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We characterize Yang—Mills connections in vector bundles in terms
of covariant derivatives of stochastic parallel transport along variations of
Brownian bridges on the base manifold. In particular, we prove that a
connection in a vector bundle E is Yang—Mills if and only if the covariant
derivative of parallel transport along Brownian bridges (in the direction of
their drift) is a local martingale, when transported back to the starting point.
We present a Taylor expansion up to order 3 for stochastic parallel transport
in E along small rescaled Brownian bridges and prove that the connection
in E is Yang—Mills if and only if all drift terms in the expansion (up to order 3)
vanish or, equivalently, if and only if the average rotation of parallel transport
along small bridges and loops is of order 4.

1. Introduction. This article is concerned with the characterization of Yang—
Mills connections in a vector bundle E over a compact Riemannian manifold M
in terms of stochastic parallel transport along Brownian bridges. Recall that Yang—
Mills connections in a vector bundle £ with a metric over M are the critical points
of the following functional (the so-called Yang—Mills action):

(1.1) YM(V) := /M IRV || dvol,

where RY € I'(A%?T*M ® End (E)) is the curvature 2-form to a metric connec-
tion V in E. The associated Euler-Lagrange equations characterize Yang—Mills
connections by the property that

(1.2) @dV)*RY =0,

where dV denotes the exterior differential and (dV)* its adjoint; see, for
example, [10] and [16].

The equations (d¥)*RY = 0 are called the Yang—Mills equations. Since one
always has dV RV = 0 by Bianchi’s identity for RV, an equivalent condition to
dV)*RY =01is A(RY) =0, where A =d" (dV)* + (dV)*d" . The last condition
states that the curvature RV is harmonic.
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Stafford [22] proves that the average rotation (or holonomy) of parallel transport
in E along a Brownian motion stopped at the first exit time from a ball of radius
r > 0 and conditioned to hit a fixed point on the boundary of the ball is O(r?)
in general and O (r*) if and only if the connection in E is Yang-Mills. Bauer [7]
gives a new proof for Stafford’s result based on Itd’s formula for semimartingales
in manifolds and estimates for the Green function of the Laplacian. Bauer [6],
establishes a characterization of Yang—Mills connections in terms of parallel
transport along perturbed Brownian motion: the covariant derivative of parallel
transport with respect to variations induced by the flow of a gradient-type vector
field on the base manifold, parallel transported back to the starting point, is a
martingale if and only if the connection is Yang—Mills. In [3] the present authors
give a similar characterization:

THEOREM 1.1 ([3], Proposition 4.10). Let X be a Brownian motion in M
starting at xo € M and let [/o;:TxyM — Tx,M be parallel transport in TM
along X. For u € TyyM and a varying about 0 on the real line, let

Xi(a,u) =expy,(a/o,u)

and let W;(a, u) denote parallel transport in E along t — X(a,u). Consider the
random variables

VW, (u) := Va|a:0 W;(a,u) € Hom (Ey,, Ex,)

and W-IVW ¢ TX*OM ® End (Ey,). The following conditions are equivalent:

(a) V is a Yang—Mills connec tion, that is, (d¥)*RY =0;
(b) W™'VW is a local martingale for such W.

Moreover, the quadratic variation S of W~'VW is given by

t
St=2/ IRV )2 (X,) ds.
0

A slight modification in [4] of this construction yields a martingale representa-
tion of the heat equation for Yang—Mills connections. A monotonicity formula for
the quadratic variation of the martingale is derived in [4], as well as nonexplosion
criteria for the heat equation involving the quadratic variation of the martingale.

In this paper we study the Yang—Mills property in connection with variations of
the stochastic parallel transport along Brownian bridges. In particular, we consider
perturbations of Brownian bridges induced by a drift vector field along the bridge
or induced by a variation of the lifetime of the bridge.

For the remainder of the paper a connection in a vector bundle E over a
manifold M is said to be a Yang-Mills connection, and its curvature RV a Yang—
Mills field, if V (resp. RY) satisfies (1.2). Since

(1.3) dV)Y*RY (u) = —trV.RV (-, u),
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no explicit reference to a bundle metric on E is required. In particular, our
connections need not be compatible to any metric on E.

The paper is organized as follows. In Section 2 we establish a characterization
of Yang-Mills connections in terms of covariant derivatives VW of parallel
transport W in E along Brownian bridges: we prove that the connection is Yang—
Mills if and only if for perturbations in the direction of the drift of the Brownian
bridge W—!VW is a local martingale.

In Section 3 we establish characterizations of Yang—Mills connections similar
to [7] and [22], but with parallel transport in E along Brownian bridges and loops
in M (see Section 3 for the precise definition), and as already pointed out we do
not need our connection in E to be metric preserving. These characterizations are
consequences of Theorem 3.1, which has been established in [3]. Theorem 3.1
gives the asymptotic expansion in a at a = 0 of the parallel transport W(a) =
W{a, (41, u2)) in E along a Brownian bridge X (a) starting from eXPy, (auqp) and
ending at exp, (aup) at time 1, with quadratic variation a’mt, where xo € M,
ui,uy € TyyM, m = dim M. It is proved that the family a — X (a) can be chosen
such that X (0) = xo, 04|a=0X (a) is a Brownian bridge in T\, M starting at u| and
ending at u», and V,|,—09, X (@) = 0. Under these assumptions we calculate

(14 W©O), Val,_oW@, Val,_oVaW (@, Val,_oVaVaW (@),

where V, denotes covariant derivative with respect to a (see Notation 1.2).
Theorem 3.1 says, in particular, that when u, = 0 the first three processes in (1.4)
are martingales and the last one is a semimartingale with drift

—/O(dv)*Rv(aa|a:0X(a))dt,

where RV denotes again the curvature of the connection. Theorem 3.1 also gives
an asymptotic expansion of the average holonomy of parallel transport along a
Brownian bridge: if uy =0,

3
(1.5) E[Wi(a) 71,4l = idg,, — %(dv>*RV<u1) +0(@a",

where 71 4 is the parallel transport in E along a — eXPy, (auy). In fact, in (1.5) we
have O(a*) = a*e(a) with e(a) converging as a N\ 0.

