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ABSTRACT. The aim of this article is to prove results of space and time regularity of
solutions for the Primitive Equations of the ocean in space dimension two with periodic
boundary conditions. It is shown that these solutions belong to a certain Gevrey class
of functions which is a subset of real analytic functions.
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1. INTRODUCTION

In this article we consider the Primitive Equations for the ocean or for the atmosphere
in space dimension two with periodic boundary conditions (for details regarding the form
of the primitive equations see e.g. [8], [6] or [7]). The form of the equations used is in
this article is close to that considered in [9], so for more details regarding the existence of
the solutions for the primitive equations the reader is referred to [9]. In this article it is
proved that, considering a forcing term which is an analytical function in time with values
in some Gevrey space, the solutions of the Primitive Equations starting with initial data
in the Sobolev space H' become, for some positive time, elements of a certain Gevrey
class and the solutions are thus real analytic functions. One can show that the unique
solution is restriction to the real time axis ¢ > 0, of a complex function analytic in the
temporal variable ¢ in some complex neighborhood of the real time axis.

Date: March 17, 2005.
Key words and phrases. Gevrey regularity, Primitive equations for the ocean, Energy estimate,
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This article was inspired by the article by Foias and Temam [5] who proved similar
results for the Navier-Stokes equations in space dimension two and three with periodical
boundary conditions (see also [3]). We also mention here the works of Ferrari and Titi [2]
who proved that the solutions of a certain class of nonlinear parabolic equations belong
to a certain Gevrey class; also that of Cao, Rammaha and Titi [1] who established the
Gevrey regularity for a certain class of analytic nonlinear parabolic equations on the
two-dimensional sphere.

1.1. Preliminaries. We consider the PEs in their usual (dimensional) form:

ou ou ou 1 0p
1.1 ou L LT 1dp _
(1.1a) at+uax+waz U+p08x vAut Fy,
ov ov ov
dp
1.1 —_— = —
(1.1c) 5, = P9
ou Ow
oT oT oT

Here (u, v, w) are the three components of the velocity vector and, as usual, we denote
respectively by p, p and T', the pressure, density and temperature deviations from a pre-
scribed main value corresponding to the natural stratification. The relationship between
pand T is p = —apeT. In general the temperature and the density are related by the
equation of state p = po(1 — a(T — Tp)) where py and Tj are the reference values for
the density and the temperature, but in our case we already subtracted the average val-
ues from the actual values. The constant g is the gravitational acceleration and f the
Coriolis parameter; v and u are the eddy diffusivity coefficients. This form of the PEs
corresponds to the ocean, although the salinity has been omitted which does not raise
any new mathematical difficulty; some minor changes, not done here, are necessary for
the atmosphere.
We consider the following domain:

(12) 0= (Oa Ll) X (_L3/27 L3/2>7

and we assume space periodicity with period €2, that is, all functions are taken to satisfy
flx+ Ly, 2,t) = f(x,2,t) = f(z,2 + L3, t) when extended to R?. Moreover, we assume,
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as in [9], that the following symmetries hold:

u(z, z,t) = u(z, —2z,t), Fu(z,z,t) = F,(x,—2z,1),

vz, z,t) = v(z, —2,1), Fy(z, z,t) = F,(z, —2,t),
(1.3) T(x,z,t) =—T(x,—z,1), Fr(z,z,t) = —Fp(x,—z,1),

w(z, z,t) = —w(x, —2z,t), p(z, z,t) = p(z, —2,1),

that is to say that we search for u, v, p even and w, T odd; the motivations for considering
such solutions are described in [9]. Note that without the symmetry properties (1.3), space
periodicity is not consistent with the equations (1.1).

The natural function spaces for this problem are as follows:

(1'4) V= {(ua v, T) € (H;er(Q))?’?
u, v even in z, T odd in z, f_LzﬁQu(;U’ 2Vde = 0},
(1.5) H = closure of V in (L*(Q))3.

