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ABSTRACT. In this article we study the limit, as the Rossby number ¢ goes to
zero, of the Primitive Equations of the atmosphere and the ocean. From the math-
ematical viewpoint we study the averaging of a penalisation problem displaying
oscillations generated by an antisymmetric operator and by the presence of two
time scales.
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1. INTRODUCTION

The study of the limit, as the Rossby number € goes to zero, of the equations of
the atmosphere and the oceans is a major physical and computational problem to
which much effort has been devoted. In a more mathematical context, this problem
is related to the averaging of oscillations using renormalization and other averaging
procedures.

In the mathematical literature, an important contribution is due to Schochet [18]
who tackled similar problems by studying an asymptotics in the fast time variable;
such problems have also been studied in the general framework of wave equations
by Joly, Rauch, Metivier [9], Grenier [8], and Gallagher [7]. For the equations of the
atmosphere and the ocean, mathematical work includes the following: Embid and
Majda [6], Babin, Mahalov, and Nicolaenko (see, e.g., [1], [3]) or Warn, Bokhove,
Shepherd, and Vallis [23]. Many more articles on the subject are available in the
physics and mathematical literature.

In the mathematical physics literature, a number of averaging problems and pro-
cedures have been studied or proposed; see e.g., the article [10] by van Kampen
on the elimination of fast variables, or the averaging procedure by Bogolyubov and
Mitropolsky [4]. Our work follows more closely the approach, based on renormal-
ization theory, of Chen, Oono, and Goldenfeld [5] revisited by Ziane [25]. Here we
also extend to infinite dimension part of the work by Temam and Wirosoetisno [22]
valid in finite dimension.

As we said, the renormalization method that we use here was introduced in [5]
and [25]. It was then applied to different types of partial differential equations by
Moise, Temam, and Ziane (see [14], [15]); the method was also applied to ordinary
differential equations (see e.g., [13], [21], [25]).

This article is organized as follows: In the first part of Section 2 (Subsection 2.1),
we present the PEs and recall a few facts on their mathematical setting, some well-
known, and some borrowed from a companion paper [17]. In the second part of
Section 2 (Subsection 2.2), we recall a few facts about renormalization following [5],
[15], [25], [21]. In Section 3 we study the properties of the renormalized system,
starting with the existence of weak solutions and ending the section with the ex-
istence of very regular solutions. In Section 4 we show that we can approximate
the exact solution of the primitive equations by an asymptotic solution which exists
for all times and we estimate the difference between the exact and asymptotic solu-
tions. We end the paper with three appendices: in Section 5 we give the details of
the derivation of the renormalized system, in Section 6.1 we give a result of number
theory needed in Section 4 to bound some small denominators necessary for the
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error estimates, and in Section 6.2 we present an alternate method for bounding the
small denominators.

2. THE INITIAL AND RENORMALIZED PROBLEMS

In Section 2.1 we recall the Primitive Equations in a form suitable for our study.
In Section 2.2 we recall a few facts about renormalization.

2.1. The PEs in Space Dimension Two. We work in the two-dimensional space
and consider the domain

M = (0, L) x (—L3/2, L3/2),

0z being the west—east direction, and 0z being the vertical direction. All the quanti-
ties depend only on z, z and t. We consider the PEs written in the nondimensional
form (2.1) below; a description of the derivation of these equations and a study
concerning the existence and regularity of their solutions is given in Petcu, Temam
and Wirosoetisno [17]:

ou ou ou 1 10p
2.1 T LT 2y 2 A
(2.1a) ot +u8:v+waz €U+56$ Vy At S,

(2.1b) %+u§—z+w%+éu:uvAv+Sv,
(2.1¢) % = —Np,

(2.1d) %Jrg—f —0,

(2.1e) %—i—u%—i—w%—ngupAijSp.

Here u, v, w are the non-dimensional components of the three dimensional velocity
vector, p is the pressure, p is the density and ¢ is the Rossby number. In the
more physical situation, the source terms S,, S,, and S, usually vanish; they are
introduced here for mathematical generality. Here v, and v, are the non-dimensional
eddy viscosity coefficients, N is the Burgers number, and we set A = 9?/9z? +
0?/0z2. In the physical problem, the total pressure is

Prall = Pret + D+,
and the total density is

Prull = Pret + P+ 0
Here p,f is a hydrostatic pressure corresponding to the reference value of the density
Pref, P 1S the density stratification profile which is linear in z and p is the pressure
in hydrostatic equilibrium with it; p’ and p’ are perturbations from these states. In
(2.1) we do not work with the total pressure and the total density but with the
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perturbations p’ and p’ where the primes were dropped and p’ has been replaced by
p'/N. See [17] for more details regarding the derivation of this system.

We also assume that all the unknown functions are M-periodic. The prognostic
variables of this system are u, v, p and the diagnostic variables are p, w; as we will
see below, p and w can, at each instant of time, be (essentially) determined in terms
of the prognostic variables.

We recall that an M-periodic function

u = E U/(khk3)627r2(k1$/L1+k32/L3),

(1, ks) €72
is in H'.(M), m > 0, if and only if

per
> R |l < oo,
kez?
where we denoted by k the pair (k;, k3). We denote by H (M) the functions from

per

HI (M) with average zero on M. In order to simplify the writing we will also

set ki = 2mk;/L;. We easily notice that if (u,v,p,w,p) is a solution of (2.1) for
S = (Su, Sv, S,), then (u, v, p, w, p) is also a solution of (2.1) for S,, S,, S, where:

w(z, z, t) = u(z, —z, t), p(z, z, t) = plx, —2z, t),
o(x, z, t) =v(z, —2, 1), Su(z, 2, t) = Sy(z, —2, 1),
w(z, z, t) = —w(x, —z, t), Sy(x, z, t) = Sy, —z, 1),
plx, z, t) = —p(x, —2, t), Sy(x, 2, t) = =S,(x, —2, t)

Hence, assuming that S, and S, are even in z, and that S, is odd in z,
Sy, z,t) = Su(z, —2,1),
Sy(x, z,t) = Sy(x, —2,1),
Sp(x, z,t) = =S,(z, —2,1),
it is natural to look for a solution where u, v and p are even in z and p, w odd in z,
u(zx, z,t) = u(z, —=z,t), w(z, z,t) = —w(x, —2z,t),
v(x, z,t) = v(x, —2,1), p(z, z,t) = p(z, —2z, 1),
plx,z,t) = —p(x, —2,1).
For more details regarding the motivation of this choice (symmetry and periodicity)
we refer the reader to [17].

In accordance with these requirements of symmetry and periodicity, we introduce
the following function spaces:



RENORMALIZATION FOR PRIMITIVE EQUATIONS 5

V ={(u, v, p) € (H,(M))? u, v even in 2, p odd in z, ug, 0 =0, V&, € Z},

per

H = the closure of V in (L*(M))?,
V', = the closure of V N (H2,_.(M))? in (H2.(M))?>.

per per
The condition gy, o) = 0, V Ky, expresses the condition (2.3) appearing below.
We can express the diagnostic variables w and p in terms of the prognostic vari-
ables u, v, and p. For each U = (u,v, p) € V' we can determine uniquely

(2.2) w=wl)=— /OZ ug(z, 2 ) d2’.

Note that w = 0 at z = 0 and L3/2 by the requirements of w (periodicity and
anti-symmetry); see more details in [17]. By (2.2), the fact that w =0 at z = L3/2
gives the constraint on u

Ly/2
(2.3) / u, dz = 0.

—L3/2
As for the pressure, it can be determined uniquely in terms of p up to ps, writing

p(x, z,t) = ps(z,t) — / p(z, 2 t)dz.
0

For U, U € V, we set

(2.4) (U, 0)) = ((w, @) + ((v,9) + ((p,5)), Ul = (U, U)">.
where we have written dM for dx dz, and
~ 0¢ 0 0¢ 0
(2.5 (000 = [ (GE5e+5250)
By the Poincaré inequality,
(2.6) Ulrz < wo||U]l, VUEeV,
so that || - || is a Hilbert norm on V.

The space H is endowed with the usual scalar product of (L?(M))3.

