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ABSTRACT. Our aim in this article is to present some existence, uniqueness and
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with periodic boundary conditions. We prove the existence of weak solutions for
the PEs, the existence and uniqueness of strong solutions and the existence of
more regular solutions, up to C* regularity.
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1. INTRODUCTION

The objective of this article is to derive various results of existence and regularity
of solutions for the Primitive Equations of the ocean (PEs) in two space dimensions.
These results, besides their intrinsic interest, are needed in [9] which is another
motivation of this work.
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We consider the PEs in their nondimensional form (see Section 5) :
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All the independent variables (¢, x, z) and the dependent variables (u, v, w, p,p) are
dimensionless, as are the forcing and source terms (S,, S,,S,). Here (u, v, w) are
the three components of the velocity vector and, as usual, we denote by p and p the
pressure and density deviations, respectively, from prescribed background states.
The (dimensionless) parameters are the Rossby number ¢, the Burger number N,
and the inverse (eddy) Reynolds numbers v, and v,

Some motivations on the physical background and the derivation of these equa-
tions are given in the Appendix (Section 5). The two spatial directions are Ox
and 0z, corresponding to the west—east and vertical directions in the so-called f-
plane approximation for geophysical flows (for details, see the Appendix); A =
02 /0% + 02022

The article is organized as follows: We start in Section 2 by recalling the vari-
ational formulation of problem (1.1) under suitable assumptions and we prove the
existence of weak solutions for the PEs. We continue in Section 3 by proving the
existence and uniqueness of strong solutions. Finally in Section 4 we prove the exis-
tence of more regular solutions, up to C*> regularity. We thought that it is useful to
end the article with an Appendix (Section 5) containing some physical explanations
regarding the PEs and the derivation of (1.1).

We mention here the similar works of Bresch, Kazhikhov and Lemoine [2] and
of Ziane [13], who consider different boundary conditions and do not consider the
higher regularity results needed in [9]; see also [11]. For the non-dimensional form
of the PEs, we refer here for example to [4], [8], and [12] but a substantial amount
of literature is available on this subject.

(1.1e)

2. EXISTENCE OF THE WEAK SOLUTIONS FOR THE PEs

We work in a limited domain

(2.1) M = (0, L) x (—Ly/2, L3/2),
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and, since this is needed in [9], we assume space periodicity with period M, that is,
all functions are taken to satisfy f(x + L1,z,t) = f(z,2,t) = f(x,z + L3, t) when
extended to R?. Moreover, we assume that the following symmetries hold:
u(z, z,t) = u(x, —2,1t), Sulx, z,t) = Su(x, —2,1),
v(x, z,t) = v(z, —2,1), (z,2,1) = Su(z, —2,1),
p(z,z,t) = —p(x, —2,1), Sy(z, z,t) = =S,(z, —2,1),
(z,2,1) (z, 2,t) = p(x, —2,1).
(Here u, v and p are said to be even in z, and w and p odd in z.)
We note that these conditions are often used in numerical studies of rotating

stratified turbulence (see e.g., [1]).
Our aim is to solve the problem (1.1) with initial data

So(z, z,t

w(z, z,t) = —w(x, —z,1), p(x, 2, t

(2.2) uU=uy, V=109, p=py att=0.
Hence the natural function spaces for this problem are as follows:
(23) V= {(U, v, :0) (H;cr(M))37

u, v even in z, p odd in z, ffiﬁ%u(x, Z')dz' = 0},
(2.4) H = closure of V in (L*(M))3.

Here the dot above H;er or L? denotes the functions with average in M equal to zero.
These spaces are endowed with Hilbert scalar products; in H the scalar product is

(2.5) (U, D)y = (u, @)z + (v, 0)2 + K(p, p)r2,
and in ngr and V' the scalar product is (using the same notation when there is no
ambiguity):
(2.6) (U, U)) = ((u, @) + ((v, ) + £((p, §));
where we have written dM for dz dz, and
Ny 0¢ 8gz5 0¢p 8gz§
(27) (¢, 9)) = / <8x ox s 0z 8,2) M.
The positive constant k is defined below. We have
(2.8) Ulu < col|U]l, VU € V.

where ¢y > 0 is a positive constant related to x and the Poincaré constant in H;er(M)
More generally, the ¢;, ¢}, ¢/ will denote various positive constants. Inequality (2.8
implies that ||U]| = ((T, U))l/2 is indeed a norm on V.

