GRADIENT ESTIMATE AND HARNACK INEQUALITY
ON NON-COMPACT RIEMANNIAN MANIFOLDS

MARC ARNAUDON, ANTON THALMAIER, AND FENG-YU WANG*

ABSTRACT. A gradient-entropy inequality is established for elliptic diffusion semi-
groups on arbitrary complete Riemannian manifolds. As applications, a global Har-
nack inequality with power and a heat kernel estimate are derived without curvature
conditions.

1. THE MAIN RESULT

Let M be a non-compact complete connected Riemannian manifold, and P; be the
Dirichlet diffusion semigroup generated by L = A + VV for some C? function V. We
intend to establish reasonable gradient estimates and Harnack type inequalities for P;.
In case that Ric — Hessy is bounded below, a dimension-free Harnack inequality was
established in [15], which according to [17], is indeed equivalent to the corresponding
curvature condition. See e.g. [2] for equivalent statements on heat kernel functional
inequalities; see also [8, 3, 9] for a parabolic Harnack inequality using the dimension-
curvature condition by shifting time, which goes back to the classical local parabolic
Harnack inequality of Moser [10].

Recently, some sharp gradient estimates have been derived in [13, 19] for the Dirichlet
semigroup on relatively compact domains. More precisely, for V' = 0 and a relatively
compact open C? domain D, the Dirichlet heat semigroup PP satisfies

(1.1) VPP fl(z) < C(x,t) PPf(z), €D, t>0,

for some locally bounded function C': D x]0, 00[ — ]0, 00| and all f € %, the space of
bounded non-negative measurable functions on M. Obviously, this implies the Harnack
inequality

(1.2) PPf(x) < C(z,y,t) PPfly), t>0, 2,y €D, f€ B,

for some function C': M? x ]0, 00[ — |0, 0o[. The purpose of this paper is to establish
inequalities analogous to (1.1) and (1.2) globally on the whole manifold M.
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On the other hand however, both (1.1) and (1.2) are in general wrong for P; in
place of PP. A simple counter-example is already the standard heat semigroup on R
Hence, we turn to search for the following slightly weaker version of gradient estimate:

(13) VRS <8(Rflonf ~ Pflor P + SO p(r)

reM, t>0,0>0, fe B,

for some positive function C': |0,00[ x M — ]0,00[. When Ric — Hessy is bounded
below, this kind of gradient estimate follows from [2, Proposition 2.6] but is new with-
out curvature conditions. In particular, it implies the Harnack inequality with power
introduced in [15] (see Theorem 1.2 below).

Theorem 1.1. There exists a continuous positive function F' on |0, 1] x M such that
VP f(2)] < 6(Piflog f — Piflog P f) ()
20

1
(1.4) + <F(6A 1,z) <m + 1) - ?) P,f(x),
§>0,zeM, t>0, fe B .

Theorem 1.2. There exists a positive function C' € C(]1, 00[x M?) such that
2o — 1) (s, y)
P, ¢ < (P f” e C —
( tf(z)) —( t.f (y))exp{ e + o (a,x,y) <(Oé—1)(t/\].)+p(x’y) )
a>1,t>0, z,ye M, fe B,
where p is the Riemannian distance on M. Consequently, for any 6 > 2 there exists

a positive function Cs € C([0,00] x M) such that the transition density pi(x,y) of P
with respect to p(dx) == V@ dx, where dx is the volume measure, satisfies

exp { —p(w,y)?/(261) + Cilt, 2) + Ca(t,y))
V(B V2))p(Bly. VI)

Remark 1.1. According to the Varadhan asymptotic formula for short time behavior,
one has limy_o4tlogp:(z,y) = —p(x,y)?, * # y. Hence, the above heat kernel upper
bound is sharp for short time, as ¢§ is allowed to approximate 2.

pe(@,y) < . zyeM, telol].

The paper is organized as follows: In Section 2 we provide a formula expressing P,
in terms of PP and the joint distribution of (7, X), where X; is the L-diffusion process
and 7 its hitting time to dD. Some necessary lemmas and technical results are collected.
Proposition 2.5 is a refinement of a result in [19] to make the coefficient of p(z,y)/t
sharp and explicit. In Section 3 we use parallel coupling of diffusions together with
Girsanov transformation to obtain a gradient estimate for Dirichlet heat semigroup.
Finally, complete proofs of Theorems 1.1 and 1.2 are presented in Section 4.