Variational Formulation of the Problem
We introduce the following forms:
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a(U,U) = vy((u, @) + vu((v, 9)) + v,((p, 5)),
e(U,U):/(—vaJruﬁ)dMJrN/ pde—N/ wp dM,
M M M

~ ouf ouf o’ o
U UL TU) = U i - U)— v
b(U,U*,U) /M(u - +w(U) Z)udM—i—/j\/[(u . +w(U) Z)vdM

op Op*N

The variational form of the problem is obtained by multiplying (2.1a), (2.1b),
(2.1e), by u, v and p respectively, integrating over M and adding the resulting
equations. After some easy calculations we arrive at this problem:

Given t, > 0 arbitrary, Uy € H and S = (S,, Sy, S,) € L*(0, t,; H), we look for
a function U from (0, t.) into V' such that
(2.7) %(U, O)g + a(U,U) +b(U, U, U) + ée(U, U)=(S,0)n, YVUEV,
and

(2.8) U(0) = U,

We also define the linear operators

(2.9) AV =V (AU U)yy =a(U,U), YUUEV,
(2.10) L:V =V (LUU)yvy=eUU), YUUEV,
and the bilinear form

(2.11)

B:VxVy,—V' (BUU),Uvy=0bUUU", YUU €V, UcV,,

where V' denotes the dual space of V'; it is shown in [17] that b is trilinear continuous
on VxVyxVand V x V x V4 so that B is bilinear continuous from V x V,
into V' and from V' x V into V7.

Then problem (2.7) with initial condition (2.8) is equivalent to the abstract evo-
lution equation:

aU 1 I
(2.12) o FAUHBUU) + LU =5, V5,

U(0) = Up.

Regarding the existence and uniqueness of solutions of (2.7) we recall from [17] the
following result:
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Theorem 2.1. Given Uy € H and S € L*(Ry; H), there exists at least one
solution U of equation (2.7) with initial condition (2.8) such that

(2.13) UeL®R,; H)NL*0, t,; V), for allt, > 0.

IfUy € V and S € L>®(R; H), there exists a unique solution U of (2.7)-(2.8) such
that
Ue L®R.; V)N L0, t,; (HA,(M)?), Vi, >0.

per

Moreover, for allm € N, m > 2, if Uy € (H™.(M))? and S € L>(R,; (H"*(M))?),

per per

then U € L®(R; (H™ (M))3) N L2(0, t,: (H™(M))?), V¥ t, > 0.

per per

2.2. Asymptotics and Renormalization Group Method. The aim of this ar-
ticle is to present an application of the renormalization group method (RG) to the
2D primitive equations described above. The RG method gives us an algorithm for
finding approximate (averaged) solutions for a general equation of the form:

U 1

L LU =
(2.14) a TV =70,

U(0) = Uy,

where € > 0 is a small parameter and L is an antisymmetric operator, so that the
solutions of (2.14) display large oscillations for € small. We assume that L is a
diagonalizable, antisymmetric linear operator (not necessarily bounded) and F is
a nonlinear operator. Two natural time scales (at least) are present in (2.14), the
slow time ¢, and the fast time s = t/e. To implement the RG method, we imagine
a formal asymptotic expansion for equation (2.14) written in the fast time variable:
dU . .
(2.15) E—l—LU—g}"(U),

U(O) = UO)

where we have set U(s) = U(es). In what follows we drop the checks and the formal
expansion is written:

(2.16) U=U4+eU' + 0% +---.
We formally substitute (2.16) into (2.15) and we find:
du°
2.17 — + LU =0
d 1
(2.18) dLJrLUl:f(UO),
S
d 2
(2.19) dl + LU?* =VyF(U")-U",
S

and so on.
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The solution of (2.17) can be written
U%s) = e =U(0).

For equation (2.18) we apply the variation of constants formula and we obtain:
(2.20) Ul(s) = eLS/ el Fle7 ') ds'.
0

For U' we choose the initial data to be zero, but other choices may be appropriate
(see [21]).

We set F(s,-) = e®*F(e 1%.) and we split F' into two parts: the resonant part
F,(+) corresponding to the time-independent part of F(s,-) and the remaining non-
resonant part F,(s,-). In our applications, F will be polynomial' in U and the
definition of the time-independent part of F' is not problematic. We thus have:

(2.21) F(s,U)=F.(U)+ F,(s,U),
and we define the primitive of the non-resonant part by
(2.22) Fop(s,U) :/ F.(s',U) ds'.
0

Substituting these relations in (2.20) we find:
(2.23) Ul(s) = e " {sF.(Uo) + Fup(s, Up)}.

The first order RG equation, as discussed in [21], is of the form:

U .

(2.24) ds = (U),

For the details, see e.g., [15], [18] and [21]. The first order approximate solution is
defined by

(2.25) Ul(s) = e X{U(s) + eFp(s, U(s))},

and it is shown, e.g., in [18], that U! — U is of order ¢ in an interval of time s of
order O(1/¢e) and in an interval of time ¢ of order O(1).

The renormalized system (2.24)—(2.25) gives us an O(e) approximation to the
exact solution over a timescale ¢ ~ (1) without having to solve an oscillatory
differential equation. Because of the computational difficulties, in this article we
only derive the first-order approximate solution but we can apply the method to
higher-order approximate solutions as described in [21] in the context of ordinary
differential equations.

'Here we call polynomial function a function of the form F(U) = Z;‘l:o F;U,---,U), where n
is finite arbitrary, and F; is j-linear continuous on a suitable function space.
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In this article, the polynomial F is taken to be of the form:
FU)=5—-AU) - B(U,U),

where S is an external force, A is a linear coercive operator and B is a bilinear
operator. In Section 5, we explicitly construct the resonant parts of A and B.
We will see that the resonant parts of A and B have the same properties as the
original operators; this does not seem to happen at higher orders. In Section 6.1
and Section 6.2 we give two different methods to handle the small denominators,
one result being a typical number theory result and the other is a more particular
result, the method following [3].

3. DESCRIPTION OF THE RENORMALIZED SYSTEM

We start this section by writing the initial system (2.1) in Fourier modes and by
introducing a change of variables to facilitate the computation of the renormalized
equation (Section 3.1). In the subsequent subsections we prove the existence of weak
solutions (Section 3.2), of strong solutions (Section 3.3) and of even more regular
solutions for the renormalized system (Section 3.4).

3.1. The Original Equations in Fourier Modes. We introduce the fast time
s = t/e in the system (2.1). Abusing the notation, new functions depending on z, z
and s are denoted in the same way as before. We obtain the following system:

ou ou ou D
g%—su%%—ew% —v—l—% = cv,Au+¢eS,,

0 0 0
Z e e pu= ev,Av + €5y,

Os Ox 0z
Ip
L __N
92 P
Uy +w, =0,
dp Op Op
s + L + Ewo~ — Nw = ev,Ap +¢€S,.
All the functions being periodic, they admit Fourier series expansions. Hence, for
instance, for u we write

(3.1)

- (k! x+khz
U= E u(khks)e( ! 3 )7
(k‘l,k‘?,)EZZ

where kj = 2rk;/L;. Note here that, by periodicity of w, integration of the fourth
equation of (3.1) yields

L3/2
(3.2) / u, dz = 0.

Ls/2
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In Fourier series, this is equivalent to the condition u, ) = 0 for all k; € Z, which
appears in the definition of the space V. The fact that w is odd in z implies that
Wk,,0) = 0, for all k;. We use these properties in what follows.

We hereby assume that S,, S,, S, are functions independent of time.

With primes denoting 0/0s, we can write the system (3.1) in Fourier modes as
follows

u, + € Z (il ujuy + ilwiw) — v + ikipr = —evy |k [Pug + €Sk,

=k
! -7/ -7/ 112
v, + € Z (tliuu + ilswivy) + up = —ev, |K'|“vp + €5 ks
=k
(3.3) ikipr = —N p,

kjug + kywy, = 0,
P+ ¢ Z (ilyuipr + ilyw;p) — Nwy = —ev,|k'Ppp + €S, k-

jHi=k

The zeroth order system
We now make explicit for our problem the solution of the linear zeroth order equation
(2.17), whose solution will be used later on in the variation of constants formulas
and in particular in the analogue of (2.20). With the same notation as before and
with U = (u, v, p), we have

uy, — v + ik pr = 0,

U; + u = 0,
(34) Zk?épk = —Npk,

P — Nwy, = 0.

For k3 = 0, we have u, 0y = 0, w,,0) = 0 and p,,0) = 0 from the definition of
the space V', so only the first two lines of system (3.4) are nontrivial:
(3.5) — g + ik p = 0,
vy, = 0.

This gives us v(k,,0)(S) = V(k;,0)(0) and (3.5) allows us to express pj in terms of v.

For k3 # 0 we can express the k-component of the diagnostic variables in terms

of the prognostic variables:

N
(3.6) Pk = —@pk,
(3.7) Wy = — O Uy,
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where for notational conciseness we have set
/

(3.8) 5k:%ifkg;&0, and 6, = 0 if &, = 0.
Substituting (3.6) and (3.7) in (3.4) we find:

uy, — vy — 0 Np = 0,
(3.9) vy, +ug =0,

O + 0 Nug = 0.

