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ABSTRACT. Let g be a finite-dimensional simple Lie algebra of rank ¢ over an
algebraically closed field k of characteristic zero, and let (e, &, f) be an sl,-triple
of g. Denote by g° the centralizer of ¢ in g and by S(g°)** the algebra of symmetric
invariants of g°. We say that e is good if the nullvariety of some £ homogeneous
elements of S(g°)*" in (g°)* has codimension £. If e is good then S(g¢)* is a
polynomial algebra. In this paper, we prove that the converse of the main result
of [CM16] is true. Namely, we prove that e is good if and only if for some
homogeneous generating sequence gy, ..., q, of S(g)°, the initial homogeneous
components of their restrictions to e + g/ are algebraically independent over k.
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1. INTRODUCTION

1.1. Let g be a finite-dimensional simple Lie algebra of rank ¢ over an alge-
braically closed field k of characteristic zero, let (.,.) be the Killing form of g
and let G be the adjoint group of g. If a is a subalgebra of g, we denote by S(a) the
symmetric algebra of a. For x € g, we denote by g* the centralizer of x in g and by
G* the stabilizer of x in G. Then Lie(G") = Lie(Gp) = g* where Gy is the identity
component of G*. Moreover, S(g*) is a g*-module and S(g)% = S(g")%.

In [CM16], we continued the works of [PPY07] and we studied the question on
whether the algebra S(g*)?" is polynomial in ¢ variables; see [Y07, CM10, JS10,
Y 16] for other references related to the topic.
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2 JEAN-YVES CHARBONNEL AND ANNE MOREAU

1.2. Let us first summarize the main results of [CM16].

Definition 1.1 ((CM 16, Definition 1.3]). Anelement x € g is called a good element
of g if for some homogeneous sequence (py,..., p¢) in S(g¥)8", the nullvariety of
P1,--.,pein (g)* has codimension € in (g*)*.

Thus an element x € g is good if the nullcone of S(g*), that is, the nullvariety
in (g%)* of the augmentation ideal S(gx)ix of S(g*)¥, is a complete intersection in
(o)* since the transcendence degree over k of the fraction field of S(gM)Y" is € by
the main result of [CM10].

For example, regular nilpotent elements are good; see the introduction of [CM16]
for more details and other examples.

Theorem 1.2 ([CM16, Theorem 3.3]). Let x be a good element of o. Then S(g%)%
is a polynomial algebra and S(g%) is a free extension of S(g%)s".

An element x is good if and only if so is its nilpotent component in the Jordan
decomposition [CM16, Proposition 3.5]. As a consequence, we can restrict the
study to the case of nilpotent elements.

Let e be a nilpotent element of g. By the Jacobson-Morosov Theorem, e is
embedded into an slp-triple (e, i, f) of g. Identify g with g*, and o/ with (g9)*,
through the Killing isomorphism g — ¢*, x = (x,.). Thus we have the following
algebra isomorphisms: S(g) =~ k[g*] =~ k[g] and S(g°) =~ k[(g)*] = k[a/]. Denote
by 8. :=e+ g/ the Slodowy slice associated with e, and letT,: g > g, x —> e + X
be the translation map. It induces an isomorphism of affine varieties g/ ~ §,, and
the comorphism 7', induces an isomorphism between the coordinate algebras k[8,]
and k[o/].

Let p be a homogeneous element of S(g) =~ k[g]. Then its restriction to S, is an
element of k[S,] ~ k[a/] =~ S(g°) through the above isomorphisms. For p in S(g),
we denote by «(p) its restriction to 8, so that x(p) € S(g°). Denote by p the initial
homogeneous component of k(p). According to [PPYO07, Proposition 0.1], if p is
in S(g)?, then ¢p is in S(g°)"".

Theorem 1.3 ([CM 16, Theorem 1.5]). Suppose that for some homogeneous gen-
erators qi, . .., qe of S(9)%, the polynomial functions q,, ..., °q, are algebraically
independent over k. Then e is a good element of a. In particular, S(g°)% is a poly-
nomial algebra and S(g°) is a free extension ofS(ge)gg. Moreover, %q, ..., q, is a
regular sequence in S(g°).

In other words, Theorem 1.3 provides a sufficient condition for that S(g)¥ is
polynomial. By [PPY07], one knows that for homogeneous elements ¢y, .. ., g¢ of
S(g)%, the polynomial functions ¢y, ..., %, are algebraically independent if and
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only if

d dimg® + ¢

1 deg g = ——.
) ; g4 >
So we have a practical criterion to verify the sufficient condition of Theorem 1.3.
However, even if the condition of Theorem 1.3 holds, that is, if (1) holds, S(g¢)% is
not necessarily generated by the polynomial functions ‘g, ..., %,. As a matter of
fact, there are nilpotent elements e satisfying this condition and for which S(g¢)*
is not generated by some ‘%, ..., %,, for any choice of homogeneous generators
qi,...,q¢ of S(g)% (cf. [CM16, Remark 2.25]).

Theorem 1.3 can be applied to a great number of nilpotent orbits in the simple
classical Lie algebras, and for some nilpotent orbits in the exceptional Lie algebras,
see [CM16, Sections 5 and 6]. We also provided in [CM16, Example 7.8] an
example of a nilpotent element e for which S(g°)* is not polynomial, with g of
type D.

1.3. In this note, we prove that the converse of Theorem 1.3 also holds. Namely,
our main result is the following theorem.

Theorem 1.4. The nilpotent element e of g is good if and only if for some ho-
mogeneous generating sequence qi, . ..,qe of S(9)%, the elements °q,..., °q, are
algebraically independent over k.

Theorem 1.4 was conjectured in [CM16, Conjecture 7.11]. Notice that it may
happen that for some ry, ..., r, in S(g)%, the elements “y, ..., ‘ are algebraically
independent over k, and that however e is not good. This is the case for instance for
the nilpotent elements in 5D(k12) associated with the partition (5, 3, 2, 2), cf. [CM 16,
Example 7.6]. In fact, according to [PPY07, Corollary 2.3], for any nilpotent el-
ement e of g, there exist ry,...,r, in S(g)® such that %,..., %, are algebraically
independent over k. So the assumption that ¢, . .., g, generate S(g)9 is crucial.

1.4.  We introduce in this subsection the main notations of the paper and we out-
line our strategy to prove Theorem 1.4.

First of all, recall that ¢/ identifies with the dual of g¢ through the Killing iso-
morphism so that S(g°) is the algebra k[g/] of polynomial functions on o/, and that
k[g/] identifies with the coordinate algebra of the Slodowy slice S, = e + g .

Let x;,...,x, be a basis of g° such that fori = 1,...,r, [, x;] = n;x; with n; a
nonnegative integer. For j = (ji, ..., j,) in N', set:

il = jit et il = i +2) -+ o, +2), o = xd

There are two gradings on S(g°): the standard one and the Slodowy grading. For
all j in N, x has standard degree [j| and, by definition, it has Slodowy degree
jle. Denoting by ¢ — p(#) the one-parameter subgroup of G generated by ad 4, the
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Slodowy slice e + ¢/ is invariant under the one-parameter subgroup ¢ — 1~ 2p(f)
of G. Hence the one-parameter subgroup ¢ t‘zp(t) induces an action on k[8.].
Letje{l,...,r},yin o/ and ¢ in k*. Viewing the element x; of g° C S(g°) as an
element k[8,.], we have:

xj(2p(t)(e + y)) = xj(e + 2p(OW)) = () (x))e +y) = 72" xj(e +y),
whence for all j in N” and for all y in o7,
Dt 2p(0)(e + ) = 7l d (e + y).

This means that I, as a regular function on 8., is homogeneous of degree |j|, for
the Slodowy grading.