To prove the indicated theorems, besides stochastic arguments, we make use of a
local gradient estimate obtained in [13] for V' = 0. For the convenience of the reader,
we include a brief proof for the case with drift in the Appendix.
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2. SOME PREPARATIONS

Let X(x) be an L-diffusion process with starting point = and explosion time &(x).
For any open C? domain D C M such that x € D, let 7(z) be the first hitting time of
Xs(x) at the boundary 0D. We have

Pf(z)=E [f(Xt(x)) 1{t<£(x)}} , PPf(z)=E [f(Xt(x» 1{t<T(x>}} :

Let pP(x,y) be the transition density of PP with respect to p.
We first provide a formula for the density h,(t, z) of (7(z), X;@) (z )) with respect to
dt ® v(dz), where v is the measure on 9D induced by u(dy) := e¥®dy.

Lemma 2.1. Assume that D is a relatively compact open C* domain in M. Let K (z, x)
be the Poisson kernel in D with respect to v. Then

(21) t2) = [ (00 @,)) K(z) uldy)
D

Consequently, the density s — (,(s) of T(x) satisfies the equation:

(22) L6 = [ (-0nP.) nid).

Proof. Every bounded continuous function f: 9D — R extends continuously to a func-
tion h on D which is harmonic in D and represented by

h(z) = K(z,2)f(z) v(dz).

oD
Recall that z — K (z, ) is the density of X, (x). Hence

Elf(Xo@ (@) = h(z) = | K(z,2)f(z)v(dz).

oD
On the other hand, the identity

yields
hx) = / et ) + [ vt /Othx(s,Z)f(Z)dS
[ ([ ke ><dz>) i)+ [ ez /Othx<s,z>f<z>ds

/ (/D ) pldy) + /0 thx(s,Z)ds) v(dz),

which implies that

(2.3) K(zz) = /D PP (2, 9)K (2, ) p(dy) + / ha(s, 2)ds.
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Differentiating with respect to t gives

(2.4) ha(t,2) = 0, /D PP, 1)K (2,) p(dy).

Since 9;pP (z,y) is bounded on [e,e71 x D x D for any ¢ € |0, 1], Eq. (2.1) follows by
the dominated convergence.
Finally, Eq. (2.2) is obtained by integrating (2.1) with respect to v(dz). O

Lemma 2.2. The following formula holds:

Pif(z) = PP f(z) + / Pi_of(2)ha(s, 2) dsv(dz)

10,t] xOD

= PPf(z) + /]0 Joon Pi_of(2)Pyh (s/2, 2)(x) dsv(dz).

Proof. The first formula is standard due to the strong Markov property:

Pif(z) = E [f(Xo(2)r<e(@)}]
=E [f(X:(2)Lit<r@y] +E [F(Xe(2) 1 r@)<t<e(@]

(2:5) = PP (x) + E[E [f(Xu(@)) {ria)<r<eton  (7(2), X (@))] |
= PP f(x) + / P, f(2)ha(s,2) dsv(dz).
10,t]xdD
Next, since

Osp? (x,y) = Lp? (-, y)(x) = LPLyph, (- y)(2)
= Pyy(Lpgs(9)) (@) = Pya(0upy) (- 9)lumsso) (@),
it follows from (2.1) that
(2.6) ha(s,z) = Ps’:/)2h,(s/2, 2)(z).
This completes the proof. O

We remark that formula (2.6) can also be derived from the strong Markov property
without invoking Eq. (2.1). Indeed, for any v < s and any measurable set A C 9D,
the strong Markov property implies that

P{7(x) > 5, Xoio)(x) € A} = E|(Lucriay P{7(2) > 5, Xro)(2) € A7} ]
= /Dpﬁ’(af,y)IP’ {T(y) > s —u, Xr)(y) € A} p(dy),

and thus,
he(s,2) = PPh (s —u,2)(x), s>u>0, v €D, z€dD.
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Lemma 2.3. Let D be a relatively compact open domain and psp be the Riemannian
distance to the boundary OD. Then there exists a constant C' > 0 depending on D such
that

P{r(z) <t} < CePop@/16t 2 c D > 0.

Proof. For © € D, let R := pyp(x) and p, the Riemannian distance function to z.
Since D is relatively compact, there exists a constant ¢ > 0 such that Lp? < ¢ holds on
D outside the cut-locus of x. Let v, := p,(Xi(2)), t > 0. By It6’s formula, according
to Kendall [7], there exists a one-dimensional Brownian motion b; such that

dy? <22y, db, + edt, t < 7(x).
Thus, for fixed t > 0 and § > 0,
) ) 5 [*
Zs = exp <27§ — s 4t_2 i %rfdu) , s <r7(x)
is a supermartingale. Therefore,

P{r(z) <t} =P {max Vsnr(z) = R} <P {max Zone() > e&R2/t—6c—452R2/t}

s€[0,t] s€[0,t]
1
< exp (05 — ;(5R2 — 452R2)) .

