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Introduction

The goal of this workshop is to introduce the theory of vertex algebras and affine
W-algebras, which are certain vertex algebras, with emphasis on their geometrical
aspects.

Overview of theory, and goals of the workshop

Roughly speaking, a vertex algebra is a vector space V', endowed with a distin-
guished vector, the vacuum vector, and the vertex operator map from V' to the space
of formal Laurent series with linear operators on V' as coefficients. These data sat-
isfy a number of axioms and have some fundamental properties as, for example, an
analogue to the Jacobi identity, locality and associativity. Although the definition
is purely algebraic, the above axioms have deep geometric meaning. They reflect
the fact that vertex algebras give an algebraic framework of the two-dimensional
conformal field theory. The connections of this topic with other branches of math-
ematics and physics include algebraic geometry (moduli spaces), representation
theory (modular representation theory, geometric Langlands correspondence), two
dimensional conformal field theory, string theory (mirror symmetry) and four di-
mensional gauge theory (AGT conjecture).

The (affine) W-algebras were first introduced by Zamolodchikov in the 1980s
in physics and then developed by Fateev-Lukyanov, Feigin-Frenkel, Kac-Roan-
Wakimoto and others. The finite W-algebras, the finite dimensional analogs of
W-algebras, were introduced by Premet. They go back to Kostant’s works in
the 1970s who studied some particular cases. The W-algebras were extensively
studied by physicists in 1990s in connection with two dimensional conformal field
theory. More recently, the appearance of the AGT conjecture in physics led many
researchers in mathematics towards W-algebras. In the meantime, the finite W-
algebras have caught attention for different reasons that are mostly related with
more classical problems of representation theory.

The nicest vertex algebras are those which are both rational and lisse (or Cs-
cofinite). The rationality means the completely irreducibility of modules. The
lisse condition is a certain finiteness condition as explained next paragraph. If a
vertex algebra V is rational and lisse, then it gives rise to a rational conformal
field theory. In particular, the characters of simple V-modules form vector valued
modular functions, and moreover, the category of V-modules forms a modular
tensor category, so that one can associate with it an invariant of knots.

To each vertex algebra V' one can naturally attach a certain Poisson variety Xy
called the associated variety of V. A vertex algebra V is called lisse if dim Xy = 0.
Lisse vertex algebras are natural generalizations of finite-dimensional algebras and
possess remarkable properties. For instance, the modular invariance of characters
still holds without the rationality assumption.
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6 INTRODUCTION

In fact the geometry of the associated variety often reflects some algebraic
properties of the vertex algebras V. More generally, vertex algebras whose associ-
ated variety has only finitely symplectic leaves, are also of great interest for several
reasons that will be addressed in the workshop.

Important examples of vertex algebras are those coming from affine Kac-Moody
algebra, which are called affine vertex algebras. They play a crucial role in the
representation theory of affine Kac-Moody algebras, and of W-algebras. In the
case that V is a simple affine vertex algebra, its associated variety is an invariant
and conic subvariety of the corresponding simple Lie algebra. It plays an analog role
to the associated variety of primitive ideals of the enveloping algebra of simple Lie
algebras. However, associated varieties of affine vertex algebras are not necessarily
contained in the nilpotent cone and it is difficult to describe them in general.

In fact, although associated varieties seem to be significant also in connection
with the recent study of four dimensional superconformal field theory, their general
description is fairly open, except in a few cases.

The affine W-algebras are certain vertex algebras associated with nilpotent
elements of simple Lie algebras. They can be regarded as affinizations of finite
We-algebras, and can also be considered as generalizations of affine Kac-Moody
algebras and Virasoro algebras. They quantize the arc space of the Slodowy slices
associated with nilpotent elements. The study of affine W-algebras began with
the work of Zamolodchikov in 1985. Mathematically, affine W-algebras are defined
by the method of quantized Drinfeld-Sokolov reduction that was discovered by
Feigin and Frenkel in the 1990s. The general definition of affine W-algebras were
given by Kac, Roan and Wakimoto in 2003. Affine W-algebras are related with
integrable systems, the two-dimensional conformal field theory and the geometric
Langlands program. The most recent developments in representation theory of
affine W-algebras were done by Kac-Wakimoto and Arakawa.

Since they are not finitely generated by Lie algebras, the formalism of vertex
algebras is necessary to study them. The study of affine W-algebras will be the
ultimate goal of the workshop. In this context, associated varieties of W-algebras,
and their quotients, are important tools to understand some properties, such as the
lisse condition and even the rationality condition.

