FITTING SETS IN 4-GROUPS

OLIVIER FRECON

ABSTRACT. We consider different natural definitions for Fitting sets, and we
prove the existence and conjugacy of the associated injectors in the largest
possible classes of locally finite groups.

A Fitting set X of a finite group G is a non-empty set of subgroups which is
closed under taking normal products, taking subnormal subgroups and conjugation
in G. This concept of Anderson generalized the work of Fischer, Gaschiitz and
Hartley about Fitting classes [2, p.535-537], where a Fitting class is a class of finite
groups closed under taking normal products and taking subnormal subgroups.

The theory of Fitting sets concern the study of injectors: for a collection X of
finite groups, a subgroup V of a finite group G is an X-injector of G if V.N A is
a maximal X-subgroup of A for every subnormal subgroup A. The basic theorem
provides the existence and conjugacy of X-injectors in any finite soluble group G
for each Fitting set X [2, Theorem 2.9 p.539].

In this paper, we consider the natural generalizations of Fitting sets and injectors
to locally finite groups. For each definition of a Fitting set, we prove the existence
and conjugacy of associated injectors in a class of locally finite groups. It is shown
in [3] that our classes of locally finite groups are the largest in which the results
about injectors in finite soluble groups hold.

Note that, thanks to our new approach, we generalize in the last section the
theorem of Hartley and Tomkinson about the existence and conjugacy of injectors
in $l-groups [6] from Fitting classes to Fitting sets.

1. NOoRMAL FITTING SETS
In this section, we analyze the injectors associated to normal Fitting sets.

Notation 1.1. Let X be a collection of groups. For each group G, we denote by
Gxy, the join of its normal X-subgroups.

Definition 1.2. Let G be a locally finite group. A nonempty set X of subgroups
of G is a normal Fitting set of G if:

(NF1) every normal subgroup of an X-group belongs to X;

(NF2) when H is a subgroup of G then Hy,, is an X-subgroup of H;

(N F3) every conjugate of an X-group is an X-group.

Definition 1.3. Let G be a locally finite group. If X is a set of subgroups of G,
a subgroup V of G is an X-n-injector of G if, for every normal subgroup A of G,
V' N A is a maximal X-subgroup of A.
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The main result of this section is the following.

Theorem 1.4. Let G be a subsoluble iU-group, and X a normal Fitting set of G.
Then G has exactly one conjugacy class of X-n-injectors.

It is likely that the class of subsoluble {-groups is the largest class of groups
satisfying this result. A partial answer is obtained in [3].

We recall that a group is called a Baer group (resp. a Gruenberg group) if every
cyclic subgroup is subnormal (resp. ascendant). A group G is said to be subsoluble
(resp. an SN*-group) if it possesses an ascending series with each term subnormal
(resp. ascendant) in G and each factor abelian.

In any group G, there is a Baer radical $(G) which is a Baer subgroup containing
all the subnormal Baer subgroups of G, and a Gruenberg radical v(G) which is a
Gruenberg subgroup containing all the ascendant Gruenberg subgroups of G. We
refer to [7, §2.3] for more details.

As in [1, p.15], we denote by p(G) the Hirsch-Plotkin radical of any group G,
and po(G) =1 and pp41(G)/pn(G) = p(G/pn(G)) for each integer n.

We recall that the class 4l was introduced as below in [4], and that by an Hartley’s
Theorem [1, Theorem 4.4.7 p.163], the first condition is redundant.

Definition 1.5. The class i is the largest subgroup-closed class of locally finite
groups satisfying the conditions:

(U1) if G € U then G = p,(G) for an integer n;

(U2) if G € 4 and = is any set of primes, then the Sylow m-subgroups of G are
conjugate in G.

Fact 1.6. [5, Theorem E] If G is a $I-group, then G/p(G) is (2-step soluble)-by-finite.
In particular G/p(Q) is soluble. Moreover, G/p(G) is hyperfinite.

We need to introduce normal® Fitting sets as the sets X of subgroups of a locally
finite group G satistying the conditions (NF'1), (NF3) and
(NF2*) if H is a subgroup of G such that H/Hx,, is locally nilpotent, then Hy, is
a maximal X-subgroup of H.