The proof is completed by taking ¢ := 1/8. 0J

Lemma 2.4. On a measurable space (E,.Z i) satisfying i(E) < oo, let f € L'(j1)

be non-negative with ji(f) > 0. Then for every measurable function v such that ¥ f €
LY (j1), there holds:

(2.7) [oran< [ et aiv o [ o dn
E E fi(f) E
Proof. This is a direct consequence of [12] Lemma 6.45. We give a proof for com-
pleteness. Multiplying f by a positive constant, we can assume that g(f) = 1. If
Jpe”dfi = oo, then (2.7) is clearly satisfied.
If [,e¥di < oo, then since [,e¥di > f{f>0} e¥ dfi, we can assume that f > 0

everywhere. Now from the fact that ed’% € LY(ff1), we can apply Jensen’s inequality

to obtain
log (/Eed’ d,[l) = log (/E ed’% fd/]) > /Elog (ed’%) fdn

(note the right-hand-side belongs to R U {—oc}). To finish we remark that since

vf e L' (),
/Elog (ew%) fdﬁszwfdﬁ—/Eflogfdﬁ.
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Finally, in order to obtain precise gradient estimate of the type (1.4), where the
constant in front of p(x,y)/t is explicit and sharp, we establish the following revision
of [19, Theorem 2.1].

Proposition 2.5. Let D be a relatively compact open C? domain in M and K a
compact subset of D. For any ¢ > 0, there exists a constant C(e) > 0 such that

IV logpP (- 5)(a)] < C(e) log\ﬁg +¢7h) N (1 +a;f(x,y)’
(2.8) tel0,1], z€ K, ye D.

In addition, if D is convex, the above estimate holds for ¢ = 0 and some constant
C'(0) > 0.

Proof. Since ¢ := ming psp > 0, it suffices to deal with the case where 0 <t <1 AJ.
To this end, we combine the argument in [19] with relevant results from [16, 18]. Let
to =t/2 and y € D be fixed.

(a) Consider first the case p3,(z) < to. Take

f(z,s) :p£+to(at,y), xeD, s>0.

Applying Theorem 5.1 of the Appendix to the cube

Q = B(x,pap(x)) X [s — p?)D(at)/Q, s] C D x [—to, to], s <to,
we obtain

Co A
(2.9) |Vlog f(z,s)] < %T(ZB)<1 + log m), s < to,

where A := supg, f and ¢y > 0 is a constant depending on the dimension and curvature
on D. By [9, Theorem 5.2],

(2.10) A<cef (l’,8+pap(l’)2), s€]0,1], x € D,

holds for some constant ¢; > 0 depending on D and L. Moreover, by the boundary
Harnack inequality of [4] (which treats Z = 0 but generalizes easily to non-zero C*
drift 7),

(2.11) f(z, 5+ pop(2)®) < eaf(x,s), s€]0,1], z €D,

for some constant ¢y > 0 depending on D and L. Combining (2.9), (2.10) and (2.11),
there exists a constant ¢ > 0 depending on D and L such that

(2.12) |V log f(z,5)| < 7

(b) Now suppose that (x,s) € Q where
Q={(z,s): z€D, s€l0,to], pop(x)* > s}
and B = supg, f. Since 0sf = Lf, for any constant b > 1, we have

(- a)(f10°7) - —'Vf'Q.

v €D, s€)0,t] with pgp(x)* < s.
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Next, again by 0,f = Lf and the Bochner-Weizenbock formula,

IV fI? IV fI?
L — 0, > 2k ,
( ) 7 7
where £ > 0 is such that Ric — VZ > —k on D. Then the function
s|V f|? bB
hi=————— — flog —
A+ 2ks)f 1187
satisfies
(2.13) (L—0s)h >0 on D x]0,00][.

Obviously A(-,0) < 0. Next, for s = pyp(z)? with s € (0,%] and z € D one has
(z,s) € Q so that
h(z,s) < s|Vlog f|*(z, ) f(,5) — f(z,5)logb.

Hence by taking b = exp(c?), inequality (2.12) yields h(z,s) < 0 for s = pgp(x)?. Then
the maximum principle along with inequality (2.13) imply A < 0 on 2. Thus,

(2.14) |Vlog f(z,s)|* < (2k +s7')log %, (x,s) €.

