SEMICLASSICAL LIMIT OF HUSIMI FUNCTION

HASSAN EMAMIRAD AND PHILIPPE ROGEON

ABSTRACT. We will show that Liouville and quantum Li-
ouville operators L and Ly generate two Cp-groups e’ and
e'Ln of isometries in L?(R?") and e!’* converges ultraweakly
to e*F. As a consequence we show that the Gaussian mollifier
of the Wigner function, called Husimi function, converges in
L' (R?™) to the solution of the Liouville equation.

1. INTRODUCTION.

In the Schrodinger picture Hy := —%QA and H := —%QA + V are the free and
perturbed hamiltonian operators in L*(R™), where & is the Planck’s constant. If
 is the solution of the corresponding Schrédinger equation

0o
(Sch) har = He

p(2,0) = po(z)

It is well-known that for some potential V' the operator H is self-adjoint. For ex-
ample, when V satisfies the Kato conditions: V € L2 (R"), V =Vi+V,, V| €

loc
L>*(R"), Vo € LP(R"),p > max(n/2,2), then —;H generates a unitary group

it
e~ nH and

it

e~ # o) 2y = lpo(@)llz2qar, (1)

for all t € R.
If we denote the Wigner transform of ¢ by

wi= W, (x, &) = (27)" / o iV, (a: + %) @ (x - %) dy  (12)
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and if the potential V = 0, then w will satisfy the advection equation

{ o6 =0

(AE) w(z,€,0) = wy € L*(R? x Rg)

and if V' #£ 0, then w will satisfy the quantum Liouville equation

W ¢ Vow — P, Ve)w = 0= 22 — Lyw

(QLE) { w(z, €,0) = wo(x, &) = W, € L*(R2 x RY).

In this equation Pj is a pseudo-differential operator defined either in symbolic
form

i h h
Ph(x, v§) = ! |:V(l’ + i—Vg) — V(ZL’ — i—Vg):|
h 2 2
or by
Pi(z, Ve)w = ky fw = / kn(x, & —m)w(z,n)dn
with

kn(,€) = (2m) "2 F, [% {v (x + gy) -V (x — gy)H ().

In [11, 10] it is proved that if V € H. (R™) N L*(R") then (QLE) admits a
solution in L*(R} x RE) and the solution is unique if V' € H, (R") N C*(R").
Furthermore the mild solution of (QLE) converges weakly in L*(R} x R}) to the
weak solution of (LE). In [4] the authors proved the well-posedness of (QLE)
in L'(R? x RY) and it is proved that if V' € H*(R") for s > max{2,n/2} then
the operator Ly is a bounded perturbation of Ly := —& - V, and generates a
quasi-contractive Cyp-group, which satisfies

e Fll 21 rpxmp) < € Fl| 1 Ry ey

where 0, = 2(27) " 2Cy||V || s

In the sequel we suppose that the potential V' is such that the Cy-group acts on
LP(R? x R?), for p =1 and p = 2. With respect to such a potential we consider
the Liouville equation

w(z,€,0) = wo(x, &) € LP(RY x RY),

(LE)

which generates also a Cy-group e'* in LP(R% x Rg) (see [1, Proposition 2.2]). In
LA(R? x RE) this group is unitary, since the operator L is skew-adjoint operator
(see [11]). This group has also an explicit representation via Koopman formalism
which asserts that

o' f(z0, &) = fla(~1), &(~1)), (1.3)



SEMICLASSICAL LIMIT OF HUSIMI FUNCTION 3

where (x(t),£(t)) is the solution of the Hamiltonian system

{i =¢, z(0) = xo
E=-V.V(x), £0)=&.

In [11] it is also shown that el converges weakly to e'l. In other words if
w is the solution of Liouville equation (LE), then wy converges to w weakly in
L*(R} x RY) as i — 0.

In this paper we will prove that this convergence is not only in weak sense but
also in ultra-weakly in L?(R" x R%). Our proof is based on the theory of the
algebras of operators on the Hilbert spaces ([3]).

In the first section we develop in an abstract manner some results which come
to make use in the second section.