To solve this system we introduce the following change of unknowns suggested by
the diagonalization of system (3.9). We set:

1 N "

(3.10) M = 5k + ﬁpk = (Vk, k) - O,
where we denoted
(3.11) B = (1+ 52N)"2,
and

- 1 &N
3.12 - (—, —)
(312 *=\5 A
We also define the following vector:

N 1

3.13 7 :(——, —).
(3.13) o 5 B

and we set my = (vk, px) - Y. For notational conciseness we also set
(3.14) My = MYk, Tk = MEQk.

Note that ¢y, = (1,0) and 7, = (0,1) when ks = 0.
Conversely, given my and ny, the initial unknowns can be recovered using v, =

(M, ng) - Ve and p = (Mg, ny) - 5k
In the new variables ug, ng, my, the system (3.9) for k3 # 0 can now be written
as:

u;q - Bknk = Oa
mj, =0,
and this system is easy to solve.

Weak formulation (in the new variables)
We denote by n and m the functions

n(x,z,s) = ank(s)ei(k'lx—i-kéz)’ m(x, z,s) = kak(s)ei(kz’lm—&-kéz)’
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where here and elsewhere ), means the summation over k = (kq, k3) € Z*\{0}.
We also consider S,, and S, similarly defined by their Fourier series. Here we
have set Sm,k = (Sv,k, Sp,k) . :fk and Sn,k = (S%k, Sp,k) . (Ek
As we saw before, m;, o) = 0. This motivates us to introduce the following spaces:

V = {(u,n,m) € (H,,(M))* : UGk, 0) = 0, u, n are even in z, m is odd in z},

per
H = the closure of V in (L*(M))?.

Notice that technically the space V is the same as V but the components play
different roles.
We also introduce the space

(3.16) V, = the closure of V N (H2,(M))? in (ngr(M))?’.

per

We now define the linear operators A, L from V into the dual V' of V', and the

bilinear operator B from V x V into ‘7/2 These operators are the expressions of A
and B in the new variables. With V' = (u,n, m), they are defined by their Fourier

series components Ay, By, as follows,
AV =32, Ay (V)eltrethaz)
B(V, VI;) -3, Bk(V, Vb)ei(k’lx-i-kgz)’
iv = . Ek(v>ei(k’lx+kéz).
More explicitly, for A, we have
|k Pry
AVie = | 1K Pryne + (v, — ) [K PN O/ Bi) (mi, ) - 6 for all k,
K Prymi + K2 (1/ Br) (v, — vy ) (M, i) -
while for f/k. we have
L,=0 for k3 =0,

0 0
Li=(8 0 o0 for ks # 0,
0 0 0
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and similarly for B,

0
By(V,V*) = | i N Ky (g + %) - 6 for ks = 0,
0

)

Here and elsewhere in this paper >.* means that the sum is taken over j, [ in Z2\{0},
for j +1=k.

The resulting system from this change of variables can be written in the form
(3.17) V' + LV =G(V),
where S = (Sus Sns Sm) and

G(V)=—-AV — B(V,V)+8S.

We also define the bilinear forms a(V, V?) = (AV, V"o o and é(V, V) = (LV, Ve o
where V and V" belong to V.. We also introduce b(V, V?, V) = (B(V, V"), Vi o
where V, V* belong to V and V° belongs to V. Writing explicitly the trilinear
form b we find:

bV, VP, VR =iy (1 — 1y ujuguj
iy (= 1)y (73] + ) - (i + 7).
Here and elsewhere in this paper, > ° means that the sum is taken over j, [, k, for
j+l+k=0.
The variational formulation of the problem in the new variables now reads:
Given t, > 0 arbitrary, V; GfI and S = (Sus Sny Sm) € L0, t,; H), we look for
a function V' from (0,t,) into V' such that

d - N s
(3.18) (V. Vg +a(V, V) +b(V,V, V) +e(V,V°) = (S, V"), VV' eV,

and

(3.19) V(0) = V.

The first order system
We write the full nonlinear system (3.3) in terms of the new variables.
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For k3 # 0, the system (3.3) in the new variables reads:

— Beng = —ev|[K|Puy, — zsz — 150, )uju; + €Sy, k,
/ 12 P 0N Y
ny, + Brur, = —ev, |k |*ny, — elK'|* (v, — uv)ﬁ—(mk,nk) - Py,
k
(3.20) —ie 30 — 8,y (T + ) - B+ S,
1 Ed
My, = —evy |k [Pmy — €|k"|2(’/p - Vv)ﬂ_(mlﬁnk) - O
k
— zsz (17 — 150 u;(my + 1) - A + €S, k-

For the case k3 = 0 we note that v = 0 and m; = 0 because of the definitions of
the spaces.

Study of the new variational problem

We can see, after some elementary computations, that @ is a bilinear and coercive
form on V, so it remains to prove the properties of b.

Lemma 3.1. The form b is trilinear continuous from V xVyxV toR and from
V><V><V2 to R, and

bV, V", V) =0, VV eV, VYV eV,

bV, V', VH = —b(V,VEVY) YV, V. VeV, withV’ or VieV,.
Furthermore:

(3.22) BV, V VA < eV [V VO [ VA VA
for all V, V* in V and V' in V.

(3.21)

Proof. To prove the continuity of the bilinear form and (3.22), we estimate for
example the second term of b(V,V’ V*#), the estimates being similar for all the
terms:

P (1 = 1)y (] + 73) - (1, + 7))
<SG (g + g (] + )

S/ mnens AM < 1|2 |n2|pa|ns| s

1/2

1/2, 172 1/2

< ezl mel i n2l g Imsl 2 |3l

< V]| VPRIV RV IVE
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here we wrote:
mo= Y 1 lule’ ™y =15 (jml] + [0 ])e ),
J j

m = D (] + [ e

J

It remains to prove the orthogonality property (3.21). For V” = V* we have:

DV.VP V) =0y (1 — laduguind,
Y (1 — U8 uy (7] 4 72 - (178, + 7).

Interchanging k& and [ and adding the resulting equations to (3.23), we find:

(3.23)

]

b(V,V*, V) = 5 Zc[l/l + Ky — (I + k3)d,)ujuuj,

7 c . B ., .,
+ 5 2 [+ K =l + BTy (7] + ) - (7 + 71)
=0.
We have used here the fact that
-/
i+ K = ()5 = = + Gy = 0.
3
O

Remark 3.2. Because of the algebraic way we changed the variables and the con-
servation of the properties for the linear and bilinear operators, we have exactly the
same result as Theorem 2.1 for the new system.

3.2. The Renormalized Equation. Existence of Weak Solutions. We turn
now to the renormalized system [the analogue of (2.24) for (3.17)],
v - o
(3.24) T +A.(V)+ B.(V,V)=S5,.
The computation of A,, B, and S, is given in Section 5. Tt is established there
that a,(V,V*) = (4,V,V¥); o is a bilinear continuous form in V' satisfying

(325) &T(V,V) Z 01H‘7H27

and that b,(V, VE, V?) = (B,(V, V), V") o is trilinear continuous on VxVyxV
satisfying

(3.26) b (V, V,

<

) = 0.
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The variational formulation of the renormalized problem (3.24)
Given t, > 0 arbitrary and o ~
Voe H, S, € H,
we look for a function V' from (0, t,) into V', such that, for every test function
Viev,

(3.27) (%V, vﬂ> +a,(V, VO +b.(V, V, VF) = (S, V¥,
with
(3.28) V(0) = V.

As usual, in order to solve this problem we need to obtain some a priori estimates.
For that purpose, for arbitrary fixed ¢t > 0, we set V¥ = V(¢) in equation (3.27).
Taking into account the coercivity (3.25) and orthogonality (3.26) properties, we

obtain
1d

Sl VB cllVIP < (5, Vie < VIR + €ISl

This gives
d B s
Applying Poincaré’s inequality (2.6) we find,
d _ _ _
(330) E|V|%2 + 0100|V|%2 S 2CII|ST|%2,

and, using the Gronwall lemma,

201

(3.31) |V(t)’2Lz < e—clcot|v( )|L2 + ‘S |L2( . —coclt)'

This bounds V (¢) for all ¢ by its initial data,

_ 2,
V()72 < [V(0)7: +— IS 720

Eq. (3.31) also gives us a bound on V/(¢) 1ndependent of the initial data: Setting
3 = (2¢)/coc1)|S,|22, we obtain by classical computations (see e.g., [20]) that any
ball B(0,7}) with rj > 7y is an absorbing ball and that |V (¢)2, < r}? for all
t > to(|Vo|r2)-

Using the previous estimates and the Galerkin method we can establish the ex-
istence of weak solutions of (3.27) and (3.28) exactly as for the original problem

(Theorem 2.1):
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Theorem 3.3. Givent, >0, S, € H and Vy € H, the problem (3.27)—(53.28) has
at least one solution B _ _
Ve L™®(Ry; H)NL*0, t,; V).