It is only quite recently that the study of associated varieties of vertex algebras
and their arc spaces, has been more intensively developed. In this workshop we
wish to highlight this aspect of the theory of vertex algebras which seems to be very
promising. In particular, the workshop will include open problems on associated
varieties of W-algebras raised by recent works of Tomoyuki Arakawa and Anne
Moreau.

Overview of lectures

One of the first interesting examples of non-commutative vertex algebras are
the affine vertex algebras associated with affine Kac-Moody algebras which play
a crucial role in the representation theory of affine Kac-Moody algebras, and of
Wh-algebras. For this reason the note will start with an introduction to affine Kac-
Moody algebras and their representations (see Part 1).

We will introduce the notion of vertex algebras in Part 2, and discuss some
important related objects as Zhu’s Cy algebras, Zhu’s algebras and Zhu’s func-
tors. The Zhu’s functor gives a correspondence between the theory of modules



OVERVIEW OF LECTURES 7

over a vertex algebra and the representation theory of its Zhu’s algebra. This
correspondence is particularly well-understood in the case of the universal affine
vertex algebras, where Zhu’s algebras are enveloping algebras of the corresponding
finite-dimensional simple Lie algebras.

The W-algebras are certain vertex algebras associated with nilpotent elements
of a simple Lie algebra. Zhu’s algebras of W-algebras are finite W-algebras. The
later are certain generalizations of the enveloping algebra of a simple Lie algebra.
They can be defined through the BRST cohomology associated with nilpotent ele-
ments. So the definition and properties of (finite and affine) W-algebras are deeply
related to the geometry of of nilpotent orbits. We will explain in Part 3 the defini-
tion of finite W-algebras by BRST reduction (= a form of quantized Hamiltonian
reduction) after outlining basics on nilpotent orbits.

Any vertex algebra is naturally filtered and the corresponding graded algebra is
a Poisson vertex algebra. Moreover, the spectrum of the Zhu’s Cy algebra, which is
a generating ring of this graded algebra, is what we call the associated variety. Its
geometry gives important information on the vertex algebra as we wish to illustrate
in this workshop. A nice way to construct Poisson vertex algebras is to consider
the coordinate ring of the arc space of a Poisson variety. Actually, strong relations
exists, at least conjecturally, between the arc space of the associated variety and
the singular support of a vertex algebra, that is, the spectrum of the corresponding
graded algebra. All these aspects will be discussed in Part 4.

Part 5 will be about affine W-algebras. They are defined by a certain BRST
reduction, called the quantum Drinfeld-Sokolov reduction, associated with nilpotent
elements. Rational W-algebras and lisse W-algebras are particularly interesting
classes of W-algebras. The rationality and the lisse conditions, and some other
properties will be considered. Associated varieties of affine W-algebras, and their
quotients, will be also discussed.

We assume the reader is familiar with basics on semisimple Lie algebras and
their representations (although we give a short review), commutative algebras, al-
gebraic geometry and algebraic groups.






PART 1

Introduction to affine Lie algebras and their
representations

One of the first interesting examples of non-commutative vertex algebras are
the affine vertex algebras associated with affine Kac-Moody algebras which play
a crucial role in the representation theory of affine Kac-Moody algebras, and of
Wh-algebras. For this reason we start with an introduction to affine Kac-Moody
algebras and their representations.

1.1. Quick review on semisimple Lie algebras, main notations

Let g be a complex finite dimensional semisimple Lie algebra, i.e., {0} is the
only abelian ideal of g. Let G be the adjoint group of g: it is the smallest algebraic
subgroup of GL(g) whose Lie algebra contains ad g. Since g is semisimple, G =
Aut.(g), where Aut,(g) is the subgroup of elementary elements, that is, the elements
exp(ad z) with x a nilpotent element of g (i.e., (adz)™ = 0 for n > 0). Hence

Lie(G) =adg g
since the adjoint representation ad: g — End(g), z — (adx)(y) = [z, y] is faithful,
g being semisimple.

1.1.1. Main notations. For a a subalgebra of g, we shall denote by S(a) the
symmetric algebra of a and by U(a) its enveloping algebra which are the quotient of
the tensor algebra of a by the two-sided ideal generated by the elements z®y—y®x
and the two-sided ideal generated by the elements z ® y —y ® x — [z, y] respectively,
with z,y € a.