Here the dots above ngr or L? denote the functions with average in Q equal to zero.
These spaces are endowed with Hilbert scalar products; in H the scalar product is

(1.6) (U, g = (u, @)z + (v, 0) g2 + K(T, T) 2,

and in H;er and V' the scalar product is (using the same notation when there is no

ambiguity):

(1.7) (U, D))y = ((u, @) + (v, 9)) + (T, T));
here we have written d2 for dz dz, and
- 0p0p 0P
1. = —— 4+ ——)dQ.
(18) (¢, 9)) /Q <0x Ox * 0z 82)
The relations above define the norms | - |5 and || - ||i;. The positive constant  is chosen
below. We have
(19) ‘U‘H < COHUHV7 VU € V7

where ¢y > 0 is a positive constant related to x and the Poincaré constant in ngr(Q).
The prognostic variables of the system are u, v and T" and the diagnostic variables are
w and p. We can express the diagnostic variables w and p in terms of the prognostic

variables u, v, and T'. For each U = (u,v,T) € V we can determine uniquely
(1.10) w=wl)= —/ ug(z, 2 1) d2’.
0

Note that w = 0 at z = 0 and L3/2 by the requirements on w (periodicity and anti-
symmetry); see more details in [9]. By (1.10), the fact that w = 0 at z = L3/2 gives the
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constraint on u:
Ls/2
(1.11) / u, dz = 0.
—L3/2

As for the pressure, it can be determined uniquely in terms of T up to its value at z = 0,
ps, namely,

p(x, 2, t) = ps(z, t) + apo/ T(x, 2, t)dz.
0

Considering a test function U = (@,9,T) in V, we multiply equation (1.1a) by @, (1.1b)
by © and (1.1e) by kT. We obtain the variational formulation of the problem as:

d - By . . s .
(1.12) &(U,U)H+a(U,U)—|—b(U,U,U)—|—e(U,U):(F,U)H, YU eV,

and we supplement this equation with the initial condition U = U,.
Here we set

a(U,U) = v((u, @) + v((v,9)) + su(T, T)),
e(U,U) = f/Q(uf)—ml) dQ—ag/QTYI)dQ,

~ out out ot ot
ﬁ o et e ~ i e ~
b(U, U ,U)_/Q(uaI +w(U) az>udQ—|—/Q<u +w(U) )de

oT* OT*\ =

We notice that:

a(U,U) +e(U,U) = vl[ull* + vIlv]|* + spl T|* - Oég/ Tw(U) 9,
Q

and since
ag [ Tw(v) 40| < gl ()]s < cag| Tl
we find that )
(113)  a(U.0) +e(U.0) 2 vul? + vl + sul T ~ cog| Tl u].

From equation (1.13) we see that for x large enough, more specifically for x > (g?a?c?)/(vu)
the bilinear, continuous form a + e is coercive on V', and

v [
(1.14) (U, U) +e(U, U) = Sllull* + vlol® + x5 ITIP = el|U-

We also mention that the form b is trilinear continuous from V' x V' x V3 where V5 is
defined as the closure of V in (H2,.(€2))%; for more details regarding the way we obtain
these results, see e.g. [9].
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Equation (1.12) is equivalent to an evolution equation of the form:

dU
—+ A B FE =F
(115) -+ AU + B(U,U) + E(U) = F,

U(O) = U07

in the space V3, which is the dual of V5. For more details regarding the derivation of the
variational and evolutional form for the Primitive Equations and also for the derivation
of the properties of the forms a and b the reader is referred to [9]. In that article existence
and uniqueness of solutions and regularity results in all Sobolev spaces H™ are derived for
the non-dimensionalised Primitive Equations for the ocean in periodic space dimension
two; though the equations are not absolutely identical to those considered here, one can,
with minimal changes, derive similar results for the equations considered here.

All the functions being periodic, they admit Fourier series expansions. Hence, for
instance, for U we write

U= Z U(k17k3)ei(k,1$+kéz>7
(k1, k3)€Z2

where £ = 2mk;/L;. We also introduce the following notation:

(U2 = lue]® + [ve]® + [ T3]

Considering the Laplacian —A, we define the Gevrey class D(e”"*)°) as the set of
functions U in H satisfying

(1.16) Q1> U] = TR U < oo
keZ?

The norm of the Hilbert space D(e™=2)") is given by

(1.17) Ul p(er-m0y = |3 Uy, for U € D(eT"2)),
and the associated scalar product is
(118) (U’ V)D(eﬂ*A)s) o (GT(_A)SU7 67’(_A)5‘/)}I7 fOI' U, V c D(eT(_A)S>.

