CHAOTIC TENSOR PRODUCT SEMIGROUPS
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ABSTRACT. Suppose {G1(t)}+>0 and {G2(t) }+>0 be two semigroups
on an infinite dimensional separable reflexive Banach space X. In
this paper we give the sufficient conditions for that the tensor prod-
uct semigroup G(t) : X — G2(t)XG1(t) became chaotic in L(X)
with the strong operator topology and chaotic in the ideal of com-
pact operators on X with the norm operator topology.

1. INTRODUCTION

Let X be an infinite dimensional separable Banach space. It is formally clear that
if the Cp—semigroups G1(t) and Go(t) are generated by the operators A; and As, then
the application G(t) defined by

ﬁ(X) > X — Gg(t)XGl(t) S ﬁ(X)

forms a family of semigroup on £(X) in the following sense
(1) G(0)X = X;
(2) G(1)G(s)X = G(1)[G2(s) X G1(s)]

= Gg(t)Gg(S)XGl (S)Gl (t)

=Gt +s)XG(t+s)

=G(t+s)X, st>0;
(3) G(t)X converges strongly to X as t — 0T, for any X € L(X).

In general the convergence is not in the sense of uniform topology of £L(X), but if X
is a finite dimensional space or G(t) acts on the subalgebra K(X), the ideal of compact
operators on X, then it has the uniform convergence.

In the sequel we denote by so-lim [resp. uo-lim] the strong [resp. uniform ] operator
limit.

The semigroup G(t) has Ay, 4, as its infinitesimal generator where

AA27A1X:A2X+XA1- (11)
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This is strictly true when the generators A; and As are bounded. This semigroup
intervenes for studying the operator equation As X + X A1 = @ in the scattering theory
and also in the theory of remediability (see [13] and [11]).

We denote T™* the adjoint operator of T'.

It is clear that if T'(¢) is a Cy-semigroup, then T'(¢)* satisfies the semigroup property.
However, the adjoint semigroup 7'(¢)* need not be a Cp-semigroup in X', since it is
not conserve the strong continuity of 7'(t). In the special case where X is a reflexive
Banach space we have that the adjoint semigroup 7'(¢)* is a Cpy-semigroup on X*
whose infinitesimal generator is A* the adjoint of the infinitesimal generator of T'(t),
[16, Corollary 10.6].

By applying G2 (t) ® G1(t)* to operators of rank one, u ® v* = (., v*)u (u € X,v* €
X*), it comes out that

[G2(t) ® GI(t)] (u® v*) = Ga(t)u ® Gi (t)v*
= (- GI()v")G2(t)u
= Gy(t)(u @ v*)G1(1).

Hence, G(t) is an extension to £(X') of the tensor product Ga(t) ® G1(t)* acting on the
space of operators of finite rank, X @ X*. Therefore G(t) is referred to tensor product
semigroup. This type of semigroup have been also studied in the literature (see [1] [2],
[8], [12], [21], [22], [23] and [24]). In the following proposition we gather together the
essential properties of the tensor product semigroup G(t).

Proposition 1.1. (see [12])

(1) If G1(t) and Go(t) are two Co—semigroups on a Banach space X, then for any
X € L(X), G)X = Ga(t) XG1(t) is continuous in t (0 <t < oo) relative to the
strong operator topology;

(2) Let D(Aaya,) :={X € L(X) such that XD(A;) C D(Az) and the operator Ay, A,
has a bounded extension on X defined by (1.1)}. Then Ay, a, is closed for weak
operator topology and

GHX — X

Ay 4, X = so-limy_ "

A bounded linear linear operator T in a Banach space X is hypercyclic if the orbit
{T™z : n € N} is dense in X. T is chaotic if it is hypercyclic and the set of periodic
points is dense in X. Similarly a strongly continuous semigroup of bounded linear
operator T'(t) is hypercyclic provided that there exists z € X such that {T'(t)x}+>0 is
dense in X'. Furthermore, it is chaotic if it is hypercyclic and the set {z € X : 3t >
0, T(t)xr = x} is dense in X.