(c) If D is convex, by [16, Theorem 2.1] with § = v/t and ¢t = 2t,, we obtain (note
the generator therein is L)

—d/2 ()2
Fx,to) = ph (x,y) = ph, (y.2) > crp(y) tg e ?@0 /S0 e K ye D
for some constant ¢; > 0, where ¢ > 0 is the first Dirichlet eigenfunction of L on D.
On the other hand, the intrinsic ultracontractivity for PP implies (see e.g. [11])

F(z8) =020 (2,y) < cap(y) tg P 2y e D, s <,

for some constant ¢y > 0 depending on D, K and L. Combining these estimates we
obtain

<c3 talep(:”’y)Q/Sto, re K, s <ty

B
f(@,s)
for some constant ¢3 > 0 depending on D, K and L. Hence by (2.14) for s = ¢, we get
the existence of a constant C' > 0 such that

2
Vioesf, () < (15" + 20 (€ + ot + 200 )
0
for all y € D, x € K and t, € ]0,1[ with ¢y < pgp(z)?. This completes the proof by
noting that ¢ = 2t,.
(d) Finally, if D is not convex, then there exists a constant o > 0 such that
(VNX,X) > —0|X|?, X eToD,

where N is the outward unit normal vector field of dD. Let f € C°°(D) such that
f=1for popp > ¢, 1 < f < e* for pop < ¢, and Nlog flop > o. By Lemma 2.1
n [18], D is convex under the metric g := f~%(-,). Let A,V and p be respectively
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the Laplacian, the gradient and the Riemannian distance induced by g. By Lemma 2.2
in [18],

L=A+VV=f2 [A+(d—2)fo] LYV
Since D is convex under g, as explained in the first paragraph in Section 2 of [18],

g(@ﬁ(yv ')7 @QD)L{)D < 07
so that . }
o(y) = sup 9(Vply, ), V) <oo, yeD.

Hence, repeating the proof of Theorem 2.1 in [16], but using p and V in place of p and
V respectively, and taking into account that f — 1 uniformly as ¢ — 0, we obtain

_d _ (e 2
pgo (,T, y) Z Cl (5)@(y)t0 /26 C2(E)P( 7y) /8t0
> Cy(e)p(y)ty Ve C2)0s(E)pley)* [sto

for some constants C(¢), Ca(e), C3(e) > 1 with Cy(e),C3(e) — 1 as ¢ — 0. Hence the
proof is completed. O

3. GRADIENT ESTIMATE FOR DIRICHLET HEAT SEMIGROUP USING COUPLING OF
DIFFUSION PROCESSES

Proposition 3.1. Let D be a relatively compact C? domain in M. For every compact
subset K of D, there exists a constant C'= C(K, D) > 0 such that for all § > 0, t > 0,
xg € K and for all bounded positive functions f on M,

VPP f ()]

< §pP (flog (PthL(CEo))) (zo) + C (ﬁ + 1) PP f ().

Proof. We assume that ¢ € |0, 1], the other case will be treated at the very end of the
proof.

We write VV = Z so that L = A + Z. Since PP only depends on the Riemannian
metric and the vector field Z on the domain D, by modifying the metric and Z outside
of D we may assume that Ric — VZ is bounded below (see e.g. [14]); that is,

(3.2) Ric—VZ > —k
for some constant x > 0.
Fix xg € K. Let f be a positive bounded function on M and X, a diffusion with
generator L, starting at xq. For fixed ¢t < 1, let
o _ VPPf(x)
VPP f ()]
and denote by u — ¢(u) the geodesics in M satisfying ¢(0) = v. Then

AT PP (o) = [VPP f(x0)].

du u=0

(3.1)



GRADIENT ESTIMATE AND HARNACK INEQUALITY 9

To formulate the coupling used in [1], we introduce some notations.
If Y is a semimartingale in M, we denote by dY its Ito differential and by d,,Y the

martingale part of dY: in local coordinates,

0
oxt
where I', are the Christoffel symbols of the Levi-Civita connection; if dY* = dM*+d A’
where M *is a local martingale and A’ a finite variation process, then

0
ot
Alternatively, if Q(Y): Ty,M — Ty M is the parallel translation along Y, then

dv; = (/ QY odY)

de;e = Q(Y)t dNt

where N; is the martingale part of the Stratonovich integral fot QYY)
For x,y € M, and y not in the cut-locus of z, let

i 1 i j
dy = (dY + 5rj,f(y) d(Y”,Y’“))

d,,Y =dM’

and

“lodyY,.