)
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We first show how we can express the diagnostic variables w and p in terms of
the prognostic variables u, v and p. For each U = (u, v, p) € V we can determine
uniquely w = w(U) from (1.1d),

(2.9) w(U) =w(z, z,t) = — /Oz ug(x, 2’ 1) d2’

since w(z, 0) = 0, w being odd in z. Furthermore, writing that w(x, —Ls/2,t) =
w(x, L3/2,1), we also have

Ls/2
(2.10) / u.(z, 2 t)dz" = 0.

—L3/2

As for the pressure, we obtain from (1.1c),

(2.11) p(x,z,t) = ps(z,t) — /0Z p(x, 2 t) d’

where ps = p(x,0,t) is the surface pressure. Thus, we can uniquely determine the
pressure p in terms of p up to ps.
It is appropriate to use Fourier series and we write, e.g., for u,

(2.12) u(a,z,t) = Yy, (HelFirTR),
(k1,k3)EZ

where for notational conciseness we set k] = 2wk, /L, and kj = 27ks/Ls. Since u is
real and even in z, we have u_g, _, = Ug, ks = Uk, —ky, Where @ denotes the complex
conjugate of u. Regarding the pressure, we obtain from (1.1¢):

p(l‘,Z,t) (.T 0 t / Z Dky. ks i(kjz+klz /)dZ/
0

(k1,k3)
_ ikie Pki ks iklx( iklz o
DR S
k1 (k1. k3), ka0
[using the fact that pg, o = 0, p being odd in 2]

pk,k / Pk ks i(k otk
_Z pSk1+Z 1 3 zk: Z i}glaez(klx—kksz)

k3 #0 (k1,k3), ka0 3

. § ik x 2 Pk, ks (k! x+khz
— p*kle 1% — Te( 1 3 )’
k1

(%
(k1,k3), k37#0

where we denoted by ps the surface pressure and p, = ) riez P k€17 which is the
average of p in the vertical direction, is defined by

Pk, k
Px k1 = Dsi, + #

k30
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Note that p is fully determined by p, up to one of the terms ps or p, which are
connected by the relation above.

We now obtain the variational formulation of problem (1.1). For that purpose we
consider a test function U = (@, 9, p) € V and we multiply (1.1a), (1.1b) and (1.1e),
respectively by @, © and k p, where the constant x (which was already introduced in
(2.5) and (2.6)) will be chosen later. We add the resulting equations and integrate
over M. We find:

d, - - R B . .
(213)  (U.0)a +b(U.U.0) +aU.0) + Ze(U,0) = (5.0, VU EV.

Here we set
a(U,U) = v, ((u, @) + v, ((v,9)) + £,((p, §)),

e(U,U):/M(ufj—va)dJ\/[+/M(p1D—HN2wﬁ)dM,

~ ouf ouf o’ o
ﬁ = —_— —_— U e v
b(U,U*, U) /M(uax + w(U) 6Z>UdM+/M<u8x +w(U) aZ)vdM

# #
+ m/g\{(uaa—'; + w(U)%—’Z)ﬁdM.
We now choose £ = 1/N? and this way we find e(U, U) = 0. Also it can be easily
seen that:
a:V x V — R is bilinear, continuous, coercive, a(U,U) > ¢1||U||?,
(2.14) e:V x V — R is bilinear, continuous, e(U,U) = 0,
b is trilinear, continuous from V' x V5 x V into R,

and from V x V x V5 into R,
where V3 is the closure of V N (H2,(M))? in (H2,,(M))?. Furthermore,

per per
WU, U, U = —b(U,U*, U),
(2.15) o
WU, U,U) =0,

when U, U, U* € V with U or U? in V. We also have the following;:

Lemma 2.1. There exists a constant ¢ > 0 such that, for allU € V, U € Vi and

UteV:
2.16) b(U, U2, )| < eaf U1 UM |08 10 21012
+ e UNUHIM U R O[22 T2,

Proof. We only estimate two typical terms; the other terms are estimated exactly in
the same way. Using the Holder, Sobolev and interpolation inequalities, we write:
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f i
‘/ W25 dM’ < Juls| 5 Ou
M al’

2W|L4
1/2 1/2
< u |/|| ||1/2 lal s,
ou? B
o] < e 2]

oul 111/2
|| e

<l 22"
- 0z |12

(2.16) follows from these estimates and the analogous estimates for the other terms.
O

We now recall the result regarding the existence of weak solutions for the PEs of
the ocean; see [7]. In [7] the existence of the weak solutions is established in three
space dimensions with different boundary conditions, but the proof applies as well
to two dimensions with our boundary conditions.