For x € g, we shall denote by a® the centralizer of = in a, that is,

o ={y €al[zr,y] =0}
which is also the intersection of a with the kernel of the map
adz:g—g, y— [z,y]
Let kg be the Killing form of g,
kg:gxg—C, (z,y)—tr(adz ady).

It is a nondegenerate symmetric bilinear form of g which is G-invariant, that is,

kg(9.2,9.y) = kg(z,y) forall z,y € g,
or else,
HQ([x7y]az):Hg(x7 [Z/,ZD fOI‘ a‘H xaywzeQ-

Since g is semisimple, any other such bilinear form is a nonzero multiple of the
Killing form.
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ExaMPLE 1.1. Let g be the Lie algebra sl,,, n > 2, which is the set of traceless
complex n-size square matrices, with bracket [A, B] = AB — BA. The Lie algebra
sl, is actually simple, that is, {0} and g are the only ideals of g and dimg > 3. Tts
Killing form is given by

(A, B) = 2ntr(AB).
The bilinear form (A, B) — tr(AB) looks more natural. In fact, for our purpose,
we will prefer a certain normalization ( | ) of the Killing form which will coincide
with this bilinear form for sl,, (see Section 1.2).

1.1.2. Cartan matrix and Chevalley generators. Let ) be a Cartan sub-
algebra of g, and let

0= ga»  8a:={ycgllr,yl=al@)yforalzch},
aEA

be the corresponding root decomposition of (g, h), where A is the root system of
(g,h). Let IT = {ay, ..., o} be a basis of A, with r the mnk of g, and let o, ..., a’
be the coroots of aq,...,a, respectively. The element o, i = 1,...,7, viewed as
an element of (h*)* = f), will be often denoted it by h;.

Recall that the Cartan matriz of A is the matrix C = (C; j)1<i j<r Where
Ci; = aj(h;). The Cartan matrix C' does not depend on the choice of the basis
II. Tt verifies the following properties:

77

) C;,; € Z for all i, j,
(2) C; i =2 for all 4,
(3) Cij < 0ifi# 7,
4) C;; = 0if and only if C;; = 0.

Moreover, all principal minors of C are strictly positive,
det ((Ci,j)lgi,jgs) >0 for 1<s<r.
The semsimple Lie algebra g has a presentation in term of Chevalley generators.

Namely, consider the generators (e;)1<i<r, (fi)i<i<rs (hi)1<igr With relations

X

() [hi, hy] =0,

(6) lei, fi] = diih

(7) [hi, e5] = Ci €5,

(8) [ha, f5] = =Ci 5[5,
(9) (ade;)' ~Ciie; = 0 for i # j,
(10) (ad ;) f; = 0 for i # j,

where 6; ; is the Kronecker symbol. The last two relations are called the Serre
relations. By (3) and (4), e; € go, and f; € g_q, for all 4.
It is well-known that dimg, = 1 for any @ € A. One can choose nonzero

elements e, € g, for all a such that (h;;i = 1,...,7) U (eq; @ € A) forms a
Chevalley basis of g. This means, apart from the above relations, that:
(11) les, e4] = £(p+ 1)esy

for all 8,7 € A, where p is the greatest positive integer such that v — pf8 is a root.
Here we consider that eg;, = 0 if 5+ is not a root, and that e, = €;, e_o, = fi
fori=1,...,r.
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Let A, be the positive root system corresponding to II, and let
(12) gzn_@f)@m_
be the corresponding triangular decomposition. Thus n; = EBaeAJr go and n_ =

@Daca_ 8a are both nilpotent Lie subalgebras of g.

1.1.3. Verma modules. Let A € h*. Set

Ky(N) = U(g)ny + Y U(g)(x — Alx)).

zEh

Since Ky(A) is a left U(g)-module,
Mg(A) := U(g)/Kq(N)

is naturally a left U(g)-module, called a Verma module.

THEOREM 1.2 ([Carter, Theorem 10.6]). (1) Each element of Mg(\) is
uniquely written in the form umy for some u € U(g) where my := 1 +
Kq(A).

(2) The elements fz' ... f5emx for all n; >0 form a basis of Mg(A).