Another Gevrey type space that we will use is D((—A)Y2e7(=2)*) which is a Hilbert space
when endowed with the inner product:

(U V) peaprzecary = (—A)2e7CAU, (= A) 2T "RV
= ((g(—A)SU, eT(_A)SV))V,
for U, V in D((—A)Y2e7(=2)%); the norm of the space is given by
|U|§)((7A)1/2ef(—A)S) = |(=A) 2T, = ||6T(_A)SU||%/
(1.20) = 10] 3 P U

kez?

(1.19)
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2. A PRIORI ESTIMATES FOR THE REAL CASE

As we already mentioned in the introduction, our aim is to prove that the solutions of
the PEs are real functions analytic in time with values in Gevrey spaces and the restriction
of some complex analytic functions in time in the neighborhood of a real positive interval.
We start in this section by deriving some a priori estimates in the real case and then we
consider the complex case.

We begin with the following technical result:

Lemma 2.1. Let U, U* and U be given in D(Ae™ =27 for 7 > 0. Then the following
equality holds:

|( T(— A1/2B(U Uﬁ) )1/2A[7)H| < 02‘67(7@ (_ )1/2U]1/2
| 1/2AU|1/2‘ 7( 1/2<_A)1/2Uﬁ’1/2‘67- 1/2AUﬂ|1/2| 7( A)l/QAUl

1/2

(2.1)

Proof. We start by writing the trilinear form b in Fourier modes. For that purpose we
define, for each j € Z?%, §; as j;/j4 when j5 # 0 and as 0 when j; = 0. We obtain:

LU, U U) = Z i(j; — j361)ulu Uy, + Z i(j1 —3351)ulvﬁvk

(2.2) k=0 k=0
+K Z 71— J501) uzT Ty
k=0

We then compute:
( 7(=A) 1/2B<U Uﬁ) (- A)I/QAU>H _ Z Z(]i —jé51)|]g’|2627|k/‘ulu2ﬂk

(2 3) JHI+k=0
+ Z _] '5) |k?/|2 27|k’ ‘UZ’U O+ K Z _] o )|k‘,|2 27|k’ lUlTﬁTk
k=0 jH+k=0

We now associate to each u the function % defined by:

(2.4) = w;e7"® ) where i; = ™|y,

and we also use similar notations for the other functions.
Using the notation above and the fact that |k| — |I| — |j] < 0 since j + 1+ k = 0, we
continue to bound the right-hand side of relation (2.3) and we obtain:

(T2 BU,UR), em A AT g < e Y 17K [f i

(25) JHl+k=0
+c > PN Plal |05 + e Y K P @l T T,
GHI+E=0 JHl+k=0

where we also used the estimate [j; — j50;| < ¢|j’||l'|. Here and in the sequel ¢ denotes a
constant which may be different at different places.
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We estimate the first term from the right-hand side of (2.5), the rest of the estimates
being identical. For that purpose, we define the following functions:

Ex) =) i e, () =Y |5 |uke? ", O(x) =Y | [Puge
JEZ2 JEZ2 jEZ?
and we write:
. et 1

> R g 7| = 9] / E(x)Y(2)0(x) dQ < cf€]|pa]th|pa]0] L2
JH+k=0 L

< el el 011216 e

< cHet(fA)l/QUH1/2|A€t(7A)1/2U|1/2Het(fA)1/2Uti||1/2‘A€t(7A)1/2Uﬁ|1/2|Aet(fA)1/ZU|.

Using the same kind of arguments for the other terms we find the relation (2.1). U

Decomposition of the solution

We want to derive the Gevrey regularity of the problem:
U+ AU+ B(U,U)+ EU =F, inVj,,

In all that follows we assume that the forcing F' is an analytic function in time with
values in the Gevrey space D(e”l(_A)l/Q) for some o1 > 0. To obtain the desired a priori
estimates, we can suppose that the natural way would be to apply the operator et(=2)'?
to equation (2.6) and to take the scalar product with —Ae!~2)"* in H. But taking into
account the inequality (2.1), we see that, unlike in [5] for the Navier-Stokes equations, we
would obtain a weak estimate for the nonlinear term which would force us to work with
small initial data. In order to avoid imposing such a restriction, we split the solution U
into U = U* 4+ U, where U* is the solution of the linear problem:

U
o L AU'+EU*=F
(2.7) a T !
U*(0) = U,

and U is the solution of the nonlinear problem:

v - - -~ ~ -
2.8) o TAU+BUU)+ BU,U) + BU*,U) + EU = =B(U", U"),

U(0) = 0.
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We will derive estimates and existence results for the linear problem (2.7) and then for
the nonlinear problem (2.8) which is equivalent to (1.15), taking (2.7) into account. We
start treating the linear problem:

The linear problem

We suppose that Uy is in D((—A)2) and F is a function analytic in time with values
in D(e7r2"*) for some oy > 0. Setting () = min(t,01), we apply the operator

A)L/2

P2 46 equation (2.7) and then take the scalar product with —AeP®OA 2
H.
With the same « as in (1.13) we have:
(2 9) (690( (- A)I/QAU* (= A)l/Q( A)U*)H
' + (PO B ceOEAY2 L AVT) > | AePOER P2,
The relation above holds because:
(ev(t)(fA)”ZAU* eso(t)(fA)l/Z(_A)U*)H + (ePMA 1/2EU* e (= AWQ(—A)U*)H
= ((—A) A A e P OCSTE (AR
+ ((—A) Vet )(—A)1/2EU* PO (AN
_ a(€<p(t)(—A)1/2(_A)1/2U* A)1/2( A>1/2U*>

+ 6(exo(t)(—A)l/2 (—A)l/QU*, ew(t)(—A)W(_A)l/?U*)’

where we used that A and E commute with —A and the fact that for the x chosen before,
a + e is coercive. The commutativity of the operators A and E can be easily established
using, for example, the Fourier series expansions.

We also have:

(XA (@Y (1), PO (AU (t))
d

A2k A2
= (a((—A>1/2@<P() U ) (_A)1/26¢(t)( A) U )H
— P (1)((—A)erOEN T (—A) 2O ey,
1d
= 5& (_A)1/2e¢(t)(*A)1/2U*’?{ _ S@’(]S)(A@‘P(t)(fA)l/?U*’ (—A)1/2€Lp(t)(7A)1/2 U*)H
1d ; .
2 5&’(_A>1/2€90(t)(7A)1/2U*|%I — |Ae§0(t) /2U*| ”egp(t) /2U*H
1d " . 5 , N
S LA A2 O 2 g2 Gl A o2 g2 L )-8 e
L L et R e 3
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The term containing the force F' is estimated using the Schwarz inequality:

(€<P(t)(*A)1/2F o(t)(— 1/2AU*) < |e@(t)(,A)1/2F‘H’€SD(t) 1/2AU*’H

(2.10) 1 _A)L/2 1 —A)1/2 *
< C_l‘eso(t)( A) F|§{+Z‘€s@(t)( A EAU 2.

Taking into account all the estimates above, we obtain:

d
& (_A)l/?ecp(t)(—A)l/ZU*G{ _|_ Cl|A6¢(t) 1/2U*|H
A)L/2 2

(2.11) /
Flfy + Z1(=2) e 0 Py,

< 2jestn-a)
<=

Applying the Gronwall lemma to (2.11), it follows that:

(212)  |(=2) 2P0 < (- A) 20 Frent 4 sup e OV () e,
0<s<t

A)1/2

which gives a bound of (—A)Y2erM=A) 7 ip L°°(0 ty; H) for all t, > 0. Returning to
(2.11) and integrating, we find a bound of Ae?OCA*U* in 12(0,t,; H) for all t, > 0.

The nonlinear problem

We now need to study the Gevrey regularity for the following nonlinear problem:

d - - - -
(2.13) d—U + AU + B(U,U) + B(U,U*) + B(U*,U) + EU = —=B(U*,U"),
U(0) =0,

where U™ is the solution of the linear problem presented above.

As for the linear case, at a time ¢, we apply the operator e?®( to each side of
equation (2.13) and then we take the scalar product in H of the resulting equation with
e‘P(t)(_A)m(—A)U . The difference between this case and the linear case appears in the
terms containing the operator B and, to estimate these terms, we use Lemma 2.1. Note
that since the norm on H is equivalent to the usual norm on L2, in the right hand side
of (2.1) we can change the norm on L? with the norm on H, changing only the preceding
constant. Thus, we obtain:

d 12
3 (-2) 200 /mH+qmw

(2.14) < F()(=A)2er O T2 o)
+oor|(—A)H2ep D= 1/2U1H|Ae“" MY,

—A)1/2

A)1/2

Ul
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where
) /2

ft)=d + c’2|(—A)l/Qew(t)(—A)l/QU*( £)[% | Aef® =
g(t) = &4 (—A) 2P DU (1) 3 | Aer DY
We rewrite (2.14) as
d )1/2 1/9 Lo
eis) Al A2 TR 4 (co — el (- )”26“““( A0 )| Aer DA,
< F)I(~A)PerOENETR 4 g(t).