Theorem 2.1. Given Uy € H and S € L*(R,; H), there exists at least one solution
Uof (2.13), U € L>(Ry; H) N L*(0,t,; V), Vi, > 0, with U(0) = Up.

The proof of this theorem is based on the a priori estimates given below, which
gives, as in [7], that U € L>(0, t,; H), Vt, > 0; however, as shown below, we have
in fact,

Ue LR, H).

Taking U = U in equation (2.13), after some simple computations and using (2.14),
we obtain:

d d
(2.17) Ul +alUlP <dlsi, 10l +calUly < 415,

where |S| is the norm of S in L>(R,; H). Using the Gronwall inequality, we infer
from (2.17) that:

/

(218) (UM < [UO)F e + (1) |52, Vi>0.
1¢0

Hence

‘1

52 — 2
LIS, =i

limsup |U(t)|3 <

t—oo
and any ball B(0, ry) in H with r{ > rg is an absorbing ball; that is, for all Uy,
there exists tg = to(|Uo|xr) depending increasingly on |Up|n (and depending also on
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0, |S|eo and other data), such that |U(t)|g < r, VYt > to(|Uo|g). Furthermore,
integrating equation (2.17) from ¢ to ¢ + r, with r > 0 arbitrarily chosen, we find:

t+r
(2.19) / U2 < Ky, for all t > to(|[Us| ),
t

where K denotes a constant depending on the data but not on Uy. As mentioned
before, (2.18) implies also that

Ue L (Rs H),  |U@]n < max((Uila, 7).

Remark 2.1. We notice that, in the inviscid case (v, = v, = 0 with § = 0), taking
U=Uin (2.13), we find, at least formally,

d 1

The physical meaning of (2.20) is that the sum of the kinetic energy (given by
2(Ju|22 + |v|22)) and the available potential energy (given by 525 |p|2,) is conserved

in time. This is the physical justification of the introduction of the constant x = N2
in (2.5).

3. EXISTENCE AND UNIQUENESS OF STRONG SOLUTIONS FOR THE PES

The solutions given by Theorem 2.1 are usually called weak solutions. We are now
interested in strong solutions (and even more regular solutions in Section 4). We
use here the same terminology as in fluid mechanics (incompressible Navier—Stokes
equations): weak solutions are those in L>°(L?) and L*(H'), strong solutions are
those in L>(H') and L?(H?). We notice that we cannot obtain directly the global
existence of strong solutions for the PEs as, e.g., for the Navier-Stokes equations
using a single a priori estimate (obtained by replacing U by AU in (2.13)). Instead,
to derive the necessary a priori estimates we proceed by steps: we successively derive
estimates in L°°(L?) and L*(H?') for u., u,, v., vs, p, and p, (here the subscripts ¢,
x, z denote differentiation). Notice that the order in which we obtain these estimates
cannot be changed in the calculations below.

Firstly, using (2.11) we rewrite (1.1a) as:

ou ou ou 1 1ops 1 [~ , ;L
(3.1) E+ua—x+w&—gv+gax—g/o pe(x, 2’ t) A2 = v, Au+ S,.

We differentiate (3.1) with respect to z and we find, with w, = —u,:

1 1
Utz + Uy, + Wl — gvz - gpx - V»Uuzxz - Vvuzzz = Su,z )
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where S, , = 0.5, = 05,/0z. After multiplying this equation by u, and integrating
over M, we find:
1d

——|uz\%g—|—vaqu2+/ UU Uy dJ\/[—i—/ WU, U, AV
2di .

M

1 1
€ Jm € Jm M

Integrating by parts and taking into account the periodicity and the conservation
of mass equation (1.1d) we obtain:

1d

1 1
3.2 ——|u.2 + v, uz||2——/ VU, dM——/ Pl dM:/ Uz Sy, » AM.
32 jalubs+ulel-2 [ [ i

In all that follows K (¢), K'(¢), K"(¢), ..., denote constants depending on ¢ and
other data but not on Uy; we use the same symbol for different constants. We easily
obtain the following estimates:

1 1
| / v, M| = / vtee AM] < K)ol 22 |7,
£ M E M 6

1 1 v,
2| [ o ant] = 2| [ s ] < s
€ M g M 6

/ Suztz M| = | / Suter AN < 2 s+ 1S
Mo M 6
applied to (3.2), these give:
d
(3.3) &quliz + vy [lu® < K ()(|vlzz + |pl22) + il SulZe-
We apply Poincaré’s inequality (2.8) and we find:
d
(3.4) &quﬁz +eovylusli: < K(e)([vffe + |pliz) + ci|Sule.