The proof is based on several technical ingredients. To obtain the covariant
derivatives of W with respect to a, we use Theorem 1.3, which gives a general
commutation formula of It6 covariant derivatives with respect to ¢ and covariant
derivatives with respect to a. In addition, we exploit Taylor expansions of the heat
kernel in a small neighborhood of xg. The parallel transport W; is easily shown
to be in L' for time 7 < 1. This result is extended to time 1 with a time-reversal
argument, in order to get formula (1.5).
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Two corollaries are easily derived from Theorem 3.1. The first one (Corol-
lary 3.3) shows that (dV)*RY vanishes at xq if and only if the transports W con-
structed in Theorem 3.1 (with u» = 0) have the property that all covariant deriv-
atives with respect to a at a = 0 up to order 3 are martingales. The second one
(Corollary 3.4) states that (d Vy*RY vanishes at xg if and only if the expected rota-
tion

E[Wl @atig— idEx()]

of parallel transport W(a) = W(a, (141,0)) in E is O(a*) for sufficiently
many u. For instance, it is sufficient to take m independent vectors uy € Ty, M,
where m = dim M.

Finally, in Theorem 3.6 we give a result similar to Theorem 3.1, but with the
parallel transport in E replaced by deformed parallel transport. The asymptotic
expansion analogous to (1.5) then contains a term which is quadratic in a.

Throughout the paper we use the following notation. Let M be a smooth
compact manifold equipped with a connection V. We denote by R the curvature
tensor with respect to V, that is, R € I'(A’T*M @ End(TM)). The same
symbol V is used to denote connections in vector bundles over M, as well as
for all connections derived naturally from the given ones.

If X is a continuous semimartingale in M and o a C? section of T*M, we write

[t.5x)

for the Stratonovich integral of o along X. We denote by /o ;: Tx,M — Tx, M the
parallel transport in 7 M along X. The antidevelopment of X is the Tx, M-valued
process

t
(X0 = [ 51.0%,).

The semimartingale X is said to be a V-martingale if o7 (X) is a local martingale
in Tx, M. The It6 integral of o along X is defined as

t t
AV o o
/0 (@(X,), dY,X,) = /0 (@(Xy) 0 Jlo.s: dt (X)s),

so formally dlYf)Xt = /o d (X);.

Let 7:E — M be a vector bundle over M equipped with a covariant
derivative V. We denote by RY € T'(A*T*M ®End (E)) the curvature tensor with
respect to V. The tangent bundle T E splits naturally into HE @ V E, where VE
is the vertical bundle and T, | H, E defines an isomorphism onto 75 ()M for every
ec E. Let

he = (T,n|H,E)™": TyeyM — H,E
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be the “horizontal lift” and v, : E; ) — V.E the vertical lift. Thus every section
s € I'(E) has a canonical vertical lift s* € I'(TE) defined by s = ve(Sz(e))s
and every vector field u € I'(TM) a horizontal lift u* € I'(TE) defined by
Mfgl = he(uﬂ(e))~

It is well known (see, e.g., [12]) that there exists a unique connection V" on E,
that is, a covariant derivative on T E,

VE:I(TE)YT(T*E ® TE),
satisfying the following properties: for all sections r, s € I'(E), u, w € I'(TM),
(1.6) Vis'=0, Viuw'=0, Vis'=".',  Viu'=wuw"

The connection V" will be called the horizontal lift of V to E.
Let J be an E-valued semimartingale. The parallel transport //g’ .V of a vector

V =u" 4 sV along J, with respect to V" is given by
(1.7) N6,V =hs,(Jou) +vs,(J§,9).

where /o is parallel translation in 7 M along 7 (J;) w.r.t. the connection on M
and //5 ; is parallel translation in E along 7 (J;) w.r.t. the connection V in E.

Let J be a continuous E-valued semimartingale and X = 7 o J. As shown in [2],
the antidevelopment of J with respect to V" is given by the formula

(1.8) d"(J) = hgy (o (X)) + v (5.7 T = Jo).
Consequently, the semimartingale J is a V/*-martingale if and only if:

(1) X =m o J isa V-martingale in M, and
(i) (/§,)~"J is alocal martingale in Ex,,.

An object of particular interest is the It6 covariant differential of J:
_ _ h
DJ = J/§.d(5. " ) = vy (e 1)),
Equivalently, D J is determined by the formula
h
(1.9) dis J =hy(dysX) + vy (DJ).