Note that My(\) can also be described as follows (up to isomorphism of U(g)-
modules):

Mg(/\) ot U(g) QU () Cy = Indg(C)\),

where b :=bh @ n; and C, is a 1-dimensional b-module whose b-action is given by:
(x+n).z=Aax)z for x € h, n € ny and z € Cy. Then, up to scalars, m)y =1® 1.
For each p € h*, set

Mg(X)y :={m e Mg(\) | m = p(x)m for all € h}.

For A\, € b* we write p < N if A —p = >°7_ m;a; where m; € Z, m; > 0.
This defines a partial order on h*.

THEOREM 1.3 ([Carter, Theorem 10.7]). (1) Mg(A) =€D,cp Mg(N)p-
(2) Mg(X)u # 0 if and only if ;1 < A, and dim My(X),, is the number of ways of
expressing A— i as a sum of positive roots. In particular, dim Mg(\)y = 1.

If Mg(X), # 0, then p called a weight of My()), and Mg(A), is called the weight
space of Mg(\) with weight p.

Theorem 1.3 says that the weights of Mg(\) are precisely the elements ;1 € b*
such that o < X\. Thus A is the highest weight of My(\) with respect to the partial
order <. We say that My()) is the Verma module with highest weight .

One of the important fact about My (\) is that it has a unique proper submodule
Ng(X). It is constructed as follows: since My(A)x = Cmy and that Mg(\) is
generated by my, any proper submodule N of My(\) satisfy Ny = 0. In particular
the sum Npax of all proper submodules of M satisfies (Npax)y = 0. This proves
the existence and the unicity of the maximal proper submodule of My(A): just set
Ng(A) := Nmax.

Since Ng(A) is a maximal submodule of My(\),

Lg(A) := Mg(A)/Ng(A)-
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is a simple U(g)-module (that is, an irreducible representation of g). There is
vx € Lg(A) \ {0} such that

) hiv=Ah;)v for alli =1,...,r
14) e;v=_0foralli=1,...,r, thatis, npv =0,
) La(N) = Ul )ox,

) A is the highest weight of Ly ().

Let

P:={ ebh"|Ah;)€Zforalli=1,...,r},
Pt .= {ANeb" | Ah) €Zsp foralli=1,...,r},

be the weight lattice of h* and the set of dominant integral weights respectively.
The elements w; € b*, i =1,...,r, satisfying @, (h;) = 0; ; for all j are called the
fundamental weights. We denote by @y, ...,@, the fundamental coweights. They
are the elements of h such that (), ..., @) is the dual basis of (ay,...,a;).

We conclude this section by the following crucial result.

THEOREM 1.4 ([Carter, Theorem 10.21]). The simple U(g)-module Ly(X) is
finite dimensional if and only if A\ € PT. Moreover, all simple finite dimensional
U(g)-modules are of the form Lg(X\) for some A € Pt. These modules are pairwise
non-isomorphic.

The highest weight modules My(A) and Lg(\) are both elements of the category
O of g. To avoid repetitions, we will define the category O only for affine Kac-Moody
algebras (see Section 1.4); the definition and properties are very similar.

For more about semisimple Lie algebras and their representations, possible
references are [Tauvel-Yu, Carter|; see [Humphreys| about the category O.

For the category O in the affine Kac-Moody algebras setting, we refer to Moody-
Pianzola’s book [Moody-Pianzola].

1.2. Affine Kac-Moody algebras

We assume from now on that g is simple, that is, the only ideals of g are {0}
or g and dimg > 3.

1.2.1. The loop algebra. Consider the loop algebra of g which is the Lie
algebra

Lg:=g[t,t ] =g®C[t,t7'],
with commutation relations
[zt™, yt™] = [z, yt" ", T,y €g, m,n €7,
where xt™ stands for x ® t".

REMARK 1.5. The Lie algebra Lg is the Lie algebra of polynomial functions
from the unit circle to g. This is the reason why it is called the loop algebra.
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1.2.2. Definition of affine Kac-Moody algebras. Define the bilinear form

() on g by:
1
(|):Wﬂg,

where hY is the dual Cozeter number (see §1.3.3 for the definition). For example,
if g = sl, then AV = n. Thus with respect to the induced bilinear form on §*,
(0]0) = 2 where 0 is the highest root of g, that is, the unique (positive) root § € A
such that 0 + o; ¢ AU{0} fori=1,...,r

DEFINITION 1.6. We define a bilinear map v on Lg by setting:

e ® f,y®9) 1= (sly)Resrmo( 0 g),

for 2,y € g and f,g € C[t,t"!], where the linear map Res;—o: C[t,t"!] — C is
defined by Res;=o(t™) = d;,,—1 for m € Z.