Using Gronwall’s lemma, we infer from (3.4) that:
(3.5)

t
s ()] < Jus(0) e + K(E)G_CO"”/ ([o(t")]Z2 + o) [Z2)e™™" At + ¢Sl
0

< Jus(0)[L2e” " + K' () (1 — e ") (Jul5 + |l%) + chl Sul
< Jus(0) e + K'(e) (J0l + Ipl2e) + bl Sul

where |v|oo = [V|poo(r,; L2(0)), and similarly for p and S,. We obtain an explicit
bound for the norm of u, in L>*(Ry; H):
(3.6) ()72 < [u=(0)[72 + K'(€)(J0]% + [p]%) + 5l Sul%-

For what follows, we recall here the uniform Gronwall lemma (see e.g., [10]):
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If ¢, n and y are three positive locally integrable functions on (¢, co) such that
y' is locally integrable on (¢1, 0o) and which satisfy

y <&y+n,

t+r t+r t+r
/ £(s)ds < aq, / n(s)ds < as, / y(s)ds <az, Vt>t,
t ¢ ¢

where r, ay, as, az are positive constants, then

(3.8) y(t +7) < <% + ag) ¢, t >t

(3.7)

The bound (3.6) depends on the initial data Up. In order to obtain a bound
independent of Uy we apply the uniform Gronwall lemma to the equation:

d
(3.9) Eluz@ < K(e)(Jv]72 + |pli2) + ¢11Sul7s.
to obtain
(3.10) lu.(t)] < K'(e,r, r[')), Vi>t,

where t) = to(|Up|z2) + r and r > 0 is fixed. Integrating equation (3.3) from ¢ to
t +r with » > 0 as before, we also find:

t+r
(3.11) / |u.(s)]|?ds < K"(g,7,7p), Vit >t
t

We now derive the same kind of estimates for w,: We differentiate (3.1) with
respect to z and we obtain

Uty + U2 + Ullyy + Wiy, + Wy 11) —|—1 —l—/o (2)d2
(3'12) tx €T T Tz Tz c x gps,xz 3 p.’EfL‘
— VpUggy — Vyy Uz = Su,a:y
multiplying this equation by u, and integrating over M we find, using (1.1d):

(3.13)
1d

1 1
——\uzﬁ?—i—/ ul dJV[+/ Wty Uy dM——/ Vply dM——/ Ds, w2Uy AM
2dt M M g Jm € Jm

0
+/ (/ pm(z’)dz') Uy dJV[—i—l/v||ux||2:/ Uy, AV
M z M

Based on the Holder, Sobolev and interpolation inequalities, we derive the following
estimates:

[t ] < ualtong < clusllsng < il
1%
1

|

< Zlluall® + chluslze,

\)
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[ et @) < o 2 e
M

1/2 1/2 1/2 1/2

< Cé’uxoc|L2|uz HUZ” |ux’ ”uch

< 22 g |2+ o o o P 2
12
By the definition of V', and since py is independent of z, we find:

1 L3/2
el —L3/2

We can also prove the following estimates:

‘/ vxumdM‘ 2 lug |2+ K (2) ol

)/ /pm dz)ude’: )/ /px dz)umdM‘

< 22+ K0l

[ S0 0] < T2+ Sl
.y 12
With these relations (3.13) implies:

d
(3.14) T luelie + wllual® < €lusliz +n,
where we denoted
€ = &(t) = 2chlualz + 2¢h|usza [,
and
n=n(t) = 2K"(e)|vl72 + 2K"(e)|pul72 + 2¢10]Sul-

We easily conclude from (3.14) that
(3.15) u, € L=(0, t; L)) N L*(0, t,; HY), Yt,>0.
However, for later purposes, (3.15) is not sufficient, and we need estimates uniform
in time.

We will apply the uniform Gronwall lemma to (3.14) with ¢; = ¢} as in (3.10).
Noting that

t+r t+r
/ () dt’ = / [2¢5 w72 + 2c5|u. (¢) 72 |u.(¢) 7] dt’
t t

1 t+r t+r
(3.16) <2, [ @Rt + 2l [ )P
t t

< a, V>t
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t+r t+r
/ n(t')dt’ = / 2K ()ul2s + 2K7(2)[pa 2 + 2¢,01Su[2] A
t t

< K(g) + 2¢)7|Sul%
= ay, V>,

(3.17)

t+r
(3.18) / ()2 At < as,  VE>E,
t

(3.8) then yields:

(3.19) lua(t)[2 < (% Fap) e, Vit 4,
and thus
(3.20) a2 € L°(R,).