It is well-known that the Wigner distribution function is not positive and there-
fore one cannot regard that as a density distribution in statistical mechanics. For
alleviating this difficulty K. Husimi proposed in [6] to take a mollifier of Wigner
function which is called Husimi function and defined by Hp(z,€) = [GrxW)(z, €),
where the Gaussian G, is

Gr(z, &) = (Wh)—ne—(\xIQHEIQ)/ﬁ (1.4)

(HS)

Let us denote by
Ch:fELl(RgXR?)HGh*fEY(RQXR?), (1.5)

then Hp(z,£) = CpWy. The action of C on (QLE), gives a new perturbated
system of (LE) called Husimi equation. The ill-posedness of the Husimi equation
is already studied in [4]. In the section 3 we prove that the Husimi function Hj
converges strongly to w solution of (LE), in L'(R} x Rg). This proof is based on
the result of P. Markowich and C. Ringhofer [11, Lemma 8|, who prove that if the
potential V' € H. (R™) N L>*(R™) then wy, the mild solution of (QLE) converges

loc

weakly in L*(R” x RE) to the weak solution of (LE), the ultraweak convergence

(see definition 2.1) of e'fr to el as h — 0, together with some results of the
Gaussian upper bound.

2. ULTRAWEAK CONVERGENCE OF THE QUANTUM LIOUVILLE EQUATION AS
h — 0.

Let H be a complex separable Hilbert space with scalar product (.,.) and norm
||.||- In the theory of von-Neumann algebra £(H) designates the algebra of linear
bounded operators equipped with the uniform norm [[A| := sup, < [|[Az| and
J1(H) its *—ideal of the trace class operators with the norm

1A= [,
i=1
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where |);| are the singular values of A, or eigenvalues of |A| = VAA*. Let {e; }ien
be an orthonormal basis in H. It is clear that if A € % (H) then

Tr(A) =) A\ < oo
=1

Since > "7 |(Ae;, €;)] is independent of the choice of the orthonormal basis {e; }en,
so, if we replace {e;}ien by {@;}ien the orthonormal basis constituted by the
eigenfunctions of A € .#1(H), we retrieve

1A =) I(Aes el
i=1

Definition and Theorem 2.1. We say that the sequence of the bounded opera-
tors { Ay} converges ultraweakly to A and we write A, = A, if and only if

h;n Z((Aa — Az, y;) =0, (2.1)

for any pair of sequences (x;), (y;) in H satisfying > s, ||lz:l|*+ |lyi||* < oo, which
15 equivalent to say that

Tr(Au.p) — Tr(Ap), (2.2)
for any p € S (H).

Proof.  Any p can be represented in his orthonormal eigenfunctions basis
(Qb@) as quz = )\quz and TI'(Aap) = Z;}il(Aa)‘lQSZ?QsZ) If )\z = |)\z|619’, by taklng
z; = /| Ni]e%/2¢; and y; = /| Nile /2, we get

D Ml + gl < 2ol

i=1
Since Tr(Anp) = Y i (AaXidi, ¢;) and Tr(Ap) = > 2 (ANigs, ¢i), so we have
(2.2).

Conversely if we suppose that (2.2) is true, then given (z;) and (y;) satisfying
Sooo Nwill? + Nlyil|*> < oo, for p defined by pz = Y22, (z, y;)z;, we have

ozl < ) 1, ya) il
i=1

[e.e]
< D llzlllgillllzil < Cllz|
=1

where C? = (3202, |lz]1?) (022, lwill?), so we see that p is bounded. To show
that p is trace class, let (1;) be any orthonormal set in H, by using the Bessel’s
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inequality we have

ZI pi ) =

j=1

(Z(wjv yi)xiv wﬂ)

=1

n

Z’ (g, i)l (@i, )]

7j=1

NN

I
—

%

ST

(VAN
DO | =

s
Il
i
.
Il
—

(15, 90 I + (i, 05) )

NN

< (llill* + llyall*)

=1

which is finite and independent of n, which implies that p is a trace class operator
on H.

Now if we replace in (2.2) pp; by D% (5, yi)xi, we get

hmz ( (Ao — 4) i(%yi)xia%) =0,
=1

which implies that

hmzz Vi, yi) ((Aa — A)zi, ) = hmz ( (An — A) xl,Z(yi,zﬁj)%)

i=1 j=1 j=1

= hmz Az, y;) = 0.