Any normal* Fitting set of a locally finite group G is a normal Fitting set too.
By the result below, the converse is true in subsoluble i-groups.

Proposition 1.7. If X is a normal Fitting set of a subsoluble U-group G, then X
is a normal* Fitting set.

Proof. Let H be a subgroup of G such that H/Hzx, is locally nilpotent. We define
0o(H) = Hxp, 0i+1(H)/0i(H) = B(H/6;(H)) for every ordinal ¢, and 6,(H) =
Ui<pu6;(H) for every limit ordinal p. Since G is subsoluble, then H is subsoluble
too, and there is an ordinal a such that §,,(H) = H. Suppose toward a contradiction
that Hzx, is not a maximal X-subgroup of H. Since it is an X-subgroup by (N F'2),
there is a smallest ordinal v such that Hy,, is strictly contained in an X-subgroup
K of 6,(H). By (NF1), we have K N 6;(H) = Hx, for all ¢ < v, so there is an
ordinal v such that v = v + 1. Now K/Hx, ~ Ké,(H)/0,(H) is a Baer group.
Hence, if g is an element of K, then (g)Hx, is subnormal in K, and (g) Hx,, is an
X-group by (NF1). By the minimality of 7, it is a maximal X-subgroup of (g)d;(H)
for all ¢ < 7.

For any element b of 6, (H), the local nilpotence of H/Hz,, implies the nilpotence
of {g,b)Hxp/Hxp. Therefore (g)Hz, is a subnormal X-subgroup of (g, b)Hx,. By



FITTING SETS IN #-GROUPS 3

the maximality of (g)Hx, in (9)d,(H), we have (g)Hx, = ({g,b)Hxp)xn and b
normalizes (g)Hxp, 50 (9)Hzrn = ({(9)0,(H))xn.

Since 6 (H) /6, (H) is a Baer group, then (g)d, (H) is subnormal in 6.,(H). Hence
(9)Hzxp is a subnormal X-subgroup of d,(H) and we have (9)Hxn < (64(H))xn-
As 0,(H) is a normal subgroup of H, we obtain (9)Hx, < Hx,, contradicting the
choice of g. This proves the proposition. O

For this section, we fix a normal* Fitting set § of a fixed {-group G.

Lemma 1.8. Let A a subgroup of G containing G'. If A possesses a mazrimal F-
subgroup W, then every §-subgroup of G containing W is contained in a mazimal
§-subgroup of G.

Proof. Let (V;)i<a be an increasing sequence of §-subgroups of G containing W,
for an ordinal a.. For each i < «, since A is normal in G, V; N A is an F-subgroup of
A containing W and we have V; N A = W by the maximality of W. As A contains
G’, then W contains V' where V = U;,V;. So V; is normal in V for all i < a. We
obtain V = Vg, and V is an §-group by (NF2%). O

A Carter subgroup of a group H is a locally nilpotent and self-serializing subgroup
of H. The main result concerning these subgroups is the following:

Fact 1.9. [4, Theorem 5.4] Let H be a {-group, and A a normal subgroup of H.
Then H has a unique conjugacy class of Carter subgroups. Moreover, if C' is a
Carter subgroup of H, then CA/A is a Carter subgroup of H/A and each Carter
subgroup of H/A has this form.

Lemma 1.10. Let A be a subgroup of G containing G'. If A has a maximal F-
subgroup W, then the mazximal §-subgroups of G containing W are conjugate.

Proof. By Lemma 1.8, G has a maximal §-subgroup V containing W, and W =V n
Ais normal in V. Let U = Ng(W) and N/W = Ny w (V/W). We show that there
exists a Carter subgroup C/W of U/W such that V = Cg,. As [V, N] is contained
in VNG <W, N/W centralizes V/W. By Fact 1.9, N/W has a Carter subgroup
C/W. Then C/W contains V/W, and V is a normal and maximal §-subgroup of
C. In particular, we obtain V' = Cg, and V/W is normal in Ny ,w (C/W). Thus
we have Ny w (C/W) = Nyyw(C/W) = C/W and C/W is a Carter subgroup of
U/W.

