ESAIM: Control, Optimization and Calculus of Variations

CONTROL FOR THE SINE-GORDON EQUATION

M. PETCU** AND R. TEMAM*

*Laboratoire d’Analyse Numérique, Université de Paris—Sud, Orsay, France
*The Institute of Mathematics of the Romanian Academy, Bucharest, Romania
“The Institute for Scientific Computing and Applied Mathematics,
Indiana University, Bloomington, IN, USA

ABSTRACT. In this article we apply the optimal and the robust control theory
to the sine-Gordon equation. In our case the control is given by the boundary
conditions and we work in a finite time horizon. We present at the beginning
the optimal control problem and we derive a necessary condition of optimality
and we continue by formulating a robust control problem for which existence and
uniqueness of solutions are derived.
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1. INTRODUCTION

We consider the damped sine-Gordon equation with non-homogenous Dirichlet
boundary conditions, namely

Uy + Uy — Uy + Fsinu =0, in xRy, Q= (0,L),
(1.1) u(0,t) = go(t), u(L,t) = (1),
B
w(z,0) = uo(x), a—;‘@, 0) = us ().

In physics the sine-Gordon equation is used to model for instance the dynamics of
the Josephson junction driven by a current source. This equation has been studied
from the point of view of stability of the equation (boundness of trajectories), the
existence of absorbing sets and the existence of a global attractor, see e.g. [11].

In this article we would like to study the optimal and robust control problems for
this equation, when the control is given by the boundary conditions, namely g, g1,
in (1.1), see [4], [5], [1] and [2] for related problems in fluid mechanics.

We are interested in some issues regarding the control of (1.1) when the control
is g = (go,91). We will first consider the optimal control problem formulated as
follows:

Find a control g minimizing the cost function

2 1 [T0u
dt + = —=
L2(Q) * 2 /0 ox

where g = (g0, 91) and u, is the solution of (1.1) associated with g; by H?(0,T) we
denoted (H3(0,T))?. To guarantee the solvability of (1.1) we require g(0) = ¢'(0) = 0
and we set

2 )
dt + §|9|%3(0,T)7

w2 J0-; [ |G

12(Q)

(1.3) HP(0,T) = {g € H*(0,T), g(0) = g'(0) = 0}.

We obtain the existence of an optimal control in a suitable class and we determine
a necessary condition for optimality. This optimal control may not be unique because
the optimization problem is nonconvex.

To ensure the uniqueness of the optimal control we find an /y depending on the
set on which g is defined and on the initial data such that, for any [ > [y the cost
function will be strictly convex, thus leading to uniqueness.

We also consider a robust control problem for this equation. In this case we write
the equation in the form
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0?u ou  d%u . :
W+aa—ﬁ+ﬁsmu:0, in QxRy,

(1.4) w(0,) = go(t) + ho(t), u(L,t) = gi(t) + ha(t),
u(z,0) = ug(x), %(m,O) =ui(z), z€Q,

where the boundary values have been decomposed into the disturbance h = (hq, h1)
and the control g = (go, g1); the solution u of (1.4) is also denoted u(g, h) to empha-
size its dependence on g and h. Mathematically we arrive at a non-differential game
for the robust control setting in which a saddle point is sought. Our approach is
based on classical existence and characterization results of saddle points in infinite
dimensions as given e.g. in [3]. The considered cost function (Lagrangian) reads

1 (T0u(g,h
Tam =3 [ |5

2

dt
L2(Q)

2 T
dt+1/ ’3@0(9,}1)
L2(Q) 2 Jo ox

l m
(1.5) + 5‘9’1%13(0,T) - Eyh’IQHI?’(O,T)a

where [ measures the relative price of the control and m measures the relative price
of the disturbance. As we explain later on, the aim is now to find the best control
g corresponding to the worse disturbance h, that is we consider the problem

(1.6) inf sup J (g, h),
9 h

g and h belonging to suitable feasible sets.

The content of the article is as follows: in Section 1 we give a short overview
of some useful classical results concerning the existence and uniqueness of solution
of the sine-Gordon equation. In Subsection 2.1 we prove the existence, without
uniqueness, of a solution for the optimal control problem. In Subsection 2.2 we
derive a necessary condition for optimality using the adjoint state equation; in Sub-
section 2.3 we show that by taking [ large enough in the cost function (1.2) we obtain
the uniqueness of solution of the optimal control problem. Finally, in Section 3, we
will see that the robust control problem has a unique solution when [ and m appear-
ing in (1.5) are sufficiently large. In the last section we obtain the characterization
of the solution of the robust control problem.

We conclude this introduction by recalling well-known results concerning the sine-
Gordon equation. We first consider the sine-Gordon equation in the open bounded
interval 2 = (0, L) with homogeneous Dirichlet boundary conditions
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0%u ou 0%*u

W—i—aa—@—i—ﬁsinu:ﬂ iHQXR,
(1.7) uw(0,t) =0, w(L,t) =0,
u(r,0) = wo(x), hw,0) = wi(a), 1€ Q,

where f and « are given, a > 0.
We set H = L*(Q), V = H}(Q2) and we endow these spaces with the usual scalar
products and norms.

We write D(A) = H}(Q) N H*(Q) and, for u € D(A), we set Au = —0%u/dz?.
Then the problem (1.1) is equivalent to the following one:

(1.8) u" +ou' + Au+ Bsinu = f,
u(0) = ug, u'(0) = uy,

where ¢’ := 0 /0t.
The existence and uniqueness of solution of (1.8) is given by the following result
(see e.g. [11]):

Theorem 1.1. Let o € R and let f, uyg and u; be given satisfying

f€L2([O,T],H), 'LL()EV, UleH.

Then there ezists a unique solution u of (1.8) such that

u € L*[0,7;V), o € L*[0,T); H).
If furthermore, f' € L*([0,T]; H),uo € D(A) and u; € V, then u satisfies
u € L*([0,T]; D(4)), ' € L*[0,T];V).
For the nonhomogeneous problem (1.1), we have:

Theorem 1.2. Assume that g € H3(0,T), ug € D(A) and uy € V. Then there
exists a unique solution u of (1.1) with

u € L*([0,T]; H*(0,L)), «' € L*([0,T); H*(0,L)).