s

plzy)
(3 3 ZIZ' y Z/ |Vé(x,y)<]i|2 + <R(€(l’, y)v ‘]Z)JZ + Vé(%y)Z’ 6(!13', y)>)s ds

where é(z, y) is the tangent vector of the unit speed minimal geodesic e(z, y) and (J;)L,
are Jacobi fields along e(x,y) which together with é(x,y) constitute an orthonormal
basis of the tangent space at x and y:

here P, ,: T,M — T,M is the parallel translation along the geodesic e(x,y).
Let ¢ € ]0,1[. For h > 0 but smaller than the injectivity radius of D, and ¢ > 0, let
X" be the semimartingale satisfying X' = ¢(h) and

(3.4) dX! = Py, x1dpn X, + Z(X[) ds + €lds,
where
eh = (ﬁt + mh) n(X", X,)
C

with n(X”, X,) the derivative at time 0 of the unit speed geodesic from X" to X, and
Px, xn: Tx,M — Tx» M the parallel transport along the minimal geodesic from X to

X" By convention, we put n(z,r) =0 and P,, = Id for all z € M.
By the second variational formula and (3.2) (cf. [1]), we have

dp(X,, XM < {I(XS,XQ) - % — /-fh} ds < —% ds, s <1y,
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where T}, := inf{s > 0 : X, = X"}. Thus, (X,, X") never reaches the cut-locus. In
particular, T}, < ¢t and

(3.5) X,=X"'  s>ct
Moreover, we have p(X,, X) < h and

152
(3.6) g2 < n?(n+ =)

We want to compensate the additional drift of X” by a change of probability. To this
end, let

s/A\ct
Mg == / <§7}~La PXT.,Xi1 deT>7
0
and
1
R? = exp (Mg - §[Mh]s) .

Clearly R" is a martingale, and under Q" = R" - P, the process X" is a diffusion with

generator L.
Letting 7(xo) (resp. 7") be the hitting time of D by X (resp. by X"), we have

Li<rny < Litcr@o)y + Lir@o)<t<riy-
But, since Xf = X, for s > ct, we obtain
Lir@o)<t<rty = Lir(ao)<ety Liz<rny-
Consequently,

L (PP f(o(h)) — PP f(a0)) =

! E [F(XP)RM ey — FX 0D froreoy]

[
E [f(X}) R p<rtmoy — F(X(0)Li<r(aoy]

:Ir—‘a*li—‘

1
+E [F (XD R (g <ey Liaarny ]

and since X" = X; this yields

3 (P2 F00) = P21 (a0)) < B |FO0 ceray (R = 1)

1
+,E [F(XD) R rag)<eny Liparty] -

The left hand side converges to the quantity to be evaluated as h goes to 0. Hence,
it is enough to find appropriate limsup’s for the two terms of the right hand side. We
begin with the first term. Letting

(3.7)

1
vt =z - e,
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and noting that <n(Xf,XT),PXT,X¢deT> = /2db, up to the coupling time T}, for
some one-dimensional Brownian motion b,, we have

1 1
R = oxp (M= I ) < L ! = SO+ O expl)

t
=1l = [ elPds + (v exp(v)
0

From the assumptions, exp(Y}") and Y;"/h have all their moments bounded, uniformly
in A > 0. Consequently, since f is bounded,

sup [ 70001 ([ 1682+ (047 )] =0

h—0

which implies

h(

11121 Sélp E [f(Xt>1{t<T (z0)}

RI — 1)}

: I
< lim SU.pE |:f(Xt)1{t<T(xo)}E/ <§£L> PXT,Xj} der>:| .
0

h—0

Using Lemma 2.4 and estimate (3.6), we have for 6 > 0

1 S
E [f(Xt)l{t<T(xo)}EA <§fa PXT-7XT’PdeT’>:|

R

+ 8PP f(20) logE {I{KT(% } €Xp <5h/ <§S,PXS xndm X >)]

<72 (e (g7 ) )

+ 8PP f(20) log E {exp (5%2 \ggf ds)}
/

< 6PP (flog (Pth( )>) (z0) + 0PP f(x )Ct <% + ,8)
ot (et 1+ s

where C" = 1+ (cx)? (recall that + < 1). Since the last expression is independent of A,
this proves that

. 1
lim sup E |:f(Xt)]-{t<T(xo)}E(R? - 1)}

h—0
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39 <or? (o8 (g ) ) an) + S PP )

We are now going to estimate lim sup of the second term in (3.7). By the strong Markov
property, we have

E [f(Xth)R?l{T(ro)Sct}1{t<7“}] = EQh [ t— ctf( ct)l{T :co)<ct<rh}]