Let V3 and V5 be two maximal §-subgroups of G containing W. Then there
are two Carter subgroups C1/W and Cy/W of U/W such that V; = (C})g, and
Va = (C3)zn respectively. The conjugacy of Cy and Cj is given by Fact 1.9, and
the lemma is proved. O

For every group H, we denote by H"™ the intersection of all the normal sub-
groups K of H such that H/K is locally nilpotent.

We recall that a subgroup H of a group G is pronormal in G if H and HY are
conjugate in (H, H9) for every g € G.

Lemma 1.11. Let V be a pronormal subgroup of G such that VNG*™ is normal in
G. Then V/(V NG*™) is a normal subgroup of a Carter subgroup of G/(V NG"™).

Proof. We may assume V NG* = 1. Let Gy = G and, for all i € N, Gy, =
G'™. We show that, for all i € N, VG,;/G; is a normal subgroup of a Carter
subgroup of G/G;. It is true if ¢ = 0. Assume that the result is true for i« € IN.
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Then VG;/G; is a normal subgroup of a Carter subgroup C/G; of G/G;. By the
pronormality of V in G, for every ¢ € C, there is x € G; such that V* = V¢
and we obtain C' = N¢(V)G,;. By Fact 1.9, N¢(V) has a Carter subgroup Dy,
and as C/G; is locally nilpotent, we have C' = DyG;. Let D/G;;1 be a maximal
locally nilpotent subgroup of C/G; 1 containing DoG;y1/Gitr1. Now D/G;11 is a
Carter subgroup of C/G;11 [4, Theorem 5.12], and D/G,; 4 is a Carter subgroup of
G/Gi+1 by Fact 1.9. But we have (DoV)*' <V NG = 1, hence D,V is locally
nilpotent, and Dy contains V by the definition of a Carter subgroup. Therefore,
VGiy1/Giq1 is contained in a Carter subgroup D/G; 41 of G/G;41. Since D/G;14
is locally nilpotent, VG;1/G;11 is a serial subgroup of D/G;y1. AsVGiy1/Giqq is
a pronormal subgroup of D/G;41, it is a normal subgroup of D/G; ;. This proves
that VG;11/G;+1 is a normal subgroup of a Carter subgroup of G/G;; for each
1 € IN. In particular, V is a normal subgroup of a Carter subgroup of G. g

Lemma 1.12. Let A be a subgroup of G containing G', L a normal subgroup of G
contaning G*™ and V a mazximal F-subgroup of G. Suppose that, if B is a normal
subgroup of A and if By is a subgroup of B containing V N B, then V N B is an
§-n-injector of By. Then V N L is a mazimal F-subgroup of L.

Proof. We show that V is pronormal in G. For every g € G, V and V9 are two
maximal F-subgroups of (V,V9). By our hypothesis, for all k € N, V N A®) is an
F-n-injector of (V, VI)NA® and of (V9 ', V)NA® . So VINAX) is an F-n-injector
of (V,V9) N A% Since there exists » € IN such that A" is locally nilpotent (Fact
1.6), the unique F-n-injector of (V,V9)N A" is ((V,V9)N Az, by (NF2*), and
we obtain VN A" = V91 AT, Suppose that for an element k € {1,...,r} there
exists @ € A®) such that V N A®) = v9e 0 A By hypothesis, V N A®) is an
F-n-injector of (V,V9%) N A®), Then V N A*~Y and V9« N A*=1 are conjugate
in A®=1) by Lemma 1.10. Thus V N A and V9 N A are conjugate in A. Now a
last application of Lemma 1.10 provides the conjugacy of V and V9 in (V,V9), as
desired.

Let N = Ng(VNLNA). Since VNLNA is an §-n-injector of LN A, Lemma 1.8
shows that V' N L is contained in a maximal §-subgroup V; of L. We show that V7 is
pronormal in N. By hypothesis, ViNA = VNLNA is an §-n-injector of (V;, V)N A
for all g € G. So, for every g € N, V; and V{ are two maximal §-subgroups of
(V1,V{?) < L containing the F-n-injector V1 N A = Vf N A of (V4,Vf) N A. By
Lemma 1.10, we obtain conjugacy of V4 and V{ in (V;, V). Hence V; is pronormal
in N.