Let ¢ be an indeterminate and let R be the polynomial algebra k[¢]. The polyno-
mial algebra

S(a)[r] := kl7] ® S(g°)

identifies with the algebra of polynomial functions on ¢/ x k. The grading of S(a¢)
induces a grading of S(g®)[#] such that ¢ has degree 0. Denote by & the evaluation
map at ¢ = 0 so that ¢ is a graded morphism from S(g°)[#] onto S(g°). Let 7 be the
embedding of S(g°) into S(g®)[#] such that 7(x;) :=tx; fori=1,...,r.

Recall that for p in S(g), x(p) denotes the restriction to S, of p so that x(p) €
S(g®). Denote by A the intersection of S(g®)[¢] with the sub-k[z, t~']-module of

S(@)[t, '] = k[t, '] @ S(g°)

generated by Tok(S(g)%), and let A, be its augmentation ideal. Let 'V be the nullva-
riety of A, in g/ x k and 'V, the union of the irreducible components of V which
are not contained in ¢/ x {0}. Let N be the nullvariety of £(A); in o, with &(A),
the augmentation ideal of £(A). Then 'V is the union of V. and N x {0}.

The properties of the varieties V and 'V, allow us to prove the following result.

Theorem 1.5. Suppose that N has dimension r — €. Then for some homogeneous
generating sequence qi, . . .,qe of S(9)°, the elements °q, ..., °q, are algebraically
independent over k.

The key point is to show that, under the hypothesis of Theorem 1.5, £(A) is
the subalgebra of S(g°) generated by the family °p, p € S(g)%, and hence that N
coincides with the nullvariety in o/ of Qys- - - °qp- So, if N has dimension r — ¢,
then the elements g, ..., °q, must be algebraically independent over k.

The remainder of the paper is organized as follows. In Section 2, we state useful
results on commutative algebra of independent interest. Some of these results are
probably well-known. Since we have not found appropriate references, proofs are
provided. Moreover, we formulate them as they are used in the paper. We study
in Section 3 properties of the varieties V and V.. The proof of Theorem 1.5 is
achieved in Section 3. Theorem 1.4 is a consequence of Theorem 1.5, and it is
proven in Section 4.
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2. SOME RESULTS ON COMMUTATIVE ALGEBRA

In this section ¢ is an indeterminate and the base ring R is k, k[¢] or k[[¢]]. For M
a graded space over N and for j in N, denote by M/ the space of degree j and by
M, the sum of MU!, j > 0. Let A be a finitely generated graded R-algebra over N
such that A = R and such that A is a free R-module of finite rank for any j € N.
Moreover, A is an integral domain. Denote by dim A the Krull dimension of A and

setl:

| dimA if R=k

- | dimA-1 if R=Kk[s]ork[]].

As arule, for B an integral domain, we denote by K(B) its fraction field.
The one-dimensional multiplicative group of k is denoted by Gy,.

2.1. Let B be a graded subalgebra of A.

Lemma 2.1. (i) Let p1,...,m be pairwise different graded prime ideals con-
tained in A.. If they are the minimal prime ideals containing their inter-
section, then for some homogeneous element p of A, the element p is not
in the union of P, ..., Pm.

(i1) For some homogeneous sequence pi,...,p¢ in Ay, Ay is the radical of the
ideal generated by p1, ..., pe.

(iii) Suppose that A, is the radical of AB.. Then for some homogeneous se-
quence py,...,pcin By, Ay is the radical of the ideal generated by py, . . ., pe.

Proof. (i) Prove by induction on j that for some homogeneous element p; of A,,
pj is not in the union of py,...,p;. Since p; is a graded ideal strictly contained in
Ay, itis true for j = 1. Suppose that it is true for j — 1. If p;_; is not in p;, there
is nothing to prove. Suppose that p;_; is in p;. According to the hypothesis, p; is

stricly contained in A, and it does not contain the intersection of py,...,p;-1. So,
since py,. .., p; are graded ideals, for some homogeneous sequence r,g in A,
j-1
reﬂpk\v,-, and g €A\ p;
k=1
Denoting by m and n the respective degrees of p;_; and rg, p;?_l + (rg)™ is homo-
geneous of degree mn and it is not in py, ..., p; since these ideals are prime.

ISince the Lie algebra g does not appear in this section, there will be no possible confusion
between ¢ and the rank of g, denoted ¢, in the introduction too. However, the notation will be
justified in the next sections.
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(i1) Prove by induction on i that for some homogeneous sequence pj1, ..., p; in
A, the minimal prime ideals of A containing py, ..., p; have height i. Let p; be in
A; \ {0}. By [Ma86, Ch. 5, Theorem 13.5], all minimal prime ideal containing p;
has height 1. Suppose that it is true for i — 1. Let py, ..., b, be the minimal prime
ideals containing pi,..., pi—1. Since A, has height £ > i — 1, A, strictly contains
P1,...,Pm. By (i), there exists a homogeneous element p; in A} not in the union
of p1,...,Pn. Then, by [Ma86, Ch. 5, Theorem 13.5], the minimal prime ideals
containing py, ..., p; have height i. For i = £, the minimal prime ideals containing
P1,- - ., pe have height €. Hence they are equal to A, since Ay is a prime ideal of
height £ containing py, ..., p¢, whence the assertion.

(iii) The ideal AB; is generated by a homogeneous sequence ay,...,a, in By.
Denote by B’ the subalgebra of A generated by ay,...,a,. Then B’ is a finitely
generated graded subalgbera of A such that A, is the radical of AB,. If R =k,
denote by d its dimension and if ¢ € R, denote by d + 1 its dimension. By (ii),
for some homogeneous sequence py,...,pq in B, B’ is the radical of the ideal
generated by pi1,...,pq. Then A, is the radical of the ideal of A generated by
P1,-.-,Pp4- Since A, has height £, £ < d by [Ma86, Ch. 5, Theorem 3.5]. Since B’
is a subalgebra of A, its dimension is at most dimA. Hence d = ¢. O

Proposition 2.2. Suppose that A is the radical of AB,. Then B is finitely gener-
ated and A is a finite extension of B.

Proof. Since A is a noetherian ring, for some homogeneous sequence ay, ... ,a,, in
B, ABy, is the ideal generated by this sequence. Denote by C the R-subalgebra of
A generated by ay,...,a,. Then C is a graded subalgebra of A. Denote by x the
morphism

Specm(A) s Specm(C)
whose comorphism is the canonical injection C < A. Let A and C be the respec-

tive integral closures of A and C in K(A). Since C is contained in A, C is contained
in A. Let @ and 8 be the morphisms

Specm(Z) s Specm(A) and Specm(?) i> Specm(C)

whose comorphisms are the canonical injections A < A and C < C respectively.
Then there is a commutative diagram

Specm(Z) - Specm(E)
| |
Specm(A) z Specm(C)

with 7 the morphism whose comorphism is the canonical injection C — A.
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The action of G, in A extends to an action of K(A), and A is invariant under
this action. Denoting by R the integral closure of R in K(A), R is the set of fixed
points under the action of Gy, in A. Since C is invariant under Gy, so is C. For m a
maximal ideal of R, the ideal m + C, is the maximal ideal of C containing m and
invariant under G,,. Then, for p a maximal ideal of C, p N\ R + C, is in the closure
of the orbit of p under G,,. Moreover,

m+A =7 "{m+C,)

for all maximal ideal m of R. Hence 7 is quasi finite. Moreover 7 is birational.
Then, by Zariski’s main theorem [Mu88], 7 is an open immersion. The image of &
contains fixed points for the Gy,-action, and the closure of each Gy,-orbit contains
fixed points. As a result, 7 is surjective since it is Gp-equivariant. Hence 7 is an
isomorphism and A = C. As a result, A is a finite extension of C since g is a
finite morphism. As submodules of the finite module A over the noetherian ring
C, A and B are finite C-modules. Hence A is a finite extension of B. Denoting
by wi,...,ws a generating family of the C-module B, B is the subalgebra of A
generated by ay,...,an, wi,...,w,. O

Denote by k7], the localization of k[¢] at the prime ideal rk[¢] and set:

k if R=k k if R=k
R.:=1{ kl[r], if R=Kk[] R:=1 K[[7]] if R=kr
k7] if R =K[[]] k[[7]] if R =K[[]].