Note that in (3.16)—(3.18) we can use bounds on |u,| (and other similar terms)
independent of Uy, since t > to(|Up|z2z) + r. Integrating equation (3.14) from 0
to t, + r where t| = t,(|Up|z2), we obtain a bound for u, in L?*(0, t| + r; H')
which depends on [|[Up]]. A bound independent of Uy is obtained if we work with
t >t +r=1t] =t{(|Uo|r2): Integrating equation (3.14) from ¢ to ¢t + r with r as
before, we find:

t+r
(3.21) / |uz(s)||?ds < K(e),  Vit>t.
t

We perform similar computations for v,: We differentiate (1.1b) with respect to
z, multiply the resulting equation by v, and integrate over M. Using again the
conservation of mass relation, we arrive at:

1d

1
2dt!vz|L2+/ ULV, dM+/ w,v? dJ\/[—l——/ w,v, AM + vy ||, ||
M M €Jm

(3.22)
= / 0.8, . dM.
M

We notice the following estimate:

| / 0502 M < hfon 2 s 7] s 2 s
M

2/3 |2/3| 1-|4/3’ 2/3

- | |12

v
< gvHUZHQ + C/lzyuz

v
< 222 oo s 5 o 7 o (1 + o )
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We also see that
R N R B R B
M

v 2/3

_Hvz

8

1 1
N[ v v = 2| [ wons avt] < 2o PR @ ul,
El)m Elm 8

[ Socveant] =] [ Spene 0] < 2o PefsIS. L
M M 8

which gives:

| /\

“2 +Cl4|uw| ||ua:||2/3|UZ|L2a

(3.23) Jouli vl < Efosf? 4+,
where we denoted
0= n(t) = 2;olus 72 sl |val 2 + 20 (&) ul® + 26351, %,
and
€ = £(t) = 2,plus 7P 0 2 + 268 727 |
From (3.23), using the estimates obtained before and applying the classical Gronwall

lemma we obtain bounds depending on the initial data for v, in L (0,t,; L?) and
L2 (0,t,; H'), valid for any finite interval of time (0, ¢,).

loc
To obtain estimates valid for all time, we apply the uniform Gronwall lemma

observing that:

t+r t+r 1/3
[ ewrar <odpfupp ([ putenar) ([
t t t

loc

t+r

|2 12/3
0.t ')

24 t+r
324 L2l [ )5 ar
t
<ay, Vtxtl,
t+r t+r 1/3 t+r 2/3
[ nwrar <aepu ([ juear) ([ )
t t t
(3.25)

+ 2K (e)|ul?r + 2¢)57|Su|2,
<ay, Vt>t,
t+r
(3.26) / lo.()?dt <az, Vt>t].
t

Then the uniform Gronwall lemma gives:

(3.27) m@mg(%+@ﬁ% V>t
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with a1, aq, as as in (3.25), (3.24) and (3.26). Integrating equation (3.23) from ¢ to
t +r with r > 0 as above and t > t] 4 r, we find:

t+r
(3.29) / los(s)[2ds < K(e), Wt> ¢!+
t

The same methods apply to v,, p, and p,, noticing that at each step we precisely
use the estimates from the previous steps, so the order can not be changed in this
calculations.

With these estimates, the Galerkin method as used for the proof of Theorem 2.1
gives the existence of strong solutions:

Theorem 3.1. Given Uy € V and S € L*(R,; H), there is a unique solution U of
equation (2.13) with U(0) = Uy such that

(3.29) Ue L®R.; V)N L0, t,; (H*(M))?), Vt, > 0.

Proof. As we said, the existence of strong solutions follows from the previous esti-
mates. It remains to prove the uniqueness.
Assume U; and U, are two solutions of problem (2.13) satisfying (3.29), and let

U = U; — Uy. We write (2.13) for U; and Uy with U = U; combining the resulting
equations, we find:

1d
§&|U|§I + a(U,U) + b(Uy, Uy, U) — b(Us, U, U) = 0.

Using (2.15b) we obtain:

1d
2dt
From Lemma (2.1) and using Young’s inequality we find that:

1/2 1/2

b(U,Us, U) < U2 |U[| T2 + 4 U1 T P20
C

< SIONP + UL + SUTE U,

(3.30)

(3.31) U3 + | U|1? + b(U, Us, U) < 0.