3.3. Strong Solutions for the Renormalized Equation. We derive the appro-
priate a priori estimates. Setting V* = AV/(¢) in (3.27) with ¢t > 0 arbitrary, we
find:

1d, - _ S ~ _
(3.32) STIVIZ+alAVE. < BV, V, AV)| + IS + AV [,
Bounding the trilinear form on the r.h.s. using Lemma 5.1,

1b,(V,V,AV)| < 26|V 2V |AV[3S

L2 L2
we get
Id -9 — 12 1 1/2)11 13/2 | &2 CLy AT 2
S IlVIP+alAVIE < 26|VILIVIIAVIE + ¢Sz + 1AV
_ _ ~ 1 _
< AIWVILIVI®+ IS + S 1AV,
or
d - _ _ _ ~
(3.33) FIVIP + el AVILe < 2|V L[V + 2655 7.

Existence follows from applying the classical Gronwall lemma, giving us a bound on
Vin L>(0,t,; HY).

A bound uniform in time is obtained in the following manner: We pick r > 0
arbitrary and integrate (3.29) from ¢ to ¢t +r with ¢t > 0,

t+r _ _ _
(3.34) cl/ V(NP A < rey| Sl + [V(8) .
t

This and the fact that [V|2 is bounded in L*°(R.) allows us to apply the uniform
Gronwall lemma to (3.33) (as in [20]). Computations similar to those in [17] give us
estimates uniform in time and we have that ||V|| is bounded in L>(R,).

Integrating (3.33) from 0 to ¢, we obtain a bound of V in L2(0, t.; VN(H2,.(M))?).
For later purposes, we note that integrating (3.33) from ¢ to ¢t + r gives us

t+r 5 B
(3.35) / AV E)adt < k(r, 5,), ¥t > t2(|Tole, ).
t

These a priori estimates give the following:

Theorem 3.4. Given S, € H and Vy € V., the problem (3.27) has a unique solution
(3.36) Ve LR V)N L0tV N (H:.(M)®), Vi, > 0.

per
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Remark 3.5. (i) Uniqueness in Theorem 3.4 is proved in a classical way.

(ii) The proof Theorem 3.4 for the renormalized system (3.24)—(3.28) is simpler
than for the original system (2.7) due to the fact that the analogue of (3.33) for the
latter is of the form (see [17]):

d
(3.37) FIUIP +alAUL: < 4|AUT (U] + &V,

which does not lead immediately to the appropriate estimates in L>(0,¢;; V). The
difference between the r.h.s. of (3.34) and (3.37) arises because the renormalized
system does not contain problematic terms that are present in the original system.

3.4. More Regular Solutions for the Renormalized System. It is desirable
to establish the existence of more regular solutions for the renormalized equation.
We do this by induction. For simplicity we take the forcing S independent of time
and S, Vo €N, Hggr.

Suppose that for a fixed arbitrary m € N, m > 2, we have

Ve L®([Ry; VN (Hy ' (N))),

per
t+r B

/ V()R dt! < Ko,
t

for all t > tm_l(\_/o), where by K,, we denote as before a constant independent of
the initial condition.
We seek to prove that

(3.38)

Ve L®(Ry; V N (H™, (M),

per
t+r
[ VOB < Ko
¢
First we derive the a priori estimates: We set in (3.27)
Vi=A"V() =Y K] Vi(t) e,
kez?
with ¢ > 0 fixed, to get
1d

S VB calV B < (V. V, APV 4 1(5, A™V)sa]

(3.39)
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We estimate |b,(V,V, A™V)| which, using (5.29), reads
(3.40)
BT(V, V V Z k?/ |]{3/ |2m lu] — Uln]) k@gl . ng

J3750 k3=
=01

i e 7z
e S RPE — tyanmdy — S LK PR - G

Jsl3k3¢0 j37#£0,13=0
Bi=Bk B=PBk
/L. C S — ’[/ C - — —
3 Z K/ (1) — 130;) @y muminy - ox + 5 Z AR RN
Jalaks#0 j37#0,13=0
Bj=ﬂk B;=0%
+5 Z KPP (Iy — 1365) (utay — 7ot )imgdy - g
313k37é0
=0

The first term of (3.40) is bounded as:

Z k;’ RSP (gt — )i & - Ok

337&0 k3=

ﬁj:/@z
C
< Y R (ml ]+ Ryl | ng
j3¢07k320
Bi=0
C .
<dy Yo (mllag] + gl el (15 + 11 E
j37é07k3:0
Bi=B

IN

Cé/ qlqzqde+CQ/ 3 q1 ¢5 AM
M M

clailralaalLalgsl e + &laslz|qalpalgs| e

Al a1 gl el s 2 + ¢ las|2]aal
1/2 1/2 3/2

AV EZIVIMAV e V32,

where we wrote:

a= Dl = Y e, = fally e,

IA

1/2 1/2 1/2 1/2

llgs]l

[lgall™/"las 2

IN

IN

jEZ2 JEZ2 JEZ2
a=S [nllf|me @, g5 =3 Jale= ),
JEZ? JjEZ?

Estimating similarly the other terms, we finally obtain:
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Lemma 3.6. There exists a constant cz > 0 depending only on Ly and Ls such that,
for all V in V 0 (H>™(M))3,

per
(3.41) b, (V. V,A™V) < e VIV 2V V s
Returning to (3.39) and using Young’s inequality, we find:
1d ; P e
5 g7Vl + alV s < csl VIV VIV g VI +1(Se, A™ V) e
C1 . — ~ _ _ _
< §1|V\12qm+1 + IS [fmar + VLV 30 [V i,
or
d _ 3 U
(3.42) 3Vl + elVIzmer < 26180 fpmos + 265 [V L2 |V i [V [z

Applying the classical Gronwall lemma to (3.42) we obtain estimates in L>(0,¢,; H™)
for all ¢, > 0, with the bounds depending on the initial data.

Bounds uniform in time, V € L®(R,; H™), can be obtained by using the induc-
tion hypothesis and applying the Gronwall lemma to (3.42). The bound thus ob-
tained is independent of |Up|,, when ¢t > t,,,(Up) but the bound of V in L>(0, t,,(Up);
H™) depends of course on |Up|,.

Applying classical methods (see, e.g., [11], [20]) to the above a priori estimates,
we find:

Theorem 3.7. For any m € N, m > 2, given Vo € (H™ (M))? N V and S, €

— B per
(H:H(M))PNV, there exists a unique solution V' of (8.27) in L=(R.; (H%.(M))?).
4. FIRST-ORDER ERROR ESTIMATES

We introduce as in Section 2 the first-order approximate solution V!(s)

(4.1) Vi(s) = e HV(s) + eGup(V, 5)).
Here V(s) is the solution of the renormalized equation,
dv .
- = r V )
(4.2) ds £Gr(V)
V(0) =VW.

Our aim in this section is to compare the approximate solution V1(s) to the exact
solution V(s), which satisfies

v -
(4.3) T TV =),

V(0) = V.
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The notations we have used are as follows:
G(V):=—-AV - B(V,V) + 8§,
G(s,V):= eisg(e_EsV).
The resonant and non-resonant parts of G(s, V') are defined as in (2.21),
(4.4) G(s,V) =G (V) + Gp(s, V),

and the primitive Gy,,(s, V') of G, (s, V) is defined as in (2.22).
Denoting the error by

(4.5) W(s)=V(s)—V(s) = e’Si[V(s) + eGnp(V (5), 8)] — V(s),
we find after straightforward computations that it satisfies:
dw

(4.6) - LW + AW + eB(W,W) + eB(VY, W) 4+ eB(W, V') = £2R.,
W(0) =0,
where
R. = —/Nle_SEan(s, V) — B(e‘s£\_/, e_Sian(s, V)
(4.7) — B(e L Gp(s, V), e LV) — eB(e L Gp(s, V), € LG oy(s, V)
— e_SEVVan(s, V)-G.(V).
We take the scalar product of (4.6) with W in (L?(M))? and, using the coercivity
and orthogonality properties, we obtain,

1d ~
(48 §£|W|22 +ecy|[WE < elb(W, VY W) + €|(Re, W) 2|
< elb(W, VEW)| + 2co| Re| 2 |W | 1.
The first term on the r.h.s. is bounded using Lemma 3.1,

(4.9) bW, VI W) < W VIV W

12 H1 H?2 Hl
applying Young’s inequality to this and to |R.|2|W g1, we find:

d
(4.10) Wi +ea Wl < &% |Refjz +ec WLV iV .