For M a R-module, set M= §®R M.

Lemma 2.3. Suppose R = k[t]. Let M be a torsion free R-module and let N be a
submodule of M. Then for ain NN\ M, ra is in N for some r in R such that r(0) # 0.

Proof. Since M is torsion free, the canonical map M — M is an embedding. More-
over, the canonical map N — M is an embedding since R is flat over R. Let a be
in N N M and let @ be its image in M/N by the quotient map. Denote by J, the
annihilator of @ in R, whence a commutative diagram

0 N—om 4  _ _M/N—s0

|

0 Ju R Ra 0
0

|

0
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with exact lines and columns. Since R is a flat extension of R, tensoring this dia-
gram by R gives the following diagram with exact lines and columns:

0 N— M R&gr M/N — 0
| |

0 RI, LR d Ra 0
0 0

For b in j?\, (6ed)b = (dod)b = 0 since a is in N , whence db = 0. As a result,
RJ, = R. Hence J, contains an element r, invertible in R, that is #(0) # 0, whence
the lemma. O

Set
A, =R, Qr A and A= E@RA.

Since A% = R, the grading on A extends to gradings on A, and A such that A" =
R, and A1 = R. When R =k or R = k[[f]], A, = Aand A = A.
For pi,..., pr ahomogeneous sequence in A set:

‘_{pl,...,p[ if R=k
P=\tpi...pe if R=K[IL,

and denote by J,, the ideal of A generated by the sequence p.

Lemma 2.4. Suppose that A is Cohen-Macaulay. Let p1, ..., pr be a homogeneous
sequence in A such that A, is the radical of the ideal of A generated by p1, ..., pe
and let V be a graded complement in A to the k-subspace J .

(1) The space V has finite dimension.
(i1) The space A is equal to VR.[p1, ..., pel.
(iii) The algebra A is a flat extension of R[p1, ..., pel.
(iv) For all homogeneous elements ay, . .. ,a, in A, linearly independent over k
modulo Jp, ay, ...,ay, are linearly independent over R[p1, ..., p¢].
(v) The linear map

V & Rip1,...,pe] — As, vRa > va
is an isomorphism.

Proof. According to Lemma 2.1(ii), the sequence p does exist.

(1) Let J, be the ideal of A generated by pi,...,p,. Since A, is the radical
of Jp, A = JM for d sufficiently big. When ¢ € R, for all d, then rA%) has
finite codimension in A since A is a finite free R-module. Hence J,, has finite
codimension in A so that V has finite dimension. B
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(ii) Suppose that ¢ is in R. First of all, we prove by induction on d the inclusion
A (VR[p1, ..., pc D' + 1Al

Since A% is the direct sum of V% and JI[,O], V10l is contained in k + R, whence the
inclusion for d = 0. Suppose that it is true for all j smaller than d. Since py, ..., pe
have positive degrees, by induction hypothesis,

J},j] c (VRIp1, ..., pe)' ¥ + A,
whence the inclusion for d. Then, by induction on m,
A < (VRIp1, ..., peD ¥ + Al
As a result, since Al is a finite R-module,
A (VRIp1, ..., p D',

whence A = Vﬁ[pl, ..., pe]. This equality remains true when R = k by an analo-
gous and simpler argument.

When R = k[¢], according to Lemma 2.3, for @ in A, ra is in VR[py,..., p¢] for
some r in R such that 7(0) # 0. As aresult, A, = VR.[p1,..., pel.

(iii) By Proposition 2.2, A is a finite extension of R[py,..., p¢]. In particular,
R[p1,...,pe] has dimension ¢ + dimR so that pyq,..., p, are algebraically inde-
pendent over R. Hence R[p;, ..., p¢] is a regular algebra, whence the assertion by
[Ma86, Ch. 8, Theorem 23.1].

(iv) Prove the assertion by induction on n. Since A is an integral domain, the
assertion is true for n = 1. Suppose the assertion true for n — 1. Let (by,...,b,) be
a homogeneous sequence in R[py, ..., pe] such that

biay +---+bya, =0.
Let K and / be the kernel and the image of the linear map
Rlp1,...,pel* — Rlp1,...,pel, (C1s-verCn) ¥ C1by + -+ + Cpby,
whence the short exact sequence of R[p;, ..., p¢] modules
0— K— R[p1,....,pe]I" — I — 0.

The grading of R[py, ..., p¢] induces a grading of R[py, ..., p¢]" and K is a graded
submodule of R[py, ..., p¢]" since by, ..., b, isahomogeneous sequence in R[p1, ..., pel.
Denote by yi,...,y, a generating homogeneous sequence of the R[py,..., pel-
module K. By (iii), the short sequence of A-modules

0—A ®RIp,

..........

is exact. So, for some homogeneous sequence xi, ..., X, in A,

m
ai = Z XjYji
J=1
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fori=1,...,n. Since a, is not in J, for some j., the element y;, ; is an invertible
element of R, whence

n—1

n—1
buyj. =~ Z biyj.; and Z bi(yj,nai —anyj. ;) = 0.
i=1 i=1

So, by induction hypothesis,
bi=---=b,.1 =0
since the elements
Yjndl —anYj. 15 Yj, nGn-1 — AnYj, n-1

are linearly independent over k modulo J,,. Then b, = 0 since y;, , is invertible.

(v) Let (vy,...,v,) be a homogeneousibasis of V. Since the space of relations
of linear dependence over R[p1, ..., p¢] of v1,...,v, is graded, it is equal to {0} by
(iv), whence the assertion by (ii). O

Corollary 2.5. (i) The algebra A, is Cohen-Macaulay if and only if for some

homogeneous sequence pi,...,pe in Ay, the algebra A, is a finite free
extension of R.[p1, ..., pel
(ii) Suppose that A, is Cohen-Macaulay. For a homogeneous sequence q1, . .., q¢

in Ay, A, is a finite free extension of R.[q1,...,qc] if and only if R.A, is
the radical of the ideal of A, generated by q., ... ,qy.

Proof. (i) The “only if” part results from Lemma 2.4(v). Suppose that for some
homogeneous sequence py,..., pe in Ay, the algebra A, is a finite free extension
of R.[p1,...,pe]. In particular, R.[p1,...,p¢] is a polynomial algebra over R.
since A, has dimension dimA. Let p be a prime ideal of A, and let q be its in-
tersection with R.[pi,..., p¢]. Denote by A, and R[py, ..., pl, the localizations
of A, and R.[p1,...,pe] at p and q respectively. Since A, is a finite extension of
R.[p1,..., pel, these local rings have the same dimension. Denote by d this dimen-
sion. By flatness, any regular sequence ay, ...,ag in R[p1,..., pel, isregularin A,
so that A, is Cohen-Macaulay. Hence A. is Cohen-Macaulay.

(i) The “only if” part results from (i) and Proposition 2.2. Suppose that A,
is a finite free extension of R.[q1,...,q¢]. Let p be a minimal prime ideal of A.
containing ¢y, ...,q¢ and let q be its intersection with R.[q1,...,q¢]. Then q is
generated by ¢1,...,q¢. In particular it has height £. So p has height £ since A, is
a finite extension of R.[q1,...,q¢]. As aresult, p = R.A; since R,A; is a prime
ideal of height ¢, containing ¢, . .., g;, whence the assertion. O

Recall that B is a graded subalgebra of A. Set B, := R, ®r B and for p a prime
ideal of B, denote by B, its localization at p.