(3.32)

Going back to (3.31) we find:
(3.33) UL < IR0 + 0aF,).
Since U, satisfies (3.29) the function
t — ||Ux(0)[]> + |Us(t)[3, is integrable,
and we can apply the Gronwall lemma which yields, since U;(0) = Uy(0),
(3.34) U3 <0, Vtelot,].
From (3.34) we conclude that U; = Us. d
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4. MORE REGULAR SOLUTIONS FOR THE PEs

In this section we show how to obtain estimates on the higher order derivatives
from which one can derive the existence of solutions of the PEs in (H™(M))? for all
m € N, m > 2 (hence up to C* regularity). In all that follows we work with U in
(Hpe, ().

We set |U,, = (Z[a]:m |D°‘U|%2)l/2. We fix m > 2 and, proceeding by induction,
we assume that for all 0 <1 < m — 1, we have shown that

(4.1) U e L®Ry; (H(M)?) N L0, t,; (HHY(M))?), Vi, >0,
with
t+r
(4.2) / U7 dt <a, Vit >1(Up),
t

where a; is a constant depending on the data (and ) but not on Uy, and r > 0 is
fixed (the same as before). We then want to establish the same results for [ = m
In equation (2.13) we take U = A™U(t) with m > 2 and ¢ arbitrarily fixed, and
we obtain:
dU

(— AmU) +a(U, A™U) + b(U, U, A™U) +

(4.3) e’

Integrating by parts, using periodicity and the coercivity of a and the fact that
e(U,U) =0, we find:

(@4) VR + alU < BT A + (S, A"

We need to estimate the terms on the right hand side of (4.4). We first notice that
m €1 2

4. A < B —

(4.5 (5. Am0)sa| < ISy + gt U

and it remains to estimate |b(U, U, A™U)|.
By the definition of b we have:

b(U,U,A™U) = / (wuy + w(U)u,) A™u dM + / (uwvy + w(U)v,)A™v dM
M

(4.6) M

+ /{/ (upy +w(U)p,)A™p dM.
M
The computations are similar for all the terms, and, for simplicity, we shall only

estimate the first integral on the right hand side of (4.6).
We notice that b(U, U, A™U) is a sum of integrals of the type

/ w2 pies peay an, / D%ﬂD?% dm,
o
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where o; € N with ay + ag = m. By D; we denoted the differential operator 0/0x;.
Integrating by parts and using periodicity, the integrals take the form

(4.7) /M Da<u%)DaudM, /M D"‘(w(U)%)D“udM,

where D* = D{" D5®. Using Leibniz’ formula, we see that the integrals are sums of
integrals of the form

ou ou
4, peY pe a2 pay,
(4.8) /M u D52 Du dM, /M w(U) D= Du dM,

and of integrals of the form

(4.9) / sty 5k 2% pey, dM, / §Fw(U) sk o, dM,

z

with k& = 1, ...,m, where §* is some differential operator D* with [a] = a; + a3 = k.
For each «, after integration by parts we see that the sum of the two integrals in (4.8)
is zero because of the mass conservation equation (1.1d). It remains to estimate the
integrals of type (4.9). We use here the Sobolev and interpolation inequalities. For
the first term in (4.9) we write:

(4.10)
ou 10
‘/ §Fu 5 DaudM‘<|5ku| u 1Dl
M oz ox
Ky 1125k, 11/2] sk OU V2| g QU |12,
cyl0%ul s |6 ul |6 3|2 5 3 | |D w2
|U\”2|U\,£f1\Ur,i{i+1|vri{3k+zrvrm7
where k =1,...,m
The second term from (4.9) is estimated as follows:
‘ seu () om0 poy de[‘ < 100w ()27 24| | Doul e
M 0z 4

L 0u |t 8u

Oz 112 9z
1/2 1/2 1/2

< c;,\wmwm/_m|U|4_k+2|U|1/2|U|4+1,

‘ |D°‘ |1/2|D°‘ |1/2

where k =1,....m
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From (4.10) and (4.11) we obtain that:
m 1/2771/2 177(1/2 1/2
b0 U A0)] < 3 IR U2 U
(4.12) =
+ 03 D Ul U sl UL U105
k=1
We now need to bound the terms on the right hand side of (4.12). The terms
corresponding to k = 2,...;m — 1 in the first sum do not contain |U|,,; and we

leave them as they are. For k = 1 and k = m, we apply Young’s inequality and we
obtain:

(4.13) 03|U|}/2|U|§/2|U|3/2|U|71ﬁ1_ﬁlm A

For the terms in the second sum in (4.12) we distinguish between k = 1, k = m and
k=2,...m—1. The term corresponding to k = 1 is bounded by:

(4.14) C3|U2|Ulm|Ulm11 < ﬁ|U| 1+ GUBIUL,

For &k = m we find:

&1
(415) UL AUL UL U < gy Ul + GURIUBIUT

For the terms corresponding to k = 2,...,m — 1 we apply Young’s inequality in the
following way:

es|Ulksa |UY2 oy U2 |U|1/2|U|i,{il

m—k+1 m k+2
4/3 2/3 2/3
U2, + UL U U U

(4.16)
= 2(m + 3)

Gathering all the estimates above we find:
d
E‘U‘?’n +alUlhg < E+nU,,

where the expressions of { and 7 are easily derived from (4.4), (4.13), (4.14), (4.15)
and (4.16). Using the Gronwall lemma and the induction hypotheses (4.1)—(4.2) we
obtain a bound for U in L*>(0, t,; H™) and L*(0, t,; H™), for all fixed t, > 0,
this bound depending also on |Up|,,. We also see that, because of the induction
hypotheses (4.1)—(4.2), we can apply the uniform Gronwall lemma and we obtain
U bounded in L>®(R,; H™) with a bound independent of |Up|,, when t > t,,(Up);
we also obtain an analogue of (4.2). The details regarding the way we apply the
uniform Gronwall lemma and derive these bounds are similar to the developments
in Section 3.
In summary we have proven the following result:
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Theorem 4.1. Given m € N, m > 1, Uy € VN (H™.(M))? and S € L®(R,;: HN

per

(H=1(M))?), equation (2.13) has a unique solution U such that

per

m

(4.17) U € L™Ry; (H,(M)*) N L0, t; (Hi ' (M)?), Vi, > 0.

per

Remark 4.1. Since Ny,soH7. (M) = C2. (M), given Uy € (C2(M))? and S €

per per per

L®(Ry; (C2.(M))3), equation (2.13) has a unique solution U belonging to L™ (R

per

(Hm.(M))?) for all m € N; that is, U is in L=(Ry; (C32,(M))?). Regularity (differen-
tiability) in time can be also derived if S is also C* in time. However the arguments

above do not provide the existence of an absorbing set in (Cg‘e’r(M))3 .

5. APPENDIX: PHYSICAL BACKGROUND

The large-scale ocean equations considered in this article, also called the Primitive
Equations (PEs), are derived from the general conservation laws of physics using
the Boussinesq and hydrostatic approximations. They comprise: the conservation of
horizontal momentum equation, the hydrostatic equation, the continuity equation,
the equation for the temperature (conservation of energy), the equation of diffusion
for the salinity and the equation of state (see, e.g., [7], [8] or [12]):

(5.1a) (?9;7: + (v Vo' 4 W*ZZ: + [k x v+ p;vp* = fp AT+ vi:%,
(5.1b) agjin = —Prn 9

(5.1c) gz: + gz: + (ZZ’: — 0,

(5.1d) gz; + (v* - V*)Ter*% = Ly A;TJFVT%,

(5.1e) gtS*JF(”*‘V*)Ser*%IMS ES—FVS%,

(51f) pFull = Pref []- - 6T(T - Tref) - BS(S - Sref)] .

Here v* = (u*,v*) is the horizontal velocity, w* the vertical velocity, pf,, the (full)
pressure, pf, the (full) density, T the temperature and S the salinity. Asterisks
denote dimensional quantities, a notation which will be useful below when we non-
dimensionalise. The constants prer, Tref, Sref denote reference (average) values re-
spectively for the density, temperature and salinity; ¢ is the gravitational accelera-
tion and f the Coriolis parameter. The horizontal gradient and Laplacian operators
are denoted by V* and A}, respectively.
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We recall that in the hydrostatic approximation of the Boussinesq equation, the
conservation of the vertical momentum equation is replaced by the hydrostatic equa-
tion corresponding to its leading terms (5.1b). We chose a linear equation of state
(5.1f), but this is not essential; appropriate nonlinear equations could be handled
similarly; also prer, Trer and Sie could be nonconstant with suitable changes in the
following. Equations (5.1) correspond to the f-plane approximation of equations on
the sphere, hence f = constant = 2(), ) being the angular velocity of the Earth in
its rotation around the poles’ axes.

A simplification of this system can be obtained if we assume that Grvyr = Bsvs
and Brur = Bsps so that (5.1d)—(5.1f) can be combined into a single equation for
p, namely:

Ipin «Opta «OPha « OPha *AK ok + PP
(52) E)t* +u 8:E* +v ay* +w W = ,up Ahpfull + I/p W .
We are interested in the case where the density pf,; is of the form
(53) p;(ull(xu Y, z, t) = Pref —|—ﬁ(2’> +p*(x7 Y, =z, t)7

where p = p(z) is a stratification profile of the density. Similarly, we write the
pressure as,

(54) p;kull(xv Y, <, t) = Dref —1—13(2) +p*<l', Y, z, t),

where Opyet/0z = —gpres and Op/0z* = —gp. With this, (5.1b) reduces to
op*

5.5 = —qgp*.