Since G"™ is contained in A and L, V N N and V; N N*™ are contained in
VNLNA=ViNA. So VAN"" = V;NN*" is a normal subgroup of N. By Lemma
L.11, V/(V A N*) and V;/(V N N*™) are normal subgroups of Carter subgroups
C/(VN N and C/(V NN of N/(V N N'™) respectively, and Fact 1.9 gives
x € N such that Cf = C. As V is a maximal §-subgroup of G and as Cf, € §
contains V and V¥, we find V¥ < V. But V{* is a maximal §-subgroup of L, so
V' NL=V"is amaximal §-subgroup of L. (I

Lemma 1.13. Let A be a subgroup of G containing G’ and let V' be a mazimal
F-subgroup of G. We suppose that, if B is a normal subgroup of G contained in A,
then V N B is an §-n-injector of B. Then V N L is a mazimal §-subgroup of L for
every normal subgroup L of G such that G/L is soluble.
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Proof. We proceed by induction on the solubility class k of G/L. We may assume
k> 1. Let M = G*~VL. By induction, V N M is a maximal F-subgroup of M.
Since V N M’ is an F-n-injector of M’ by our hypothesis, Lemma 1.8 says that
V N M’ is contained in a maximal F-subgroup Vi of L. Since V; is contained in
a maximal §-subgroup V5 of M (Lemma 1.8), we have two maximal F-subgroups
VN M and V3 of M containing V N M’. Lemma 1.10 gives ¢ € M such that
(VNAM)9 =V,. As L is normal in G, we obtain (VNL)Y =VoNL=V;,and VNL
is a maximal §-subgroup of L. (]

The following proposition is an analogue of [2, Proposition 2.12].

Proposition 1.14. Let (A;)i=o,...n (n € IN) be a finite increasing series of sub-
groups of G such that Ag is locally nilpotent and normal, G /Ay is soluble, A,, = G
and, for every i € {0,...n — 1}, A; is normal in A;11 and A;11/A; is abelian.
Suppose that there is a subgroup V of G such that VN Ag = (Ao)zn and such that
V N A; is a maximal F-subgroup of A; for every i € {1,...,n}. If B is a normal
subgroup of G and if By is a subgroup of B containing V N B, then V N B is an
§-n-injector of Bi.

Proof. We proceed by induction on n. We may assume that G is not locally nilpo-
tent and n > 1. First, we show that V is an §-n-injector of G. Let L be a normal
subgroup of G. By induction, for i € {0,--- ,n — 1}, if N is a normal subgroup of
A;, and if Ny is a subgroup of N containing VNN, then VNN is an F-n-injector of
N;. In particular, V N p(G)L N A; is a maximal F-subgroup of p(G)L N 4;, and we
have VN p(G)L N Ayg = p(G)L N (Ag)zn = (p(G)L N Ag)gn. Moreover, by Lemma
1.13 and Fact 1.6, V N p(G)L is a maximal F-subgroup of p(G)L. By induction, if
E is a normal subgroup of p(G)L N A, _; and if E; is a subgroup of E containing
V N E, then V N FE is an §-n-injector of F;. By an application of Lemma 1.12 to
p(G)L, V N L is a maximal F-subgroup of L. Hence V is an §-n-injector of G.

Let B be a normal subgroup of G and let B; be a subgroup of B containing
V' N B. We show that V' N B is an §-n-injector of By. As V is an §-n-injector of G,
VNBNA; =V NB;NA;is amaximal §-subgroup of BN A; and of By N A; for
all i € {0,...,n}, and we have

VNBiNAy=VNBNAy=BnN(Ay)zgn = (B1NA)zn-

By induction, if D is a normal subgroup of By N A,,_; and if D; is a subgroup of
D containing V' N D, then V N D is an §-n-injector of Dy. In particular, if D is
a normal subgroup of B; contained in By N A,_1, then V' N D is an §-n-injector
of D. Let L be a normal subgroup of B;. Then, by Lemma 1.13 and Fact 1.6,
V Np(B1)L N A; is a maximal §-subgroup of p(B1)L N A; for all ¢ € {0, ...,n} and
we have