Proposition 2.6. Suppose that the following conditions are satisfied:

(1) B is normal,
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(2) A; is the radical of AB.,
(3) A is Cohen-Macaulay.

(i) Let py,...,pc be a homogeneous sequence in B, such that B is the rad-
ical of the ideal of B generated by this sequence. Then for some graded
subspace V of A, having finite dimension, the linear morphisms

V& Rip1,...,pe]l — As, vea — va,

(VnB)® R.[p1,...,pe] — B, v®a —> va

are isomorphisms.
(1) If R =k or R = K[[t]], the algebra B, is Cohen-Macaulay.
(iii) For p prime ideal of B, containing t, the local ring By is Cohen-Macaulay.

Proof. (i) By Proposition 2.2 and by Condition (2), B is finitely generated and
A is a finite extension of B. By Condition (2) and by Lemma 2.1(iii), for some
homogeneous sequence py,..., pe in B, A, is the radical of the ideal generated
by pi,..., pe.

Let p be as in Lemma 2.4. Denote by m the degree of the extension K(A) of
K(B). For a in A, C K(A), set:
.

= —tra
m

a

with tr := trx)/k(p) the trace map. By Condition (1), B, is normal and the map
a + a" is a projection from A, onto B, whose restriction to A is a projection onto
B. Moreover, it is a graded morphism of B-modules. Let M be its kernel. Let Jy
and J be the ideals of B and A generated by p respectively. Since ¢, p1, ..., p¢ are
in B, J is the direct sum of Jy and M J,. Let VE be a graded complement in B to the
k-space Jy and let V| be a graded complement in M to the k-space MJy. Setting
V = Vp + Vi, Vis a graded complement in A to the k-space J. By Condition (3)

and Lemma 2.4, V has finite dimension and the linear map

V& R.[p1,...,pe] — A, v®a —> va
is an isomorphism. So, since Vjy = V*#, the linear map

Vo ® R.[p1,...,pe]l — B, 8 —> vd

is an isomorphism, whence the assertion.

(ii) results from (i) and Corollary 2.5.

(iii) By (i) and Corollary 2.5, A, is Cohen-Macaulay. For p a prime ideal of
B, containing ¢, By, is the localization of B, at the prime ideal B.p, whence the
assertion by (ii). O
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2.2. In this subsection R = k[7]. Then R= k[[¢]]. For M a graded module over R
such that MU is a free submodule of finite rank for all j, we denote by Py z(T) its
Hilbert series:
Pur(T) = Z rk MU
jeN
For V a graded space over k such that V! has finite dimension, we denote by
Pyx(T) its Hilbert series:

Pyi(T) := Z dim VU,
JjeN
Let S be a graded polynomial algebra over k such that S = k and S/ has finite

dimension for all j. Consider on S[¢] and S[[¢]] the gradings extending that of S
and such that ¢ has degree 0. Consider the following conditions on A:

(C1) A is graded subalgebra of S[7],
(C2) for some homogeneous sequence ai, . ..,acin Ay, A =k[t,t ', ay,...,a/N
S,
(C3) A is Cohen-Macaulay.
If the condition (C2) holds, then A[+~'] = R[aj, ...,ac][t"']. Moreover, if so, since

A has dimension ¢ + 1, then the elements 7, ay, . . . , a, are algebraically independent
overk. Set A := R®Qp A.

Lemma 2.7. Assume that the conditions (C1) and (C2) hold.

(1) The element t is a prime element of A.
(i1) The algebra A is a factorial ring.
(iii) The Hilbert series of the R-module A is equal to

1

L L —7a”

i=

Par(T) =

I~

with dy,...,d; the degrees of ay, ... ,ay respectively.

Proof. (i) Let a and b be in A such that ab is in tA. Since ¢S [¢] is a prime ideal of
S[t], a or b is in tS[t]. Suppose a = ta’ for some a’ in S[f]. Then @’ is in A[+"!].
By Condition (C2), A[t'] = R[ay, ...,a,][t"']. Hence @’ is in A by Condition (C2)
again. As a result, At is a prime ideal of A.

(ii) Since A is finitely generated, it suffices to prove that all prime ideal of height
1 is principal by [Ma86, Ch. 7, Theorem 20.1]. Let p be a prime ideal of height 1.
If ¢ is in p, then p = Atz by (i). Suppose that ¢ is not in p and set p = A[t"'p. Then
p is a prime ideal of height 1 of R[ay, ..., ad[r by Condition (C2). For a in p,
t"a is in p for some nonnegative integer m. Hence

p=pNA
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since p is prime. As a polynomial ring over the principal ring k[¢,77'], the ring
Rlai,...,a/][t"'] is a factorial ring. Then P is generated by an element a in p.
Since S is a polynomial ring, S[¢] is a factorial ring. So, for some nonnegative
integer m and for some a’ in S [¢], prime to ¢, a = #"a’. By Condition (C2), @’ is in
A. Then «’ is an element of p, generating p and not divisible by ¢ in A. Let b and
¢ be in A such that bc is in Aa’. Then b or ¢ is in A[r']a’. Suppose b in Al e’
So, for some / in N, /b = b’a’ for some b’ in A. We choose ! minimal satisfying
this condition. By (i), since @’ is not divisible by ¢ in A, b’ is divisible by ¢ in A if
! > 0. By minimality of /, [ = 0 and b is in Aa’. As a result, Aa’ is a prime ideal
and p = Aa’ since p has height 1.
(iii) By Condition (C2),

Al =kt 1 @ Klay,...,a;] whence rkA“ = dimk[ay,..., a9

for all nonnegative integer d. Since ay,...,a, are algebraically independent over
k?
¢

1
Pyay,...anx(T) = l_l [ 7d°
i=1

whence the assertion. |

Let py,..., pc be a homogeneous sequence in A such that A, is the radical of
the ideal of A generated by this sequence. By Lemma 2.1(ii), such a sequence does
exist. Denote by C the integral closure of k[ py,..., pe] ink(t,ai,...,ar).

Lemma 2.8. Assume that the conditions (C1), (C2) and (C3) hold.

(i) The algebra C is a graded subalgebra of A and t is not algebraic over C.
(i1) The algebra C is Cohen-Macaulay. Moreover, C is a finite free extension

of k[pi1,...,pcl
(iii) The algebra C + tA is normal.

Proof. (i) By Lemma 2.7(ii), A is a normal ring such that K(A) = k(t,ay,...,ae)
by Condition (C2). Then C is contained in A since k[p1, ..., p¢] is contained in A.
Moreover, C is a graded algebra since so is k[py, ..., p¢]. By Proposition 2.2, A is

a finite extension of R[py,..., p¢]. So, since A has dimension £ + 1, the elements
t,p1,...,pe are algebraically independent over k. As a result, ¢ is not algebraic
over C.

