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Abstract

We study space and time discretizations of a Cahn-Hilliard type equation with dy-
namic boundary conditions. We first study a semi-discrete version of the equation and
we prove optimal error estimates in energy norms and weaker norms. Then, we study the
stability of the fully discrete scheme obtained by applying the Euler backward scheme to
the space semi-discrete problem. In particular, we show that this fully discrete problem
is unconditionally stable. Some numerical results in two space dimensions conclude the
paper.

1 Introduction

We consider the following problem in a smooth and bounded domain 2 C R™ with boundary

o =TI

u = Aw —w, t>0, ze, (1.1)
w = f(u)— Au, t>0, x e, (1.2)
w = Aru—Au—g(u) — Oy, t>0, zxel, (1.3)
ohaw = 0, t>0 zel, (1.4)

where Ar is the Laplace-Beltrami operator on the boundary I', f and g are given nonlinear
interaction functions and A is some given positive constant. The boundary condition (1.3)
will be interpreted as an additional second-order parabolic equation on the boundary I'.

Problem (1.1)-(1.2) was introduced by Karali and Katsoulakis in [10] as a simplification of a
mesoscopic model for multiple microscopic mechanisms in surface processes such that surface
diffusion and adsorption-desorption and studied in [9], [11] and [12]; questions related to the
well-posedness and to the asymptotic behavior, such as the existence of the global attractor
and an exponential attractor have been answered under various assumptions on the nonlin-
earities and when the system is endowed with Dirichlet and Neumann boundary conditions;



Here u is the order parameter and corresponds to a rescaled density of atoms and w is the
chemical potential. Now, the question of how the phase separation process is influenced by
the presence of walls has recently gained much attention and was mainly studied for polymer
mixtures when the boundary conditions are given by (1.3)-(1.4). The well-posedness and the
long time behavior of problem (1.1)-(1.4) were studied in [7] and [8], respectively with singular
and regular potentials.

The chapter is organized as follows. We first introduce in Section 2 some notation and as-
sumptions and, in Section 3, we study a space discretization of (1.1)-(1.4) by a Galerkin
method. In Section 4, we prove optimal error estimates for the difference between the ap-
proximate and the exact solution u” — u in energy norms and weaker norms as the mesh
step h tends to 0, where u" is the solution of the space semi-discrete scheme and u is the
solution of the continuous problem. In Section 5, we study the numerical stability of the fully
discrete problem obtained by applying the Euler implicit method to the space semi-discrete
problem. In particular, we show that this fully discrete problem is unconditionally stable and
the solution converges to equilibrium as h — 0. Finally, numerical simulations in two space
dimensions are presented in Section 6.

2 Assumptions and notation
In what follows, we consider €2 to be a 2d or 3d slab, i.e.
Q=T (R/(LiZ)) x (0, Lg), Ly >0,i=1,...,d, d=2 or 3,

with smooth boundary
=00 =IIZ (IR/(L:Z)) x {0, La} -

More precisely, when d = 2, Q is the rectangle (0, Ly) x (0, Ls) and u,w are periodic in the
x1—direction while the boundary conditions in problem (1.1) are valid for x5 = 0 and xy = Lo;
when d = 3, Q is a parallelepiped (0, Ly) x (0, Ly) % (0, L3), v and w are periodic in the z; and
x9—directions and the boundary conditions in problem (1.1) are valid for 23 = 0 and x3 = Ls.
We assume that the nonlinearities f and g belong to C%*(R,R) and satisfy the following
standard dissipativity assumptions

liminf f'(v) > 0, liminf ¢'(v) > 0. (2.1)
[vl—00 |v]—o00
Typical choices are
f(v)=v*—vand glv) =kv—h (velR), (2.2)

where k£ > 0 and h € IR are constants. The evolution boundary value problem (1.1)-(1.4) is
completed by the initial condition u(0) = wuo.
We introduce the space

V = {ve H\Q) and v(-,0), v(-, L) € H},, (11210, L) },

per

where H,,, is the classical space of periodic functions and

H)(Q) = {ve H'(Q), v is periodic in the z1, - -+, 24-1 — directions}.
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Then, V' is a Hilbert space for the Hilbertian norm

1/2
lolly = (ol @ + I0lne)

The space V can also be seen as the closure for the || - ||y —norm of C*(Q) with the periodicity
condition; V' is continuously and densely embedded in H 1(Q) and is isometric to the closed
subspace V' of H,(Q) x H},.(T') defined by:

per

V= {(u, p) € H;(Q) x H} (I'), ujr = ¢ in the sense of traces} )

per

We denote by (-, -)q the L?(2)—scalar product and by |- |o the L?(2)—norm. Similarly, (-,-)r
denotes the L?(I")—scalar product and | - |or the associated norm. As a shortcut, we will
denote by || - || the Hilbertian norm in H*() and | - |; the associated seminorm, i.e.

Yo e HY(Q), [l = Y [0%]5 and [off = Y [0%0[5.

o<k jal=k
Similarly, || - |xr denotes the H*(I')—norm and | - |, the associated seminorm.
We note that from (2.1), we can deduce that (see [1])

F(v) > cv* —co, G(v) > v — ¢y, VYo € R, (2.3)
for some constants ¢; > 0 and ¢, > 0 and where F' is an antiderivative of f and G is an
antiderivative of g.