(3.9) < NP2 flloe Q" {7(wo) < et <"}
t —
Since p(X", X,) < hE ; ® for s € [0, ct], we have on {7(xq) < ct < 7"}:
c
ct —71(x
pap (XL ) < h%-
For s € [0, 7" — 7(x)], define
Y - p(XT(.CEO )+s? aD)’

and for fixed small € > 0 (but € > h), let S’ =inf{s >0, Y/ =¢ or Y/ = 0}. Since
under Q" the process X/ is generated by L, the drift of p(X" dD) is Lp(-,dD) which
is bounded in a neighborhood of dD. Thus, for a sufficiently small € > 0, there exists
a Q"-Brownian motion 6 started at 0, and a constant N > 0 such that

Y, =hS t(x°)+fﬂs+stYS', s €[0,97.
Let
:inf{uzo, Y,=¢ or Yu:O}.
Taking into account that on {7(zq) = u},
{Yi=e}U{S >ct —u} C{Ys=c}U{S > ct —u},
we have for u € [0, ct],
Q"{ct < "|7(20) = u} < Q{Yy = ¢|r(20) = u} + Q"{S" > ct — u|r(x) = u}
< QY =e¢lr(m) = u} + Q"{S > ct — u|r (o) = u}

< Q"{Ys =¢|r(m) = u} + = 1_ uEQh [S|7(x0) = u].

Now using the fact that e=V¥ is a martingale and Y2 — 2s a submartingale, we get

Q" {Ys = elr(wo) = u} =
and
Eqn [S]7(x0) = u] < Egr [Yg\T(xo) = u|
<2 Q"{Ys = ¢e|r(w) = u}
hct — u)

1 —e N5
——
l—eNe =72 ct

=&
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for some constants C, Cy > 0. Thus,

1 h(ct —
Q"{ct < m"|7(20) = u} §C’1h+ct_uc2 (Cct v

<t ot <ol
ct t

for some constants Cs3, Cy > 0 (recall that ¢ < 1). Denoting by ¢* the density of 7(x()
under Q", this implies

Q"{r(xg) <ct <t} = /Ct 0"(u) Q"{ct < 7"o" = u} du
0
h ct N
< 04?/0 " (u) du

h
— 04? @h{’T(ZL'Q) < ct}.
In terms of D™" = {x € D, psp(x) > h} and o" = inf{s > 0, X" € dD~"} we have

o < 1(x9) a.s. Hence, by Lemma 2.3,

Qh{T({Eo) < ct} < @h{o_h < ct} < C’exp{—paDh((p(h))},

16¢t
where we used that X" is generated by L under Q". This implies

WSO

h
: h < "< Oy—
(3.10) Q" {r(zo) <ct < 7"} < C5t exp{ Toot

Since % (PP(p(h)) — PP(x0)) converges to [VPP f(zo)|, we obtain from (3.7), (3.8),
(3.9) and (3.10),

vrP ) < 672 (1108 () ) a0

C 1 pap(x
(3.11) + PP H0) + Coll P2 f oy exp { 222000

Finally, as explained in steps ¢) and d) of the proof of Proposition 2.5, for any compact
set K C D, there exists a constant C(K, D) > 0 such that

IPP o flloo < eCEPVEPP F(ag), ¢ €[0,1/2], 20 € K, t €]0,1].

Combining this with (3.11), we arrive at
f C
VP2 (o)) < 0P (o (g ) ) Gau) + 2 P2 )

+ 05% exp {—panO) } exp {M} PP f(x0).

!

(3.12)




14 M. ARNAUDON, A. THALMAIER, AND F.-Y. WANG

Finally, choosing ¢ such that
0<c< 1 dist(K,0D)
2" 16C(K, D)’

we get for some constant C' > 0,

313 IVEP sG] <577 (g (it ) ) ) +.0 (55 +1) P2 Ga)
x9 € K, 0 >0,

which implies the desired inequality.
To finish we consider the case t > 1. From the semigroup property, we have PP f =
PP(PP.f). So letting g = PP, f and applying (3.13) to g at time 1, we obtain

VPP o) < 672 (g1og (o)) (a0) + € (+1) PPota)

Now using PPg = PP f, we get

1
VPP (o) < OP(g ok ) an) — P (an)log PP ) +.C (5 +1) PP i)
Letting ¢(z) = xlogx, we have for z € D

glog g(2) = ¢ (E [f(Xi1(2))L-1<rey])
<E [ (f(Xem1(2) Lm1<r(21y) ]
=E [p(f)(Xe1(2) L p-1<r(21}]
= P2,(flog f)(2),
where we successively used the convexity of ¢ and the fact that ©(0) = 0. This implies

VPP f(xo)| < 6PF (f log (%)) (z0) + C (% + 1) PP f(x0),

which is the desired inequality for ¢ > 1.