(i1) By (1), C[[#]] = C & k[[t]] so that C[[¢]] is a flat extension of k[[¢]]. More-
over, C is the quotient of C[[¢]] by #C[[¢]]. As C and k[[¢]] are normal rings, C[[#]]
is a normal ring by [Ma86, Ch. 8, Corollary of Theorem 23.9]. By definition, A,
is the radical of the ideal of A generated by p1, ..., p,. Ask[[f]] is a flat extension
of k[z], from the short exact sequence

0 Al A kl¢] 0
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we deduce the short exact sequence

—

0 A, A k[[£]] — O .

Hence A, is a prime ideal. As A, is the radical of the ideal generated by the
sequence pi,..., Pe, ;\1 is contained in the radical of AC[[f]]+. Then, by (i),
XJr is the radical of AC[[t]].. Since R is a flat extension of R, the algebra A s
Cohen-Macaulay by Condition (C3). Then, by Proposition 2.6(ii), C[[¢]] is Cohen-
Macaulay. Let V be a graded complement in C to the ideal of C generated by
P1,--.,pe. Since ¢ is not algebraic over C, the space V is a complement in C[]
to the ideal of C[f] generated by ¢, pi1,...,pe. Then, by Lemma 2.4, V has finite
dimension and the linear morphism

V& R.pi1,-..,pe] — R.C, U®a —> va
is an isomorphism. As a result, the linear morphism
Vexkipl,...,pel — C, vea — va

is an isomorphism, whence the assertion by Corollary 2.5(ii).

(iii) Set A := C + tA. At first, A is a graded subalgebra of A since C is a graded
algebra and ¢A is a graded ideal of A. According to Proposition 2.6(i), for some
graded subspace V of A, having finite dimension, the linear morphisms

V& R:[pi1,...,pc]l — As, v®a —> va,

VnClt]) & R.p1,...,pe] — R.C, vea — va

are isomorphisms. Let vy,...,0, be a basis of V such that vy,...,v, is a basis of
V N C[¢]. For a in A,, the element a has unique expansion

a=uva+---+uvua,

with ay,...,a, in R.[pi,...,pel. If aisin tA,, ay,...,a, are in tR.[pi,..., pc]
and if a is in R.C, ay,...,a, are in k[py, ..., pe] and @41, .. .,a, are equal to O,
whence R.C N tA, = tR.C and C N tA = {0}. In particular, C is the quotient of A
by A.

For p a prime ideal of A, denote by Ap the localization of A at p. If ¢ is not in
p, then A[+~'] is contained in A, so that A, is a localization of the regular algebra
Rlay,...,a/[t ] by Condition (C2). Hence Ap is a regular local algebra. Suppose
that 7 is in p. Denote by P the image of p in C by the quotient map. Then A,/tA,
is the localization Cj of C at the prime ideal p. Since C is Cohen-Macaulay, so are
Cyand A,. As aresult, A is Cohen-Macaulay.

Let p be a prime ideal of height 1 of A. If ¢ is not in p, A, is a regular local
algebra as it is already mentioned. Suppose that 7 is in p. By Lemma 2.7(i), tA = p
so that all element of C \ {0} is invertible in Ap, whence

A, =K(C)+tA, and 1A, =tK(C)+ A,
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Hence A, is a regular local ring of dimension 1. As a result, A is regular in codi-
mension 1. Then, by Serre’s normality criterion [B98, §1, n°10, Théoreme 4], Ais
normal since A is Cohen-Macaulay. O

Corollary 2.9. Assume that the conditions (C1), (C2) and (C3) hold.

(1) The algebra Ais equal to C[[1]].
(i1) For ain A, the element ra is in C[t] for some r in k[t] such that r(0) # 0.

Proof. (i) Since A is contained in A, we have K(A) = K(A). Since C. is contained
inA,, A, is the radical of AA.. Then, by Proposition 2.2, A is a finite extension of
A. So, by Lemma 2.8(iii), A = A and by induction on m,

AcC[r]+1"A

for all positive integer m. Since A and C[f] are graded and since the R-module A!“]
is finitely generated for all d, A = C[[¢]].
(i1) The assertion results from (i) and Lemma 2.3. O

Proposition 2.10. Assume that the conditions (C1), (C2) and (C3) hold. Then the
algebra A, is polynomial over R.. Moreover, for some homogeneous sequence
qi,-..,qe in Ay such that q,...,q¢ have degree di,...,d; respectively, A, =
R.qi,....qcl.

Proof. According to Corollary 2.9 and Lemma 2.8(i), it suffices to prove that C is
a polynomial algebra over k generated by a homogeneous sequence ¢q1, . . ., g¢ such
that ¢1,...,q¢ have degree di,...,d, respectively. According to Corollary 2.9(i)
Lemma 2.8(1) and Lemma 2.7(iii),
Lo
Pcx(T) = .
cx(T) 1:1[ =74
By Corollary 2.9Gii), fori = 1,..., ¢, for some r; in R such that r;(0) # 0, r;a; has

an expansion
ria; = E C,‘,mlm

meN
with ¢;,, m € Nin Cl4il with finite support. Forzinkandi=1,...,¢, set:
bi@) = ) Cim?"
meN
so that b;(z) is in C1%! for all z. As already mentioned, #, a1, . . ., a, are algebraically
independent over k by Condition (C2) since A has dimension ¢ + 1. Then, so are
t,riai,...,reae and for some z in k, b(z), ..., b(z) are algebraically independent

over k. Denoting by C’ the subalgebra of C generated by this sequence,
¢

1
Pery(T) = | | —
-1 1T
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whence C = C’ so that C is a polynomial algebra. O

3. Proor orF THEOREM 1.5

In this section, unless otherwise specified, the grading on S(g®) is the Slodowy
grading.

For m a nonnegative integer, S(g°)”"! denotes the space of degree m of S(g°). We
retain the notations of the introduction, in particular of Subsection 1.4.

3.1. LetR be the ring k[#]. As in Section 2, for M a graded subspace of S(g°)[¢] =
R ® S(g°), its subspace of degree m is denoted by M ] In particular, S(g°)[¢] m]
is equal to S(g)"[7] and it is a free R-module of finite rank. As a result, for all
graded R-submodule M of S(g°)[¢], its Hilbert series is well defined.

For m a nonnegative integer, denote by F,, the space of elements of «(S(g)%)
whose component of minimal standard degree is at least m. Then Fy, F1,...is a
decreasing filtration of the algebra x(S(g)%). Let dy,...,d, be the standard degrees
of a homogeneous generating sequence of S(g)?. We assume that the sequence
di,...,d; is increasing.

Recall that A is the intersection of S(g¢)[f] with the sub-k[t, 7 ']-module of
S(g)[t, 1 generated by 1ok(S(g)%), and that A, is the augmentation ideal of A.

Lemma 3.1. (1) For p a homogeneous element of standard degree d in S(g)*,
the element k(p) and °p have degree 2d.

(i1) For some homogeneous sequence ay, . ..,acin A, the elementst,ay, ..., ae
are algebraically independent over k, and A is the intersection of S(g°)[t]
withk[t,t ', ay,...,ac).

(iii) The Hilbert series of the R-algebra A is equal to
Lo
Par(T) = l_l -1

i=1
(iv) The Hilbert series of the k-algebra £(A) is equal to
¢

1
Peayp(T) = 1—[ —
=T

(v) The subalgebra (A) is the graded algebra associated with the filtration
Fo,Fq,...
Proof. (i) Let p be as in Subsection 1.4. For y in ¢/ and s in k*,

p(s2p(s)(e + 1)) = s p(p(s)(e +y)) = s p(e +y)

since p is invariant under the one-parameter subgroup p. Hence «(p) is homo-
geneous of degree 2d. Since the monomials xJ are homogeneous, ¢p has degree
2d.
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(ii) Let ¢1,...,q¢ be a homogeneous generating sequence of S(g)?. By a well
known fact (cf. e.g. [CM 16, Lemma 4.4(i)]), the morphism

Gxe+d)—g (g, gk

is dominant. Then «(S(g)%) is a polynomial algebra generated by «(g1), . . ., k(q¢).
So, setting a; := Tok(q;) fori = 1,...,¢, the sequence ay, ..., a, is a homogeneous
sequence in A, such that

k(SN 1 = K61 ar, .. agl.
Let 7 be the automorphism of S(g°)[z, 1 extending 7 and such that 7(¢) = ¢. Then
k(@)1 1] = T(k(S@N)1, 17 ]).