In local coordinates on an open set U, we may decompose the connection in E as
V =d+ A, where A is an End (E)-valued 1-form over U; similarly, V =d + T for
the connection on the base manifold M, where I" is an End (T M)-valued 1-form.
This leads to the following general formulas for (DJ)“ (see [3]):

(DI)* =dJ* + A%(dy: X, J) + A%(dX,dJ)
(1.10) +3(dA%@dX,dX,J) + A%(dX, AdX, ]))
— AY(T(dX,dX), J))
or, equivalently,
(L11) (D))*=dJ* + A%dysX, J) + A*(dX, DJ) + 3VA*(dX,dX, J).
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NOTATION 1.2. If a > w(a) € E is a C! path, we denote by V,w its
covariant derivative,

Dw
Vow =¥ (0,w) = ,
da

where (W) = v, L(WYety if W e T, E. Slightly abusing the notation, we just
write Vg w for Vg |—gw.

The following theorem, which has been proved in [3], describes how covariant
derivatives with respect to ¢ and t commute. We write VRY (v1, v2, v3) for
Vy, RY (v2, v3), where vy, v, v3 € Ty M.

THEOREM 1.3. Let I be an open interval in R, and for each a € I let J(a)
be a semimartingale with values in the vector bundle E. Assume that a — J(a)
is C! in the topology of semimartingales. Let X (a) = 7w (J (a)). Then

DV,J =V,DJ + RV (d};X,3,X)J + RV (dX,3,X)DJ
—IVRY(dX,3,X,dX)J — sRY(D3,X,dX)J.

Finally, for a vector field V on M let twRY := RY(V,) = =RV (-, V). Note
that by definition ty RY is an End (E)-valued 1-form on M.

2. Covariant derivative of the parallel transport along a Brownian bridge
in the direction of the drift. Let M be a compact m-dimensional Riemannian
manifold, V be the Levi—Civita connection on M and 7w :E — M be a vector
bundle endowed with a covariant derivative V.

Let T > 0 and X be a Brownian bridge on M such that Xo =x, X7 =y and
Q2.1 dys X, = 2(X,)dB, + V,(X,) dt,
where B is an R’-valued Brownian motion, X € I'(R" ® TM) satisfies
2 (x)X(x)* =idr, pm for every x € M and
(2.2) Vi(z) = grad, log p(T — 1, -, y)(2),

with p(¢, z, y) being the density at y of an M-valued Brownian motion started at z.
Let

(2.3) X, (a) = expy, (a (T —)Vi(X)))

and let W;(a) be the parallel transport in E along t — X;(a). Denote by VoW the
covariant derivative of W with respect to a at a = 0: if a — v(a) is a C' pathin E
with projection a — Xo(a), then

(2.4) (MoW)v(0) := Vo(Wsv) — Wi (0)(Vou).

Recall that Vo = V,|,—o. Finally, we write W~!VoW for the End (E X,)-valued
process W(O)_IVala:()W(a).
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PROPOSITION 2.1. Let m:E — M be a vector bundle with a connection V
over a compact Riemannian manifold M. Let X be the Brownian bridge on M with
lifetime T constructed as solution to (2.1) and let X (a) be the perturbation of X
defined by (2.3). Further denote, W(a) the parallel transport in E along X(a).
Then the drift of the End (Ex))-valued semimartingale WiV W is

T —t

— W@y RV (V.(X,)W dt,

and its quadratic variation is
2
2.5) /O(T — )2 v, xRV | ds.

The covariant derivative V is Yang—Mills if and only if, for any W as above,
W=IVoW is a local martingale.

Note that W~!VoW is then already a true martingale, as a consequence of
the compactness of the underlying manifold. Indeed, it has bounded quadratic
variation, as can be seen from (2.5) along with estimate (3.4) below.

PROOF OF PROPOSITION 2.1. From Theorem 1.3 we conclude

DVoW = R(dps X, 3 X)W
—2(dV)*RY (3 X)W dt — 3RV (DX, dX)W.
Since 09 X; = (T —t) V;(X;), we have

(2.6)

DaX; AdX; = (T — 1) DVy(X;) A dX; = —(T —1) (dV, (X»))" dt,

where i denotes the canonical isometry AKT*M — AXTM induced by the
Riemannian metric, and b its inverse. [The derivative with respect to ¢ in V;(x)
disappears because we consider quadratic variations.] Now by (2.2), for every
t € [0, 1] the vector field x — V;(x) is of gradient type, which implies dV,b =0.
As a consequence, the last term in (2.6) vanishes, and we get

T —t
DVoW, = RY (dps X, (T — 1) V(X)) W, — — @YY RY (V,(X,))W dt.

But since RV is antisymmetric, we may replace dlYé

X by £(X) dB to obtain

T —t
DVoW, = RY(Z(X,)dBy, (T — 1) V(X)) W, — — @)y RV (Vi(X,)W dt,
which is equivalent to

dW™'Vow) =W I'RY(Z(X)dB, (T — 1) V(X))W

(2.7) _
— % WL @V)y*RY(V (X)W dt.
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This gives the formulas for the drift and the quadratic variation of W ~!VoW. In
addition, we observe from (2.7) that if V is Yang—Mills then W=1VoW is a local
martingale.

We are left to verify that if all such W'V W are local martingales then V is
Yang-Mills. Let y € M and u € Ty M. We need to prove that dV)*RY (u) =0. For
e>0and? e[0, [ let

V,(e, y) = gradlog p(? — ¢, -, y)(expy(—eu)).

Let Y;(e) be a Brownian bridge satisfying Yp(¢) = expy(—su) and Y,2(e) = y.