In this paper we give some sufficient conditions on A; and Aj in order that G(t) as
an operator in £(X), be chaotic with the strong operator topology. In fact, the Banach
algebra £(X') endowed with the norm operator topology is not separable and so is not
suitable for studying the hypercyclicity or chaoticity. If X is a Banach space with
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approzimation property, i.e. the identity operator can be approximated uniformly on
compact subset of X’ by linear operators of finite rank, then we prove the hypercyclicity
and chaoticity in the space K(&X') of the compact operators on X endowed with the norm
operator topology. This time the space is separable, since the set of finite rank operator
are dense in it.

2. PRELIMINARIES

Let us establish the necessary notation and preliminaries on tensor products.
Given G and H Banach spaces, the projective norm || - || on tensor product G ® H
is defined as follows

n n
lelle o= inf 33" lasllallysln 2 =Y w; @ w50, 2 GO,
Jj=1 j=1
With this norm the space is denoted by G ®, H, and its completion is G&,H.

This space can be equipped with a weaker topology called injective tensor norm |||,
defined by

n n
HZ||€ = Sup |Z(10($J)¢(yj)| z:Z$J®yJ7 )
neN, peG*, e H™, @<L, [l9<1 | 55 =

where z € GRH. So, ||z||c < ||2|lx. With this norm the space is denoted by G®. H, and
its completion by G®.H. Let X be a Banach space endowed with the norm || - ||. We
recall that X ® X* can be viewed as a subspace of L(X). Toany a =) e;®ef € XY QX™*
one can correspond an operator A given by Ax := > (x,ef)e;. Notice that if A, is
a finite dimensional subspace of X, then the projection P, : X — X, P,(x) =
Y oi<i<n @ (2)e; belongs to X @ X, since P, = Y1, € ® 0.

Lemma 2.1. Let X be a separable Banach space. The injection a — A is continuous
and has dense image if we consider X @ X* with the injective tensor norm and L(X)
with the strong operator topology.

Proof.  Let us denote {z,} the denumerable dense subset of X. If S € L(X) and
X, = (x1, - xy,), we fix a projection P, : X — X, we get So P, € X ® X*, and
SoP,r; = Sx;, foralli =1,--- ,n. This implies that S o P, converges strongly to .S.[]

The following Lemma is well-known.

Lemma 2.2. If X is a separable Banach space, then

(i) If X is reflexive, then X* is separable for its natural topology.
(ii) If X and Y are two separable Banach spaces, then X®.Y is also separable.

Let E and F' be two Fréchet spaces, T1 € L(E) and Ty € L(F). We can define the
tensor product 11075 : E® F — E® F by T1@T5(z ® y) := Thz ® Tay.
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3. CHAOTIC TENSOR PRODUCT SEMIGROUP IN L(X)

In this section we assume that X is an infinite dimensional separable reflexive Banach
space. We prove the chaoticity of G(¢) in £(X') with the strong operator topology. Our
technique is similar to those used by Martinez-Giménez and Peris in [15] and Bonet-
Martinez-Peris in [6].

Theorem 3.1. Let X be an infinite dimensional separable reflexive Banach space,
Ga(t) and Gi(t) Co-semigroups in X and suppose that there exists to such that the
operator Ga(to) is chaotic and G7i(ty) has a dense set of periodic points. Then the
tensor product semigroup G(t) is a chaotic on L(X) with the strong operator topology.

Before proving the theorem, we need the following lemmas:

Lemma 3.2. [15, Lemma 1.3] Let T; : E; — E;, i = 1,2 operators on separable
Fréchet spaces E; and let W : E1 — Ey be continuous map with dense range such that
To oW =W oTy. That is, the following diagram is commutative

Ty
Eq Eq
g g
T3
Es Es

(1) If Ty is hypercyclic, then Ty is also hypercyclic;
(2) If Ty is chaotic, then Ty is also chaotic.