It remains to estimate R, and V1.
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Estimates for R.
We start with

[Reliz < el Cop(V. )l + le™ Vo Gup(V, ) - Go(V) 12
(4.11) T [Ble ™V, e Gy (V. 8))|ie + | Ble*Gup(V,5), V)12
+e|Ble ™ Gp(V, 5), Gup(V, )| 12
Note that since the eigenvalues of the matrix Ly, are purely imaginary for all k € Z2,
(4.12) e BV < V],

where here | - | denotes the usual Euclidean norm in R3.
By arguments similar to those used in the proof of Lemmas 3.1 and 3.6, one can
show that, for all p € N,

(4.13) BV, V) ar < calVigeea [V | goea, YV, V2 € VN (HEE (M),

Using this and (4.12) in (4.11), we have

|Relr2 < c|Grp(V, 8) |2 + 264 [V 2| Gup(V, 8) |2 + €4 |G (V' ) 2
+ | VyGup(V,8) - G (V)] 2.

To continue we need to estimate |Gy, (s, V)|gz and |ViGop(s, V) - G(V)| Lz

Estimates for Gp,(V, s)

We recall from Section 5 that G,, = A, + B,, + 5’7“ with fln, B, and S, being defined
in (5.17), (5.23), (5.25) and (5.26). To estimate

(5, V) = / (s, V) ds,
0

we shall need to bound terms of the forms:

(4.14)

esa,@j -1
4.15 L) =—F—;
( ) 1( ) a’ﬁj
es(a15j+azﬁl) —1 6 ﬁ
4.16 L(j,1) = , where 3; — 0,
( ) 2(J,1) a1 + a2 ’ 7
es(alﬂj+azﬁl+a35k) — 1

1B+ aofl + azf |
In these expressions, the as can take on the values of 4+i and the (s are real and
not less than 1 [cf. (3.11)].

We now obtain bounds for the denominators in (4.16) and (4.17). It turns out
that, provided that the Burgers number N does not lie in a set of measure zero,
18 + aof + a3 # 0. Similarly, it can also be shown [cf. Sect. 6.2] that, when N
lies outside a small set, the denominators can be bounded from below.
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I,(j) is easily estimated:

asfi _q 2(1 — cos s3;)
4.1 LG) =< ’ - 2
(4.18) 111(5) B 3, <
To estimate I5(j,1), 5; # (i, we distinguish two cases:

(i) For oy = ap, we obtain |I(j,1)| = 2/|8; + G| < 1.

(ii) For a; = —a9, we need a bound for 2/|3; — 5|. We assume without loss of
generality that 8; > (;; writing N’ = N?(Ls/L;)* we find,

’ ﬁ' - B B — 67 N'(j1/js)2 = N'(L/ls)> ~ N'j 2l2 J3l3 Jsts

ﬁ(ﬁy + 37315 < ,(\/1 + N'(j1/js)? + 1+ N'(L/15)?) 4315
< e(N)|j P[P

To estimate I3(j, k, 1) we also consider two cases:
(i) All o; have the same sign, which immediately leads to |I3] < 2/3.
(ii) a1 = g = —ag, for which we compute
2

) < 185 + B — Bl
_ 2|(8; + B+ Be) (=85 + B+ Bi) (=B + B + B

[(Bj + B+ B)(B; + B — Be) (=B85 + B + B) (85 — By + B)|
_ bl
B

where
J1 =208, + B+ Be)(=5; + B+ Be) (=B + B; + Br) Jslsks,
Jo = 3j3lsks + 2N'(jRlsksgs + Bl3jsks + KPk3j5l3)
N/2<2j%j§l%l3k3 + 2] 32,k2ksl4 + 2l253k2k3]3 - ]1l3k3 - ll]BkS k1]313)
Setting
o1 = 2]1]2l213k3 + 2]1]§k2k314 + 2l2l3k2k3]3 jflgkg k1j3k3 k glga
oy = 2(jilsksds + (11375 ks + kik3jsls),
03 = 3J§l§k§ )
we need to estimate 1/|N"?oy + N'oy + o3| For this we recall from [19]*:

2Pointed out to us by Yann Bugeaud (personal communication).
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For any 6 > 0 and for almost all v € R, there exists a constant K depending on
v and & such that

(4.19) [v*q +vp + 7| > K (v,0)(lal + lpl + [r))"®*, Vp,q,r € Z.

For the convenience of the reader, we provide in Section 6.1 an elementary proof
of a weaker result in which the power 2 4 ¢ is replaced by 3 + 4.

Choosing N’ such that (4.19) holds (almost all real numbers satisfy this property),
we estimate [3 as:

(420)  |L] < LK, 8)(Jon] +loal + o3l < KV, 8) |2+ [1]2+40 ]2+

We note that this result implies that the denominator oy 3; + a5 + asfy in (4.17)
is never zero for almost all N’ € R.

We are now ready to estimate |Gy (s, V)|x2: Taking into account (5.14), (5.16)
and (5.17), we see that A,,(V, s) only contains terms of type I; and we have:

A (5, V)2 < & [ (LK) K Plmg )21+ K222
(4.21) + [ (L) R P(aw] + k)2 (1 + [K]2)%])
<c |‘7|H4 .

Next, we estimate B, (s, V). From (5.23) and (5.25), the most problematic terms
(imposing the highest regularity on V') are those which, after integration, are of type

I3. We only estimate the typical term M; 5 ,, (see Appendix for details on M 2 ,),
which we bound using (4.20):

a,k B ~ o /
S B (0~ 158)) X (V) Koy (V)50 < 1 >

’_i
8j3l37é0
1/2
< (N, 0) | 3 15 0 P (| g ) (] + )1+ )2

< (N, 0) lgi|mavas < e(N',0) |q1[fpracas < (N, 0) [V [fparss,

H2

where g1 = Y. [5/[®T(|uy| + |n;[)e0i7+52) and we have used |I] — I5(j1/j4)] <
VA4S

We can now write
(4.22) ]Bnp(v, $)| 2 < C(N/,é)“?|§_127+85.

Finally, noting that, . .
|Snp|H2 < |S|H27
we obtain the following estimate:

(4.23)  |Gupls, V)2 < ex(N',8)|V]is + c2(N', 8)|V [Frarsss + c3(N', 8)[ S g2
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valid, as (4.19) tells us, for almost every N’ € R.
Estimates for |V Gp(s, V) - G (V|12
We consider the bilinear form
B (s,V,V?)
Bup(s, V.V = | BO)(s,V, V) |,
B (s, V., V%)
whose Fourier components are:

For ks = 0, B,) (s, V,V#) =0, B, (5,V,V#) = 0, and

~ ik} ak
Bnp k( v Vﬁ Z II a1 7 V>mﬂ/l ¢k
33l3¢0
Zki OL,]{Z . — ﬁ - —
+— Z ]2(j7 Z)O@Xoél,j(V)Xaml(V )gbl “ Ok,

Jal3#0
a1Bj+az8,7#0

For ks # 0:
- - MFE,, (s,V, V)
 _ 1,2,np\=» ¥ >
Bnp k(S’V7 v ) (M?lf,np<s7 V7 Vﬁ) 7
where
_ 7 ok ) _ 1
M V7 = £ 5 B RE = 156 Xa0 (V)X V) ()
8 Qaq
Jals#0
1 ak . _ - 1
S RGO - )X (Vi (L)
Jals#0
a15k+a25j760
b5 X RO = )08 X 5V X sV ()
J3137£0
1 a,k . _ - - 1
F O B B X (Vi 6 (_al),

13=0
a1 B +azB;7#0

25
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_ a,k . _ -
MZlinp<S7 va Vﬁ) =35 Z [l(.])l/IXahj(V)n?gbl * Yk

13=0
7 a,k ) _ L.
+52. (=B 00) Xay;(VImii -
Jals#0
7 a,k . _ -
+ Z Z IQ(j’ l)<l/1 o lé(sj)a?X@le(V)Xaz,I(Vﬁ)@ *Vk-
Jalz#0

a1 B +azfi#0
Since Gp(s, V) = App(s, V) + Bpy(s, V) + Sy, we have
VGV, 5) - Gr(V) = Vg Aup(V, 8) - Go (V) + Vy Bryp(V, 5) - Gr(V)
= Aup(Gr(V), 8) + Bup(V, Gr(V), 8) + Buyp(Gr(V), V., 5).
Using the same type of argument as before, we have the estimates:
|[Anp(Go (V) )|z < €|Go(V)] 2,
Bup(V, Gol(V), )|z < K(N', )|V garsss | Go (V)] v,
BuplGr(V), V', )|z < K(N', )|V |55 | Go (V) orss.
We bound G,.(V) = —A.(V) — B.(V, V) + S, using
Slim < 1S am,
1Bo(V, V) < el Ve,
AT i < €]V,

for all m € N. Finally, we find:
(4.24) Vi Grp(V, 8) - Go(V) 2 < K(N', 8, |V | p2osss, | S| prarsss).