3 The semi-discrete scheme

The variational formulation of (1.1)-(1.4) reads

(uta 90)9 = _(vwa VSO)Q - (wv 90)97
(w,x)a = Ef(u),)x)ﬂ + (Vu, Vx)a + (Vru, Vex)r + A(w, x)r + (9(u), X)r (3.1)
+ Uty X )T

for all p € HI}(Q) and for all y € V.
We introduce the functional £ : V' — IR defined by

E(u) = /Q (%WUP + F(u)) do +/F (%\vpuﬁ + %W + G(u)) do. (3.2)

If u is a regular solution of (1.1)-(1.4), then u dissipates £. Indeed, choosing ¢ = w and x = w;
in (3.1) and subtracting the two equations, we obtain

d
—E(u(t)) = —/ |Vw|*dz — / lw|*dz — / lu[*do, ¥t > 0. (3.3)
dt Q 0 r

For the space discretization, we consider a quasiuniform family of decompositions {Qh} , of
1%, [0, L;] into d—simplices which take into account the periodic boundary conditions on €,
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so that {Qh}h is also a triangulation of Q. The triangulation Q" of € induces a triangulation
I’ of T into d — 1 simplices in a natural way. For a given triangulation Q" = UpcqnT, we
define V" as the usual P' conforming finite element space

Vi ={v" € C°(Q),v"|r is affine VT € Q"} .

For u € C°(Q), let I"u denote the P! interpolate of v on Q" i.e. I"u is the unique function
in V" which takes the same values as u on the nodes of the triangulation. We have the
following standard approximation results, where C' > 0 denotes a constant which depends

only on {Qh}h
Yu € H2(Q), [u— I"ulo + hlu — I"u|; < Ch*|uly (3.4)

and
Vo € Hy, (D), | = I"¢lor + hlp — I"¢lir < Ch®|plar. (3.5)

Moreover, we have the following inverse estimate (see [5])
Vvh S Vh, ||Uh||co(§) S Ch_d/2|1)h|0, (36)

where d is the space dimension.

The space semi-discrete version of (3.1) reads:
Find (u, wh) : [0,T] — V" x V" such that

(u?a QD)Q = _(thv V@)Q - (wha 90)97
(w" X)a = Efiguh)), X)a + (Vu", Vx)o + (Vru", Vex)r + AMu", x)r + (g(u"), x)r ~ (3.7)
+(uy, X)r,

for all ¢, x € V.
We define the operator G : L?(Q2) — V" v — G"v, where G"v is the unique solution of the

problem
(VG"0,Vx)a + (G", x)a = (v, X)a, Vx € V" (3.8)
We also define the discrete norm

0] 10 = (G0, 0)? = ([VGh[2 + |GM02)?, Yo € LA(Q).

The norm | - |14 is a discrete version of the H'-norm. We note that G" is selfadjoint and
positive definite on L?(€2). Indeed, for y = G"v in (3.8), we have

(G, v)q = |VGhv](2) + |Ghv\§ > ()

and
(v, G")q = (VG"0, VG")q + (G, G"')g = (v, G")q,

for all v,v" € L*(Q2). Moreover, the following interpolation inequalities hold
W3 < oy p 0", VO e VI (3.9)

and
‘U‘—l,h < |’U‘Q, Yv € Lg(Q) (310)
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In order to prove (3.9), we write
W5 = (VGM", Vul)g + (G"0", v")g
< ‘VGhUh‘Q|VUh‘0 + ’Gh’l)h‘(]”l)h‘o
1 1
< (IVG""[§ + |GM"[5)2 (Vo [§ + [0"]3)2
= [v"|—p 0"l

To prove (3.10), we write
021 = (G"v,v)a < |G"vlo|v)o

and
IGMol§ < |GM[F = [VG™[§ + |G"0lg = vy

Proposition 1. For every ull € V", problem (3.7) has a unique solution
(u", w") € C([0, +00); V! x V),

such that u"(0) = ul'. Moreover,
t
S O) + [ (Rt + 0 + ul s < Eah(0)), Ve 2 0 (3.11)
0

where € is defined by (3.2).

Proof. Let (41, ...,¢m) be an orthonormal basis of V" for the L*(Q)-scalar product. We seek
for u(t) = >0 wi(t)gi and w(t) = 0" wi(t)p;. We define the matrices

Aij = (Voi, Voji)a, (Mr)i; = (¢i,¢;)r and (Ar)i; = (Vres, Veg))r,

(75} w1
for 1 <i,5 < m, the vectors U = : W = : , and the functions
U, Wy
(f(u"), e1)a (A" + g(u"), o1)r
F"U) = : , GHU) = :
(f(uh)v Spm)Q (Auh + g(uh)a (pm)f‘
Then (3.7) can be written as
(A+1) I w _ 0 (3.12)
—1 My U’ AU + FMU) + ArU + GR(U) )~ '

Let B denote the square matrix of size 2 in the left-hand side of (3.12). We claim that B
is invertible. Indeed, let X,Y € RM. We have

(X', V"B ( ); ) = XA+ DX + XY —V'X + V' MY
1
— (V' VMo + (2 2o + (5 g (3:13)
>0,



where 2" = o wip; and yh = > yiwi. This shows that B is positive semidefinite. Now,

if X,Y € RM satisfy
g X\_(0 PN (A+1)X+BY =0
Yy )] \o ~X + MrY =0,

then by multiplying this equality on the left by (Xt Y'?), we find that (Va", Vah)q+ (2", 2") o+
(y",y")r = 0. This implies X = Y = 0 which yields that B is invertible, as claimed. Thus,
problem (3.7) has a unique maximal solution (u”,w") € C([0,TF); V" x V") such that
u(0) = ub. Choosing ¢ = wh and y = u? in (3.7), we find

d
aé’(uh(t)) + w2 4 w2 + |u?|gF =0. (3.14)

Integrating with respect to ¢, we deduce (3.11). Using (2.3), equation (3.11) leads to the a
priori bound ||u"||; < C(R) provided that u € V" with [Jul|; < R.