Its drift at time O is \70(8, x); hence, combiningA (2.7) and the fact that W—!VoW
is a local martingale, we obtain (dV)*RY (¢Vy(e, x)) = 0. But there exists a
neighborhood ¥ of y such that, fors >0, x € 7,

d*(x,y)
2s

where (s, x) — ¥ (s, x, y) is smooth in [0, oo[ x ¥/, and ¥ (0, y, y) > 0 (see [5]
and [15]). Hence, for & > 0 sufficiently small,

N d?(,
Vo(e, y) = grad(— 2( gzy))(eXpy(—su)) + gradlog ¥ (e%, -, y) (exp, (—eu)),

2.8) s %, ) =s—'"/2exp(— )w(s,x, »,

which implies that 8‘70(8, y) converges to u as ¢ tends to 0. As a consequence,
dV)*RY (u) =0, which completes the proof. [

COROLLARY 2.2. The covariant derivative V is Yang—Mills if and only if
W=IVoW is a local martingale for the parallel transport W along any Brownian
loop. Then, since M is compact, all W'VoW are already true martingales.

PROOF. We only have to prove that V is Yang—Mills provided that, for any
parallel transport W along a Brownian loop, the process W~!VoW is a local
martingale. Let y € M and u € TyM. We want to show that dV)*RY (u) = 0.
To this end consider a loop X with lifetime 1 based at y. Note that X has a smooth
positive density ¢ (s, x) with respect to the volume measure on M for 0 < s < 1.
Now let ¢ € ]0, 1[. We know from (2.7) by taking the derivative of the drift at time
1 — &2 that

(2.9) (@")*RY (e gradlog p(e?, -, y)(X;_,2)) = 0.
Recall that the density ¢ at time 1 — &2 and at the point exp,, (—¢u) is positive.
The smoothness of (s, x) — ¢(s,x) and (s,x) — gradlog p(1 — s, -, y)(x) in

a neighborhood of (1 — &2, expy(—eu)), along with the fact that dV)*RY is a
smooth End (E)-valued 1-form, implies

(2.10) (dV)*RY (s gradlog p(e?, -, y)(expy(—eu))) =0.
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Indeed, otherwise there would be a small time interval I centered about 1 — &2
and a small neighborhood ¥ of exp,, (—¢éu) such that with positive probability,
X, € ¥/ for all s € I and the drift of W1V W is close to a nonzero value for
all s € I, which is impossible. As in the proof of Proposition 2.1, we conclude
from (2.10) that (d¥)*RV (u) =0. O

REMARK 2.3. In the whole of Section 2 compactness of the manifold
is actually not essential. In fact, the characterizations of Theorem 2.1 and
Corollary 2.2 equally hold for geodesically complete noncompact manifolds, if
stated with local martingales.

3. Asymptotics of the parallel transport along a rescaled Brownian bridge.
Let M be a compact m-dimensional Riemannian manifold with its Levi—Civita
connection V and let 7: E — M be a vector bundle over M endowed with
a connection V. Let xo € M, u = (uy,up) € (TXOM)2 and X(a) = X(a,u) be a
rescaled Brownian bridge from expy, (auy) to exp,, (aus) with lifetime 1 defined
as follows: X (a) = X (a, u) satisfies Xo(a) = eXpy, (au1) and, fort € [0, 1],

3.1 dys X (a) = a (X, (a))dB; + b,(a) dt,

where B is an R"-valued Brownian motion, ¥ € I'(R” ® T M) is such that, for all
xeM, ¥(x)X2(x)* =idr, »y and VE(xo) = 0. (Notice that such a choice for X
is always possible, locally with an orthonormal frame whose covariant derivative
vanishes at xo, and globally with the help of a partition of unity.) The drift b,
in (3.1) is given by

(3.2) bi(a) = Vi(a, X(a), u2),
where
(3.3) Vi(a, x, us) = a* grad, log p(a®(1 — 1), x, exp,, au?)

and p(t, x, -) is again the density at time ¢ of a Brownian motion on M started at x.
Note that there exists a constant C depending only on M such that, for all
(s, x,y)€]0, I[ xM x M,

+_

d(x,y) 1
\/E};

(3.4) | grad, log p(s. x. y) < c{

see [14] and [21].
The process X (a) is called a rescaled Brownian bridge, since X (0) = x¢, and for
a > 0 the rescaled process t — X, ,2(a) describes a Brownian motion starting at

expy, (aur) and conditioned to hit the point expy, (auz) at time a2. In particular, for

u = (0, 0), the process X (a) defines Brownian loops based at xo with lifetime a?.

In the rest of this article we keep the notation dgy for 9,|,—¢ and Vg for V,|,—o.
The differentiation of C' families of semimartingales is understood in the topology
of semimartingales.
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There exists a small neighborhood ¥ of x¢ such that, forall x,y € ¥,

d?(x,
P =5 Pep(~ S5 Yy s.x ),
s
where y is smooth in [0, oo x ¥ x ¥, and ¥ (0, x, y) > 0 ([5], formula (27),

and [9]). Thus, for x € ¥,

(3.5) Vila xw) = =30

+ a? grad, log ¥ (a®(1 — 1), x, expaus).

gradxdz(expauz, X)

Consider an exponential chart centered at xo and let f(x) = d?*(xp, x). We may
choose the chart such that f(x) =" | (x' )2. Denote by (g; ;) the metric, by (g'/)
its inverse, by F{‘j the Christoffel symbols, and let D; = 9/ dx/. Observe that

(3.6) d*(x, exp,, (auz)) = Z(xi — aub)? 4 r(x, auy),
i=1

where for all w, w" € Ty, M, with some constant ¢ > 0,
BT rexpyw,w) <c(lwAawP) <c(wl ]l lw—w|),
|| - || being the Euclidean norm in Ty,y M. This gives

VI (av X? MZ)

1—1t P2

1 - i iNij 1
(3.8) = ——( D (X' —auy)g” (X)D;(X) + 3 gradr (., auz)(X))
2 2
+a” gradlog ¥ (a“(1 — 1), -, expauz)(X)
and shows, in particular, that
(3.9 b (0)=0.