Lemma 3.3. [15, Corollary 1.12] If E and F' are separable Fréchet spaces, the operator
Ty : E — FE is chaotic, and Ty : F' — F has a dense set of periodic points, then

TiRTy : E®CLF — E®CLF

is chaotic for projective (a = 7) and injective (a = €) tensor norm. In particular T1 T,
1s chaotic if T1 and Ty are so.

Proof of Theorem 3.1. Since X is reflexive separable Banach space, according to
Lemma 2.2, X'* with its natural topology and X®.X™* are also separable. Let us consider
the following diagram

Ga(to) ® Gilto) ,,~

T @A
v v
LX) 9t) iy
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According to Lemma 2.2, Ga(to) ® G (to) is chaotic and according to Lemma 2.1 the
injection ¥ has a dense image in £(X) with strong operator topology. Hence in order
to achieve the proof we shall use Lemma 2.1 and prove the commutative relation

G(to) o ¥ =W o Ga(to) ® Gi(to). (3.1)
Let x ® y* € X ® X*, by applying the second member of (3.1) to z ® y* we get
W o Ga(to) ® Gi(to)(z @ y*)(-) = ¥ o [Ga(to)r ® G1(to)y™]()
= (-, G1(to)y")Gz(to)x
= (G1(to) (), y*)Ga(to)x
= G (to)¥(z @ y*)G1(to) (")
=G(to) o V(z®y")()

which implies (3.1) in view of Lemma 2.1. O

Example 3.4. Let X = (P(N,a)(1 < p < 00) be the Banach space of complex-valued
sequences x := {x,} such that ||x[|? := 3 07 | |z, [Pa, is finite and the weight sequence

a = (o) satisfies
Qp,

sup <M.

n>1 Ont1
Let B be the backward shift ((Bx), = x,+1). Now if @ is a polynomial, D is the

open unit disc and R := limsup,,_,,, an /7 ig the convergence radius of Y 7 | o, 2".
If Q(R'/?D) N iR is nonempty, then G(t) defined by G(t)X := e!RP) X is a chaotic
semigroup on L(X) with the strong operator topology. In fact in this example G(t)
is a tensor product semigroup associated to e!Q#) and identity and according to [9,
Theorem 2.14], etQ(B) ig chaotic and I has a dense set of periodic points.

In the previous Theorem we have proved the chaoticity of the operator G(tg). The
question arises, if Ga(t) and G7(t) are chaotic semigroups, is G(t) chaotic for all ¢ > 07
Our previous technique fails to give a positive answer to this question. However we can
use the technique of Desch, Schappacher and Webb [10] to give this answer.

In the following lemma we have slightly modified Theorem 3.1 of [10]. In fact, this
modification abridged the proof of their Theorem. For the sake of completeness we
include the proof.

Lemma 3.5. Let X be a separable Banach space and let A be the infinitesimal generator
of a Co—semigroup T(t) on X. Assume that there exists an open subset U of the point
spectrum o,(A) of A (i.e. for each X € U there exists a nonzero element xx € X such
that Axy = Ax)), which intersects the imaginary axis. Furthermore we assume that
for every subset V' of U which admits an accumulation point in U, Dy := span{x) |
A € V}ois dense in X. Then T(t) is a chaotic semigroup. Moreover, T'(t) is a chaotic
operator for all t.

Proof. Let tg be an arbitrary real number. We will prove that T'(¢y) is a chaotic
operator. Let Uy and U_ be open subsets of U such that U, is contained in the right
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half plane and U_ in the left plane. By hypothesis Dy, and Dy_ are dense sets in X'
Define

S(to)zy == e Moz,
for all 4 € Uy. Therefore nlln;o T(to)"zy =0 foral A € U_, nh—>nolo S(to)"w, = 0 and

T (to)S(to)x, = x, for all p € U4. Hence the operator T'(ty) satisfies the Hypercyclicity