VN p(Bl)L NAy= p(Bl)L n (A())gn = (p(Bl)L n AO)Sn

By induction, if F' is a normal subgroup of p(By)L N A,_1 and if F} is a subgroup
of F' containing V N F, then V N F is an §-n-injector of F}. By an application of
Lemma 1.12 to p(B1)L, V N L is a maximal F-subgroup of L. Hence V N B is an
$-n-injector of Bj. O

Corollary 1.15. If G possesses an §-n-injector V, then V N A is a maximal §-
subgroup of A for every subnormal subgroup A of G.
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Proof. We may assume A normal in G. Then V N A% is a maximal F-subgroup
of A% for every k € IN. Let n € IN be such that A is locally nilpotent (n exists
by Fact 1.6). Then we have V N A™ = (A)z, by (NF2*), and Proposition 1.14
says that V' N A is an §-n-injector of A. |

Theorem 1.16. G possesses a unique conjugacy class of F-n-injectors.

Proof. We proceed by induction on the solubility class k of G/p(G). By (NF2¥)
we may assume that G is not locally nilpotent, that is k¥ > 1. By induction, G’
has an §-n-injector W, and W is contained in a maximal §-subgroup V of G by
Lemma 1.8. In particular, VN G® = W NG® is a maximal §-subgroup of G for
every i € {0,...,k}, and we have V N G®) = (G®)z, . Hence V is an F-n-injector
of G by Proposition 1.14.

Let Vi and V5 be two §-n-injectors of G. Then V; NG’ and Vo N G’ are F-n-
injectors of G’ (Corollary 1.15), and we can suppose V1 NG’ = VoNG’ by induction.
Lemma 1.10 gives the result. (]

Now we obtain Theorem 1.4 by Proposition 1.7 and Theorem 1.16.

Remark 1.17. If the word normal is replaced by subnormal in Definition 1.2 then
clearly we do not obtain a new notion of Fitting set. Moreover, Corollary 1.15 shows
that if we do the same thing in Definition 1.3, then in the context of subsoluble -
groups, we do not obtain a new notion of injector.

2. ASCENDANT FITTING SETS
In this section we replace the word normal in §1 by ascendant.

Notation 2.1. Let X be a collection of groups. For each group G, we denote by Gx,
the join of its ascendantl X-subgroups.

Definition 2.2. Let G be a locally finite group. A nonempty set X of subgroups
of G is an ascendant Fitting set of G if it satisfies (NF3) and:

(AF1) every ascendant subgroup of an X-group belongs to X;

(AF2) when H is a subgroup of G then Hyg, is an X-subgroup of H.

Definition 2.3. Let G be a locally finite group. If X is a set of subgroups of G, a
subgroup V' of G is an X-a-injector of G if, for every ascendant subgroup A of G,
V' N A is a maximal X-subgroup of A.

We will prove the following result.

Theorem 2.4. Let G be both an SN*-group and a i-group, and X an ascendant
Fitting set. Then G has ezxactly one conjugacy class of X-a-injectors.

It is likely that the class SN* N4l is the largest class of groups satisfying this
result. A partial answer is obtained in [3].

Similarly to §1, we define an ascendant™ Fitting set as a set X of subgroups of a
locally finite group G satisfying (AF'1), (NF3) and
(AF2*) if H is a subgroup of G such that H/Hzx, is locally nilpotent, then Hx, is

a mazimal X-subgroup of H.

We note that in any locally finite group G, an ascendant Fitting set is a normal
Fitting set, and an ascendant® Fitting set is both a normal* Fitting set and an
ascendant Fitting set.
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Moreover, by a similar proof of Proposition 1.7, we show that if G is both an
SN*-group and a $-group, then its an ascendant™ Fitting sets are precisely its
ascendant Fitting sets.

Theorem 2.5. Let G be a U-group. For any ascendant* Fitting set § of G, the
F-n-injectors of G are precisely its §-a-injectors.