To calculate Vob;, we differentiate in (3.8) the first term on the right:

va< X - aug)g"ij)

i,j=1

m m m
= Zaan<ngij + > (X' —aub) Dig" D;
k=1 j=1 i,j=1

m m
+ ) & —au’z)g”r‘,ijg> — > ubg"Dj.
i,j,e=1 i,j=1
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Since g;;(xo) = §;; and since we may neglect the other terms in (3.8), we conclude
1
(3.10) Vob; = —ﬁ(aox —up).

Differentiating again and taking into account that dg;; (xo) =0, F{‘j (x0) =0, gives

1 " , L 1
Since VoV, gradr (-, aus)(X) =0, we get
1
(3.11) VoVub = —ﬁVOE)aX + 2 gradlog ¥ (0, -, xg) (x0).

But for x close to xo we have ¥ (0, x, xg) = (det(gij)(x))_1/4 (see, e.g., [8],
page 208, or [20], (3.11)), and hence, combined with dg;;(xo) =0,

grad, log ¥ (0, -, x¢) (xp) = 0.
Thus (3.11) leads to

1
(3.12) VoVub = —ﬁVOBaX.

Now differentiating (3.1) with respect to a by means of Theorem 2.2 in [3] and
taking the covariant derivative according to [3], (4.7), and (1.9) above, we get
(using that V is torsion-free)
(3.13) Do, X =aVy,x2(X)dB+XZ(X)dB+ V,bdt — %R(aaX, dX)dX.
Ata =0, since Xg(a) = eXPy, (auy), we have dpXo = u; and
00X —

(3.14) DX = = (x0)dB — 017;” dr;
hence dp X is a Brownian bridge in the Euclidean space Ty, M, starting from u; and
ending at u, at time 1. Note that in (3.14) the covariant differential DdyX equals
ddpX since X (0) = xg.

As the next step, since X (0) = xg, differentiating (3.13) at a = 0 with the help
of Theorem 1.3 gives

(3.15) DV, X =2V,xX(x0)dB + VoV,bdt.
But VX (x0) = 0; hence, along with (3.12), we conclude from (3.15) that

1
(3.16) DVyo, X = —l—tVOE)ath.

On the other hand, a — Xy(a) = eXPy, (auy) is a geodesic curve, and therefore
Vod, Xo = 0. This observation, together with (3.16) and Gronwall’s lemma, yields

(3.17) Voo, X; =0,
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and, consequently, by means of (3.12),
(3.18) VoVyb; =0.

THEOREM 3.1. Let M be a compact Riemannian manifold and let E be
a vector bundle over M endowed with a covariant derivative V. For u =
(u1,ur) € (TxOM)2 let X (a, u) be the rescaled Brownian bridge from eXPy, (auy)
to exp, (auz), as defined above by (3.1), and let W(a) = W (a, u) be parallel

transport in E along X(a,u). Then, in the topology of semimartingales indexed
byt e[0,1[,

(3.19) Wi (0) =1idg,
(3.20) VoW; =0,

t
G21)  VoV,W, = / R (dB0 X, 30X;),
0

t t
(3.22) VoV, VW, =2 / VRY (89X, ddoXs, 00Xs) — (dV)*RV< / aoXsds).
0 0

When uy = 0, we have the asymptotic expansion at a = 0:
3
_ a
(3.23) E[Wi(@) 1.0l =idE,, — 15 (@d)"RY 1) + 0(@),

where 1 4 is the parallel transport in E along a — expy, (aui), and O(a®) is
uniform in xo € M, uy varying in a compact subset of T,,M .

REMARK 3.2. (i) Using the antisymmetry of RV, the Ito integral in for-
mula (3.21) can be replaced by a Stratonovich integral to give

t
(3.24) VoV, W, :/ RY (800X,, 00X,).
0

Equation (3.24) is formula (39) in [5] where the author considers the case u; = 0.
Similarly, formula (3.22) may be written as

t
(3.25) VoVaV W; = 2/ VRY (80X, 800Xy, 0 Xs).
0
(i1) Equation (3.14) shows that, when u, = 0, formula (3.21) can be rewritten as
t
(3.26) VoVa W, = / RY ((x0) d By, 30Xs).
0

In this case VoV,W turns out to be a martingale. Similarly, again under the
assumption u, = 0, formula (3.22) may be written as
VoV V. W,

(3.27) t t
=2 / VRY (30X, = (x0) d By, 3 Xs) — (dV)*RV< / o X ds).
0 0
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(iii) The asymptotic expansion for W~ is given by
(3.28) wl(0) =idg,, VoW1 =0,
(329) VoV, Wl=—wvyv, W, VoV VWl = —VyV,V, W,

which is an easy consequence of ww-l=id Eq, and formulas (3.19)-(3.22).

PROOF OF THEOREM 3.1. We first calculate the derivatives of W with respect
to a in the topology of semimartingales. For brevity, we write X for X (X (a)) in
the remainder of this article.