Criterion (see [?, Theorem 4]). It remains to show that T'(¢o) has a dense set of periodic

points. Let Uy be a subset of U contained in the imaginary axis. Suppose without
271

lost of generality that Uy is a subset of ti(@, where Q is the rational numbers. If
0

271
A= P < 1y, then
to ¢
q 2mi Pyog 2mip
T(tg)lxy =eto a gy = e Pry = x).
So, Dy, is dense and every point of Dy, is a periodic point of T'(tp). O

Corollary 3.6. Let X be an infinite dimensional separable reflexive Banach space and
suppose that Ay and A} are the generators of Co-semigroup Go(t) and Gi(t). If Ay
and A7 satisfy the hypotheses of Lemma 3.5 in X and X*, then the tensor product
semigroup G(+) is chaotic on L(X) with the strong operator topology.

Proof. By Lemma 3.5, G2(t) and G1(t)* are chaotic operators for all ¢ > 0. Hence
Theorem 3.1 shows that the tensor product semigroup G(t) is a chaotic on £(X') with
the strong operator topology. O

Lemma 3.7. Let X be a separable Banach space. If x is a periodic point of a Cy-
semigroup {T(t)}i>0, then the orbit {T(ty)x}nen is precompact, for every sequence
{tn}nen of positive real numbers.

Proof. Let ty be a positive real number such that 7'(tg)x = x. Therefore
{Tt)z : neN}C{Tt)z : t>0}={T({t)x : tel0,to]}

for every sequence {t,, }nen of positive real numbers. Since {T'(t)}+>0 is a Cp-semigroup,
then {T'(t)x : t € [0,%]} is a compact subset of X. Hence {T'(t,)z : n € N} is
precompact. O

Theorem 3.8. Let X' be a separable reflexive Banach space. If {G1(t)*}i>0 and
{Ga(t) }+>0 are chaotic Cy-semigroups, then the tensor product semigroup G(-) is hy-
percyclic on L(X) with the strong operator topology.

Proof. Since {G2(t)}+>0 is a hypercyclic semigroup and X is separable , then there
exists a sequence {t, }nen of positive real numbers and an element x €. alz such that
the sequence {Gs(ty,)x}nen is dense in X'. Moreover, by Lemma 3.7, {Ga(ty)z}nen is
precompact for every periodic point z of {Ga(t)}+>0. The same argument gives that
{G7(t)z* }+>0 is precompact for every periodic point z* of {G](t)}+>0. Using [4, The-
orem 4.1] and [3, Corollary 2.3] the sequence {Gs(t,)}nen satisfies the Hypercyclicity
Criterion. Define S§(tx)z* = G5(ngso — ti)z* where sg is the smallest real number
such that G7(sg)z™ = z* and ny is the smallest integer such that nisp > t;. Hence
{G5(tn)x* tnen and {S7(tn)x* }nen are bounded and Gj(t,)ST(tn)x* = x* for every
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periodic point z* of {G7(t)}+>0. By [15, Theorem 1.8] Ga(t,) ® Gi(t,) is hypercyclic
on X®.X*. The same proof of Theorem 3.1 gives the result. g

Example 3.9. Under the assumption of Example 3.4, Let As := —al + (3B, where B is
the backward shift in /?(N, a) with 1 < p < co. In [9, Remark 2.15], it is proved that the
bounded operator Ay := —asl + BoB in P(N, ) generates a semigroup Gao(t) = et42,
which satisfies the assumptions of Lemma 3.5 provided that (2 > as > 0 (see [9]
and also [17] for the case p = 1). Hence this semigroup generated by As is chaotic.
Now, since /P(N, o) is reflexive, it is well-known that G(¢)* is also a Cy—semigroup in
¢1(N,«), when 1/p+ 1/q = 1. But it is shown in [10] that the adjoint of Ga(t) is no
more chaotic and for this reason we take G1(t) the semigroup generated by —ay I+ 51 F,
when «a; and () verifying that £ > a3 > 0 and F' is the forward shift in /P(N, «). This
time G1(t) is not chaotic but its adjoint G;(t)* is chaotic in ¢9(N,«). All these facts
imply that we are in position to apply Corollary 3.6 and conclude that the tensor
product semigroup G(t) : X — Ga(t)XG1(t) is also chaotic in L(P(N,«)) with the
strong operator topology.