Since u" € L>*(0,T"; H'()), i.e. the bound is independent of time, we find that the solution
is global, i.e. Tt = 400, and the proof is complete. O

Exclusively for the next Theorem 3.1, we assume that f has a subcritical growth. In other
words, we assume that there exists a positive constant c3 such that

1f(s)] < es(1+ 5P, Vs € R, (3.15)

with p € [2,6] when d = 3 and p > 2 arbitrary when d = 2. When d = 3, we also assume that
there exists a positive constant c4 such that

l9(s)| < ca(1+]s]77"), Vs € IR, (3.16)

where ¢ > 2 is arbitrary. The typical choices (2.2) satisfy these assumptions with p = 4 and
q = 2. We have the following theorem:

Theorem 3.1. Assume that f,g € C'(IR) satisfy (2.1), (3.15) and (3.16). Let ug € V and
let ul € V" be such that ul — ug in V as h — 0. Then, for all T > 0, we have

u" — w weak * in L=(0,T; Hy(2)) and strongly in C°([0,T]; L*(2)),
(u")r — wr weak * in L>(0,T; H,,,(T)) and strongly in C°([0,T]; L*(T)),
w" = w weakly in L*(0,T; H;(Q)),
where (u,w) is the unique solution of (3.1) such that u(0) = uy and
ue L=(0,T;V), ur € WH(0,T; L*(T')) and w € L*(0,T; H,(Q2)). (3.17)
Proof. By (3.15) and (3.16), we have that
|F(0)| < ¢s5lo]? + ¢ and |G(0)| < ¢7]0]? 4 ¢5, Vo € R, (3.18)

where c5, ¢g, ¢7 and cg are positive constants. Since ug — up in V, using (3.18) and the Sobolev
embeddings H,(2) C LP(Q) and H,,,.(T') € L(I") (with ¢ = 400 when d = 2), we know that

per
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E(ul) is bounded by a constant independent of h. The discrete energy estimate (3.11) implies
that (u");, is bounded in L°(0,T; V), (Vw")y,, (w");, are bounded in L?(0, T; L?(Q2)) and that
((ufp)e)n is bounded in L*(0, T L*(T')). Thus, we obtain that, up to a subsequence, u" — u
weak * in L>(0,7T;V) and w" — w weakly in L?(0,T; H*(Q)).
If p € H;(Q) and y € V, then choosing sequences " € V" and " € V" such that " — ¢
strongly in H*(€2) and x* — x strongly in V. Using standard compactness results, we can pass
to the limit in (3.7) and we obtain that (u,w) satisfies (1.1)-(1.4) and (3.17). By uniqueness,
the whole sequence (u”, w") converges to (u,w).
For the strong convergence of (u‘hp) to up, we use the fact that the space

{ve L>(0,T;H,,,(I), v, € L*(0,T; L*(T")) }
is compactly embedded into C°([0, T; L*(T")). Finally, for the strong convergence of (u"), we
use the fact that for all 0 < s <t < T, we have

(0~ () =2 [ (o) (o) — ' (5) g o
< —2/ (th(a),V(uh(a)—uh(s)))QdU—Q/ (w" (o), u"(0) —uh(s))Qda

< Adl[u|| o rsmp ) (VW22 + 10 | 2075020) [t = |72
(3.19)

Thus, the sequence (u")y, is uniformly equicontinuous in C°([0, T]; L?(£2)). Since (u") is bounded
in C°([0,T7; H)(Q)) with H, () compactly embedded into L*(2), the Ascoli theorem implies
that u" — wu strongly in C°([0,T7]; L*(Q2)). O

4 Error estimates for the space semi-discrete scheme

In order to estimate the errors u"” —u and w" — w in appropriate norms, we follow a standard

approach (see [1], [2] and [18]) and we write

for all ¢ € [0, 7], where a" = @"(t) and w" = w"(t) are the elliptic projections of u = u(t) and
w = w(t), defined by

(vwh’ VX)Q + (wha X)Q = (Vwa VX)Q + (wa X)Qa vX € Vha (41)

(Va", Vx)a + (Vra", Vix)r + M@, x\)r = (Vu, Vx)a + (Vru, Vex)r

4.2
+ Mu, X)r, Vx € Vi, (42)

For a given w € H*(Q), equation (4.1) defines a unique @w" € V". Indeed, the bilinear form
defined by

a(p, x) = (Ve, Vx)a + (¢, X)a (4.3)



is the scalar product on H'(Q). Thus, applying the Lax-Milgram theorem, we obtain the
result. Similarly, for a given u € V, equation (4.2) defines a unique @" € V". Indeed, the norm
v = |Vol§ + [vf§ 1 is equivalent to the H'—norm, so that the bilinear form defined by

a(e,x) = (Ve,Vx)a + (Vre, Vex)r + A, X)r (4.4)

is coercive on V, i.e. there exists ¢y > 0 such that

a(p,0) = (Vo,V)a + (Vre, Vre)r + A, o)r > cllelly, Ve € V.

The bilinear continuous form a(-,-) is a fortiori coercive on V* C V and the Lax-Milgram
theorem applies.