First of all note that Wy(a) = id Exy and hence all covariant derivatives of W
with respect to a vanish. Since (3.19) is obvious, we proceed with proving (3.20).
We observe that Theorem 1.3, along with DW =0 and V,DW =0, gives

DV, W = RY (dys X, 3. X)W — 1a*(d")*RY (3. X)W dt
— IRV (D3, X, dX)W.

Evaluating (3.30) at a = 0 shows DVyW = 0, which together with VoW =0
implies (3.20).
According to (3.1) and (3.13), the last term of (3.30) can be written as

2
(3.31) —%RV(VQE dB, X dB)W.

(3.30)

Because VX (xg) = 0 and thus Vo= = 0, this expression is O(a?) and may hence
be neglected in the calculations of VoV, W and VoV,V,W. Thus we have

(3.32) DV,W =RV (dy-X, 0, X)W — 1a?>@V)*RY (8, X)W dt + O(a>),
1t6 2

where for a continuous semimartingale Y the notation Y = O (@®),ordY = 0(a"),
means that ¥ /a¥ converges in the topology of semimartingales to some continuous
semimartingale as a N\ 0.

Differentiating (3.32) with the help of Theorem 1.3 and making use of dX =
O(a), VaW = O(a) and V,0, X = O(a) which follows from (3.17), we get

DV,V,W = V,DV,W + O(a?
(3.33) = VRY (3, X, ds X, 3, X)W + RY (Va(dys X), 3, X)W
—a@") RV (3, X)W dt + 0(a).
Differentiating (3.1), on the other hand, yields
(3.34) Vu(disX)=XdB+aV,LdB+ V,bdt;
in particular,

(3.35) Vo(dys X) = = (x0) d B + Vobdt = ddpX.
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Substituting a = 0 in (3.33) and using (3.35), we end up with
DVoV,W = RV (ddpX, 3 X),

which together with VoV, Wy = 0 implies (3.21). Note that differentiating (3.34)
at a =0 yields

(3.36) VoVa(dpsX) = 0.

We next differentiate (3.33) by means of Theorem 1.3, this time at a = 0. Using
dIY(A)X(O) =0, V99, X =0, VoW =0 and (3.35) and (3.36), we obtain

DVoV,V,W = 2VRY (30X, Vo(dp X), 30X) — (d¥)*RY (30 X) dt

(3.37)
= 2VRY (3 X, ddyX, 3o X) — (dV)*RY (3pX) dt.

To obtain (3.22), we are left to integrate (3.37) with the initial condition
VoVaVaWy =0.

To establish the asymptotic expansion (3.23), a careful analysis of the equations
at time ¢t = 1 is required. We divide the proof into two steps. First of all note that,
by the Serre-Swan theorem, E is a subbundle of a trivial bundle M x R", and
hence W (a) may be considered as taking its values in R”".

Step 1. Prove that, for any fixed 0 < ¢ < 1, the map

ar> W' (@) = (Win—e) (@)

0<t<l1

has a polynomial expansion of every order at @ = 0 in L? for every p > 1, where
the LP-norm is given by

1/p
||W||p=E[ supIHWzHﬁén] :

0<t=<

Step 2. Evaluate the limit as # ' 1 and establish the asymptotic expansion (3.23)
by means of a time-reversal argument.

To Step 1: We start by regularizing the equation for W outside a small
neighborhood ¥ of xg. To this end, we assume the set ¥ defined before (3.5) to
be a small regular geodesic ball with center x( and radius 2« > 0, and take as ¥~
the geodesic ball with center x¢ and radius a. Let 7(a) = inf{r >0, X,(a) ¢ ¥"}.
We first prove the existence of a constant C > 0 such that

(3.38) P{r(a) <1 —g) < e C/a,

In the exponential chart introduced after (3.5), and on {t < t(a)}, writing again
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fx)= d?(x, xp), the process f(X) = f(X(a)) satisfies

df(X)=2a) X'®'dB
i=1

2 X Lo
— I——t Z XIX]gU d[
ij=1
+a1 . Z us X’ g" dt — 1o; ZX’ grad . r (X, auy) dt
T =1 T ti=l

m
+a*y (2Xi grad’ log ¥ (a*(1 — 1), X, xo)
i=1

-
—X'TH(Z, D)+ Z(E;l)z) dt.
j=1
The first term of the drift is nonpositive, the second term is O (a), the third term
is O(a) by (3.7) and the sum of the other terms is 0 (a?). Consequently, the

drift is bounded above by Cja for some C; > 0, and for every a > 0 satisfying
a® |luy||> + Cia (1 — €) < a?/2, we obtain

T(@)N(1—¢) m ..
Plr(a) <1—g) <P / 243 X'S1dB > a?/2}.
0

i=1

But since Y/, x'2(x) is bounded on ¥’, by Bernstein’s inequality (see, e.g.,
Exercise 3.16, Chapter 4 in [19]) the right-hand side is bounded by e ¢/ a? for
some C > 0, which gives the claimed estimate (3.38). By compactness of M, for «
sufficiently small, for example, less than the injectivity radius of M, the constant C
can be chosen independent of xg.

Next we want to prove that

(3.39) sup ||W1_8(a)||p <00 for every p > 1,
a€l0,1]

with a uniform bound in xg. Writing V=d + A in R", (1.11) gives
dW = —A(dy, X, W) — 2(VA)dX,dX, W).