Since U(0) = 0, we may assume that:

U*(6)l,
U(t)3-

(2.16) |(—A)/2epW=A) 1/2[7] < 20—1, on some finite interval of time (0, tp).
Co
On that interval the following estimate holds:
d 1/2 ~ Cc 1/2 ~
217 T (—A)/2erM(=2) / U3 + L‘Aew(t)(—ﬁ) / U3

< f(t)|(—A) e “mH+a>

Taking into account the a priori estimates obtained for U*, we find that f and g are func-
tions locally integrable. So, we can apply the Gronwall lemma and deduce the following
estimate on (0, ):

(2.18) r@AW%WXMWM%s/j eXp/ f(7)dr)d

Since f and g are locally integrable, we can define t* = t(F, Uy, 01) as the first time for
which:

(2.19) / 5) exp / f(r)dr)d 262

Then, on the interval (0,¢*) we find:
(=) 2O (1) 1y < o2
Hence, on (0, t*), with t* defined by (2.19), the solution U satisfies both (2.15) and (2.17).

3. TIME ANALYTICITY IN GEVREY SPACES

As mentioned in the Introduction, the task of this article is to prove that the solutions
of the Primitive Equations are analytic in time with values in some Gevrey spaces. In
fact we show that the solution is the restriction to R, of a complex analytic function
in the temporal variable in a complex domain containing an interval (0,¢;). In order to
derive such a result, we use an already classical method (see e.g. [4] or [5]), the idea
being to pass from the Primitive Equations written in real time to an extended equation
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in the complex time. To avoid too complicated notations and because there is no risk of
confusion, for the extended spaces and operators we use the same notations as in the real
case. In this way, equation (2.6) is rewritten as:

d
(3.1) d—(<]+AU+B(U U)+ EU = F,

where ¢ € C is the complex time.

In all what follows, ¢ = se”, where s > 0 and cosf > 0 so that the real part of ( is
positive. As for the real case, we need to split the solution of the equation (3.1) into U*
and U, where U* is the solution of the linear equation:

W av 4 U = F,
(3.2) d¢
U*(0) = Uy,

and U is the solution of the nonlinear problem:

(3.3) € + AU + B(U,U) + B(U,U*) + B(U*,U) + EU = —B(U*,U*),

We start by deriving the a priori estimates for U*. For that purpose, we apply the
operator e#(scsO=AY2 14 aquation (3.2) and then take the scalar product in H with
e#(s COSQ)(*A)W(—A)U*, multiply by € and take the real part.

We notice that:

dU~*
Re 619(690(86056 A)L/2 dC Ae w(scosd)(— A)1/2U*)
3.4 1d s cos A)L/2 *
(3.4) 2ds|ew( 0)(—A) ( A)1/2U |§1

A)1/2 1/2

— /(s cos B) cos f Re e (Ae? s osO) U*, (—A)/2eplscos®)(=4)

U g.
Using the same constant x as in (1.13), we find:

Re e (#leost)(=A)2 g1y elacost) (A2 Apyy
(35) —+ Re eie(e@(s cosf)(—A 1/QE'[]* €<P (scos)( A)l/QAU*)H

A)L/2
> ¢y cos flef s O=REAT*|2
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From all the computations above we conclude that:

1d .
: d8|6<p (scos ) (— A)1/2( A)I/QU*ﬁ{ 4 ¢y cosf |6g0(scos(9)( A) 1/2AU*|H
< COSelego(scos@)(—A)l/z(_A)1/2U*| | p(scosh)( 1/2AU*|H

+ |e<p(scos(9)( A)1/2F| |ego(sc059) I/QAU*|

Restricting @ so that cos@ > /2/2 and making use of the Cauchy-Schwarz inequality, we
find:

d
ds‘ go(scos@)( )1/2( A)l/QU*‘H‘i‘Cl COSH’GW (scosf)( I/ZAU*|H
(3.6)
2cosf Ay1/2 INVE
< p(scosh)(—A) —A 1/2U* 2 p(scosh)(—A F
< 280 ()P0 + 2 e 5