Lemma 4.1. For all w € H?(QQ), the function w" € V" defined by
(Va", Vx)a + (0", x)o = (Vw, VX)a + (w, X)a, Vx € V",

satisfies
| — w|o + A" — w|; < Ch*|wls, (4.5)

where C' is a positive constant, independent of h.
Proof. By definition, we have
a(a", x) = a(w, x), Vxe V" (4.6)

where a(, -) is defined by (4.3). Since @w" — I"w € V", we have that a(@" —w, w" — I"w) = 0,
which yields

a(" —w, " —w) = a(w" — w, " - I"w) + a(@" — w, "w — w),
= a(w" — w, ["w — w),
implying
[0" —wl|ff = a(@" —w, " —w) < [J0" —w[h||I"w —w];.
By (3.4), we have
[o" = wlly < [I"w — wly < Chluwls, (4.7)

which gives the H!—estimate. In order to have the L?—estimate, we set ¢ € H'(2) to be the
unique solution of

a(p, x) = (2, X)a, VX €V, (4.8)

for a given function z € L*(2). Then, ¢ € HE(Q) and thanks to the elliptic regularity, we
have
il < Clzlo, (4.9)

for some constant C' > 0 independent of z.
Choosing y = w" — w in (4.8) and using the fact that a(w" — w, I"¢) = 0, we find

(z, 0"

—w)q =a(p, 0" — w)
=a(p — I"p, 0" — w) (4.10)

<llg = I"pll[l@" - w].
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Choosing z = w" — w, using (3.4), (4.7) and (4.9), we obtain

0" — wlf <|lo — I"olh||@" — w|
<Chlp|sChlwls (4.11)

§C’h2|ﬁ)h — w|0|w\2,

which gives
" — wlo < Ch*wls. (4.12)

By (4.7) and (4.12), we can conclude and the proof is complete. O

Lemma 4.2. For all u € H}(Q) with up € H2, (L) the function 0" € V" defined by (4.2)
satisfies

7" — ulo + 0" — ulor + hla" — u|y + hla" — ulr < CR*(|uly + |ular), (4.13)
where the positive constant C' is independent of h.
Proof. Arguing as above, we have
a(@”, x) = a(u,x), Vx eV (4.14)

where a(-,-) is defined by (4.4). Since @" — I"u € V" we have a(a" — u,@" — I"u) = 0, which
yields

a(@" —u, 0" —u) = a(@" — u, " — I"u) + a(@" — u, I"u — u),
o b (4.15)
=a(a" — u, ["u — u).
From (4.15) and using the coercivity of a, we obtain
colla" —ul|} < a(@” —u,a" —u) < c|i" — ullv || I — ully.
By (3.5), we have
|a" — ullv < cl[I™u — ully < ch(uls + |ular), (4.16)

which gives the H'—estimates. In order to have the L?—estimates, we set ¢ € V to be the
unique solution of

a(p,x) = (z:x)a+ ¥, xX)r, VX €V, (4.17)
for some given functions (z,1) € L3(2) x L*(T"). Then, thanks to an elliptic regularity result
(see [15]), we have ¢ € H2(Q), ¢r € H,.(T') and

per
lpl2 + [lor < C(|2]o + [¥or), (4.18)

for some constant C' > 0 independent of z and ).
Choosing x = @" — u in (4.17) and using the fact that a(a" — u, I"p) = 0, we find
(Za ah - u)Q + (1/17 ah - U)F :a((P, ﬁ’h - U)
=a(p — I"p, i" — u) (4.19)
<cllp = I"ollv]la" — ully.



Choosing z = @" — u and ¢ = (4" — u)r, using (3.5), (4.16) and (4.18), we obtain

@ — g + |@" — ulgp <cllo — "ol [Ja" — ully
<Ch(|¢lz + |@lor)Ch(|ulz + [ular) (4.20)
<CR*(|a" — ulf + |a" — ul} 1)V (Julz + ulo,r).

Estimate (4.20) leads to
(Ja" —ulg +[@" — ul3r)'"* < CR*(Julz + |ulzr). (4.21)
By (4.16) and (4.21), we can conclude and the proof is complete. O

Lemma 4.3. Let (u,w) the a solution of (3.1) with the initial condition u(0) = ug € V' and
(ul, w") be the solution of (3.7) with the initial condition u"(0) = ull € V". Assume that

sup [[u(t)||coqy < R, sup [[ue(t)[| oy < B, [[u"(0)ll oy < R,
te[0,T] te[0,T]

for some constant R < +o0, and let T" € (0,T) be the mazimal time such that [|[u"(t)]| L) <
R for all t € [0,T"]. Then, the following estimate holds:

N(t) + /t(lel‘ﬁ + 1101 + 167113 r)ds
o (4.22)
<CN(0) + C’/O (Iolo + 10" [0 + 10" o0 + 1P¥ 16 + 1010 + 1owlo + loila.r + 1o¥6)ds,
for some positive constants C' and C" which are independent of u,u" and h, where
N(t) = 10"F + X" [or + 1011 r + 16721 + 167150
Proof. Subtracting the first equation of (3.1) from the first equation of (3.7), we obtain
(ul — uy, 0)o + (V(w" — w), Vi)g + (w" — w, p)q =0, Yo € V" (4.23)
Using the definitions of #* and 6% as well as (4.1), we find
(0}, ) + (VO Vo)a + (0°,0)a = —(pf', ), Vo € V". (4.24)
Choosing ¢ = 6" in (4.24), we obtain
(0,00 +10"[F +10[5 = —(pi', 0")a. (4.25)

Now, subtracting the second equation of (3.1) from the second equation of (3.7) and using
(4.2), we find

—(0", X)a + (VO*,VX)a + (Vr8", Vrx)r + AX(0", X)r + (6}, X)r

h . (4.26)
= (p",x)a — (f(u") = f(u), x)a — (g(u") = g(w), \)r — (P}, X)r,
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for all y € V.
Choosing x = 6}, estimate (4.26) gives

(0000 + 08+ 5 (0714 NI+ 0% ) .
= (p",0/) — (f(u") = f(u),0})a — (9(u") — g(u), 0} )r — (pf',6})r.
Summing (4.25) and (4.27), we have
1d u |2 u|2 u|2 w |2 w |2 u |2
S0 O+ 187 ) 10717 16713 + 165 s,
= —(p,0")a + (p*. 0 ) — (f(u") = f(u),0) — (9(u") = g(u). 6;)r — (o}, 6})r.
We have:
hy — < Lju" —
(") = f(w)lo < Lylu™ — ulo, (4.29)

lg(u") — g(u)|or < Lylu" — ulor,

on [0,T"], where L; and L, are respectively the Lipschitz constants of f and g on [—R, R].
Thus, using (4.29) and the Holder inequality, estimate (4.28) yields