We substitute (3.1) for dlYGX , along with (3.2) and (3.3) for the drift of dlYGX , and
recall that V;(a, x) is uniformly bounded in (¢, a, x) € [0, 1 — €] x ]0, 1] x M by

estimate (3.4). Then it is easy to see that W is a solution of an equation of the type

dW =o(t,a, X, W)dB +c(t,a, X, W)dt,
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where the coefficients o and c¢ are linear in W and bounded as linear maps
uniformly in (¢, a, X) € [0, 1 —¢] x ]O, 1] x M. This obviously achieves the desired
estimate (3.39).

Let ¢ : M — R be a smooth nonnegative function, compactly supported in ¥,
such that ¢ = 1 on 7. Let (X;(a), W/(a))o</<1 be an M x R"-valued process
with the same starting point as (X, (a), W;(a)) such that X} (a) solves

Ao X, = a ¢ (X)) (X])dB; + ¢ (X)) Vi(a, X, u>) dt
and W/ (a) solves
dW' = —A(dp, X', W) = 2(VAY@X',dX', W).

Observe that all coefficients can be smoothly extended by 0 at @ = 0. Conse-
quently, by means of Proposition 1.3 in [18] [with the correspondence (a, x, w) =
(x1, x2, x3)], we see that a — ((W,’)l_‘g(a})oflfl is smooth in L? for any p > 1,
where a € [0, 1] (by Whitney’s embedding theorem the fact that x is an element
of a compact manifold instead of some R® does not change the situation). Clearly,
the L? covariant derivatives in a at a = 0 of (W’)1~¢ [resp. (W' =1H1=¢] are the
semimartingales defined by the right-hand sides of (3.19)-(3.22) [resp. of (3.28)
and (3.29), stopped at time 1 — ¢].
Since the processes W (a) and W’(a) coincide on {¢t < 7(a)}, the term

W= @) — (W)@,

is bounded by

(W' @) l2p + (W) (@) l2,) Pz (@) < 1 —e})/*7,

which according to (3.38) and (3.39), along with the corresponding equations
for W', is asymptotically less than Coe™ 3/ “2, where Cy and C3 do not depend
on xg. Consequently, W1=¢(a) and (W) =4 (a) share the same polynomial expan-
sion in L? at a = 0. By the same argument, (W!'~¢(a))~! and (W) ~%(a))~!
have identical polynomial expansions at a = 0 as well.

Now let t; , be the parallel transport in E along a — expy, (au;) and denote
by 7/ parallel transport in E along a > X, (a). Putting together the results so far,
we obtain the following two formulas: for ¢ € [0, 1[ there holds

2 ot
. a
@) W@ o =ide, + 5 [ RY 60X, 0X,)

3.40 3t
(3.40) +5 / VR (30X, 890 X5, B0 Xs)
0

+a*Y,(a)
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and
1 -1 t a’ 'y
Tl,a Wt (a) Ta = ldExO - 7'/0 R ((SBOXSa aOXs)

3.41 P
(3.41) _%/0 VRY (90X, 830X, dX,)

+a*Y/(a),
where, for every ¢ > 0 and p > 1, Y!=%(a) and (Y")! =% (a) are bounded in L”,
uniformly in @, xo and u = (u1, u) varying in a compact subset of (T, M)>.
To Step 2: We want to establish (3.23). Note that it is not sufficient to take
expectation on both sides of (3.40) since the equation is valid only for time ¢ < 1.

We proceed with a time reversal. The process )~(, (a) = X1_;(a) is a rescaled
Brownian bridge starting from eXPy, (aus) and ending at eXPy, (aup) at time 1;

consequently, X ¢ (a) solves
(3.42) dys X, (@) = aZ(X,(a)) dBy(a) + Vi (a, X, (a), uy) dt,

where B(a) is an R”-valued Brownian motion. Observe that~1§ depends on a.
We fix ap > 0 and consider the family of Brownian bridges X (a, ap) satistying
Xo(a, ap) = exp,, (auy) and

(3.43)  dpsX,(a,a0) =aX(X,(a,ao))dB(ao) + Vi(a, X,(a, ap), uy) dt.

Note that the driving Brownian motion is I§; (ap) and that X 1(a, ap) = exp,, (au 1.

We denote by W(a, ap) the parallel transport in E along X (a, ag). The laws of
X (a, ap) and W(a ag) are then independent of ay.

The map a +— (X (a, ap), W(a ap)) has the same kind of asymptotic develop-
ment as a — (X (a), W(a)). In particular, we find that X(O ap) = xo, X (, ao) 18
a Brownian bridge in T,,)M starting at u; and ending at u| and V(d, X (-,ap) =
We also conclude that (W(a, ap))' ¢ and (W‘l (a))'~¢ have a polynomial expan-
sion in a at @ =0 in any LP. More precisely, let 7,°* be parallel transport along
ar— f(,(a, ap). Then for any ¢ € [0, 1] we have

t{;W (a,ap)Tl

. a* [t ~ ~
—ide, = T [ R (60X, a0, 00X o a0)
(3.44)

3 st
a ~ ~ ~
-2 /0 VRY (30X, (-, ag), 830X, (-, ag). 30X (-, o))

+a*Y/(a, ap),

where, for any 0 < ¢ < 1 and p > 1, the random variables (Y’(a, ap))' ¢ are
bounded in L”, uniformly in a, ag, xo and u varying in a compact subset of
(TyyM )2 (recall that the laws do not depend on ap).
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By the transfer principle, since W can be defined through a Stratonovich
equation, we have

W, @, a) = Wi @)W (a),

as well as
Wi(a) = Wl (@, a) Wi(a).
This implies
(3.45) Wia) =W, (a,a) )7 (77l ()T Wa).