Proof. We construct a lifting function for the boundary conditions, ¢(z,t) = go(t) +
(91(t) — go(t))(x/L), and we set v(x,t) = u(x,t) — ¢(z,t). Then the system (1.1) is
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equivalent to the following one:

0%v ov 0%
Wﬂ)‘% P + fsin(v + ¢) = F(x,t),
(1.9 o(0,6) =0, v(L,t) =0

v(z,0) = up(z), %(w,O) = uy(z),

where

Po 99 0% ¢ | 90
(1.10) F(:v,t)Z—[atz+ E‘@}:_[aﬁjL 6t]

We derive the a priori estimates on the solutions and using these a priori estimates
and the Galerkin method, the proof of the theorem follows.
We multiply (1.9); by 0v/0t and integrate over §2. We obtain:

ov
L2Q):/F( )8td
—ﬁ/sm v+ ) —dx

1d|ov?
2dt| ot

ov |2

+1 ov
a JE— J—
ot |2 2

(1.11) o

d
dt

L2(Q)

Using Holder’s inequality and Young’s inequality we find:
Ov |2

ov o
—_ < . 22 |1 A,
/ﬁsmv—i—qb dx ‘_4’015 +Cﬁ2§

here and in the sequel ¢ denotes a constant Wthh may be different at different places.
This yields:

L2(Q)

L2

d[81)2 v |2 ]+ v |2 <t o F( D)2
—I|= — ol — c+c|lF(- .
dt Ll otz 10zl @ Q)
By Gronwall’s inequality and some simple computations, we finally obtain:
v, |2 v, |2
e } <eT), YO<t<T,
15 O] oy + |50 o] < @) <

where ¢(T') is a constant dependlng on 7. Further estimates are obtained as follows:
we substract §sin ¢ from both sides of the first equation (1.9) and write Fi(x,t) =
F(z,t) — Bsin¢.

We call w = v' + v, where € > 0 will be chosen later on and we take the scalar
product of the first equation (1.9) with Aw. After some easy computations we
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obtain:

(1.12) %%[wa +[Avf] + e Av[* + (a — &) [w]|* — e(a — €)(v, Aw)
+ B((sin(v + ¢) — sin ¢, w)) = (F, Aw).
We know that |v| < ¢|v|| for all v € V; using this relation we can write:
(1.13) elAv]* + (a — &)||w|)* — e(a — &) (v, Aw) >e|Av|* + (a — &)|Jw]|?
—e(a — g)er|Av|||w]].
Thus we can choose 0 < € < a/2 sufficiently small such that
(118 eldoP + (=l — ela — ), Au) > 540 + 3l
Applying Young’s inequality we see also that:
(1.15) |B((sin(v + ¢) — sin ¢, w))| <[] sin(v + ¢) — sin ¢|| Hw||

S%Hw“z—i—c[ Ov }

Ox
d
Writing (Fi, Aw) = &(Fl,Av) + (eFy — F}, Av), returning to (1.12), and using

again Young’s inequality we obtain:

d € «
(1.16) a[llwll2 + |Av — Fi]?] + §|Av|2 + §||w||2 <|FY[|Fy] + |F1 - 1/»SF’I2
81}
[ 83: | ]

Integrating (1.16) over (0,¢), with 0 < ¢ < T, and taking into account the previous
estimates, we obtain:

(1.17) lo@®]* + [(Av — F)(6)* < [w(0)[* + |(Av — F1)(0)* + ¢
= [Jus + euo|* + [Aug — F(O)* + ¢,

for all ¢ > 0. In (1.17) ¢ depends on the data but not on 7. We obtained a priori
estimates for w in L*(0,T; H%(0, L)) and u' in L*(0,T; H*(0, L)). O

2. THE OPTIMAL CONTROL PROBLEM

We consider equation (1.1) as the state equation where g(t) = (go(t), ¢1(t)) is the
control function. We formulate the control problem as follows:
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Find a function g € H2(0,7") minimizing the cost function defined as

1 (7 |0uy, 2 1 (7 |0uy, 2
Plaw=;3 [ 15t s ) |5

2 ot
2.1. Existence of solutions. Problem P is a nonconvex optimization problem,;
existence of an optimal pair (g, @,) is stated as follows:

Lo
ey 2 T gm0,

Theorem 2.1. Let there be given uy € D(A), uy € V. Then there exists at least one
pair g € HA(0,T) and u := uy € L*([0,T]; H*(Q)) with @' € L*([0,T]; H*(Q)), such
that the functional J(g) attains its minimum at § and u is the solution of system
(1.1) corresponding to §.

Proof. Let A = inf cps 0.7y J (g) and let (g,), be a minimizing sequence for problem
P. We denote by u, = u,, and v, = vy, the corresponding solutions of systems
(1.1) and respectively (1.9).

We observe that |9n|1€ﬂ3(0,T) < J(gn), which implies that (g,), C HZ(0,7T) is a
bounded sequence in H?(0, 7). Hence there exist g € H3(0,7) and a subsequence,
still denoted g, such that

(2.1) gn — § weakly in H*(0,T).

We call ¢n($7 t) = gn,O(t) + (gn,l<t) - gn,O(t)) (.Z’/L) and Q_S(.CE, t) = go(t) + (gl (t) -
Go(t)) (x/L) the corresponding lifting functions and we know that v,, satisfies the
following equations:

2 2
0 Un +aavn — aaUQn —|—ﬁsin(vn +¢n) = Fn(wat)>
xr

ot ot
(2.2) v,(0,8) =0, wv,(L,t) =0,
ov,,
Un(2,0) = ug(x), E(:{:,O) = uy (),
where 5 9 5 5 96
Falw,t) == |G oy - 81-2] :_[ o "o ]

Using the fact that g, is bounded in H?(0, T'), we derive the same kind of estimates
as in the proof of Theorem 1.2 by exactly the same method, namely we multiply
(2.2); by Ov, /0t, integrate over €2 and apply Gronwall’s inequality. We obtain:

(2.3) (Un)n is bounded in L>°(0,7; V),
M o
(2.4) (Eh is bounded in L>(0,7; H).