4. PROOF OF THEOREMS 1.1 AND THEOREM 1.2

Proof of Theorem 1.1. We assume that ¢t € |0, 1] and refer to the end of the proof of
Proposition 3.1 for the case t > 1. Fixing 6 > 0 and zy € M, we take R = 160/(5 A 1).
Let D be a relatively compact open domain with C? boundary containing B(z,2R)
and contained in B(zo, 2R + ¢) for some small ¢ > 0. By the countable compactness
of M, it suffices to prove that there exists a constant C'= C(D) such that (1.4) holds
on B(xg, R) with C in place of FI(0 A 1,z). We now fix x € B(xg, R), t € ]0,1] and
f € ;. Without loss of generality, we may and will assume that P, f(z) = 1.
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(a) Let Py(x,dy) be the transition kernel of the L-diffusion process, and for x € D,
z € M, let

u&xx&)=1éDhm@/zy»a_xyxu>uwy»

where v is the measure on 9D induced by u(dy) = e"®dy. By Lemma 2.2 we have

IU@F#?ﬂ@+/ PPo(,y) F(2) dsp(dy)valy, d2).

10,t]x Dx M
Then

VP f(x)] < [VPf(2)]
s T 0msa ) @] P 0) ) dsildyra. 02
10,t]x Dx M
(41) = [1+[2.
(b) By Proposition 3.1 and noting that PP f(z) < P,f(x) = 1, we have

(4.2) I, <6PP(flog f)(z) + g +C (% + 1) , x € B(zg,R), t€]0,1], § >0

for some C'= C(D) > 0.
(c) By Proposition 2.5 with ¢ = 1, we have

43 ps [ [CEOEEL HED ) e o, a2)u(d)

NG
for some C' = C(D) > 0 and all ¢t € ]0,1]. Applying Lemma 2.4 to the measure
fi == ply(,y) ds vs(y, dz)p(dy) on B :=]0,t] x M x D so that

i(E) =P(r(z) <t <g(x)) <1,
we obtain

5
I < OB [(flog /) (Xe(@)1irmsicen] + < + OB [f(Xe(@)1r@<icewn]

Clog(e+s7")  2p(z,y)
x log exp { +
10,t]x M x D 5\/g sd

5
< OF [(flog f)(Xu(2)) Lir@y<i<en] + 5 + OF [f(Xu(2)) Lr@)<i<ea]

A 9R
(4.4) X 10g/}0 o P {g + g} ds pl)s(, y)va(y, dz) p(dy),
] X M x

} ds ply (2, y)vs(y, dz) p(dy)

where

A:=sup {Cy/rlogle+r) —r} < occ.

r>0
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By this and (2.6) we get
)
I, < OF [(f log ) (Xu(@)) 1 rmyicstan] + -
A
+0E [f(Xt(x))l{T(m)<t<§(x } (logE[eXp (9R/57’($))} + E)

<O [(flog £)(Xe(2)) 1 ir(@)<t<ety] + = +510gE[eXp (OR/o7(2))] + A
< JE {(flog D) Xe(2)) L (@) <i<ee }

oo oo () | 4
= 0 [(flog f)(Xi(2))1{r(w)<i<e(n)y]
(4.5) +(0AN1)logE {GXP <%)} +A+g’

By Lemma 2.3 and noting that pg(z) > R, we have

E[eXp(<aA9§< >)] ”E[mn @ ((Mﬁ@))]
:H/OOO 9R5 <9R5 L CPir@) < 571) ds
9

(0 A

( ((5 AT -
9R  [* [ O9R 9Rs —R%s
<tegag ), (ar ) (aan) = () o
9R o 9R —Rs
) (Far) e (o) @
= 1+9/w(9u+1)exp(—u) du =: A’
0
since R = 160/(d A 1). This along with (4.5) yields
(4.6) L <SE [(flog [)(Xe(2))r(a)<t<e@)y] +1log A+ A+ é

The proof is completed by combining (4.6) with (4.1) and (4.2).
Proof of Theorem 1.2. By Theorem 1.1,
IVEf(z)] < 6(P(flog f)(z) — (Pif)(x) log Pof (x))

(4.7) + (F(Ml,x) (ﬁJrl) +2£) P f(x), >0, ze€ M.
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For « > 1 and = # y, let B(s) = 14+ s(a — 1) and let v: [0,1] — M be the minimal

geodesic from z to y. Then |§| = p(z,y). Applying (4.7) with § = a?(;ly), we obtain

d
& log(Ptfﬁ(S))o‘/ﬁ(s) (%)

ala = 1) B(f7®log f7) — (B f7¥)log P f7¢)
RO B0 o)
Q <thf5(8)’ 78>
W ORES (7s)

ap(z,y) { a—1 S e e »
~ B(s) PP () Oép(x,y)<Pt(f log [7*) — (Puf™) log Pof )(%)