We fix t € ]0, 1[. Then by (3.17) we have V0, X; = 0, and similarly
V0da X1-¢(-,a) = 0.
Hence, in terms of the Taylor expansion of the parallel transports, we get
(3.46) (r, "7 ') =idg, + O(a®)
in L? for every p > 1. Thus we are left to exploit (3.45), (3.46), (3.40) and (3.44)
to get

2 ot
— . a
o5 Wi(@) T1a = idg, + 7/ RY (830X, 00 X;)
0

3 ot
-4 / VRY (30X, 830Xs, 0 Xs)
0

(3.47) a> 1= : :
-5 ) RY (800X, (-, a), 00X, (-, a))
613 1—¢ v N - ~
-5 VR (30Xs(,a), 890 X,(,a), 3 X, (-, a))
+a* Y/ (a),

where Y;’(a) is uniformly bounded in L”.

Now § > 80)2 s(-,a) is a Brownian bridge in T\, M starting at u» and ending
at u; at time 1, so it has the same law as s > 0d9pX_s. In particular, by the
reversibility of Stratonovich integrals,

Eul RY (830X, aoxs)] = —E[/OH RY (830X, (-, a), 30X, (-, a))}

and

1
E[ / VRY (80X, 830X, aoxo}
t

1—
_ —E[ VR (30K (- @), 830X (- ), do s (- a))].
0
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Consequently, taking expectations on both sides of (3.47) yields

Elt; , Wi(a) 71.4]
: a 'y
(3.48) =idg,, + EE[/(; RY (800X, aoxs)]

3 1
+ %E[ / VRY (30X, 890X, aoxo} + 0.
0

Now letting u, = 0 and using formulas (3.26) and (3.27) of Remark 3.2 yields
a’ 1
(3.49)  E[Wi(@) 114 =idg,, — g(dv)*Rv</ E[aoXs]ds) + 0(a").
0

But E[dpX;] = (1 — s)u;, and hence fol E[doXs]ds = u1/2. Replacing this
in (3.49) establishes (3.23). O

As an easy consequence of formulas (3.22) and (3.23), we obtain the two
following corollaries.

COROLLARY 3.3. The notation is the same as in Theorem 3.1. The three
following conditions are equivalent:

() @V)*RY vanishes at xo;

(ii) there exists uy € TyyM such that VoV,V,W (a, (u1,0)) is a martingale;
(i) for everyuy € Tx,M, VoV,V,W(a, (u1,0)) is a martingale.

COROLLARY 3.4. The notation is the same as in Theorem 3.1. The two
following conditions are equivalent:

() @V)*RY vanishes at xo;
(i) for everyu; € Ty,M,

(3.50) E[Wi(a. u1,0)) 11,4 —idg, ] = O(a®).

In Corollary 3.4(ii) it is sufficient to ask (3.50) for vectors u| constituting a basis
for Ty M.

REMARK 3.5. In [7] and [22] the authors obtained a condition similar
to (3.50), but in their result the time is not fixed; it is the first exit time of a ball of
radius a|lu1||. Here we derive the full terms of the asymptotic expansion in a, and
the covariant derivative V is not required to be compatible with any metric in E.
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We finish this section by giving a result similar to Theorem 3.1 but for deformed
parallel transport. Let % be a smooth section of 7*M @ T*M ® End (E) over M.
The deformed parallel transport O ;(a, u) is the Hom (Ex (4 u), Ex,(a,u))-valued
semimartingale solution to ®¢ o(a, u) = idEXO(a,u) and

1
D®g(a,u)=—=R(dX(a,u),dX(a,u))Oo,(a,u)
(3.51) Zaz
=_ Etr%(X,(a, u))®o,(a, u)dt

(see, e.g., [3], Section 5). Our main example is £ = TM and Z(u,v)w =
R(w, u)v, which gives tr% = Ric’. In this situation O, is the so-called damped
parallel transport (or Dohrn—Guerra transport or geodesic transport); see, for
example, [11] and [17].

THEOREM 3.6. Let M be a compact Riemannian manifold and let E be
a vector bundle over M endowed with a covariant derivative V. For u =
(uy,ur) € (TXOM)2 let X (a, u) be the rescaled Brownian bridge from expy, (aur)
to expr(auz), as defined by (3.1), and let @ ((a) = Op(a, u) be the deformed
parallel transport in E along X(a,u). Then, in the topology of semimartingales
indexed by t € [0, 1],

(3.52) ©0,(0) =id,
(3.53) Voo, =0,
t
(3.54) VoVuB®o,; = / RY(ddoX;, 0 Xy) — 1t (x0),
0

t
VoVaVa®0, = 2 / VRY (30Xs, dXs, 30X)
(3.55) 0 .
—(@V)*RY + 3Vtr§?)</ X ds).
0

In case ur = 0 we have the asymptotic expansion at a = 0:

2
. a
E[©o.1(a) 1.0l = idE,, — = (x0)
(3.56) .

- %((dv)*Rv +3VteZ) (1) + O (a®),

where 11 4 is the parallel transport in E along a — eXPy, (auy), and 0(a4) is
uniform in xo € M, uy varying in a compact subset of T,,M .
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The proof is similar to the proof of Theorem 3.1 and hence omitted. Note that
the additional terms in (3.54) and (3.55) are, respectively, the second covariant
derivative and the third covariant derivative in a at a = 0 of the right-hand side
of (3.51).
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