For stronger estimates we substract 3 sin ¢,, from each side of (2.2), set F} ,,(x,t) =
F,(x,t) — Bsin ¢, we introduce w,, = v}, + v, where ¢ is exactly as in (1.13) and
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take the scalar product in H of the equation obtained with Aw,,. After computations
identical to those of Theorem 1.2 and remembering that ¢, is bounded in H?(0,T)
we see that, as n — oo,

(2.5) (wy), remains bounded in L*(0,7T;V),

(2.6) (Av, — Fy ), remains bounded in L*°(0,T; L*(£2));
taking into account the form of F, and (2.3) we deduce that, as n — oo,
(2.7) (vn)n remains bounded in L>(0,7T; D(A)),

(2.8) (v]), remains is bounded in L>(0,T;V).

Passing to a subsequence, still denoted v,, we see that:

(2.9) v, — 0 in L*(0,T; D(A)) weak-star,

(2.10) % - % in L*=(0,7T;V) weak-star,

where v € L>*(0,T; D(A)), v € L>(0,T;V).

We infer from (2.9), (2.10) and a compactness theorem in [7] (see also [11]),
that v, — v strongly in L?(0,T; H). Also, since the sequence (g, ), is bounded in
(HL(0,7))?, we can choose the subsequence n so that g, — g strongly in (L?(0,7))2.

By the expression of ¢, we see that ¢, — ¢ strongly in L?(0,T; H) and thus
u, — @ strongly in L?(0,T; H).

We also notice that

(2.11) a(;“;” —~ % weakly in L2(0,T; H'(Q)),
(2.12) %“” - ? weakly in L2(0,T; H'(R)).
X i

It is easy to see that @ is a solution of system (1.1) corresponding to g or equiva-
lently that © is solution of the corresponding system (1.9): indeed since v,, — 7 and
bn — ¢ strongly in L2(0,T; H) we see that:

(2.13) sin(v, + ¢,) — sin(v + ¢) strongly in L*(0,T; H).

Next we pass to the limit in (2.2); we find that v is solution of (1.9) with F' replaced
by F where F' = —[0%¢/0t? + ad¢/0t]. To conclude the proof we use the lower
semi-continuity of the norm and we obtain that

J(g9) <liminf, J(g,) = A and thus, J(g) = . O

Remark 2.2. Although this result is not relevant to our purpose, let us note (see
e.g. [9]) that stronger convergence results than those inferred from (2.9) and (2.10)
hold; in particular v, converges to v strongly in L?(0,7;V) and dv, /Ot converges
to Ov /0t strongly in L*(0,T; H) (and more).
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2.2. The adjoint state. In this section we observe that the cost function [J is
Gateaux differentiable and using the fact that J'(g) = 0 we derive the Necessary
Condition for Optimality (NCO) for the control problem P. We set

Mo {u € L30,T5 (), € L0, T; H(@))};
‘H is endowed with the norm
(2.14) lulr == {JulF2 0 + 1€ 220 1 @

Lemma 2.1. Let up € D(A) and u; € V. Then the mapping g — u, from
H2(0,T) into H is Gateauz differentiable. Furthermore its directional derivative
(Duy/Dg)(p) == w(yp) at g in direction ¢ = (o, ¢1) is the solution of the linearized
problem:

0*w ow  0*w

ﬁ—}-aa—ﬁ—i—ﬁwcosug:(),

(2.15) w(0,t) = o, w(L,t) = ¢,
w(x,0) =0, %—?(I,O) = 0.

Proof. We fix ug € D(A), u; € V and let g, ¢ € F. We need to prove the following:

lim [Ugrp — Uy — Aw(p)|3

=0.
A—0 |)\|

We set R = gy, — ug — Aw(yp); R is solution of the following problem:

ot? ot 0x?

(2.16) R(0,t) =0, R(L,t)=0,
OR

R(x,0) =0, E(w,O) = 0.

We take the scalar product in L?*(2) of the first equation (2.16) with OR/0t; we
obtain:

+ Blsinugqr, — sinuy — Aw cosug| = 0,

1droR|2 OR |2 OR |2
3 AR ORR 3 ORE
(2.17) 2dt Ll Ot Ir2() Oz |L2(@) “ ot 1r2(q) 1l
where we denoted:
L =- / [sin g4 n, — SiDu, — cOS Ug(Ugiry — ug)]% dz,

Q
OR
IL=-p /(ug“@ — uy — Aw(yp)) cos Uy dz.
Q
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We estimate I, as:

a|OR |2
. < —|—
o <

L2(

2
Q) + ¢|R[72(q)-

To estimate I, we first prove that
(2.19) [tg+rp — Ugle@) < c]Al.
We know that

(2.20) |[Ugirp — ug|c(ﬁ) = [Vg4ap — Vg + Pgirg — ¢g|c(())
< [vgiag — 'Ug’c@) + |¢A¢\C(Q)
= [0l + Aldple@),

where we denoted ¥ 1= vg4, — Vg-
The function ¢ satisfies the equations:

9?0 o0 0%

W + OZE — @ + ﬁ [sinvﬁ,\@ - SiIl’Ug] = )\ch

(2.21) 0(0,t) =0, o(L,t) =0,
T F
0(z,0) = Ay, T (z,0) = A 5

We take the scalar product in L*(Q) of the first equation (2.21) with 96/0t and
we obtain:

1d oo 00 |2 0 |2 00
9.92 ——[— v } )— / i _sinv,] 20 d
(2.22) 2dt Ll ot L2(Q)+ Oz r2(Q) ta ot L2(Q)+ﬁ Q[vag““" sin g at "
90
= )\/F@—U dx.
q Ot
Hence using the Poincaré inequality we find:
v v
(2.23) ‘ﬂ /[sinvﬁ,\@—sinvg}—vdx‘ < \B\/ Vg2 — Vg 2 de
Q ot Q ot
o
< o||—|d
<161 | 10l|5 |do
. d0*
— = c|l=— :
410t 2@ or 1L2(Q)
We also estimate:
(2.24) ‘)\/Faﬁd‘<a’a@2 4 A2|F 2
: —dz| < —|— c .
q ot = 419t 20 PIL(Y)
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Returning to (2.22) we write