Proposition 3.10. If G(t) has a hypercyclic vector T in L(X) with the strong operator
topology and x is any nonzero vector in X, then x is a hypercyclic vector for the family
of operators G(t)T on X

The proof of the above result is similar to [7, Proposition 7].

4. CHAOTIC TENSOR PRODUCT SEMIGROUP IN K(X)

Let K(X) be the ideal of compact operators on X. It is well-known that if the
sequence {A,} of L(X) the Banach algebra of bounded operators on a Banach space
X, converges strongly to a bounded operator A, for any C' € I(X), the sequence
{4,C} [resp. {CA,}] converges to AC [resp. CA] relative to the norm operator
topology. From this fact, for each fixed C' € K(X), G(t)C = G2(t)CG1(t) is continuous
in ¢t € [0, 00) relative to the norm topology and hence G(t) defined by

K(X) 3 C — Ga(t)CG1(t) € K(X)

forms a family of Cy—semigroup on K(X). As usual, in the theory of Cy-semigroup the
generator is given by

. 1
A, a,C = uo—limt_q); G@t)Cc—-0C) (4.1)

with
D(Aa,.4,) := {C € K(X) | the uo-lim exists and is in (X)}.

The following lemma makes precise the sense in which A As, A, generates G(t).
Lemma 4.1. The domain D(AAQ,AI), consists of those operators C € K(X) such

that CD(A1) C D(A3) and the operator AsC + C Ay has an unique compact extension
K e K(X).
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Proof. Let x € D(A;). The proof can be carried out on the following identity

%(g(t)c O = E(Gg(t) _ 1)} C + Ga(t)C [%(Gl(t) _ 1)} ..

The second term on the right hand side converges to Ga(t)C'A; and the left hand side
converges to Kx, where

K = uo—limt_@%(g(t)(? -C)= uo—limt_,O%(Gg(t)CGl (t)—C).

Hence the first term of the right hand side has a limit and Cx € D(Az). Furthermore,

since the uniform limit of compact operators is compact, K € K(X') and Kz = AsCz+

CAiz for all z € D(A;). This proves that K is a compact extension of A A,,4,C and

this extension is unique since A; is densely defined. O
Next, we give conditions in order G(t) to be chaotic on K(X).

Theorem 4.2. Let X be an infinite dimensional separable reflexive Banach space with
the approximation property and Gy(t) and G1(t) Cy-semigroups in X. Suppose that
there exists ty such that the operator Ga(ty) is chaotic and G7(to) has a dense set of
periodic points or vice versa. Then the tensor product semigroup G(t) is chaotic on
K(X) with the norm operator topology.

Proof. Since X is separable and reflexive, then A* is separable. Moreover, X ®,X*
is a separable normed space and the extension of the continuous inclusion gives an oper-
ator ¥ : X®,X* — K(X) continuous with dense range since X’ has the approximation
property.

The theorem follows by applying Lemma 3.2 to the following commutative diagram

_ Galto) ® Gilty) -

XRrX* XR,X*
LG LG
4
k() AL k)
since by Lemma 3.3, the operator Go(ty) ® G%(to) is chaotic in X@,X*. O

The following lemma relates o,(A;*) and 0,(Az2) to op(Aa, 4,)

Lemma 4.3. Let AAQ,Al define by (1.1) be the infinitesimal generator of a tensor
product semigroup G(t). Then

op(A1*) + 0p(A2) C op(Aaya,).
Proof. Let A} € 0p(A7]) and \g € 0,(Az). If 27 is such that A*z} = Ajz] and xg is
such that Asxe = A9z, then for any = € D(A;) we have
Ag(za @ 27) + (22 @ 27) A1z = Ag((x, ] ) ) + (A12, 27) 2
= Xo(z, a7 )@ + (x, Aj2]) 22
= (A2 + A7)(22 ® x7)z.
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Since z2 ® z7 is of rank one operator and z3 € D(As3), by Lemma 4.1 it is clear that
A2 + A} is an eigenvalue of Ay, 4. O

The following corollary gives conditions on A; and As in order that G(t) is an oper-
ator chaotic on /(X)) with the norm operator topology.