We can now apply the Gronwall lemma to (3.6) and obtain:

Rl om A1 (A2, <|(—A) AUy exp (—s)
(3.7) .
+2le AV R, exp (C—s).
1
Since Uy € D((—A)Y2), we deduce from (3.7) a bound on U*(se') in D(e#(seos0)(=A)"/
(—A)Y2) for § such that v/2/2 < cosf < 1 and for s < ¢, for all t > 0.
Integrating equation (3.7), one can see that

(3.8) / |e“"(SIC°S€)(_A)1/2AU*|12q ds’ < C(s, F, Uy, 0), for all s > 0.
0

Having in mind these estimates, we start deriving estimates for the solution U of equa-
tion (3.3).

The calculations for obtaining the a priori estimates are the same as for the linear
case: we apply eP(scos)(=A)1/2 ¢, equation (3.3), take the scalar product in H with
el CC’Se)(_A)m(—A)U * and then multiply the resulting equation by e? and take the real
part. Using Lemma 2.1 in order to estimate the terms containing the B operator, we find:

d

d_|€<p(scose)(—A)1/20|?{ + ¢ COSQ|€¢(SCOSQ)( A) 1/2AU’2
S

scos A)L/2
@9) < FAm ST g(s)
4 03|ego(scos9)(_A)l/2( A)I/ZU’ |€<P (scos8)( )1/2AU|H,



GEVREY CLASSES FOR PES 13

where

1
f(s) = a + C/1|6<P(5C059)( 1/2U*|2 | (scos)( I/QU*|H7
£|e¢(scose><—m1/2

F|%.
- i

g(s) =

We obtained the form of the functions f and g using the Cauchy-Schwarz inequality and
restricting 6 to \/5/2 < cosf < 1.
We can also write inequality (3.10) as

i‘ew(scosexfml/z O + (Clﬁ gy elseos (=AY

(3.10) ds (—=A)2U| )

’680 (scos)( 1/2AU‘H < f( )‘690(50050( A) 1/2U‘2 +g( )
Since U(0) = 0, we may assume that:

|€@(30059)(7A)1/2(_A)l/QU"H < Cl\/i,

403

on some finite interval (0,y) and, on this interval, U satisfies the inequality:
d A)L/2 \/_ 1/2
egp(s cos8)(— U 4o 22 ecp scos)(—A) AU 2
<s>|e@<“°se>< VUL + g(s).

Since f and g depend on the solution U* of the linear problem and we already obtained a
priori estimates on U*, we see that for all € [—m/4,7/4], f and g are locally integrable
functions. Thus we can apply the Gronwall lemma to (3.11) and we find the following
estimate on (0, ty):

t t
(3.12) |6“0(“°89)(‘A)”2(—A)”QUIHS/g(S)eXp(/ f(r)dr)ds
0 s

Since f and g are locally integrable functions, we can define ¢t; = t(F, Uy, 01) as the time
for which we have:

(3.13) / 5) exp / F(r)dr)d Cif

So on the interval (0,¢;) we find:

01\/§

(3.14) |ePlseos AN (L AY2T |y < 225
403

We define the region:
(3.15) D(Uy, Fyo1) = {¢ = se™ |0| < 7/4,0 < s < t1(Uy, F,01)},
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and from the previous estimates we obtain a bound on U(¢) in D((—A)1/2ee(scost)(=2)1/2),

01\/5

(3.16) |ego(scos0)(_A)1/2(_A)1/2U’H -
4C3

s for C S D(U(),F, 0'1).

We can now state the main result of this article:

Theorem 3.1. Let Uy be given in D((—A)Y2) and let F be a function analytic in time

with values in D(e"l(_A)l/Q)

data such that the function

for some o1 > 0. Then there exists t; depending on the initial

t — <_A)1/26§0(sc050)(—A)1/2U(t)’
is analytic on (0,1,), where o(t) = min(t,01) and ty is defined by relation (3.13).

Proof. In order to prove the existence of an analytic solution, we use the Galerkin approx-
imation method based on the Fourier series, and the energy estimates obtained above.
For the solutions of the Galerkin approximation the a priori estimates which are for-
mally derived above hold rigorously and the bounds are independent of the order m of
the Galerkin approximation. With these estimates we can pass to the limit m — oo

using classical theorems concerning convergence of analytic functions. From here follows
Theorem 3.1. 0
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