1 d u u U w w u
577 10"+ MOl +10Er) + 1017 + 16”[5 + 10¢ [o.r
U w w u u U u 4.
<10t 1ol6”lo + 16" lol6Flo + Ls(16%]o + 0“I0)16¢ o (4:30)
+ Lg(16%]or + [p"o.0)10F |o.r + 1£¢ lo.r0 |07 lo.r-
Using the inequality
ab < ea® +1/(4e)b®, Va,b >0, Ve>O0,
with € conveniently chosen, estimate (4.30) gives
d u u u w w u
U+ MO Gr + Ve [or) + 1671 +16"[5 + 167 5. (4.31)
< Cullpilo + 10"l + "o, + 1ot lor + 10710) + Ca(16"15.0 + 16"[6 + 16315,
for some positive constants C; and Cy which depend on ||, |I'|, Ly and L,.
To estimate 6}, we differentiate (4.24) and (4.26) with respect to t. We obtain
(0, 0)o + (VO Vola + (07, 0)a = —(pii, 9)a, Y € V" (4.32)
and
= (0", x)a + (VO VX)a + (Vrbi, Vex)r + A0/, x)r + (63, X)r (4.33)

= (- X)e — ([f(W") = f(@)]e. e — (lgu") = g(w)]e: Ir = (Pl X)r, Vx € V.
Choosing ¢ = G"0% in (4.32) and y = 6 in (4.33), adding the resulting equations and using

the fact that
(VO VG "0 )a + (67, G 0} )a = (67, 6})a,
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we find
1d, . . o »
5 g 0w + 168 0.p) + 1071+ 107 e + A6 o
= — (p%, G0 + (0, 00 — ([f (") = f(u)]s, 0 — ([g(u®) — g(u)]s, 04)p (4.34)

Employing

[f(u") = f)]e = f/(@")uy —w] + [ (u") = f/(w)]u,
and

[9(u") = g(w)] = ¢'(W")[uf —w] +[g'(u") — ¢ (w)]u,
we find

([f (") = f(@)]e, 010 =(f' (W) [uy = e, 0 )a + ([f (u") = f'(w)]ue, 0} )

< [SEI;] | 101680 + |1 10)105 10 + RL (100 + "]0)]6: |0

and

(lg(u") = g(w)e, 0)r =(g' (u")[ug' — w], 01)r + (lg'(w") — g (w)]ue, 0} )r
< sup, 191167 lo.r + 102 lo.0)10¢ lo.r + BLg (160" [o.r + |p*0.0) 6 lo.r,

where L and Ly are respectively the Lipschitz constants of f’ and ¢’ on [—R, R]. Thus,
(4.34) implies

1 d U u u u U
éa(lﬂ |2—1,h + |et |g,l“) + |9t |% + |6t |%F + )‘|9t |(2),F

<|pgel=1.010¢ =10 + [Pilor10F Jo,r + |03 01607 o
+ sup £1107To -+ 1oE 016 o+ RLy (10%]o + 16”10} B (4.35)
+ [Sup} 19'1(10 |o,0 + 104 lo,0) 16 lo.0 + RLg (16]o,r + |p"lo.0) 16 ]o,r-
—-R,R

Using (3.10), the fact that the norm v — |Vu|§ + [v[§ - is equivalent to the H'—norm and the
interpolation property (3.9) applied to 8}, (4.35) gives
B+ 16 R) + 16+ 167 AR
< (61200 + 1013+ 10" + 16" ) (4.36)
+Callply + lpklor + 1016+ 1oE 1 + 115 + 1ot o.r + 1" [5.r), on (0,77),
for some positive constants C's and Cy which depend on A\, R, ¢, Ly, Ly, [sg%] |f'| and sup] |f'].

[-R.R
Adding (4.31) and (4.36), we find

d u u u u u w w u u u
U0+ N0 or + 16" 10 + 16720 + 107 160) + 16717 + 16%16 + 107 or + 10017 + 16713

< Cs(|pr1a + 1013 + 10 13 + 0¥ o + 1018 + 1515 + 1otlor + ¥ 15)
+ Cs(16"7 + NO“fo.r + 16" 0 + 1651210 + 105 0.0 + 165 15),
(4.37)
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where we use the fact that |6*[5 < c(|6"[7 4+ A[6“[3 ) and for 6} we use again the interpolation
property (3.9). Applying Gronwall’s lemma, we find estimate (4.22) with C' = e“T and
' = C5606T. ]

Theorem 4.4. Let (u,w) be the solution of problem (1.1)-(1.4) with the initial condition
u(0) = ug such that

w, Uy, Uy, w,wy € L2(0, T Hﬁ(Q)) (4.38)
and

ur, (ut)\Fa (utt)\Fa wir, (wt)\F < LQ(Ov T H (F)) (439)

per

and let (u", w") be the solution of problem (3.7) with initial condition u"(0) = ul. If
0“(0) =0 and 6*(0) =0, (4.40)
then the following estimates hold, for h small enough:

?UI; (’Uh — ulo + [u" — ulor + |uff — w1 + |uf — ulor) < Ch?
0,7

sup (Ju" —uly + [u" —ulir) < Ch,

[0,7]

T
/ lw" —wlids < Ch*,
0

T
/ (|wh —wl|? + |uf — w2+ |uf — ut|ip) ds < Ch2.
0

Proof. Tt we differentiate equations (4.1) and (4.2) with respect to ¢, we obtain that the
elliptic projections of w; and w; are respectively (@); and (w);. A similar statement holds
for uy. Therefore, Lemma 4.1 applies with w replaced by w; and Lemma 4.2 applies with u
replaced by uy, uy, i.e.