The bilinear v is a 2-cocycle on Lg, that is, for any a, b, c € Lg,
(17) v(a,b) = —v(b,a),
(18) v([a,b],c) + v([b, c],a) + v([c,al,b) = 0.

DEFINITION 1.7. We define the affine Kac-Moody algebra § as the vector space
g := LgHCK, with the commutation relations [K,g] = 0 (so K is a central element),
and

(19) [z®@fiy®gl=[2,9lee +v(@® fLy®9)K, z,y€g, f.geClt,t ],

where [, ]z4 is the Lie bracket on £g. In other words the commutation relations
are given by:

[xtma Z/tn] = [Jf, Z/]tm+n + mdm-{-n,O(w‘y)K
(K9] =0,
for z,y € g and m,n € Z.

EXERCISE 1.8. Verify that the identifies (17) and (18) are true, and then that
the above commutation relations indeed define a Lie bracket on .

1.2.3. Chevalley generators. The following result shows that affine Kac-
Moody algebras are natural generalizations of finite dimensional semisimple Lie
algebras.

THEOREM 1.9. The Lie algebra g can be presented by generators (E;)o<i<rs

(Fy)ogi<rs (Hi)ogigrs and relations

(20) [H;, Hj] =0,

(21) [E“F] = Jw i
(22) [H;, E;] = Ci

(23) [Hi, Fj] =

(24) (ad ;) "9 E; =0 for i ;é 7,
(25) (ad F3)' =9 F; = 0 fori # j,



14 1. INTRODUCTION TO AFFINE LIE ALGEBRAS

where C = (Ci j)o<igr is an affine Cartan matrix, that is, C satisfies the relations
(1)-(4) of a Cartan matriz, all proper principal minors are strictly positive,

det ((Ci,j)lgi,jgs) >0 for 0<s<r—1,
and det(C) = 0.

Moreover, we can choose the labeling {0,...,r} so that the subalgebra gener-
ated by (Ei)lgigfm (Fi)lgigr; (Hi)lgigr is iSOIIlOTphiC to g, that iS, (Ci,j)lgigr is
the Cartan matrix C of g.

Let us give the general idea of the construction of the Chevalley generators of
g (see [Hernandez-lectures]'). Set for i =1,...,r,

EZZGZ:(iz@l, Fl:fz:fz®1, Hz:hlzhl(@l

The point is to define Fy, Fy, Hy. Recall that 6 is the highest root of A. Consider
the Chevalley involution w which is the linear involution map of g defined by w(e;) =
—fi, w(fi) = —e; and w(h;) = —h; fori = 1,...,r. Then pick fy € gg and ey € g_g
such that )
(folw(fo)) = = = —
(016)
Then we set eg := —w(fo) € g—g and,
EO = eot:60®t, FO = fot_l :f0®t_1, HO = [Eo,Fo].
EXAMPLE 1.10. Assume that g = sl;. Then the Cartan matrix C is C = (2).

2 —2). We have

Let us check that the affine Cartan matrix of ;[2 is C = (2 9

sh=e@C[t,t '@ fRClt,t |®heCltt e CK,

=) () )

We follow the above construction. We set Ey :=e, F} := f and H; := h. We have
hY =2and A = {«a, —a} with a(h) = 2. The highest root is § = a and (sl3)s = Ce.
So fp is of the form fy = Ae, A € C* and verifies:
-1= (f()’w(fo)) = 7)\2a
whence A2 = 1. Let us fix A = 1. So we have
Ey=ft and Fy=et '

where

Then

Hy = [Ey, Fo) = [f,e] + (fle)K = K — H;.
We can verify the relations of Chevalley generators. In particular, [Hy, Eg] = —2E
and [Hy, B,] = —2F; whence the expected affine Cartan matrix C.

1.3. Root systems and triangular decomposition

In order to construct analogs of highest weight representations, we need a tri-
angular decomposition for g and the corresponding combinatoric, that is, a system
of roots.

ISince we don’t have exactly the same normalization, we give the details here.
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1.3.1. Triangular decomposition. Recall the triangular decomposition (12)
of g, and consider the following subspaces of g:

g = (n_ @ h) @ tC[t] ® ny @ Clt] = ny +tglt],
no=myoh)et 'Cten. @Ct ™| =n_+tgit™"],

~

h:=(h®1)&CK =h+CK.
They are Lie subalgebras of g and we have
(26) g=n_ohon,.