Corollary 4.4. Let X be an infinite dimensional separable reflexive Banach space with
the approximation property. Suppose that Az and A} are the generators of the Cy-
semigroup Ga(t) and G7(t) respectively. If As and A3 satisfy the hypotheses of Lemma
3.5 in X and X*,respectively, then G(t) the tensor product semigroup is chaotic on
KC(X) with the norm operator topology.

The above corollary is an immediate consequence of Theorem 4.2. However, we will
give a different proof.

Lemma 4.5. [10, Theorem 2.3] Let X be a separable Banach space and let A be the
infinitesimal generator of a Cy-semigroup T'(t) on X. Suppose that the sets

Xo={x e | tlim T(t)x = 0},

Xoo  ={z€X | Vex>0,Iyec X, t>0|yl| <e, T(t)y ==z}
and
Xper :={x € X | there exists some t > 0 such that T(t)x = x}
are all dense in X. Then T(t) is chaotic.

Proof of Corollary 4.4. Take U and U* open subsets of the point spectrum of the
generators Ao and Aj, respectively, which intersects the imaginary axis. Let V_ C U
and V* C U* such that each subset is contained in the left half plane and has an
accumulation point in the left half plane. By Lemma 3.5 we have that Dy and Dy«
are dense in X and X*, respectively. Define

Fv_ v+ = {{z)) ® <33;> cx) € Dy, :E;: € va}.
It is clear that Fy._ y~ is dense in X ® A*. Moreover, Fy,_ v+ is a subset of Ay, where
Xo:={C e K(X) : G2(t)CG1(t) — 0 uniformly }

since Ga(t)(z\ ®@ 2,)G1(t) = eQFIL (g ®ry) —0ast—ooforall A € V_ and p € V.

Let V, C U and Vi C U*, analogous at above but now each subset is contained in
the right half plane and has an accumulation point in the right half plane. By Lemma
3.5 we have that Dy, and DVi are dense in X and X'*, respectively. Define

-7:V+,V; ={{z\) ® <$Z> tx\ € Dy, x; € Dvi}
It is clear that ~7:V+,V+* is dense in X ® X*, and -7:V+,V+* is a subset of X,,, where
Xoo :={C € K(X)|Ve >0, IK e L(X), t >0: |K| <e, Gt)K =C}

since Ga(t)(w\ ® 7,)G1(t) = Ot (2 @ 7).
Finally, it remains to show that X, is dense. Let Vi C U and V;;7 C U™ as before but
with an accumulation point on the imaginary axis. Suppose without lost of generality
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that Vp and V" are subsets of 2iQ. It follows that Fy; v is a subset of Xje,. Moreover,
if A =2mL € Vp and p= 27Ti% € Vg, then

G(t)(xr ® a) = Ga(t)(2\ @ 23)G1 (1) = 62”1(§+5—5)t(m ® ).

Hence, taking t = q¢' we obtain that G(t)(zA ®w},) = r)®z},. By hypotheses of Lemma
3.5 we have that Fy; v+ is dense in X @ X™. So, we get the desired result using Lemma

4.5.

O

Example 4.6. We consider the Banach space /P(N, «) as is defined in Example 3.9.
This space has the approximation property (see [20, Example 4.5]). As we have seen
in Example 3.9 A; and A} satisfy the assumptions of Lemma 3.5. Hence we can use
Corollary 4.4 and conclude that the tensor product semigroup G(t) : C — Ga(t)CG1(t)
is also chaotic in K(¢P(N, «)) with the norm operator topology.
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