Putting the estimates we have just derived into (4.14), we have
(4.25) |Relrz < K(N', 6, |V |poorss, |S]garess).
Using Theorem 3.7, we can write this in terms of the initial conditions:
(4.26) [Relis < K(N',6, [Volavsss, S pgaoses).
FEstimates for W(s)
Note that V(s) = e[V (s) + eGop(s, V(s))] has been bounded by (4.23),
(4.27) V()| g2 < K(N', 6, |V|pzrsss,|S|2), Vs >0,
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or, using Theorem 3.7 again,
(4.28) V() |g2 < K(N', 6, |Vy| garsss, | S| osss), Vs> 0.
Putting this into (4.10), we have

d
(429) &’W‘%z + 801‘W’?{1 < 82l€1 + €/£2|W’%2,

where k1 and ky are constants depending on N’, 6, |V|yz2e+ss and |S|pzs+ss. The
desired bound on W (s) follows from this using the classical Gronwall lemma:

(4.30) W (s)[22 < 2L esm2s V5 >0,
K2

Taking 6 = 1/8 and collecting the results in this section, we have the following:

Theorem 4.1. For any L, and Lz, and for almost all Burgers numbers N € R,
given Vy € (HX.(VM)* NV, and S € (HZ.(M))* NV, the difference between the
solution V' of the original system (3.20) and the approzimate solution V' given by

(4.1) satisfies
(4.31) Vit) = V()2 < e, Vit >0,
where k' and k" are constants depending on N, Ly, Ly, Vo and S.

Remark 4.2. We can redo the above estimates, using the bounds on I3 given in
Appendix 3 instead, to arrive at the following:

Theorem 4.3. Let y > 0, Ly and Ls be fived. Take Vo € (H'L(M))> NV and

per

S € (H9(M))> N V. Then there exists a set ©4(Ly, Ls) having a Lebesgue mea-

per

sure mes ©% (Ly, L3) < u such that, for all Burgers numbers N ¢ ©%5(Ly, L3), the
difference between the solution V' of the original system (3.20) and the approzimate
solution V1 given by (4.1) satisfies,

(4.32) V() — V(1) [2 < 26/e"™, Vit >0,
where k' and k" are constants depending on N, L1, L, p, Vo and S.
5. APPENDIX: DERIVATION OF THE RENORMALIZED EQUATION

Following the algorithm briefly explained in Section 2.2, we start by solving the
linear system obtained from (3.20) by dropping all order-¢ terms (zeroth order ap-

proximation).
For k3 = 0 we find:
(5.1) U(kl,o) = 0, m(kho) = 0,

and nj, o = 0 which implies that n, 0)(s) = nk.0)(0).
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For k3 # 0 we find, as we already saw, the system (3.15):

- ﬁknk - 07
(5.2) ny, + Brug = 0,
mj, = 0.
Setting Vi = (ux,nk, mg), this system of ordinary differential equations can be
written as
3 B 0 =B 0
0 O

Its solution is Vi(s) = e~k V4 (0); with

- 1 a _saf
e shk — (22 % *Ra (1)) where

-« 1)

and a = +1, we have explicitly,

1 5O e3Pk (uk — any 0)
(5.4) Vi(s) = 5 2" e (uk — any(0))
Denoting X, (V) := ux — ang, (5.4) reads

ur(s) = 2Za e* % Xy £(Vo),
(5.5) n(s) = 3% ae® X, 1 (Vo),
) =

my(s) = my(0).

Here and throughout this paper, Y ¢ always range over o = =+ ; similarly for «;.

For the O(e) approximation, we need to separate the r.h.s. G(s,V) into its reso-
nant and non-resonant parts,

(5.6) G(s,V) = eLG(e™*LV) = G, (V) + Gu(s, V),

and then compute the primitive Gy, of G,. As usual, we analyse separately the
cases k3 = 0 and k3 # 0.

The case ks =0
In this case, the equations of motion (3.3) read
U = 0
(5.7) nj, = —ev, |k [*ny, — 5@2 ks (my 4 i) - Gk + € Sk

mk:O,
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where the superscript & in Zk means that it is taken over j + [ = k with k fixed.
Since here the fast linear operator vanishes, L, o) = 0, we have

BSikSk == Sk,
(5.8) {eslede™sIny, = Ay = A,y
{eB B(e IV, eIV by = Bi(e *IV, eIV,

The u and m components of By, vanish, so we only need to compute
(5.9)

(1 . k N — —
Bl(c )= ZZ kyws (muy + ) - o
k a2 — aq )
= ik Z [ml(oﬁl +3 Z Xaz,l(‘/())a265a2ﬁl¢li| [% Z Xal,j(Vo)e“”ﬁJ].

The resonant part (i.e. the s-independent part) of this expression obtains when
a18; + az8 = 0, which only happens when o; = —ap and 3; = [ ; this gives us,

~(n Zk/ a,k
Bﬁ,k)(v’ V) = jl Z aX (V) Xai(V)r - b

iy
(5.10) o
@/{;1 k S o
=— > (mu; —nju)gr - di .
Jalz#0
Bi=0

The non-resonant part of B,(Cn) is,

H(n Zk/ Oé,k sa . - —
Bs V) =5 0 e X, (V-
( ) Jals#0
5.11 ik ok o
+ Il Z 6S(a1’8j+a251)042Xa1,j(V)Xag,l(v>¢l . Qbk )
Jal3#0

a1Bj+az8,#0
The case ks # 0
We begin with the linear operator Ay [cf. (3.20)],
K v
(5.12) AVi = | K Prgni + (v, — v)|E' 2N/ Be) (mues ny) - b |
K Prrym + K2 (v, = v,) (1) B) (m, i) -
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which we split into its diagonal and off-diagonal parts,
ALVe = v, |K PV,
0
Ao Vi = [ [K2(v, — vy) (N / Be) (s, i) -
K2 (v, — o) (1/ Be) (i, k) -

Since fll,k is diagonal, it is completely resonant. To find the resonant part of Azyk,

(5.13)

we compute, using Vj = e*Lr 14,
1 e 0
i agtie= (22070 0) (WP, = )0 ) ) -
’k,|2(yp - Vv)(l/ﬁk)(mlﬁnk) : (bk
v,—v

(5.14) s 5 s Zaa’k/F(N(Sk/ﬁk)(mkank) e

1%

= p ; v, ZO‘ ‘k/|2(]\f§k/ﬁk)(mk7nk) ) (Ekesaﬂk
B2 (v, — 1) (1/ Bi) (M, ) -

Continuing the computations for esLn flg,ka, we obtain:

(5.15)
Vp_yv ,2N5k 1 N(Sk saaf3 sa1f3
k X 2Pk 1Pk
5 E o | K| [mk(o)_ﬁ 28, E 2 Xy 1 (Vo)e*** ] e
VP_VU /2N5k 1 N5]<; sa,@ sozﬁ
k. X 2Pk 1Pk
1o 1 1 N6 o
(v, — v,)|k |2—[mk(0)— —k § : aX o (Vo)es o]

B O

where (5.5) has been used for the last equation. Using the fact that >% X, (Vo) =
2u(0) and > aX, (Vo) = 2nk(0), we obtain from the last expression the resonant
part of Ayg:

— v,
. |k/‘2(N5k/6k)2uk

(5.16) {AarVhe= | Yo=Y 2 vge 1602

(v, — V) [K'[*(1/ Br) e
The nonresonant part of A, is then
(517) AQ,n - AQ - AZ,r .
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Next, we treat the bilinear from B:

(5.18)
~ - - l a _saf _ - _ k
Py, v = (22 ) Bt et = ().