Proof. Let A be an ascendant subgroup of G. Let (A4;)i<o (o ordinal) be an as-
cending series from A to G. Let W be an §-n-injector of A (Theorem 1.16). We
prove that there is an ascending series (W;);<o such that Wy = W and W; is an
$-n-injector of A; for every ¢ < «. Assume W; has been constructed. Let U;y;
be an F-n-injector of A;y;. Then U;;1 N A; is an F-n-injector of A; by Corollary
1.15. By Theorem 1.16, there is a € A; such that (U1 N A;)* = Wy So U, is
an §-n-injector of A;; 1 containing W;, and we can take Wiy, = U/, ;. We must
show that, if j is a limit ordinal, then W; = U;<;W; is an §-n-injector of A;. We
note that W; = (W;)z, is an F-subgroup of A; by (AF2*). Let L be a normal
subgroup of A; and let K be an §-subgroup of L containing W; N L. Since W; is
an §-n-injector of A; for every i < j, W; N L is a maximal §-subgroup of A4; N L for
all 1 < j. Therefore, since K N A; is an F-subgroup of A; N L containing W; N L
for all i < j by (AF1), we have KN A; = W; N L for all i < j. Hence we obtain
K =W;NLand W;NL is a maximal §-subgroup of L. So W; is an §-n-injector
of Aj.

Let V be an §-n-injectors of G. We show that V N A is an §-n-injector of A.
Otherwise there is a smallest ordinal 5 and an §-n-injector U of Ag such that UN A
is not an F-n-injector of A. If § = § 4+ 1 for an ordinal ¢, then U N Ay is an §-n-
injector of As by Corollary 1.15, and UN A = (UN As) N A is an F-n-injector of A
by the minimality of 3, contradicting the choice of 5. So S is a limit ordinal. By
Theorem 1.16, there exists b € Ag such that U’ = Ws. So there is i < 3 such that
b € A; and we have (U N A;) = W;. Hence U N A; is an F-n-injector of A; and
UNA={UnA;)NAis an §-n-injector of A by the minimality of 5. Our result
follows from this contradiction. (]

Now Theorem 2.4 is obtained from Theorems 1.4 and 2.5.

3. SERIAL FITTING SETS
In this section we replace the word normal in §1 by ascendant.

Notation 3.1. Let X be a collection of groups. For each group G, we denote by Gx
the join of its serial X-subgroups.

Definition 3.2. Let G be a locally finite group. A nonempty set X of subgroups
of G is a serial Fitting set of G if it satisfies (IVF'3) and:

(SF'1) every serial subgroup of an X-group belongs to X;

(SF2) when H is a subgroup of G then Hy, is an X-subgroup of H.

We note that in any locally finite group G, a serial Fitting set is an ascendant™
Fitting set too.

Definition 3.3. Let G be a locally finite group. If X is a set of subgroups of G, a
subgroup V' of G is an X-injector of G if, for every serial subgroup A of G, V N A
is a maximal X-subgroup of A.

We will prove the following result.
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Theorem 3.4. Let G be a U-group, and X a serial Fitting set of G. Then G has
ezactly one conjugacy class of X-injectors.

It is proven in [3] that the class of s-groups is the largest class of groups satisfying
this result. The difficulty of the proof in [3] is that without the conjugacy of Sylow
subgroups, a Sylow subgroup might not be an injector.

From now on, G is a fixed {-group and § is a serial Fitting set of G.

Lemma 3.5. Let N be a normal subgroup of G such that G/N is a p-group for a
prime p and Ny is a mazimal F-subgroup of N. If N contains a subgroup A of G
and if V' is an §-a-injector of G, then V N A is an §-a-injector of A.

Proof. By Theorems 1.16 and 2.5, A has an §-a-injector W. Then we have WNN =
Nz, so W/Nz is a p-group and there is a maximal p-subgroup R/Njz of G/Nz
containing W/Nz. Likewise we have VNN = Nz and there is a maximal p-subgroup
S/Nz of G/Nz containing V/Nz. As G/N is a p-group, we have G = RN = SN
[4, Lemma 2.1 (ii)], and there is ¢ € N such that RY = S. But S/Nj is locally
nilpotent, so S contains all the §-subgroups of S containing Nz. Hence Sz contains
V and W9. By the maximality of V, we obtain V = Sz and W9 < V. But W9
is an F-a-injector of A since g € N < A. As A contains N and as G/N is locally
nilpotent, A is a serial subgroup of G. Thus V N A is an §-subgroup of A. Since
V' N A contains an §-a-injector W9 of A, we obtain VN A = W9 and the proof is
complete. O

Lemma 3.6. Assume that G has a normal p-subgroup M for a prime p and a
serial subgroup A such that G = MA. If V is an §-a-injector of G, then V N A is
an §-a-injector of A.