U
Remark 2.1. In [2], (2.2) is taken as the definition of ultraweak convergence.

Lemma 2.2. If the family {A,} is uniformly bounded, then the ultraweak topology
15 equivalent to weak topology.

Proof. Tt is clear that if choose the sequences {z;} and {y;} such that z; =
x,y1 =y, where x and y are arbitrary and z; = y; = 0 for any ¢ > 2, then (2.1)
can be written as lim,((A, — A)z,y) = 0 which implies the weak convergence of
{A.}. Conversely, if L := sup,, || A, ||, for any € > 0 we can find an integer N > 1
such that

i ll* + Ilyall* <
;V L+ HAH

and also saying lim, ((A, — A)z,y) =0 1 1s equwalent to say that for any finite set
A, if o ¢ A, then ((Aq — A)zi, 4) < 5v— for alli=1,-, N —1. So we can write
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for any o ¢ A,
> (Ao — Aziy) = > ((Aa— A)ziyi) + Y ((Aa — Ay, ;)
i=1 i<N—1 i>N
5
< 5 H (LAl > llzillllyl
i>N
e L+ A]|
Sgt—— Z sl |* + lal]* < e
i>N

O

Corollary 2.3. The group e''* is unitary and converges ultraweakly in L*(R? x
RY) to e as h — 0.

Proof. Multiplication of (QLE) by w, integration by parts and taking the real
parts of the resulting equation gives

// |w|*dzd€é + Re // [Pr(z, Ve)w|wdzdE = 0. (2.3)
2 dt ]R XR& IXRf

Applying the result of [11, Lemma 2| we get

/ / . [P(z, Ve)u]udade = / / - [P(z, Ve)uudzde

and since by definition of P(z, V¢) we have Py(x, Ve)u = Pr(z, Ve)u, it follows
that Re [, <R [Pr(x, Ve)w|wdzdé = 0.

Thus, from (2.3) it follows that ||w(.,.,t)|| = ||wo(.,.)||, that is the group et
is unitary and for any A > 0 we have ||e'®r|| = 1 and the result infers from the
above Lemma. O

3. HUSIMI TRANSFORMATION

If we denote the solution of the Schrodinger equation (Sch) by ¢; and its
Wigner transform (1.2) by W, , the Wigner function W, (z, £) is not positive for

all values (z, &) of the phase space, in spite of the fact that

hy hy
[ Walw. s = 7 [Flina + Digalo — N 0) = len@P > 0. (31
Re
So, we cannot consider the Wigner function as a density function in the context of
statistical mechanics. In [6], K. Husimi proposed the following procedure which
ends to define a new function which is called Husimi function, which can be
considered in some manner as a density function.
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Define
Hﬁ(xv 57 t) = [W‘Ph * Gﬁ](m7 ga t)

= // W, (y,n,t)Gr(z —y, & — n)dydn,
R xRY

where G(z,€) is given in (1.4).

By taking i = 4¢, it is well-known that [T'(t)f](x,€) = [Ga * f](z,§) forms
a Gaussian (or heat, or diffusion) semigroup and the strong continuity of this
semigroup asserts that

[Gurf—fl,—0 forany feIP(RIxRY, (1<p<oo) (32)
ast — 0.
Lemma 3.1. For (z,&) in phase space, define the Gabor function

T—x \
7v/J:vo,&) (JZ) = (ﬂ-)_n/4e_ o 160 =/h
then the Wigner transform of Gabor function Wy, . = satisfies

szo,go (2,8) = Gr(r — 20,6 — &) = W%&(Qio,fo) (3.3)

Proof. By using the expression

Wy, o (2,6) = (k)" / My (gt

we get by using the parallelogram identity

e = S)dy

€ _(lz=zol® | v
Wwfo»éo (x>£) = (Wh)_n/Q (27Th)_n/ eﬂ(frfo ~y)e ( T )dy

= (7h) " e~ (w0l +lE=E*)/h

n 2
)? o lir . O
.5) and denote by Qn(x, V) :=

since it is well-known that [5, e Yehlul® gy = (
Now, let us consider the operator C, given in (
Chph(iC, Vg)

Theorem 3.2. The Husimi function Hy, is positive and belongs to L' (R} x R),

further more Hy, converges in this space to w(x, &) the solution of Liouville equa-
tion (LE), as h — 0.