3

where we denoted by ]\41'C , the u and n components of the resulting column and by
M¥ the m component. We have

I sap N 1
My, = 52 ey (I — 15 uju (_a>
(5.19) . k o
+3 > ae P (U = 158, uy (i + i) - G <_a> ,

or, using (5.5),

i ak s(a a2+ 1
My = S e 50X, 00 Xon (V) )

—a
Jalz#0 !
i ok s(a a3 = z 1
+7 e (APt (11 — 16;)an Xy, (Vo) mu(0)7: - o (_a1>
J3l3#0
) o,k - o
+ %Z 6s(mﬂk+azﬂj+aaﬁz)(l'1 _ l§5j)041043Xa2,j(%)Xag,z(%)¢k .o (—1)4 >
J3l3#0 !
v ok s(a a3 Y 1
b e X (a0 -6 ().
l3=0
The resonant part of this expression obtains when o5y + a28; = 0 (implying that
a; = —ay and f = f3;), or when a4, + ao3; + asff = 0. As shown in Section 4,

the latter scenario does not happen if the Burgers number N lies outside a set of
measure zero. Assuming the generic situation, the resonant part of Mf2 is

17 a,k 5 . 1
My, = 2> (1 = 156)aX o (V)mugy - 7 (_a>

4
i
(5.20) e . X
VA «, — —
+7 > T haX o (Vg - é (_a) :
I3=0
Br=DB;
After some elementary computations we obtain:
ik B g Lo
(521) Mﬁr = —5 Z (lll — lgéj)njmlqﬁk M 5 Z l’lnjnlgbk . gbl,
J3l3#0 13=0

Br=08; Br=0;
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(5.22) My, = 5 > (1 165 ugmudy - A + 3 > gy - é.
Jals#0 13=0
Br=0; Br=08;
Similarly, the nonresonant part of MﬁQ is
(5.23)
i ok s(a a3+ 1
Mlk,Q,n _ g Z es(@1BrtazfBi+ 351)(1’1 — lé(%)Xaz,j(V)XaS’l(V) (—a1>
J3l3#0
Z' ok s « « g N 1
+ Z (Castecli) (1 — 136;)an X, 5 (V) mugy - 7 (_al)
Jals#0
o1 B +az2B;#0
4 ae.k sa a2 e} g z 1
+ g Z (01 Br+aeBj+asf) (l _ l/5 )Oleé3Xa2,j(V)Xa3,l(V)¢k . ¢l (—al)
Jalz#0

) ak s(a a20; ) b !
vl Z BBl oy Xy s(VIMudy - (—al) '

13=0
a1 fr+azBi#0

We turn now to the m component of M,

k -
MY = ZZ (I = 1505 )us (myy + ) - i

= Z e X, 5 (Vo)mu(0)ér - i

l30

+ 5 Z 15 (1 — 145) Xy 5 (Vo)mu(0) - Fi
Jsls#o

[ ok s(a18;+as -
1 Y eIl gy — 6 as Xay, 5 (Vo) Xas, 1(Vo) b - T,
Jal3#0

where we have use (5.5) for the last equality. Its resonant part is,

'l. ayk — R

Mg, = 1 E (= 10X o j(V) Xa i (V)1 - T
]'5137;0
=Pl

(5.24) = Z ) (ujmg — njul)(gl Ve
J3l37£0
Bi=B
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while its nonresonant part is,

7 -

a,k ] .,
M??n =35 Z ealsﬁ]l/lXal,j(V)n(ll,o)@ * Yk

2
13=0
i ak a180; -
(5.25) + 2 Z e (1 = 1307) Xy, ; (V) - T
. Jals#0
7 a,k o .
1 > eleire®ay = 136;) Xay i (V) Xaga (V)1 - i
Jals#0

a1 8j+az3,7#0

Finally, we compute

a S,

- 1 saf3 u,k
{6L85k}k: _ 3 Z e kaa 0 Snyk

0 1 S

3 Za "k (S, + Sy k)

= _%Z esaﬁkOZ(Su,k +aSn,k) ,
Sm,k:
whence we find:

0 LN e (S p + aSin)

2
(5.26) Sop = So and S = | 13" e Bha(S, 4 + aS,)
m,k 0

The renormalized system
We have now computed all the terms in the renormalized system,

dv. -~ ~ >
written here in the slow time ¢. Explicitly, we have in Fourier modes for k = (k1,0):
duk
—*_9
dt ’
dmk
—* _,
(5.28) dt
dnk 2 Z k — —
5 = — v,k M, 0) — 3 Z Ky (nguj — njug)dr - o + Sn k-

Jals#0
Bi=B
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For k3 # 0, we have

dug v, N252
ke —v, |k [Puy, — ]k’\z 7 ug + = Z (I, — 18, nmi, - o
33137’50
/Bk Bj
Z’ k ’ — —
t3 PRACTIE
I5=0
Br=B;
dny V,=Vy o N262 i Nk -
—= = = WP — L K Py — 5 Y (1 — B umudy -
d¢ 2 B 2
Jal3#0
Br=0;
FR— L
5 Z lugmey, - i,
I3=0
Br=0;
dmk 1
T — v, [K Py — (v, — ) [K )23
k
-3 Z (17 = 1505) (ujng — njw) i - Vi + S, k-
J3137’50
Bi=B

Properties of the renormalized system

As mentioned in the Introduction, the renormalized linear operator A, and bilinear
operator B, in (5.27) enjoy some properties of their original counterparts, as we now
show:

a(V.V)=(AV, V)y
=%2:|/<5’|2|nk|2+%2:|/~ff'|2|7~wc|2
Z|k/|2 k‘u ‘2 Z’k/|2 k‘ k‘2
1, Zlk’\ [l + (v = v, Z!k |2 2’mk|2

After some elementary computatlons we have
a,(V,V) = min(vy, v, )([ull* + [nl* + [|m]]*),

thus proving the coercivity of a, in V.
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We turn now to the trilinear form (~) (V, VP Vﬂ) = <B (V, Vb) Vﬁ>f/ Vo
(5.29) b (V, V", V) = Z K (nfu; — uing)nkd - G
]3750 k3 0
Bi=0B
— = Z — 156;) ukn]mlgbk ol

Jslsk‘:a#o
B =Bk
1 c

Y30, 13=0 313k3750

=0 B =0k

7 c c IR
+§ Z 1%%”1@51 ¢k+2 Z (I = 5/5)(%”? U?”j)mi%'@-
J370,13=0 Jalsks#0
=0k =01

Interchanging k& with [ and using the elementary relation

I+ K — (k3 +13)(51/93) = —j1 + J3(41/73) = 0 (since j + 1+ k = 0),
we now compute

(5.30)
7 Z C - - Z C
b (V, V', V) = 5 > Ly — wpn)njdn - oy — 3 > (= B unmiF - o
J37#0,13=0 Jalzks#0
B=0% B5=B%
Z’ C — — Z C — .
—3 > bnjuinién- o+ 3 > (1 = 16 uyming oy - A
J37#0,13=0 Jalsks#0
=0k i =0k
1 c -
t3 > Lumini - é+ Z 30;) (nju; — ngud)ymj.du - Fy
J3#0,13=0 3l3k37é0
B3 =Bk Bi=Bk
= Z <l’ + K — l’ jl —|— ks jl)(uln] w;ndymigy - Y = 0.
Jslsks?éo J3

/83 —ﬂk

We have thus proved that the orthogonality of b(V, V¥, V) is preserved in the renor-
malized system.

Lemma 5 1. There exists a constant c; > 0 such that for all V. = (u, n, m),
VP = (’,n’,m”), Vi = (vf, nf, mb), with V, VE € V and V’ € V5, we have

|b (V Vb Vﬂ)| < CQ||V||1/2|AV|1/2|Vb l/2||Vb||1/2|Vﬁ| 9

(5.31)
+ eV IV I AV 2V 2,
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(5.32) b (V. V2 VA < el VIV V-

Proof. We need to estimate each term of b,.(V,V? V). In order to facilitate the
computations we write:

w= D e Ry = BT e,
J=(j1,J3)€Z? j=(j1,js)€Z?

and similarly for n and m. We estimate |I} — I5(j1/7%)| taking into account the
summation conditions 3; = B, < |j1/74| = |k} /k5|: When ji/75 = ki /k}, we have
from j+1+k = 0 that |[I{—15(71/45)| = 0. When ji /7% = —k|/k}, we write j; = —ski,
Jb = ski, and using j + 1+ k = 0 again we have |I5 —I5(j1/75)| = 2|k < 2(|7'|+ [I']).
We also have [k} — k(j1/73) = 2|k < 2(]5'[ + [I'])-

We can now proceed and estimate |ET(V, VoLV

’ C (b b f Tz
2 Z k(nju; — wyn;) Mgy 0) Pl Pk
7370, k3=0

Bi=0

C .
<c > (wlingling] + InglluglInED (15’ + 1))
J3#0,k3=0
=01

< c/ upnnt dM + c/ W nynt AM + c/ wynind, dM + c/ wynint dM
M M M M

< C|U2’L4(M)|”§\L4(M)|nb1|L2(M) + C‘UHL‘*(M)|n2|L4(M)’n§|L2(M)
+ C|”Z|L4(M)\U1’L4(M) M\L?(M) + C’“Z|L4(M)|n1’L4(M) |n§|L2(M)~

Using the fact that [u|pi g < cfulgr/2n in space dimension two, we find:

,l. c b b — —
5 E ky(nju; — wyn;) ”?kl,o) P1 - P
o0, k3 =0
3 j=31

< VAV VIV I VE 2 + VLIV IV IV V2 AV G VE .