1d oo 00 |2 a|0v |2 00 |2
2.25 ——[— 7 } a9y 7 A2 e |F P
( ) 2dt LI Ot 1L2(q) or |L2(@) 210t 12 — ¢ Or r2(Q) A% @|L2(Q)
Using the Gronwall’s lemma we obtain
IINE PIINE: T
2.26 —(t —(t <\ F|72q dt
(2.26) o) @) oz D) 2@~ C/o Eolzzqo df
for all t <T. Here foT |F¢|%2(Q) dt is a constant independent of A, so we have
00
—(t <cA\
8x( ) L2(Q) ¢

Remembering that o € H} () C C(Q), we obtain [(z, t)] < ¢ for all z € €, and
0 <t <T. Returning to (2.20) we see that

(2.27) [Ugirg (T, 1) —ug(z,t)] < Ae, Ve, 0<t<T.
We know that

(2.28) | sintgsnp — sinug — (Ugrrg — Ug) COSUg| < Juging — ugl?,
forallz € Q,and 0 <t < T
R
(2.29) (| <ec / [tg+rp — tyl? 6_‘ dz
Q t
R
< cluging — Uglreo@)[Ugirg — Uglr2(0) Bt 2@
OR 2
<cA | = :
seat ot 1r2(q)
With these estimates (2.17) becomes:
1dr0R)2 OR |2 OR 2 OR |2 OR |2
(2.30) ——[— — ] ol — _c)\4—i—c[— — ]
2dt Ll Ot 12 | 0x 1L2(Q) ot 1r2(@) ot 12 | 0x l12(Q)
Hence, using Gronwall’s inequality we obtain:
oR , |2 oR , |2
—(t ——(t <, forallt <T.
8t()L2(Q) 8x()L2(Q)_C oran =

For stronger estimates we multiply (2.16) by 9°R/0x20t, integrate over {2 and
obtain:

(2.31)
LANORR L JORE ) o| ZR
2dt LIozot | 12 02 |12 OxOot |2

+ ﬁ/[sinuﬁ,W — sinu, — Aw cos uy] ————dz = 0.
Q T
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We notice that:

: : A\ ?*R d
Q[sm Ugtrp — SiDuy — Aw cos ug]m x
d, . ) O’R
(2.32) = E(smuﬁ,\@ — sinu, — A\w cos uy, w)m
2
— /Q[UQH@ COS Ug 4 ap — Uy COS Uy — AW’ COS Ug + Awy sin ug]w dz.
Using (2.32) in (2.31) we find:
(2.33)
drl|0*R 2 110?R 2 . ) \ O*R O*R
&[5 dxdtlee ' 21922 |12 + B(sin gy — sinug — Xw cos g, Ox? )Lz] Ta dxot
0’R
=0 /Q[cos Ug s aply 1, — COS Uglly — Aw' cOS Uy + Awuy sin ug]w dz.
We remark that:
. . 0’R
‘ (smug+,\@ — sinug — A\w cos ug, W)LQ‘
. : 0’R
(2.34) < ‘ (Sin ugiap — sinug — cos ug(Ugyr, — Uy), W)L2|
0’R
+ | (cosug(ugsry — ug — w), W) .
Using the same arguments as before we find:
, _ O’R 0’R
(2.35) | (sinugia, — sinug — Aw cosug, W)L2| < A 527 | e
We notice that
1| 0*R 2 110?R 2 ) ) ’R 2
2.3 3 zotle T 31922 | 1o + ﬁ(smuﬁ,\@ — sinwu, — Aw cos ug, E)LQ + A
' S 110°R 12 1|0°R2
— 210z0tl: 41022 |12’
so we write
(2.37)
drl19*R )2 1]0°R)? : . ? 2
a [5 D20t | 12 5‘—(,%2 L2 + ﬁ(sm Ugtrp — SIN UG — Aw COS Uy, ) )L2 + c’l/\ﬂ
0?R |2 , 0’R
+alg—| = ﬂ/g[cos Ug 4 AUy 1 5y — COS Uglly — AW’ cos Uy + Awuy sin ug]w

2

L2

dzx.
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We now need to estimate the RHS of (2.37). We notice that:
(2.38)

!/ / !l
Ugy | 3, COS Ug g — Uy COS Ug + AWty Sin U
p— , ]
= Uy 2 ,[COS Ugir, — COS UG + (Ugyr, — Ug) SiD U]
/! / : !/ : /
— (Ugirg — ug) (g, n, — Uy) sinuy — ug(ugir, — ug — Aw) sinug + R’ cos ug,

where R’ = OR/0t. Using the same kind of estimates as before we find:

110?R 2
IRHS| < eA* + Z‘W L+ elR .
Using Gronwall’s lemma we obtain:
0?R |2 0?R 2
2.39 — | <et
(2:39) Bzdtlre 1922 |2 =
This implies that |R|y < cA\?, H as in (2.14), and thus
Bl
o o

We can now state and prove our main result from this section:

Theorem 2.3. (Necessary condition of optimality-NCO) Let (g, u) be an optimal
pair of problem (P); then the following NCO holds in (H3(0,T))" that is the dual of
(HP(0, 7))
(2.40) U+ 7w+ [Ag =0,
where A is the canonical isomorphism of H3(0,T) onto (HE(0,T)) *.
In (2.40), (@, ©) is the solution of the following system
ot? ot Ox?