Since k(S(g))[#, 7~'] has dimension € + 1, Tox(S(g)%)[#, '] has dimension € + 1 too,
and t,ay,...,ac are algebraically independent over k. By definition, A = S(g®)[¢] N
Tok(S(9)%)[t, 1 ']. Hence

Alr1 =k, Yay,...,a;] and A =S Nklt, ", ay,..., a0

(iii) Since ¢ has degree 0, the grading of S(g°)[¢] extends to a grading of S(g°)[¢, 1
such that for all m, its space of degree m is equal to S(g®) [z, ']. Then for all
k[z, 7 ']-submodule M of S(g®)[z, '], M has a Hilbert series:

Pyt (T) = Y rkM™T™
meN
with M!™ the subspace of degree m of M. From the equality Alr" 1 =k, ay,. .. a0,
we deduce
Lo
Parnzern@ = | | =2
i=1
since for i = 1,...,{, the element a; has degree 2d; by (i). For all m, the rank of
the R-module A" is equal to the rank of the k[z, #~1]-module A[+ ]!, whence

l

1
Pan®) = | | =7

i=1

(iv) Let m be a nonnegative integer. The R-module A" is free of finite rank and
for (v, .. .,v,) a basis of this module, (tv1, ..., tv,) is a basis of the R-module A",
Since £(A)" is the quotient of A" by Al

dime(A)"™ = n = rk A",

whence the assertion by (iii).

(v) Let grA be the graded algebra associated with the filtration Fy, Fy, ... of
k(S5(9)%). Denote by a +— a(1) the evaluation map at r = 1 from S(g°)[#] to S(g°).
For a in A such that g(a) # 0, a(1) is in x(S(g)%) and &(a) is the component of
minimal degree of a(1) with respect to the standard grading, whence £(A) C grpA.
Conversely, let a be a homogeneous element of degree m of grpA and let a be a
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representative of a in F,,. Then 7(a) = ¢"b with b in A such that £(b) = a, whence
grpA C £(A) and the assertion. O
Let R. be the localization of R at the prime ideal R and set
R:=K[[f]l, A.:=R.®A, A:=R&gA.
The grading of A extends to gradings on A, and A such that A!”! = R, and Al = R.

Proposition 3.2. (1) The algebra £(A) is polynomial if and only if for some
standard homogeneous generating sequence qi,...,qe of S(8)%, the ele-
ments “qy, ..., °q, are algebraically independent over k. Moreover, in this

case, A is a polynomial algebra.

(i) If A. is a polynomial algebra over R., then for some homogeneous se-
quence pi,...,peinAs, we have A, = R.[p1, ..., pel, the elementst, py,..., pe
are algebraically independent overk and py, . . ., pr have degree 2dy, . .. ,2d,

respectively.
Proof. (i) Let q1,...,q, be a homogeneous generating sequence of S(g)? such
that “q,..., %, are algebraically independent over k. We can assume that for

i =1,...,4, g; has standard degree d;. Fori = 1,...,¢, ¢, has degree 2d; by
Lemma 3.1(i), and we set

Q; =t itoK(gy).
Then Q;, fori=1,...,¢, is in A by definition of A. Fori = (i1, ...,i) in N, set:

qd:=q'qf, 0:=0"--0 G:=2 G
[ilmin := 2i1dy + - - - + 2i¢dp.

Then, for all i in N¢,

TOK(qi) = flilmin Qi.
Moreover,

rok(S@In 1 =K1, Q1 Qe

Let a be in A. For some / in N and for some sequence cj,,, (i,m) € N’ x N in k, of
finite support,

fa= Z cinmt" Q' whence Z cim’qg' =0
(i,m)eN!XN ieN?

for m < [. Hence a is in R[Q1, ..., Q] since the elements eqi, i € N¢ are linearly
independent over k. As a result,

A=R[01,...,0¢ and &(A)=k[%,..., Q]

so that A and &(A) are polynomial algebras over k since ‘g, ..., °q, are alge-
braically independent over k.

Conversely, suppose that £(A) is a polynomial algebra. By Lemma 3.1, (i) and
(iv), the algebra £(A) is graded for both Slodowy grading and standard grading.
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Let d be the dimension of £(A). As &(A) is a polynomial algebra, it is regular
so that the k-space &(A)./ s(A)_Z+ has dimension d. Moreover, the two gradings on
£(A) induce gradings on s(A)+/8(A)§r. Hence g(A)Jr/s(A)%r has a bihomogeneous
basis. Then some bihomogeneous sequence ui, ..., uy in £(A); represents a basis
of e(A),/ 8(A)%r. As aresult, the k-algebra £(A) is generated by the bihomogeneous
sequence uy,...,ug. Fori = 1,...,d, denote by ¢; the Slodowy degree of u;.
As € is homogeneous with respect to the Slodowy grading, u; = &(r;) for some
homogeneous element r; of degree 6; of A. Let m; be the smallest nonnegative
integer such that ™ r; is in Tok(S(g)%). According to Lemma 3.1(i), ¢; is even and
for some standard homogeneous element p; of standard degree 6;/2 of S(g)9, t"ir; =
Tok(p;). Then u; = ®p; since p; is standard homogeneous.

Let ‘B be the subalgebra of S(g) generated by pi,...,ps. Suppose that P is
strictly contained in S(g)%. A contradiction is expected. For some positive integer
m, the space S(g)j, of standard degree m of S(g)? is not contained in . Let g be
in (S(g)%)m \ B such that % has maximal standard degree. By Lemma 3.1(i), 4% is
a polynomial in uy, ..., uy, of degree 2m. So, for some polynomial ¢’ of degree m
in B, 4q — ¢’) has standard degree bigger than the standard degree of ¢g. So, by
maximality of the standard degree of g, the elements ¢ — ¢’ and g are in 3, whence
the contradiction. As a result, f = S(g)® and d = ¢.

(ii) Suppose that A, is a polynomial algebra. Denoting by J the ideal of A,
generated by ¢ and A, the k-space J/J? is a graded space of dimension £ + 1 since
A, is a regular algebra of dimension £ + 1. Then for some homogeneous sequence
Pi,...,pein Ay, (t, p1,...,pe) is a basis of J modulo J2. Since Pi,...,pe¢ have
positive degree, we prove by induction on d that

A cRp1,..., pel D + 1A
Then by induction on m, we get

A C Rpi,....pe +£"A

So, since the R.-module AEf” is finitely generated,

-
A cRipi,....pa .

Apply Lemma 2.3 to N = A and M = S(g°)[¢]. Since N = E[pl, ...,pel,forae N,
there exists r € R such that 7(0) # 0 and ra € R[py,...,p¢] by Lemma 2.3. So A.
is contained in R.[p1,..., p¢], whence A, = R.[p1,..., pel.

Denote by 61, ...,d, the respective degrees of py,..., p,. We can suppose that
D1, ..., peis ordered so that 61< - - - <d,. Prove by induction on i that §; = 2d; for
j=1,...,i. By Lemma 3.1(iii), 2d is the smallest positive degree of the elements
of A. Moreover, 0, is the smallest positive degree of the elements of R[py, ..., p¢l,
whence 61 = 2d;. Suppose 6; = 2d; for j =1,...,i—1. Set A; := R[pj,...,pel.
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Then, by induction hypothesis and Lemma 3.1(iii),
¢ ¢

1 1
Py, r(T) = l_[ 1—7% l_[ 1 =72

j=i j=i

By the first equality, ¢; is the smallest positive degree of the elements of A; and by
the second equality, 2d; is the smallest positive degree of the elements of A; too,
whence 0; = 2d;. Then with i = £, we get that 6; = 2d; for j=1,...,¢. O

Recall that R = k[[£]].