»—lwlﬁ

For the proof of this Theorem we will use the following Lemma.

Lemma 3.3. Let us denote by xi(x,&,y,n) the characteristic function of Ij, =
{(@.&y,m) eR™ = (k=1)’h < |z =y + [ —n> < k*h} and

ge(y,m) = /IR . kGr(r —y,§ —n)xw(x, &y, n)dzds
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then
Z Hng%Q(Rngg) < 0. (3.4)

E>1

Proof.  For the proof of this Lemma we will use the Gaussian upper bound
(see |9, Chapter 7|). We remark that Gun(z —y,& —n) = p(h, (z,€), (y,n)) is the
Gaussian kernel of A in R} x R and satisfies

(0 . ()] = OOV (), Vi) { - (EHEZIEN (35

where V((y,n),r) is the volume of the ball B(y,n),r) centered at (y,n) of radius
rin R} x RE (see [9, formula (7.5) ]). Using the facts that

/ el €,y m)dede < V(g ), kV)
R xRE

and

Ik C U U B((y:n)ak\/ﬁ)

I(y,n)ISk (90,57%77)6%
it follows from (3.5) that

2

> 195122 g crn) = Z/ / kGu(r —y,& — n)xe(2, &, y,m)dzdS| dydn
o1 o1 JRExRY | JREXRE
2
< 02 / ke—Sc(If—l)2 V((y7 7])7 k\/ﬁ)) dydn,
= sk v (., VA/2)

: : n n : : 2n V((?Jﬂ?%k‘\/ﬁ)) < ! 2n
since in Ry xR, V' ((y, n), r) is proportional to r*", we get V) = C'(2k)*™.
This shows that

Z ||gk||%2(]Rg><]R?) < o4 Z k6n+2€—8c(k—1)2 < 0,
k>1 k>1

where C" is a constant independent of A. O

Proof of Theorem 3.2. 1t follows from (3.1) and (3.3), that

2

Hy(z,§) = (1/4wh)™ > 0,

| e

and the fact that |G|y = 1, implies that ||Hp||1 < oo (see [4, Equation (1.19)]).
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Now, in order to prove the L!-convergence of Hj toward w we will use The-
orem 2.1, together with some aspects of wavelet theory. First we note that in
(LH(R? x R), || - 1), we have

[Hp — wll < [[(Wh — w) * Gully + |G+ w — w][s. (3.6)
As it is showed in [1], the Koopman formalism (1.3), implies that if wy € LP(R? x
RE), then w belongs also to LP(R} x RE) and (3.2) holds for p = 1, which yields

to the convergence of the last term of (3.6) to zero as i — 0. So, it remains to
prove the convergence of ||(Wy — w) * G||; to zero, as h — 0.

Let Iy = {(z,§) € Ry x R : k-1 < /|[z?+[{]> < k} and x; the
characteristic function of /. We remark that ) ,., x;, = 1 for any (z,§) €
R} x R Let s(,§) := ¢ 08 where 0(z,€) = arg(Wy — w)(x, €), so [(Wy —
w)s|(z,€) > 0 and s(x,&)s*(x,€) = 1. Finally by writing W —w = (e'tn —e*)wy,
we get

W~ w) s Gall = [

R xRE

/ (e — Yy, )Ca(z — y,€ — n)dyd| dud
RZXR’UL
< / / (e — e )wo(y,m)s(y,m) |s*(y, n)Galx — y, & — n)| dydndzdé

R xR JRY xRY

= / (' — ) Fu(ys m)gi (g )y,
k>1 Y Ry xRy

where fi(y,n) = two(y,n)s(y,n) and g defined as in Lemma 3.3 .
Now, since et converges ultraweakly (in the sense of (2.1) ) to el it follows
that Hy converges in L'(R7} x RY) toward w. O
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