1ot + ¢ lor + hlpi | + hlpflir < CR*(Jugls + uelar),
piilo + |pilor + hlpili + hlpilir < CH?(Jugls + |uglar), (4.41)
1p]o + h|p} 11 < Ch?|wyls.

The regularity required on u,u; implies that u € C'([0,T7; H}(Q2)) and by the Sobolev con-
tinuous injection H>(2) C C(2), we see that u and u; belong to C°([0,T]; C°(Q)). Thus,

sup [lu(?)||co@ < R and sup [[u(t)|co@m < R,
t€[0,T] t€[0,T]

for some R > 0. We also have
lugy = woll oy < lug — IMuoll oy + 110 — uoll oy
< Ch= 2l — Muglo + || T ug — U || com) (using (3.6)) (4.42)

< Ch™ 2 (Jug — uolo + |uo — Iuolo) + 1710 — o]l coay-
Using the embedding that H>(€2) C C*7(Q), where v € (0,1), we find

HIhUO - ’LL()HCO(Q) S O/h’YlUg’Q. (4.43)
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Due to estimates (3.4), (4.13) and assumptions (4.40), we have
luf — uolo + |uo — IMuglo < CR*(|ugla + |uolar). (4.44)
Thus by (4.43) and (4.44), we deduce that
lufy — uoll oy < (CR*2 + C'h7)|ug| + Ch*~*?|ugly r. (4.45)

For h small enough, we obtain
g | oy < R (4.46)

and we may apply Lemma (4.3).
We claim that A'(0) < Ch*, with N'(t) = |0“[3 + A|0“[3 p + V0“3 p+ 07121, +107(5 p- Indeed,
by assumptions (4.40), we have

N(0) = [0 (0)[2,,, + 167 (0) G- (4.47)
Using the fact that 6(0) = 0 and estimate (4.24) at t = 0, we see that u"(0) satisfies
(03(0), ©)a = —(p}(0), @)a, Vi € V" (4.48)
Choosing ¢ = G"0*(0) in (4.48) and using (3.10) and (4.41), we obtain

10/ (0)[21,, = = (p}/(0), G"0;(0) )
<|pi(0)|-1.nl07(0)] -1

(4.49)
<c|p;'(0)|o]6; (0)| -1,
<COR*([ug(0)]2 + [ (0) |2,0) |6} (0) |1,
For ¢ = 0}(0) in (4.48), we find
162(0)]o < 19} (0)|o < Ch?(Jur(0)]o + [u:(0)]2,)- (4.50)

Using assumptions (4.40) and choosing x = 6;(0) in (4.26) considered at ¢ = 0, we obtain
107 (0)]5.0 =(p"(0), 67(0))a — (f(ug) — f(uo),0;(0))e

4.51
— (9(up) = g(u0), 0 (0))r — (p{'(0),6;(0))r. oy

Using the fact that [|ugllcoq < R and the fact that uf —ug = p*(0), (4.51) gives
O <" O + Lo (0) ) 6Oy .

+ (Lglp"(0)lo.r + 107 (0)]o.0) 163 (0)o.r,

where Ly and L, are respectively the Lipschitz constants of f and g on [-R, R]. By (4.5),
(4.13), (4.41) and (4.50), estimate (4.52) yields

10;(0)[5 - <CR*(|w(0)]2 + uols + uole,r) CR*(Jug(0) |2 + |u(0)]2r)

+ (LyCh?*(lugla + |uolar) + CR*(Jug(0)]2 + |1 (0)|2,r)) |65 (0)]or, (4.53)

and

0/ (O)lor < Ch* + Ch[6;(0)o,r- (4.54)
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In particular, (4.54) implies |6}(0)]or < Ch2. Thus,
N(0) < Ch*. (4.55)
The regularity assumptions on v and w and estimates (4.5), (4.13) and (4.41), imply that
[ 16t 1 1 + s < on. (4.56)
Using estimates (4.55) and (4.56) we deduce from (4.22) that
N(t) < Ch*, Vte[0,T"]. (4.57)
Estimate (4.57) implies in particular that
0“(t) ]2 < Ch?, vt e[0,T". (4.58)

Arguing as in (4.42), we deduce that

sup |lu(t) — u(t)||coy — 0 as b — 0. (4.59)
te[0,Th]
We conclude by noticing that for h small enough, T" = T.. O]

Remark 1. We remark here that the regularity required in (4.38) and (4.39) is a strong one,
this is due to the fact that we need strong regularity results in order to estimate the term 6}

5 Stability of the backward Euler scheme

In what follows, we denote by dt = T'/N the time step with N € IN*. We study the following
backward in time Euler scheme:
Let u) € V" and for n = 1,2, ..., find (u,w}?) € V" x V" such that

{ (guz, v)a = —(Vwp, Ve)a — (0}, v)a, _ (5.1)
(whs X)a = (Vuy, Vx)a + (f(uy), X)a + (Vruy, Vex)r + (9(uy), x)r + (Qug, X)r, '

for all v,y € V", where we denote by 0 the operator which to a sequence (v™)n>0 associates

the sequence defined by
o - " — ,Un—l

" = 5 " >1, (5.2)
and the function g is given by
g(o) =Xo+g(o), VoelR.
Note that the dissipativity assumptions (2.1) imply that
f'(v) > =Cf and §'(v) > —=C,, Vv € R, (5.3)

where C'y and C, are positive constants.
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Theorem 5.1. For every u) € V", there exists a sequence (u}l, wy),>1 generated by (5.1) and
which satisfies

1
lup —uf o p < E(upt), Vn > 1. (5.4)

E(up) + g uh = wi” P+ 557

4

1
Furthermore, if 0t < 0t*, where Jt* = min {m, Eg

} , then this sequence is uniquely
defined.