0% ow  0*w *u  0%u
241 — —a—— — — + fwcosu = — + —5,
( ) b or*  02?
t) =

+ Bsinu = 0,

ot? ot oz

u(0,t) = go, w(L,t)=g¢1, w(0,t)=0, w(L,t)=0,
ou ) ow ou _
u(z,0) = uy, E(%O) =uy, w(z,T)=0, a(w,T) = E(LT)’

IThe operator A can be ”explicitly” defined by the solution of a boundary value problem which
depends on the norm endowing H3 (0, 7T'); which could be the norm of H3(0,T) or

9= (9" O + 19" [F20,m)) ">
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T is the linear operator from H?(Q) into R? defined by:

(2.42) w— U= ( — %(0), %(L))a

Proof. Let (g,u) be an optimal pair. We know then that (DJ/Dg)(g) = 0.

DJ T ou ow T r0u dw
(2.43) D—g(g)-cﬂ—/0 <g7§> 5 dt“L/O (%’%)Lm

r dg dp d?g d%¢ d3¢g d3p
z U L e AP
* /0 (9 Praa T ar w Td dt3>

where w(p) = (DJ/Dg)(p) is the solution of (2.15).
Integrating by parts we obtain:

T ou 6w ou Ow T ou
(2.44) /O (M 833 / / or g drdi= [ T eyt
-/ &U(O o dt — //— wdx dt
62
—(ru) () — /0 (W,@Lm) dt

We also have:

T ou Ow L o T 524
/0 (a’a)mdt: g Dw(T)dr = / (W@Lg(md’f

With (2.41), using Fubini’s theorem and integration by parts we write:

T 0% 0% o ow 0w
/0 (W +W’w>L2(Q) dt—/0 <W —aa el + fw cos u, w)m(g) dt

T 2 2
. 0w ow 0w
:/O (w,—+a— 2 + Bw cosu)Lz(Q)dt

ot? ot
ow T o T o
[ ST (T e - / 20 (Lot + / (0) ot

O T 0w T 0w
g E(T)w(T) dz — /o %(L) 1 dt + /0 %(O)goo dt.
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Returning to (2.43) we find:

(2.45) %‘Z(g)wpz/o (Tu)godt—i—/g%(T)w(T)dx—/Q%(T)w(T)dx

T o T ow
+/O %(L)%dt—/o 5, (0 wodt + g, P)ueom)

=(Tu + 70 + IAG, ) @3 (0,1)y, 3. (0,1)-
Hence,
(2.46) (DJ/Dg)(g) = (Tu + 7 + [Ag).
and since, for an optimal pair (g, @), we have (DJ/Dg)(g) = 0, (2.40) follows. [
2.3. A uniqueness result for the optimal control problem. We know that if

J is strictly convex the solution of the optimal problem is unique, see e.g. [3]. Our
aim is now to show that for [ sufficiently large, the cost function

1 T@ug2 1 T@ug
~7<9>—§/0 ELz(md“é/o F

is indeed strictly convex.

Theorem 2.4. Let ug € D(A), uy € V and let J be defined on a bounded, conver,
closed, non-empty subset C of H3.(0,T). Then there exists lg = l(ug,u1,C,T), such
that for any l > ly, J is a strictly convex, lower semi-continuous function on C.

2 l
dt + 5’9’%]13(0,T)7

L2(Q)

Proof. We showed that g — J(g) is lower semi-continuous when we proved the
existence result for the control problem and it remains to prove that 7 is strictly
convex. To prove this it is sufficient to prove that the function

f(p) =T (g+ pp) (g, o arbitrarily chosen in H (0, T)),

is strictly convex with respect to p near p =0, i.e. f”(0) > 0.
We know that (Du,/Dg)(p) := w(yp) is the solution of (2.41). We then compute:

.. DJ [T ou ow T rou dw
f'(p) = D_g(g +pp) - —/0 (E’ E)Lz(m dt +/0 (%’ %)LQ(Q) dt
+ (g + p, ©)rs0,1)-

We then consider w = (D?u/Dg?) - ¢ - ¢ and w' = (Du/Dg) - q. One can show, as
in Lemma 2.1, that w is the solution of :

0w ow  O*w

g aa o2 + Bw cosu, = fww’ sinu,,
(2.47) w(0,t) =0, w(L,t)=0,
w(z,0) =0, a—w(:z:,O) =0.

ot



16 PETCU AND TEMAM

We take q = ¢, so that w! = w. We then write

T Ow 12 T /ou ow
2.4 "(0) = v 9z’ Oz
248 £ /o ot |y / ‘ax) /o <0$’ @x)mm «

T ou Ow
AT dt + 1o|s0 -
+/0 <0t’ 8t>L2(Q) +llels (0,7)

We know that

‘ / 8u 8w dt‘ ou Ow
Oz’ 8:6 L2(9) Oz 120120 0 | L200.7502(0))
‘ / 8u 8w dt‘ < ou Ow
ot’ 8t 2@ | = 10t 2,2 Ot 120,1;22()
and so we obtain
£10) > — Ju Ow ou Ow
o L2(0,1;L2(Q)) | Ox L2(0,T;L2(Q)) ot L2(0,T;L2(Q)) | Ot 1L2(0,T;L2(%))

+1 |90|H3(0,T)-
We need to estimate w, so we multiply equation (2.47); by dw/0t and we obtain:

Ow |2

__[ Ow (9_@0 2 Ow |2
2dt Ll Ot |r2() ox

2.49 } e
( ) L2(Q) ta ot 1L2(q)

—ﬁ/wza—wsinugdx
—ﬁ/ ——w cos ugy d.