Proof. Let P = (S : S is a p/-subgroup of G). We show that P is a subgroup of
A. By the seriality of A, for each € G\ A, there exist U and V two subgroups
of G containing A such that V < U and x e U\ V. Bt U = (M NU)V,s0 U/V
is a p-group and z is not a p’-element. This proves that each p’-subgroup of G is
contained in A, hence P is a subgroup of A.

We show that VNN 4(VNP) is an F-a-injector of N4(VNP). Let G; = Ng(VNP)
and N = Np(VNP). As P isnormal in G, VNP is an F-a-injector of P, so we have
Nz =V NP, and Ni is a maximal §-subgroup of P and of N. Since N =G, NP
contains all the p’-elements of G1, G1/N is a p-group. But, as A contains P,
N4 (V N P) is a subgroup of Gy containing N and, since V' is an F-a-injector of
G1 (Corollary 1.15 and Theorem 2.5), Lemma 3.5 says that V N N4(V N P) is an
F-a-injector of N4(V N P).

By Theorems 1.16 and 2.5, A has an §-a-injector W. Then WNP and VNP are
two §-a-injectors of P and there is a € P such that (W N P)* =V N P (Theorem
2.5). Now W is an F-a-injector of N4(V N P) by Corollary 1.15 and Theorem
2.5. Since VN N4(V N P) is an F-a-injector of N4(V N P), Theorem 2.5 says that
W® and VN N4(V N P) are conjugate in Ny(V N P). Thus VN N4(V N P)is an
F-a-injector of A contained in the F-subgroup VN A. Hence VNN4(VNP) =VNA
and V N A is as desired. O

Theorem 3.7. The §-a-injectors of G are precisely its F-injectors.

Proof. 1t is sufficient to prove that any §-a-injector V' of G is an §-injector. We
prove that, if A is a serial subgroup of G, then V N A is an §-a-injector of A. Let
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W be an §-a-injector of A. We show that W is contained in an §-a-injector U
of Ap(G). Let Nog = 1 and, for every j > 1, N; = O, (p(G)) where m; = {q :
q is a the i*" prime for i < j}. We construct an increasing sequence (W;)ienw of
§-subgroups of G such that Wy = W and, for every i € IN, W; is an §-a-injector of
N;A. Suppose W; constructed for i € IN. Let W, be an §-a-injector of N;;qA.
Let p be the (i + 1)!* prime. Then we have N;y1 = N; x O,(p(G)), and since
N; A is a serial subgroup of N;;1 A, then W;11 0N N;A is an §-a-injector of N; A by
Lemma 3.6. So there is u € N;A such that W; = (W;11,0 N N;A)* (Theorem 2.5).
Now we may choose W1 = W}, o, and W; = W; 11 N N;A is serial in W;4;. Let
U = U;ewW;. Then W; is a serial §-subgroup of U for each ¢, and U = Uy is an
S-group. Moreover we have U N N; A = W; for every i € IN. Let B be an ascendant
subgroup of Ap(G) and U; be an F-subgroup of B containing U N B. For every
i € IN, as N;A is a serial subgroup of Ap(G), U; N N;A is an F-group containing
W; N B. But W; N B is a maximal §-subgroup of N;A N B for every i € IN since
W; is an §-a-injector of N;A. So we have Uy N N;A = W; N B for every i € IN, and
U = Uien (U1 N N;A) = Uien(W; N B) = U N B. Hence U is an F-a-injector of
Ap(G) containing W.

It follows from Fact 1.6 that any serial subgroup of G/p(G) is acendant [1,
Lemma 7.2.11], so Ap(G) is ascendant in G, and V N Ap(G) is an F-a-injector of
Ap(G). By Theorem 2.5, there is ¢ € Ap(G) such that U9 = V N Ap(G). But
there is k € IN such that g € N A and we have VN NyA = (UNNRA)? = W7, So
V N N, A is an §-a-injector of Ny A. Now, by successive applications of Lemma 3.6,
V' N A is an §-a-injector of A. |

Now we obtain Theorem 3.4 from Theorems 1.16, 2.5 and 3.7.
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