Proof. Consider the variational problem:

JM"(u) = inf J" 5.5
()= inf "(0) (5.5)
where 1 ]
TH) = ) + sl — P+ oo — (5.6
Using (2.3), we have
1
JH©) 2 S (1ot + olie + Alor) — (@ + (1)), voe V™ (5.7)

Since J" is continuous, there exists a solution to (5.5). Such a solution u satisfies

0 :(Vu Vx)a+ (f(u), x)a + (Vru, Vex)r + (§(u), X)r

. 1 . (5.8)
5t<Gh(U_uh 1) X)Q‘F&(U_Uh 17X)F7 \V/X S Vh‘
Setting uf = u, wy = —LG"(u —uj~"), we find that (u},w}) solves problem (5.1). Thanks

o (5.5), J"u}) < J(up"), which implies (5.4).
In order to prove uniqueness, set & = (uf)! — (u})? and 7 = (w})' — (w})? to be the difference
of two possible solutions ((u})’, (w})*) (i = 1,2) of (5.1) for a given u}'~'. Then, (£, n) satisfies

(&, 0)a =—0t(Vn,V)a — 0t(n, )a,
(7, X)a =(VE& Vx)a + (F((ui)') = F((up)?), x)a + (V& Vox)r (5.9)
+ (g((up)h) = g((up)?), x) . + (/5 X)r,

for all ¢, x € V*. Taking ¢ = 7 in the first equation of (5.9) and x = £ in the second equation
of (5.9) and subtracting the resulting equations, we obtain

otlnfi + otlnls + €[F + 1¢[7 r + %Iﬂ%r < Crlel + Cylélor (5.10)
where we have used the inequalities
(f((h)") = f((Wh)*): e = —CrlE[5,
(G((up)") = 3((up)®), E)r = —Cyléf5r-



By choosing x = £ in the first equation of (5.9), we find

C2%5t C2%5t
<atinf} + —Z—|¢l? + otlnl} + —L— el (5.11)

C7ot C3Cot

<5tnl; + €]T + ot[n]g + <13,

4 4
which leads to
c? C%C 1
L—dt(=L+ =) IR+ 6 e + (< = Co ) [€l5r < 0. (5.12)
4 4 ot
The smallness assumption on 6t implies £ = 0 and by (5.9), we deduce that n = 0. O

Corollary 1. If f and g are analytic, then, for all u) € V", any sequence (u}, w}),>1 gener-
ated by (5.1) and which satisfies the energy estimate (5.4) converges to a steady state (uy,,Wwp,)
as n — +00.

Proof. The proof of this result is based on the Lojasiewicz gradient inequality (see [1] and
[14]). Let u) € V. By (5.4), the sequence (€(u})), is non-increasing and since it is bounded
from below by 0, we have E(u}}) — £*. We assume without loss of generality that £ = 0.
By (3.2), £(v) = +o0 as ||v|ly — +oo and (u}), is bounded: there exist uf® € V" and a
subsequence (uy*); such that uy* — u® in VP as k — +oo0.

Using the same matrix notation as introduced in the proof of Proposition 1, problem (5.1)
reads

((Ajfl) z\jr) ( (U —ngl) /6t ) - ( AU™ + F(U™) +0 ArU™ + GI(U™) ) !

where U™ (resp. W") is the vector of the coordinates of u} (resp. wj). The matrix A + I is
invertible. Thus, eliminating W", we obtain

n __ n—1
(A+D)~"+ MF)% = —(AU™ + F*(U™) 4+ ArU"™ 4+ GR(U™)) = —=VE"(U"), (5.13)
where
M
EMV) =0 wer), WV = (v, o) € RM.
=1

If we take the Euclidean norm of (5.13), we see that

) o —um| o™ — U
! St St ’

where 0 < A\; < Ay < 400 are respectively the smallest and the largest eigenvalues of
((A+1)~'+ Mry) since ((A+1)~!+ Mr) is a symmetric positive definite matrix. On the other
hand, since f and ¢ are real analytic, the function E” is real analytic on RM and it satisfies
the Lojasiewicz inequality; more precisely, there exist o,v > 0 and v € (0,1/2] such that

< [VE"U™) < Ay (5.14)

YW eRM ||V -U®|<o=|E"(V)|" <q|VE"V)|, (5.15)
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where we have used the fact that E"(U>®) = £(uj°) = £* = 0 and where || - || denotes the
Euclidean norm in IR™. Now let n be such that ||[U" — U>|| < 0. We recall that E" satisfies
the following inequality:

E n = |rrn n—1|2
(U™ + 5 U7 = U+

We consider the following two cases:
Case 1: E"U") > EMU"!)/2. In what follows, we will use the fact that all norms are
equivalent on V", Since z +— 27! is non-increasing, we have

2EMU™) > EMU™ Y = EMUr Tt s 2t B (U (5.17)
We also know that

26t|U” U er < EMU™MY), Vo> 1 (5.16)

W21 + [0 5r > a5, Wt eV (5.18)
for some positive constant ¢, > 0 since all norms are equivalent on V". Then

EMU"Y)
Eh(Unfl)y o Eh(UTL)V — / l/J?yildI

ER(U™)

ER(UnY)
> / v(EMU™ ) de (using (5.17))
ER(U™)

> 2”‘1uEh(U”)”‘1[Eh(U”‘1) — E"(U™)] (using (5.16))