Corollary 3.3. Suppose that A, is a polynomial algebra. Then for some standard
homogeneous generating sequence qi,. .., q¢ in S(g)%,

A, = R[N 1ok(q1), . . ., 172 Tor(qy)].

Proof. For m nonnegative integer, denote by S(q)j, the space of standard degree m
of S(g)°. By Proposition 3.2(ii), for some homogeneous sequence py,...,p¢in Ay
such that p1, ..., p; have degree 2d, . . ., 2d; respectively,

As =R.p1,...,pel

Fori = 1,...,¢, let m; be the smallest integer such that ™ p; is in Tok(S(g)%). By
Lemma 3.1(i), ™ p; has an expansion

Mip; = Z ror(gi ;)
JEN
with g; j, j € N, in S(g)g_ of finite support. Denoting by ¢; ; the standard degree of
“qi,j, set:
Jl/ = {jEN;mi=j+6,~’j}, 0; :=inf{6,-,j;j€.l;},
Ji==m; - 2d;, Qi = 1% 7oK(gs j)-
Fori=1,...,¢, since p; is not divisible by 7 in A,
pi— Qi € 1A,
whence
A, C R*[Ql’ cees Qt’] + tA..
Then, by induction m,

A* CR*[QI’--'an]-i-th*

for all m. As a result,
A =RI[Qi,..., 0,
since for all d, the R,-module A s finitely generated. Then, by Lemma 2.3,

Av = R0, ..., Qcl.
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As aresult, since A has dimension £+ 1, the elements ¢, Oy, ..., Q¢ are algebraically
independent over k and so are gy j,, ..., q¢, j,. Moreover the algebra S(g)? is gener-
ated by q1,j,, .. .,qc,j, since they have degree di, .. ., d, respectively. O

3.2. Denote by V the nullvariety of A, in g/ x k. Let 'V, be the union of the irre-
ducible components of V which are not contained in g/ x {0}. The following result
is proven in [CM16, Corollary 4.4(i)]. Indeed, the proof of this result does not
use the assumption of [CM 16, Section 4] that for some homogeneous generators
q1,---,qe of S(g)?, the elements %y, ..., ¢, are algebraically independent.

Lemma 3.4 ((CM 16, Corollary 4.4(i)]). (i) The variety V. is equidimensional
of dimensionr + 1 — €.
(ii) For all irreducible component X of V. and for all 7 ink, X is not contained
in o
in g/ x{z}.

Let N be the nullvariety of &(A). in g/. Then V is the union of V, and N x {0}.

Lemma 3.5. (1) Allirreducible component of N have dimension at least r — €
and all irreducible component of V have dimension at least r + 1 — ¢.

(ii) Assume that N has dimension r —{. Then for some homogeneous sequence

DPls- s Prc in S(8%)s, the nullvariety of t, p1,. .., pr—¢ in 'V is equal to {0}.

Proof. (i) By Lemma 3.1(ii), for some homogeneous sequence aj,...,a; in A,,
the elements ¢, ay, ..., ar are algebraically independent over k. Let by,...,b,, be a
homogeneous sequence in A, generating the ideal S(g®)[f]A. of S(g®)[f]. Set:

B = k[m,...,a[,b],...,bm], B, = Ba1+---+Bag+Bb1+---+Bbm,

C := B[1], Cyy = By[t] + Ct.
Then B and C are graded subalgebras of A and B, and C.. are maximal ideals of
B and C respectively. Moreover, C has dimension ¢ + 1. We have a commutative
diagram
of xk
/ X
Specm(C) al Specm(B)
with a, B, 7 the morphisms whose comorphisms are the canonical injections

C <> S@@)[r]l, B—S@)[t], B—>C

respectively. Since C has dimension ¢ + 1, the irreducible components of the fibers
of @ have dimension at least 7—¢, whence the result for N since Nx{0} = = 1(C,.,).
Moreover, V = ,8‘1(B+) and 7 1(B,) is a subvariety of dimension 1 of Specm(C).
Hence all irreducible component of V has dimension at least r + 1 — £.

(i1) Prove by induction on i that there exists a homogeneous sequence py,..., p;
in S(g®); such that the minimal prime ideals of S(g°) containing €(A), and py, ..., p;
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have height £ + i. First of all, S(g)e(A) is graded. Then the minimal prime ideals
of S(g°) containing &(A), are graded too. By, (i), they have height £ since N has
dimension r — ¢ by hypothesis. In particular, they are strictly contained in S(g¢).
Hence, by Lemma 2.1(ii), for some homogeneous element p; in S(g°), p; is not in
the union of these ideals so that the statement is true for i = 1 by [Ma86, Ch. 5,
Theorem 13.5]. Suppose that it is true for i — 1. Then the minimal prime ideals
containing £(A), and py,..., p;— are graded and strictly contained in S(g®); by
the induction hypothesis. So, by Lemma 2.1(i1), for some homogeneous element
pi in S(g°), p; is not in the union of these ideals and the sequence py, ..., p; satisfy
the condition of the statement by [Ma86, Ch. 5, Theorem 13.5]. Fori = r — ¢,
the nullvariety of py, ..., p,—¢ in N has dimension 0. Then it is equal to {0} as the
nullvariety of a graded ideal, whence the assertion since N X {0} is the nullvariety
of tin'V. O

3.3.  We assume in this subsection that N has dimension r—¢. Let py,..., p,_¢ be
as in Lemma 3.5(ii), and set

C:=Alp1,...,prcl

Then p1, ..., py—¢ are algebraically independent over A since N has dimension r—¢.
Lemma 3.6. The ideal S(g°)[t]+ of S(g°)[¢] is the radical of S(g°)[f]C+.

Proof. Let Y be an irreducible component of the nullvariety of C, in ¢/ X k. Then
Y has dimension at least 1. By definition the nullvariety of ¢ in Y is equal to {0}.
Hence Y has dimension 1. The grading on S(g°)[#] induces an action of the one-
dimensional multiplicative group Gy, on o/ xk such that for all (x, z) in ¢/ Xk, (0, 2)
is in the closure of the orbit of (x,z) under Gy,. Since C, is graded, Y is invariant
under Gn,. As a result, Y = {0} x k or for some x in ¢/ x k, Y is the closure of
the orbit of (x,0) under Gy, since 0 is the nullvariety of 7 in Y. In the last case, x
is a zero of pi,...,p,—¢ in N, that is x = 0. Hence Y = {0} X k. As a result, the
nullvariety of C, in of xkis equal to {0} x k that is the nullvariety of S(g°)[t]+,
whence the assertion since S(g°)[]+ is a prime ideal of S(g°)[¢]. O

For p a prime ideal of A, denote by A, the localization of A at p and by p the ideal
of C generated by p. Since C is a polynomial algebra over A, p is a prime ideal of
C and A \ p is the intersection of A and C \ p. Hence the localization Cy of C at

p is a localization of the polynomial algebra A,[py, ..., p,—¢]. Moreover, A, is the
quotient of Cy by the ideal generated by py,..., p,_¢. According to [Ma86, Ch. 6,
Theorem 17.4], if C is Cohen-Macaulay, p, ..., p,—¢ is a regular sequence in Cy

since Ay has dimension dim C;—r+¢. Then, again by [Ma86, Ch. 6, Theorem 17.4],
A, is Cohen-Macaulay if so is Cs.