We can easily estimate the terms from the RHS of (2.49), using Poincaré’s inequality:

|ﬁ'/w —smug /|w|4dx+ /‘ x,
|6/ 5 —wcosu,dz| < |5]/|w|‘ ‘dx_ 4‘815

Returning to (2.49) we find
/ lw[*dz + c| =
L2

We then need to estimate w. We use the lifting function and write w(x,t) =
Y(x,t) + ¢p(x,t) where ¢(x,t) = o(t) + (x/L)(¢1(t) — po(t)). Then v satisfies:

12(Q) te 8x L2(Q)

Oow |2

d[awz L2Q]+ 8t

2. — = =
(2.:50) dt Ll Ot 12(q) ox

2(9)'
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0%y oy 0%y

o7 Ty g tITesu = Flab),
(2.51) 7(0,4) =0, ~(Lt) =0,
Iy
v(z,0) =0, a(% 0) =0,

where F(z,t) = —[02¢/0t* + a 8¢/t + B cos g

We make the same kind of calculations as before, multiply the first equation of
(2.51) by 0¢/0t and integrate over 2. We use as before the Gronwall lemma and
we obtain:

2 Ow |2

Ow L%
L2(9) ox

(2.52) 5™

T
<e / 0] gy 0] gl
0

L)

forallt <T.
We notice that

(2.53)  |w[ieqg) <c (|7|12qg(g) lbole), Wl < (W72 + 19¢l72(0))
and so we obtain

T
(2.54) | bty lulteo dt < el

We return to (2.52) and we see that:

(2.55) /0 ' [ %—j(t)

We return to f”(0) and using (2.55) we obtain:

" du
(2.56) f'(0) > — c| 5

2 ow

sy oz

dt < ||z :
oy 41 < lethsom

ou

2
)’(lei”(O,T) —C Oz

ou
oo = (1|2

2
L2(0,T;L%(Q) L2(0,T;L2(Q)) |S0’H3(01T)
ou

L2(0,T;L2(5)) “lox

2
L2(07T;L2(Q))> \90|H3(0,T)~

The next step consists in bounding |0u/0t|r201,12(0)) and |0u/0x|L2(0.1;12(q))-
Using the same estimates as for the proof of Theorem 1.2 we obtain

v |2 N v

Ot 1L2(q) ox

2

T
2
S / [F (2,0 dt + T

< C’Q']%F‘(O,T) + T,
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for all ¢t < T. From the estimates above and from the fact that J is defined on a
bounded set C we obtain that:

ou ou
2.57 — < — <ec
(2:57) Ot IL2(0,1;L2()) — “ oz L2(0,T;L2(Q)) ¢
Looking to (2.56), we see that for [ big enough, f”(0) > 0, which is what we
needed. ]

Theorem 2.5. Assume that C and ly are as in Theorem 2.4. Then, for | >y, the
optimal control problem P has a unique solution.

3. RoBusT CONTROL

In this section the boundary values are decomposed into the disturbance h =
(ho,h1) € H2(0,T) and the control g = (go,91) € H2(0,T). The objective in the
robust control problem is to find the best control g in the presence of the worse
disturbance h which maximally spoils the control objective. The flow u is related
to the disturbance h and the control g through the system:

0%u ou  0%*u

?—F&E—@—FQSIHU:O, IHQXR+,
(3.1) u(0,1) = go(t) + holt), u(L,t) = ga(t) + I (£).
u(,0) = wo(e), w0 = w(x), reQ

The cost functional (Lagrangian) considered here is given by:

_1 [T 8u(g, )2 1 [T dulg, h)
j(g,h)—§/0 ‘ ot L2(Q)dt+§/0 ) Ox

2

dt
L2(Q)

l m
+ §|g|1%13(0,T) - Eyh’%ﬂi”(O,T)?

where the scalar parameters [, m > 0 are given. The parameter [ may be interpreted
as a measure of the "price” of the control and m as a measure of the ”price” of the
disturbance.

Definition 3.1. If (g, h) is a saddle point of the cost functional 7 defined above,
then the disturbance h € H}.(0,7), the control g € H{(0,7") and the corresponding

solution u(g,h) of (3.1) associated to (g,h) are said to solve the robust control
problem.

We can solve the robust control problem by using, for instance, the following
general result (see e.g., [3]):
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Theorem 3.1. Let J be a functional defined on X x Y, where X C X and Y C Y
are nonempty, closed, bounded, convex subsets, and X,Y are reflexive Banach spaces.

If J satisfies
(a)Vge X, h— TJ(g,h) is concave and upper semi-continuous,

b)Yhed, g— T(g,h) is convex and lower semi-continuous,

then the functional J has at least one saddle point (g, h) on X X Y, such that

J (g, h) = minmax 7 (g, h) = maxmin J (g, h).

Moreover, if J is strictly convex with respect to g for each h and strictly concave

with respect to h for each g, then (g,h) is unique.

Proposition 3.1. We assume, in addition to the hypotheses (a) and (b), that
(aYVge X h— J(g,h) is Gateaux-differentiable ,
()Y heY g— T(g,h) is Gateaux-differentiable .

Then (g, h) € X x ) is a saddle point of 7 if and only if

DTJ , _ - _
g
D - _
(3.3) (D—‘Z(g,h),h—h) <0,Vhe).
If there is no constraint, i.e. X = X, ) =Y, the above inequalities become equalities.
O

We now return to the robust control problem and we prove that we can apply
Theorem 3.1.

Theorem 3.2. Let there be given uy € D(A), uy € V and assume that the cost
functional J is defined on X x Y, where X, C H2(0,T) are non-empty, closed,
convex, bounded sets. Then there exists ly and mqy depending on the initial data and
on the sets X, Y such that, for any | > ly and m > mqg we have:

(A)Vge X, h— TJ(g,h) is strictly concave and upper semi-continuous,
(B)Vhe), g— J(g,h) is strictly convex and lower semi-continuous.

Proof. Since the norm is continuous, in order to prove the continuity we only need
to verify the continuity of the first two terms in J with respect to (g,h). Let
u = u(g, h), ux = u(gs, hs) be the solutions of (3.1) associated with the corresponding
boundary conditions.

Let g = g — g, 0h = h — hy, 0u = u — u,. The lifting function is:

69 1) (1) = golt) + ho(t) + T (g1(8) + (1) = go(t) — ho(1)).
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We know that u(g, h) = v(g, h) + ¢(g, h). We denote

ov = v(Q? h) - U(Qﬂ h*) - u(g7 h) - U(g*, h*) - ¢(g7 h) + ¢(g*7 h*)
= ou — ¢(dg,0h).
We notice that dv is solution of the following system:

02 (v) d(ov)  9*(6v)
ot? T ot 027

+ Bsin(v + ¢(g, b)) — Fsin(vx + ¢(gx + hs))

= F,
(34)  (60)(0,6) =0, (3v)(L,t) =0,
(6v)(x,0) = 0, a(;t”) (2,0) = 0,

where F(z,t) = — [(0%¢(6g,6h)/0t*) (2, t) + (Dp(Sg, Oh) /Ot ) (x, t)].