L2 L2
All the other terms can be estimated in the same manner, giving us (5.31). The
proof of (5.32) follows using the same type of argument. O

6. AUXILIARY RESULTS

6.1. A Result in Number Theory. In this section we prove for interested readers
a (weaker) analogue of the small denominator estimate (4.19) used in Section 4.



RENORMALIZATION FOR PRIMITIVE EQUATIONS 37

Lemma 6.1. For any 0 > 3 and for almost every & € (0, R), where R is an ar-
bitrarily natural number , there exists a constant v > 0 such that |p + g€ + r&?| >
YNPp* + ¢ + 1?72 for all (p,q,7) € Z*\{0}.

Proof. We need to show that the set
Q={¢€(0,R):Vy>03(p,q,r) € Z\{0} with [p+g€+r&?| < ~[p*+¢*+r%|7"/%}
has measure zero.
We first split Z3\{0} into Z, + Zy + Z3 + Z4, where

Z1 = {(p,q,7) : 76> + ¢€ + p = 0 has no solution in R},

Zy = {(p,q,7) : 76> + q¢ + p = 0 has a double root |&,| < 2R},

Zy ={(p,q,7) : 7% + q€ 4+ p = 0 has two simple roots},
and Z4 covers the other cases which do not concern us. Noting that

Q= ﬂ U Qﬂ/(?’a@ﬂ’%
v P

we fix v and (p, ¢,r), and compute the measure of the set

(6.1)  Qpagr) ={E€(0,R): [p+ g +r&?| <Alp® + ¢+ 17707},
We now consider Z;, Z, and Z3 in turn.
(p,q,7) € Zi: mes Q’y(pa(JaT) = 0 for v < 1/4, because

|q> — 4pr|

> vp?+ ¢ +r?|
4r|

. 2 o
min [rg” + g¢ + pl =

and |¢*> — 4pr| > 1 in this case.
(p,q,7) € Zy: in this case |r| > 1 and ¢*> — 4pr = 0, which implies pr > 0. We
then have,

(6.2) mes Q. (p, q,7) < V//|r| P> + ¢ + r2| /4,
Since the root |&,| < 2R, ¢* < 8% and (using 4pr = ¢2) also p? < 4r2R*. Therefore
VIl = C(R)Ip* + ¢* + r*[V/* and

(6.3) mes Q. (p, ¢,7) < /7 C(R) |p? + ¢* + r?|7O+D/4,
Since ¢? = 4pr, this is equivalent to (allowing us to sum over Z*\{0} in (6.6) below)
(6.4) mes Q,(p,q,7) < 7 C(R) [p? + 2|0/,

(p,q,r) € Zy: as before, we assume that r > 1; the case r < —1 is similar, and
the “linear” case r = 0 is easy. We denote n = v|p* + ¢* + 7‘2]_5/2, A = ¢ — 4pr,
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A_=¢q¢*>—4p(r —n) and A, = ¢> —4p(r +n). Considering the neighbourhood of a
root, and noting that A_ > 0 whenever v < 1/4, we have

VAL — VA _ 8n < 8n <8y
27’ \/A++\/A7_\/__ ’

Regardless of where the roots lie, we thus have
(6.5) 0, (p,q,r) < 167[p? + ¢* + %772,

mes { : |[r&® + ¢+ p| < n} <

Putting together the results of the three cases, we have
(6.6) mes Q, <1673 . P2+ ¢ + 12 + /5 O(R) >, P+ 2|+ D/

where the first sum is taken over Z*\{0} and the second over Z*\{0}. Both sums
converge when 0 > 3, giving us

(6.7) mes (), < /yC(4, R),
valid for v < 1/4, whence it follows that mes ) = 0. g

6.2. Another Estimate for Small Denominators. In this section, following an
alternate approach due to Babin, Mahalov, and Nicolaenko (see [3]), we present
another way of estimating the three-wave resonances. In a sense the method is an
improvement of that used in Section 4 because we require less regularity on the
initial data. On the other hand, it is weaker because it is valid only for Burgers
numbers belonging to a certain quasi-resonant set.

Recall that B, = [1 + N2(k}/k5)?]/2. As in Section 4, we need to estimate the

term
es(a15j+a2ﬂl+a3ﬁk) -1

6.8 Iy = ,
(6.8) ’ 135 + ) + asf

where a1 8; + a8 + asfBy # 0, a, ag, a3 = +i and j+ 1+ k = 0.

The problem is nontrivial only when the a; are not of the same sign; with no loss
of generality, we suppose that a; = ap = —ag. In estimating |5; + 5 — G|, we
have two cases:

Case 1. If |8, — B| < B;/2, then |B; + B, — Be| ' < 2/3; < 2 and we are done.
Case 2. If |5, — Bk| > 5;/2, some work is needed. We estimate

2
) < 185 + B — Bl
(6.9) 2|(B; + B+ Bk) (=85 + B + Bi) (=B + B + B)

|(B; + B+ Br)(B; + B = Br) (=55 + B + Bi) (B — B + Bi)]
= 2[:’3.
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Denoting A = N? and x; = (k}/k})?, we have

ja (B + B+ Br) (=B + B+ Be) (=51 + B; + Br)|
i |[P(A)] 7

(6.10)

where

(6.11) P(A) = X(x; + X5 + X7 — 2xuX5 — 250 — 2xkxi) — 2A(x; + xi + xx) — 3.
The discriminant of this quadratic polynomial is

(6.12) A =2[(x; —x1)* + Oa = xi)? + (e — x3)%] > 0.
Since P(A) = 0 has no more than two solutions for each fixed (j,1), the set of Burgers
numbers N for which 3+ 6, — B, = 0 is at most countable. We denote the solutions
of P(A) =0 by As(4,1).

We define the three-wave quasi-resonant set ©%5(Lq, L3):

Given p > 0 and a sequence of positive numbers {£(;;)} with Z(j,l) EGpy <1, we
define the three-wave quasi-resonant set ©%5 (L1, L3) as:
(6.13) O5(Ly, Ls) = |J {NV: 2IN = N*(Gil, Ly, Ls)| < péiin}s

(,h)ez?

where N*(j,1, L1, L) :== \/A+(j,1, L1, L3). It is obvious that the Lebesque measure
mes ©4(Lq, L) < p for all L; and Ls.

For j, I, Ly and Lg given, the set {N : 2|N — N*(j,1, L1, L3)| < p&(} can be
defined approximately by |P(A)| < 4. For § small, we have

dA -1 .
5EB§M [A(0) = Ax(4, 1, Ln, L)

(6.14) d\ 1
22Ni(jal7L17L3)‘N_Ni(j7l7L17L3)‘ 5(0) )
where
dA 1 1
(6.15) —(0)| = = .
dod ’ VA V200G — x0)? + (a — xe)? + O — x5)7

or, using 8; — Bk = N?(x; — X&),
N2 N?

<
V2B = B2+ (5 - B + (B - 37 22

(6.16) %(0)( -
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Since By < max(1, N?)|K/|, for N ¢ ©5(Ly, L3), we have, using (6.14) that:

1 (¥ + 111+ 1)
— < (N
61 [ERE Y]
| e (] + 171+ 1)
>~ (Na L17L3) /JS([) .
J?

We now choose §;;): For any n > 0 we can take
(6.18) Gy = cl)lg' 77",

where ¢(n) = (ZjJeZQ |j’|*2*”|l'|*2*’7)_1. Substituting this into (6.17), we obtain
the following bound:

1 (’k,‘ ‘]/’ |l/’)3 .
—<CN,Z/,Z/, JdEasd /2+77’ Né@u L1, Ls).
‘ﬁj ﬁl ﬁkz‘ = ( 1, &3 77) | | |j | 3( 1 3)

We can now conclude with the following result:

Lemma 6.2. Let n > 0 and u > 0; then for every Ly, Ly € R and N ¢ ©%(Ly, L3)
we have B; + B — B # 0 for all j, I, k with j +1+k =0, and

AT+ 15+ 1])°

(6.19) < max(2, C(N, Ly, Ls, ) .

1
185 + B — Bl
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