Proof of Theorem 1.5. By Lemma 3.6 and Proposition 2.2, the algebra C is finitely
generated. Then A is finitely generated as a quotient of C. Hence by Lemma 2.7(ii),
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A is afactorial ring and so is C as a polynomial ring over A. As aresult, C is normal
so that S(g°)[#] and C satisfy the conditions (1), (2), (3) of Proposition 2.6. Hence
by Proposition 2.6, for all prime ideal p of A, containing ¢, C5 is Cohen-Macaulay,
whence A, is Cohen-Macaulay. By Lemma 3.1(ii), for p a prime ideal of A, not
containing #, A, is the localization of k[, 1 ai, ..., a. at the prime ideal gener-
ated by p. Therefore A, is Cohen-Macaulay since the algebra k[?, Ya, ... a/is
regular. As a result A is Cohen-Macaulay. In particular, A satisfies the conditions
(1), (2), (3) of Subsection 2.2. So, by Proposition 2.10, A, is a polynomial alge-
bra over R.. Then by Corollary 3.3, for some homogeneous generating sequence

qi,--.,qein S(g)°,
A, = R 1ok(q), - . . o 7 Tok(qe)].

Form the above equality, we deduce that any element of A is the product of an
element of the algebra R[1724 Tok(q1)s - - - 24 Tok(qe)] by a polynomial in ¢ with
nonzero constant term, whence

A= R[l‘_ZleOK(ql), e t‘deToK(qg)] andso &(A) =k[%,. .., q,]

sincefori=1,...,¢,

‘gi := (™ Tor(g))).
Since N X {0} is the nullvariety of ¢ and A, in g/ xk, N is the nullvariety in g/ of
qy,--..“qe. Hence %, ..., °q, are algebraically independent over k since N has
dimension r — €. O

4. PrOOF OF THEOREM 1.4

Let (e, h, f) be an slp-triple in g. We use the notations « and “p, p € S(g)¥, as in
the introduction. In this section, we use the standard gradings on S(g) and S(g°).
Let Ag be the subalgebra of S(g¢) generated by the family ¢p, p € S(g)%, and let Ny
be the nullvariety of A+ in g/ where Ao+ denotes the augmentation ideal of Ag.

Letay,...,a, be ahomogeneous sequence in A, generating the ideal of S(g°)
generated by Ag +. According to [PPY07, Corollary 2.3], Ag contains homogeneous
elements by, ..., b, algebraically independent over k.

Lemma 4.1. Let A be the integral closure ofk[ay, .. .,an, b1,...,b] in the fraction
field of S(g°).
(i) The algebra W is contained in S(°)* and its fraction field is the fraction
field of S(a¢)*".
(i) Letain S(ge)g:. If a is equal to O on Ny, then a is in U.
(i) The algebra W is the integral closure of Ag in the fraction field of S(g°).

Proof. (1) Let Ky be the field of invariant elements under the adjoint action of
g¢ in the fraction field of S(g°). According to [CM16, Lemma 3.1], Ky is the
fraction field of S(g©)%". Since aj,...,dam, b1, ...,be are in S(g°)%°, A is contained
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in Ky. Moreover, 2 is contained in S(g¢)* since S(g°)¥ is integrally closed in Kj.

Since K has transcendence degree ¢ over k and since by, ..., b, are algebraically
independent over k, K is the fraction field of 2.
(ii) Since Ny is the nullvariety of ai, ..., ay, b1, ..., be in g, No is the nullvariety

of A, in ¢/. Leta be in S(ge)ig such that a is equal to 0 on Ny. Since Ny is a cone,
all homgogeneous components of a is equal to 0 on Ny. So it suffices to prove the
assertion for  homogeneous. We have a commutative diagram

o d Specm(Afa])

SN

Specm(2A)
with 7, @, 8 the comorphisms of the canonical injections
Ala] = S(g), A= S(g°), A= Alal.

Since Ny is the nullvariety of Ala], and A, in ¢/, B~ (A,) = Alal,. The gradings
of A and A[a] induce actions of Gy, on Specm(A) and Specm(Aa]) such that 8
is equivariant. Moreover, 2, is in the closure of all orbit under Gy, in Specm(2l).
Hence $ is a quasi finite morphism. Moreover, § is a birational since 2 and Afa]
have the same fraction field by (i). Hence, by Zariski’s main theorem [Mu88], 8 is
an open immersion from Specm(2[a]) into Specm(A). So, S is surjective since A
is in the image of 8 and since it is in the closure of all Gy,-orbit in Specm(2). As a
result, B is an isomorphism and a is in 2, whence the assertion.

(iii) By (ii), Ag is contained in A. Moreover, since ay, ..., dm, b1, ...,by are in
Ap, is contained in the integral closure of A in the fraction field of S(g®), whence
the assertion. O

Corollary 4.2. Suppose that the algebra S(a¢)* is finitely generated. Then U is
equal to S(g°)%.

Proof. Let C be the quotient of S(g°)%" by the ideal S(g¢)* 2. By hypothesis, C is
finitely generated. Then it has finitely many minimal prime ideals. Denote them by
Pl,...,Pm. For ain the radical of S(ge)ge‘lu, a is equal to 0 on Ny. Moreover, it is
in S(g")f. Then, by Lemma 4.1(ii), a is in 2. As a result, C is a reduced algebra
and the canonical map

C—>C/D1X“‘XC/pm

is injective. Since A and S(g°)* have the same fraction field, they have the same
Krull dimension. Denote by d this dimension and by p;., for j = 1,...,m, the

inverse image of p; in S(a)* by the quotient map S(g¢)* — C.
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Claim4.3. Let j=1,...,m. Fori = 1,...,d, there exists a sequence cy,...,c; of
elements of A, and an increasing sequence

{0} =G+ Ca Y

of prime ideals of of S(g)* such that ¢; is not q;—; and Cl,...,cj are in q; for
j=1,...,L

Proof of Claim 4.3. Prove the claim by induction on i. Let ¢; be in U \ {0}. As U,
is contained in p;., there exists a minimal prime ideal q; of S(g°)%, contained in p;.
and containing c;. Suppose i > 1 and the claim true for i — 1. As the sequence

0= NG A Ny C AL

is an increasing sequence of prime ideals of 2, and A, has heightd > i — 1, A,
is not contained in q;_;. Let ¢; be in A, \ g;-; and qg; the minimal prime ideal of
S(g°)% contained in p;. and containing c; and g;—1. So by the induction hypothesis,
the sequence cy,...,c; satisfies the conditions of the claim. This concludes the
proof. O

By the claim, p;. has height at least d for j = 1,...,m. Hence py,...,p, are
maximal ideals of C. As a result, the k-algebra C is finite dimensional. Let V be a
graded complement to S(g°)% 2, in S(a¢). From the equality S(g°) = V +S(g°)% U,
we get that S(g°) = VU + S(g°)%"W” for any nonnegative integer m by induction on
m. Hence S(g°)% = VU so that S(g®)%" is a finite extension of A. Since A is
integrally closed in the fraction field of S(g¢)%, A = S(g°)". O

Proof of Theorem 1.4. The “if” part results from [CM16, Theorem 1.5] (or, here,
Theorem 1.3).

Suppose that e is good. By Definition 1.1 and Theorem 1.2, S(g°)?" is a polyno-
mial algebra and the nullvariety of S(ge)ﬂe in g/ is equidimensional of dimension
r — £. On the other hand, by Lemma 4.1(iii), 2 is the integral closure of Ag in the
fraction field of S(g®). Hence the nullvarieties of A, and Ag + in g/ are the same.
But by Corollary 4.2, % = S(g°)%", so Ny has dimension r—¢ since e is good. On the
other hand, Ay is contained in £(A) by construction of £(A), and £(A) is contained
in S(g°)% by [PPYO07, Proposition 0.1], whence N = Np.

As aresult, N has dimension r—¢ and so by Theorem 1.5, for some homogeneous
generating sequence ¢, ..., g¢ of S(g)%, the element %, ..., %q, are algebraically
independent over k. O
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