- (9P}
o a—1 a’p?(z,y) ap(z,y))  2(a—1)
" <a/)(9:,y) : 1’%) (ﬂ(S)(a “DEAD () ) ef(s)

> —C(a,x,y) <% +p($7y)) - @

where C(a, z,y) = supe ] 1F< azl o A 1,%)- This implies the desired Harnack

a® \ ap(z,y)
inequality.
Next, for fixed v € |1, 2], let

K(a,t,z) =sup {Cla,z,y): y € B(x,V2t)}, t>0, x € M.

Note K (v, t, x) is finite and continuous in (a, t, z) €]1,2[x]0, 1[x M. Let p := 2/a. For
fixed ¢ € ]0, 1], the Harnack inequality gives for y € B(z,/2t),

) < R wres {2220 L antan (25 va)

(S

Then choosing 7' > t such that ¢ := p/2(p — 1) < T'/t,

(B(x,V2t)) exp{—2(26_p) — 2K (o, t, ) <% +@) — qut} (P.f(x))?

2

& (VP exry 4 — PLE2Y)
S/;(L\/g)(Ptf (v)) p{ 72(T_qt>}u(dy)-

Similarly to the proof of [1, Corollary 3|, we obtain that for any 6 > 2, choosing
a = 22—;55 €]1,2[ such that 6 > ;2 = -£7 > 2, there is a constant ¢(d) > 0 such that
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the following estimate holds:

Es(x,t) = /Mpt(:c,y)zexp {p(‘%’tyy}u(dy)
o oxp {c(6)K(a,t,z)(1+V2t)}

< , t>0, xze M.
p(B(z, V2t)
By [6, Eq. (3.4)], this implies the desired heat kernel upper bound for Cs(t,z) =
c(0)K (o, t, 2) (14 V/2t). O

5. APPENDIX

The aim of the Appendix is to explain that the arguments in Souplet-Zhang [13] and
Zhang [19] for gradient estimates of solutions to heat equations work as well in the case
with drift.

Theorem 5.1. Let L = A+ Z for a C! vector field Z. Fix xo € M and R, T, ty > 0
such that B(xg, R) C M. Assume that

(5.1) Ric — VZ > —K

on B(zg, R). There exists a constant ¢ depending only on d, the dimension of the
manifold, such that for any positive solution u of

(5.2) Ou = Lu
on Qrr = B(xg, R) x [to — T, o], the estimate

1 su u
|Vlogu| < c(E + T2 4 \/K> (1 + log h)
u

holds on Qr/a,1/2-

Proof. Without loss of generality, let N := SUPQ, , U = 1; otherwise replace u by u/N.
Let f =logu and w = vr° By (5.2) we have

=72
Lf+|VfP=0.f=0

so that
2UVS.VOS) | 2|V f
=m0 g
(VA V(LS VIR | 2AVRLS £ (VS
. 0= 77 077
(VS VAT VIR 2AVSAS + TSR
077 077

| AV, Z V) 4 2Messy (V1.2) | 2|V PZ,9)
- 77 TEN




GRADIENT ESTIMATE AND HARNACK INEQUALITY 19

Moreover,
(Z,NVIfF) | 2AVINZ V)
(1—-1)? (1—/)?
2Hess; (Vf,Z) 2|VfI*Z,V[)
(1—=/) =77
Finally, by the proof of [13, (2.9)] with —k replaced by Ric(V f, V f)/|V f|?, we obtain
- {UTLTL V) | 2(OPS (o)

w = Aw +

(5.4)
= Aw +

(55) (1_f>2 (1_f)3
' i N AW 2w Ric(Vf,Vf)
Z 1= VAV 20 = fle+ i
Combining (5.1), (5.3), (5.4) and (5.5), we arrive at
Lw — Ow > 2ff<Vf, Vw) +2(1 — flw? — 2Kw.

This implies the desired estimate by the Li-Yau cut-off argument as in [13]; the only
difference is, using the notation in [13], in the calculation of —(Awy)w after Eq. (2.13)
n [13]. By (5.1) and the generalized Laplacian comparison theorem (see [3, Theorem
4.2]), we have

Lr < vV Kdcoth (\/K/dr) < C;l + VvV Kd,

and then
(@) =~ + O < (0l + 01+ VR 9] ) o

The remainder of the proof is the same as in the proof of [13, Theorem 1.1], using L1}
in place of A, OJ
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