(5.5) 55 = 9P

We shall be interested in the physical regimes where |p| < |pret| and |p*] < |p], the
first inequality meaning that the density profile p does not depart too much from
a mean reference value p,s and the second one meaning that the horizontal and
temporal variations of the density surfaces are very small compared to the vertical
stratification. Furthermore, we consider a part of the ocean where p(z) is a linear
function of z and introduce the (constant) Brunt—Véisila frequency N*, defined by

g dp
5.6 N*)2 = — =
( ) ( ) Pref dz
With this, the evolution equation for density (5.2) can be written as,
op* op* op* Op*  Pref ; \rav2 0*p*
5.7 * * * _ = N* * — k ok .
( ) ot* tu or* +tv ay* tw 02 g ( ) w Hp Bnp + Vp 82*2

At this point, we have reduced the PEs to (5.1a), (5.5), (5.1c), and (5.7), with
the dependent variables being (v*, w*, p*, p*). We now non-dimensionalise this set
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of equations by means of the following typical scales: For length and velocity, we
write

x* = Lux, y* = Ly, 2 =Hz,

u* = Uu, v* = Uv, w* = Ww,

where (z,vy,z) and (u,v,w) are dimensionless variables. We also define the aspect
ratio

(5.8) §:= HJL.

Since we are interested in the advective timescale, we write t* = Tt with ¢ dimen-
sionless, where

(5.9) T=L/U,

and define the Rossby number as

(5.10) e=U/fL.

The (perturbation) pressure p* is non-dimensionalised by
(5.11) p* = (U?pret/€) P,

and the (perturbation) density p* by

(5.12) p* = (U pret/egH) p,

where again p(z,y, z,t) and p(x,y, z,t) are dimensionless. We define the Burger
number as

(5.13) N = N*H/fL.

Finally, we define the non-dimensional eddy viscosity coefficients (inverse Reynolds
numbers) by

o = i /UL, v, =viL/UH?
to = /UL, yp:y;L/UHZ.

We shall choose p,, = v,, and p, = v, for the sake of simplicity.
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With these, we can write the PEs in the completely non-dimensional form,

ou ou ou ou 1 10p

(5.14a) a‘i‘u%‘ﬂfa—y‘i‘w&—gv‘i‘g%ZVUA?)U‘FSM
(5.14b) %+u%+vg—z+w%+éu+ég—§:VUA3U+SM
(5.14c¢) % = ({—)p, )

(5.14d) a—Z+8—Z+a—f:0,

(5.14e) % + u% + vg—z + w% - N?Qw =v,A3p+ S,

Here the forcing and source terms S,, S,, S, have been added to the right-hand
sides for mathematical generality.

In this paper, we shall consider the case of two spatial dimensions by assuming
that all functions are independent of y, but we allow v to be non-zero. We intend to
study the three-dimensional case in a similar paper. The system (5.14) becomes now
(1.1). We notice easily that if u, v, p, w, p are solutions of (1.1) for S = (S, Sy, S,),
then 4, v, p, W, p are solutions of (1.1) for Sy, So. Sp where:

u(z, z, t) =u(x, —z, t), o(z, 2, t) =v(x, —2, 1),
w(z, z, t) = —w(x, —z, t), p(z, z, t) =p(x, —z, t),
5, 2 1) = — pla, —2, 1),
Su(x, 2, t) =Su(x, —2z, t), S, (x, z, t) =S,(z, —z, 1),
Sy(x, 2, t) = — S,(x, —2, t)

Therefore if we assume that S,, S, are even in z and S, is odd in z, then we can
anticipate the existence of a solution of (1.1) such that:

u, v, w, p, p are periodic in x and z with periods L, and Ls,

and
u, v and p are even in z; w and p are odd in z,
provided the initial conditions satisfy the same symmetry properties. Our aim is

to solve the problem (1.1) with the periodicity and symmetry properties above and
with initial data

U= Uy, V=", p=po at t=0.
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Hence the natural function spaces for this problem are as follows:

V = {(u, v, p) € (H:(M))*, u, v evenin z , p odd in 2, ug, 0 = 0},

per

H = closure of V in L*(M)?.

The motivations for considering periodic boundary conditions is that there are
needed in studies on homogeneous turbulence of the atmosphere and also for the
study of the renormalized equations considered in [9].
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