(5.19)
> 2 BN 5t<'U" U+ U = O )
= 2 BN U (U - U+ (0 - U )
Un — Un 1”2
> 211—2 || .
= VCh StER(U™)1-v
Using (5.15) and (5.14), we obtain
2V—2ych ”Un _ Un—1||2
Eh(Un—l)l/ _ Eh(Un)u >
ov— 2 :
> U = U
AmY
Case 2: E"(U") < EMU™ 1) /2. We have
Eh n—1
Eh(Un—1))1/2
<:>(Eh(Un))1/2 < ( (U ))
V2
Eh(m—1Y))1/2
¢>>(Evh(Un—1))1/2 . ( (U )) < (Eh(Un—l))1/2 . (Eh(Un))1/2 (5.21)

\/§
- <1 ) %) (EMUTH) < (BN UTT)Y — (BN (UT)?
=@y < (1o ) (- @),
18



Using (5.16), (5.18) and (5.21), we obtain
1

NG
)

" =Um ) < —

IA
~+

2

(U = U an + U = U™ or)
( )1/2 (Eh(U”—l) — Eh(Un))l/Z

2 ( )1/2 Eh(Um1)1/2 (5.22)
(

IN

n
ot
Ch

2

IN
—_

Ch

1\ " /at 1/2( h 1\1/2 h 1/2)
- — — EY U™ )2 — EYU") :
Thus, in both cases, we have

22—1/)\M,y
1468

+2 <1 - ﬁ) <Z> (EMUrhY2 — EMU™)V?)

U — 0| < (BMU™ ) — B (U"Y)

_ (5.23)
227V )\
< MY (Eh(Unfl)z/ - Eh(Un)V)
VCp,
SN 12 phiprmnl/2
e (EMU" )2 = EMU™)?).
Now, let E > 0 be small enough so that
22—1/ ~ 1/2 ~
M0 oy (ﬁ) EY? < o/3. (5.24)
vey Cp,
We choose n large enough such that
_ 1
| U™ —U®|| < —(|U" = U>®|_14 +|U" = U®|or) < 0/3 and E"(U") < E.Let N—1>n
Jen

be the largest integer (including 4+o00) such that
1
U™ —U| < \/—C_h(|U” — U™+ |U"=U|or) < 20/3,

for all n with m < n < N — 1. Assume by contradiction that N is finite. We deduce from
(5.16) that

1
U™ — U] <—C<!UN — U™+ |UY = Uor)

1
_ (|UN o UN_1|_17h + |UN o UN_1|()71“)
1

>

Ch

+ (’UN_l o Uoo‘—l,h + |UN—1 o UOO|07I‘) (525)

1
< (VERERTTT) + 0% = U+ 0% = Ul

<0/3+20/3 =o0.

E]
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So we may apply (5.23) to every m < n < N — 1 and since (E"(U™)),, is non-increasing, we
obtain

V) St
ZHU" U < M”Eh(UN Y +5 (c ) EMUN Y2 < /3. (5.26)
h
Thus,
|UN = U= < |UN = U™ + U™ = U=
N
< Ur U+ |UT - U (5.27)

<o0/3+0/3=20/3,

which is in contradiction with the definition of N — 1. So N = +o00 and the whole sequence
(U™) converges to Us,. Since wy', defined by (5.1), is a continuous function of u}, w} also has
a limit w°® as n — 400. We see that (u;°, w;p®) is necessarily a steady state by passing to the
limit in (5.1). O

6 Numerical simulations

In this section, we illustrate some numerical simulations in two space dimensions. The fully
discrete scheme (5.1) requires at each time step the resolution of a nonlinear system and for
the numerical computation of solutions of the space semi-discrete scheme (3.7), we propose
instead of (5.1) a semi-implicit time discretizations which is the semi-implicit Euler (SIE)
scheme, i.e. (3.7) but the implicit nonlinear terms f(u}') and g(uj}) are respectively replaced
by the explicit terms f(u}~') and G(u}~'). Using the same arguments as in the proof of
Proposition 1 we see that the matrix of the SIE scheme is positive semidefinite and invertible,
so that the SIE scheme is well-posed.

Figure 1: t =5

Figure 2: t =10

Figure 3: t = 25
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Figure 4: t = 50

In Figures 1-4, we see the result of the SIE scheme on the slab L, x L, = 80 x 10. The
triangulation Q" was obtained by dividing the slab into 256 x 50 rectangles and by dividing
every rectangle along the same diagonal into two triangles. The nonlinearities are

L 3

fv) = 5(?} —v) and gv)=A+kv—h, veR, (6.1)

with A +k = 1 (A = 0.5, for instance), h = 0 and 6t = 0.1. In each picture, the maxi-
mum and minimum values of u are colored in white and black and values of u in between
correspond to different shades of grey. In these numerical simulations, we chose the same
parameters as in [1] and [13]. Since A = 0, none of the components is preferably attracted by
the walls, which is visible on the fact that both white and black zones appear at the boundary.

Figure 5: t =2 (h =0)

Figure 6: t =2 (h = 0.7)

In Figures 5 and 6, we consider the nonlinearity f(v) = v® — g, v € R, and the same

nonlinearity g(v) = (A + k)v — h,v € R. This time, 6t = 0.01 and the geometry is different;
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the domain Q is a disk of radius 80 centered at (0,0) from which we have cut off a disk of
radius 40 and centered at (20,0). The exterior boundary is divided into 600 intervals and the
internal boundary into 400 intervals, yielding a triangulation Q" of 2 with 59 048 triangles and
30024 vertices. In these figures, we see the difference between the case h = 0, where no phase
is preferentially attracted by the walls, and the case h = 0.7, where one of the components is
preferentially attracted by the walls. We also remark that away from the boundary, Figures
5 and 6 present the same patterns.
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