We perform the same kind of estimates as in the previous sections and we obtain:

2

‘ (o) ,

2 (o)
5 (1) + t

(3.5) @) 6—93( )

L2

T
(mgcA [1F 220y + 16(69, 6h)[2(qy] ds.

Taking into account the definition of F' and ¢(dg, 6h) we easily find:

(3.6) /OT H%;:)(t)

From (3.6) we obtain that

2

2 d(6v)
L2(Q)Jr ox ®)

dt < ¢[|dgl3 Shl} :
) 4 < sl + 100 s

Vge X, h— J(g,h) is upper semi-continuous,

Vhe)l,g— J(g,h)is lower semi-continuous.
It now remains to prove that

Vge X, h— J(g,h) is strictly concave ,
Vhel, g— J(g,h) is strictly convex .

Because the proofs are similar, we only prove that h +— J (g, h) is strictly concave
Vge X.

We introduce the function f(p) = J (g, h+phs), where g, h, h, € F are arbitrarily
chosen. In order to prove the concavity, it is sufficient to show that f is concave

D
with respect to p near p = 0, i.e. f”(0) < 0. Let w,(0,h,) = D_Z - h,, which is
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solution of the system:

aQw* aw* aQw‘k
2 +a 5% o + Pw, cosugp = 0,
(3.7) W, (0,1) = hyo(t), wi(L,t) = hi(t),
ow,
wy(x,0) =0, W(x,O) =0.

We then compute:

, - Dj B T ou aw* T 8u aw*
f(p) = 5-(g9: b+ phs) - . _/0 (E ot >L2(Q) dt+/0 <£’%>L2(Q) ‘

—m(h + phy, ha)mso.1)-

We also consider w(0, h,,) = (D?*u/Dh?) - h, - h,,, which is solution of the system:

27~ N 2w
%TZ) - O‘aé)_?: a ZTZJ + pw cosu(g, h) = fw,w sinu(g, h),
(3.8) w(0,1) =0, w(L,t) =0,
~ ow
@(x,0) =0, E(x’ 0) =0,

where w,, = (Du/Dh) - h,.. Taking h, = h,, we obtain w, = w,, and we can see
that w(0, h,) = (D?*u/Dh?) - h, - h, is solution of the system:

2.~ ~ 2.~
%Tgu + aaa—lf — 271;] + pwcosu(g, h) = ﬁwf sinu(g, h),
(3.9) w(0,t) =0, w(L,t)=0,
~ ow
w(z,0) =0, E(x, 0) = 0.

We can now compute:

" T ow, 2 T ou ow T ow,
1(0) _/0 ot |2 dt+/0 (E’E)L?(Q) dt+/0 oz

T ~
Ju Ow 5
(310) + /0v <%, %)[ﬁ(ﬂ) dt —m |h’*|H3(0,T)'

2

L*(Q)

We show that for m large enough, the last term dominates the expression (3.10) and
we obtain f”(0) < 0. To estimate the first terms of f”(0) we need to estimate w,
and w.
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We first estimate w,. We write w,(x,t) = y(z,t) + ¢(z,t) where ¢(z,t) = hyo(t) +
(x/L)(hy1(t) — hyo(t)). Then + is solution of the system:

0%y oy 0%y ~

e E—W‘FﬂVCOSU(QW)—F,
vy

/)/(ZL’, 0) - 0’ E(‘Ta 0) — 07

where F(z,t) = — [0%¢/0t* + ad¢ /Ot + B cosu(g, h)].
By the usual methods we find:

0y v, .. |2 /T
— (1 — (1 < F t dt < ¢lh,
O] T2 Oy < ¢ 1P Dl dt < el

for all t <T. Remembering that w, = v + ¢, we easily infer from (3.12) that

T ow, )2 T ow, )2
1
(3.13) /0 57 O] g+ /0 \ ()

L2(Q)
Next step is to estimate

8u 8w Gu Gw
(3.14) (/ s & t and ’/ L2(Q)dt’.

By Schwarz’s inequality, it suffices to estimate Gu/ ot, Ow/ot, du/ozx, Ow/dx in
L2(0,T; L*(Q)).

For w, we multiply the first equation of (3.9) by dw/0t and integrate over 2. We
obtain after some elementary computations:

d [ ow |2 n ow |2 ] N 2 N / iq
— | |—= — al— cl— ¢ | w*dx.
ot l12() oz l2(@) ot lr2) = 10z l2@) Q

Noticing that w, = v + ¢y,,, where v € Hy (Q) C L>®(Q) and ¢, € L=(Q), we find

T T
\/O /Q’U)fdl’ dt S /O ’w*|%w(g)‘w*’%2(9) dt S C‘h*|§ﬂ3(O,T)-

Using the Gronwall lemma we obtain:

(3.12)

dt S C|h*|]%13(07T).

(3.15) ow

T o~ _
811} 2 aw 2
3.16 |5 2, ]t < s,
( ) /; ot ( ) 12(Q) - ax( ) L2(Q) — c| |H3(O,T)
We now return to f”(0) and we find:
ou ou
3.17 "(0) < |2 ‘— ot —m).
( ) f7(0) < | ’H3(07T) (C—i-c 9z | 20722 c ot | 20712 m)
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For the estimates of du/0t and Ou/0x we can repeat the calculations made in
Subsection 2.3 and we obtain the following estimates:

ou
ot
ou 9 9

oz 2@ < clgligs o) + clhlis o + T

We assumed that 7 is defined on X x Y where X and ) are both bounded. We
obtain immediately:

2
< C‘Q‘IQW(O,T) + C’h’]?-]li”(O,T) + T,

L2(Q)
2

Ju ou

— <c(T,X — <c(T,X,)).

