we also have a,, € L,.

Now assume that 7 # j and there exists a root of shape ay,; € ®pip. Set
t = r(ami). Let (m,\y,) = (m,l —i+ 1) be the cell which corresponds to
Qi in A, If ¢ € R, then by (4.6), we have

Iy < Ay < g1 — 2.

So either (m, \y,) € Rp1 or (m, \) = (I —dpi1 + 2,14,).

If (m, \;,) € Rp+1, then between the columns i, and A, =1 —i+1, we
have 4,41 — (Il — i+ 1) columns, so there exists n such that Y "' _japi14 =
ip+1 — (I =i+ 1). Furthermore, by (4.10), we have ¢ = i — (I — ip41 + 2),
hence a,, € L).

If (m, Am) = (I — ips1 + 2,4p), then i =1 — i, + 1 and by (4.10), we have
that :

g=U—ip,+1) = (1 —idps1 +2) =dps1 —ip — L.

Hence, by (4.3), we have a,, € L,.

Conversely, let a,, € L£,, then there exists 0 < t < hp;q such that
qg+1= Z;:o ap+1,f- There also exists a; ; € @, such that r(a; ;) = p and
s(ai ;) = q. By (4.10), we have that :

g=i—(1—ip +2).

Observe that for all 0 < j < Ay, there exists a south-east corner (nj, Ay;)
in or above the rectangle 7, such that :

J
)\nj =lpt1 — E Ap+1,f-
f=0
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So there exists a south-east corner (n;, A,;) such that :

)\n]:Zp+1—(q+1):l—'l+1

The element of ®,,;,, which corresponds to the cell (n;, Ay,) is ay,, so we
have «; ; € L. 0J

It follows by Proposition 4.3.1 and equation (4.5) that we have the fol-
lowing theorem :

Theorem 4.4.3 Let g be of type A;. There is a bijection between the ele-
ments ® € Fy such that §le = r and the Dyck paths of length 21 + 2 having

r udu.

Since the number of Dyck paths having a fixed number of udu is calculated
in [Sun], we have the following corollary :

Corollary 4.4.4 Let g be of type A;. The number of elements of ® € Fy

such that §le =7 is
AL
()& (1 )e

where Cy, denotes the k-th Catalan number.

Example 4.4.5 Let N! be the number of elements ® € Fy such that {ls = .
We have by Corollary 4.4.4 :

r [ NI NZ[N3|[N*[N?
o 1 [ 24921
11126 ]16]45
2 1| 3 | 1240
3 1| 4|20
4 1|5
5 1

Remark 4.4.6 Using GAP/ and the methods described in section 2.3, we
computed the number NX of elements of ® € Fy such that #ls = r, when g
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is of exceptional type X :

NE [ NF [ NFPs

r ']\I'I‘CTV2 Nf4 T T T

0 2 19 | 111 | 432 | 2033
1 ) 45 | 217 | 1213 | 6351
2 1 29 | 253 | 1296 | 7729
3 11 | 136 | 794 | 5433
4 1 44 | 323 | 2510
5 11 84 | 819
6 1 17 | 175
7 1 29

8 1

4.5 Duality

In this section, we assume that g is of type A;. We shall construct a duality
between the elements of F; 3 such that §®,,,;,, = p and those such that §®,,,;,, =

[ —p.

Proposition 4.5.1 Let ® € F;y. Let A be the corresponding partition in 1)
and D)y the Dych path which corresponds to A\. Let N be the number of peaks
i Dy, then we have :

8Pin =1 — (N —1).

Proof. Recall that the construction of D, is iterative. At each step, when we
add a,, peaks to a highest peak, for (p,q) € A,, we also "destroy” the initial
highest peak. So, we add only a, , — 1 peaks. At the end of the construction

we have : i
=M 414> > (apg—1)

p=1 (p,g)€Ap

peaks. Since Z';Zl Y pa)ed, Wa = Dpayed g = A1 and A is in bijection
with ®,,;, by section 4.4, we obtain the result. ]

Proposition 4.5.2 Let ® € F;y and X be its corresponding partition. Let P
be the number of peaks in P(\), then we have :

4B = P — 1.
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Proof. The result is clear by the construction of P(\) defined in 4.1. O

Theorem 4.5.3 The map P~' o D (where P is defined in section 4.1 and
D in section 4.2), induces a bijection from Fi g to Fi g which sends ® € Fi
such that P, = p to U € Fig such that 4V, =1 —p.

For example, in As, the element ® = {#} € Fy corresponds to the parti-
tion A = (1,0,0), and the Dyck path D), is :

0

Then, P~1(D,) = (3,2,0) which is the partition which corresponds to ¥ such
that \Ilmzn = {Oél, 0[2}.

Remark 4.5.4 [t was proved in [Pa] that in type A and C, the number of
elements ® € F, g such that §®,:,, = p is the same as the number of elements
O € Fig such that 8Py, = | — p. But the duality of [Pa] is not the same

as the one defined above. For example, in As, if we consider ® = {0} like
above, the dual ideal defined by [Pa] is U where V,;,, = {1 + ag, az}.
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Résumé

Dale Peterson a démontré que le nombre d’idéaux abéliens d'une sous-
algebre de Borel d'une algebre de Lie simple de rang [ était 2. Ce résultat a
motivé I'étude des idéaux ad-nilpotents d’une sous-algebre de Borel par de
nombreux chercheurs. L’idée directrice de cette these a été de généraliser les
caractérisations obtenues par Paola Cellini et Paolo Papi sur ces idéaux aux
idéaux ad-nilpotents d’une sous-algebre parabolique.

Soit g une algebre de Lie simple complexe. A tout idéal ad-nilpotent
d’une sous-algebre parabolique standard de g, nous associons naturellement
un sous-ensemble du systeme de racines positives. Ensuite nous établissons
une correspondance entre ces sous-ensembles et certains éléments du groupe
de Weyl affine. Par des considérations sur le volume des faces de I’alcove
fondamentale, nous établissons alors une généralisation du théoreme de Pe-
terson.

Parallelement, grace a un dénombrement de tableaux, nous obtenons des
formules explicites pour les nombres d’idéaux ad-nilpotents et abéliens d’une
sous-algebre parabolique dans le cas classique. Lorsque g est de type excep-
tionnel, 'énumération de ces idéaux est obtenue en utilisant GAP4.

Ensuite, nous utilisons la bijection construite par George Andrews, Chris-
tian Krattenthaler, Luigi Orsina et Paolo Papi entre les tableaux de Young
classiques T; et les chemins de Dyck de longueur 2[ 4 2. Cette bijection nous
permet d’obtenir le nombre d’idéaux ad-nilpotents d’une sous-algebre para-
bolique d’indice de nilpotence K, en type A et C. D’autre part, lorsque g est
de type A, elle nous permet d’établir un lien entre la plus grande sous-algebre
parabolique contenant un idéal et le nombre de séquences "udu” contenues
dans le chemin de Dyck associé a cet idéal.

Mots clés

Algebre de Lie, théorie des représentations, idéaux ad-nilpotents, énumération
de diagrammes, combinatoire algébrique, chemins de Dyck.