Ot lL2(0,1;22(0) — (T X, ), Ox lL2(0,1;02(2) — (T X, )
Returning to (3.17) we see that there exists an mg such that, for m > my, f”(0) < 0.
Hence h +— J (g, h) is strictly concave for any g € X. O

We conclude by stating the main result of this section:

Theorem 3.3. (Ezistence and uniqueness of the solution to the robust control prob-
lem) Assume that X and Y are non-empty, closed, convex, bounded sets; X,Y C
H2(0,T) and thatl > ly, m > my, where my, ly are like in the previous lemma. Then

there exists a unique saddle point (g, h) € X x Y and the corresponding 4 = u(g, h)
such that

J (g, h) = minmax J (g, h).

geEX hEY

4. MISCELLANEOUS REMARKS

We conclude with a remark in the following subsection and an auxiliary result in
the next one.

4.1. Remark concerning the weak solutions of the sine-Gordon equation.
Much of what was done in the previous sections, is valid for weaker solutions of
system (1.7), that is u € L*([0,T],V) with v’ € L*([0,T], H). We assume uy € V,
u; € H and that the boundary conditions are given functions from HZ(0,7) = {v €
H2(0,7T), v(0) = 0} instead of functions from H2(0,7). All the estimates made for
strong solutions are still true because of a technical result from [11]:

Lemma 4.1. Assume that w € L*(0,T;V), w' € L*(0,T;H) and w" + Aw €
L*(0,T; H). Then, after modification on a set of measure zero, w is continuous from

[0,T] into V', w' is continuous from [0, T] into H and in the sense of distributions
on (0,T)

d
2(w" + Aw,w') = &{]wlﬁ + a(w,w)}.
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However, when working with weak solutions, we are not able to obtain a necessary
condition for optimality nor the characterization of the gradient as obtained in the
next subsection; hence our choice to work with strong solutions.

4.2. Identification of the gradients and characterization of the solutions
of the robust control problem. In this section we characterize the gradients of
the cost functional with respect to the control ¢ and the disturbance h. In Section 3

we saw that the existence of a saddle point (g, h) of the functional J implies

D _
(1.1 (@ )g—9) 2 0.¥g € .
(L (g.h).h—h) <0 ¥R e,

We should notice that for a solution (g, h) to the robust control problem we may

not have (DJ/Dg)(g,h) = (DJ/Dh)(g,h) = 0, as they may be located on the

boundary of the domain X x )). We obtain this relation if (g, k) is in the interior of
X x Y orif X and Y are all of H}.(0,T) but for this second variant we do not have
the existence of a solution of the robust control problem, as it is essential that X
and ) are bounded sets.

Differentiation of J leads to the following expressions:

DJ - T ou ow, T ou ow,
4.2 = = gu g ou oWk
(4.2) Dy (9.h) g /0 ((%, 5 >L2(Q)dt+/0 (ax, o >L2(Q)dt

+1(g9, 90,1

DT ~ T ou ow r ou Ow

— m(h>7L)H3(O,T)a

where w, = (Du/Dg) - § and @ = (Du/Dh) - h.
We also introduce the following adjoint state equation:

ot ot Ox* ot 02
(4.4) @(0,t) =0, W(L,t)=0,
w(x,T) =0, 6’—w(av,T) = %(x,T).

ot ot
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Proposition 4.1. Let u(g, h) be the solution of system (3.1) and let w = (Du/Dyg)-
g+ (Du/Dh) - h be the solution of the following system:

0w ow  0*w

WqLozE aZ—i—ﬁwcosu-O

(45) UJ(O, t) = gO + h’07 w(L7 t) = /g/l + h'17
ow

w(x,0) =0, E(a:, 0) =0.

Let w be the solution of the adjoint state equation (4.4). Then we obtain:
T 92 2 T o~
0°u  0%u ow -~

4.6 dt = T)dz — —(L hy)dt
(4.6) /0 (57 * 55 ) /8t v /0 5z L)@+ h)

o[ g (0)o + Fo)

Proof. The proof follows immediately using elementary computations based on in-
tegrations by parts. 0

As in Subsection 2.3, we introduce the operator 7 defined on H?((2),

0 0
TU = ( - a—u(O), a—u(L)> With this notation we can rewrite (4.6) as
T x

T 92 0% ou r <
(4.7) /0 <¥ + @,U))LQ(Q) dt = i E(T)w(T) dr — /0 7(0) - (g + h)dt.

Returning to (4.2) and noticing that w, = w(g,0) we obtain:

DJ - T ou ow, T ou ow, -
Yo h)-T = g 5
Dy (9.7) -9 /0 ((’% ot >L2 Q) dt+/0 (8:)& Ox >L2(Q dt + g, Gesom)
ou T ou T ou
= | —(T)w, (T —(L)g, dt — —(0)g,
/Qat( ) Wi )dﬂf+/0 5y (L)g1dt /0 5 ()90 dt

T 92u  6%u -
- /0 (W - W’w*> ey 9 Do

Taking h = 0 in (4.7) we obtain:

_Dj T T
P = [ Gogds [ @ogde e Dson,
9 0 0

Taking an arbitrary g we find the expression for the gradient D7 /Dg:

DJ
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Similarly we find:
DJ
Dh
We can now state the main result of this section:

(g,h) = Tu + T — mAh.

Theorem 4.1. For m and [ large enough, the solution to the robust control exists
and is unique. Furthermore, the gradients of the cost functional are given by

(DI /Dg)(g,h) =Tu+ 70+ lAg and (DT /Dh)(g,h) = Tu + 70 — mAh,

where (u,w) is the solution of the following system:

0%u ou 0%u

W‘I’O&a @“}‘ﬁSinU:O,
0w ow  0*w . 0*u  0%u
(48) ﬁ—aa—@—{—ﬂwcosu:W#—@,
U(07t) = 4Jo + ho, U(L,t) =01 + hl, 11)(0,75) = 0, UAJ<L, t) = 0,
ou ow ou
u(z,0) = ug, 5 (,0) =uy, w(z,T)=0, T (x,T) T (x,T)

Proof. The existence and uniqueness of the solution to the robust control problem
are given in Section 3. The other statements have been already proven in this
section. O
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