In fact, ny (resp. ﬁ_,a) is generated by the E; (resp. F;, H;), for i =0,...,7. The
verifications are left to the reader.

1.3.2. Extended affine Kac-Moody algebras. We now intend to define a
corresponding root system, and simple roots. The simple roots a; € E* are defined
by a;(H;) = C;j for 0 < 4,5 < 7. As det(@) = 0, the simple roots ag,...,q, are
not linearly independent. For example, for ;[2, ag +a; = 0.

For the following constructions, we need linearly independent simple roots.

That is why we consider the extended affine Lie algebra:
g:=gaCD,

with commutation relations (apart from those of g),

d
D,z f] = :c®td—];, D,K]=0, zcg feCltt),
that is,
[D, xt™] = mat™, [D, K] =0, x€g,meZ.

We have the new Cartan subalgebra
H = 6 @ CD.

It is a commutative Lie subalgebra of g of dimension r + 2, and we have the corre-
sponding triangular decomposition :

F=t_obhon,.

Let us define the new simple roots «; € E* for i = 0,...,r. The action of a; on
b has already been defined, and so we only have to specify a;(D) for i =0,...,r.
From the relations

az(D)El:[DaEz}:[Dvez]zoa izla"'vrv
we deduce that a;(D) =0 for ¢ = 1,...,r. From the relation
Ot()(D)E() = [D,Eo] = [D,eof] = EQ,

we deduce that ag(D) = 1.
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1.3.3. Root system. The bilinear form ( | ) extends from g to a symmetric
bilinear form on g by setting for z,y € g, m,n € Z:

(@t™yt") = Omno(zly),  (Lg/CK @ CD) =0,
(K|K) = (D|D) =0,  (K|D)=1

Since the restriction of the bilinear form ( | ) to H is nondegenerate, we can identify
b* with b using this form. Through this identification, oy = K — 0. For a € bh*

2
such that (a|a) # 0, we set oV = ( ‘a) Note that a¥ obviously corresponds to
ala

ozivzhifora:ai,i/\zl,...,r. R
The set of roots A of g with basis IT := {ag, a1, ..., a.} is
A=A UA™
where the set of real roots is
A :={a+nK|a€A nel}
and the set of imaginary roots is
A .= {(nK |n€Z n+0}
Then we set AV := AV+e U AV+m  with
AVre .= {a¥ | a € AT}, AVim = {0V | o e A,
The positive integers
h:=(pY|0)+1 and hY = (p|0Y)+1

are called the Cozxeter number and the dual Cozeter number of g respectively, where
p (resp. p¥) is as usual the half sum of positive roots (resp. coroots), that is, it
is defined by (p|ay) = 1 (resp. (p¥|ay) = 1), for i = 1,...,r. Defining p :=
RYD +p € hand p¥ := hD + p¥ € b we have the following formulas: (play) =1
and (pY|a;) =1,fori =0,...,r.

1.4. Representations of affine Kac-Moody algebras, category O

We extend some notations and definitions of Section 1.1 to g. For example, for
M a g-module and X € h*, we set

My :={m € M | xm = X(z)m for all z € h*}.

The space M), is called the weight space of weight X\ of M. The set of weights of M
is
wt(M) := {\ € b* | My # 0}.

The partial order < is extended to H* as follows: we write p g A if A —p =
oo mia; with m; € Z, m; > 0. For A € h*, we set D(X) :={p € b* | p < A}
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1.4.1. The category O. Let U(g) and U(g) be the enveloping algebras of g
and g respectively. Let U(g)-Mod be the category of left U(g)-modules.

DEFINITION 1.11. The catgeory O is defined to be the full subcategory of
U(g)-Mod whose objects are the modules M satisfying the following conditions:

(O1) M is b-diagonalizable, that is, M = @, . My,
(02) all weight spaces of M are finite dimensional,
(O3) there exists a finite number of A1,..., A; € h* such that

wt(M) c ) D).

The category O is stable by submodules and quotients. For M7, My two rep-
resentations of g we can define a structure of g-module on M; ® M, by using the
coproduct g =+ g, x—~ 2 ®1+1®x for x € g. Then if M; and Ms are objects of
O, then so are My & My and My ® M,.

EXERCISE 1.12. Check the last assertion.

1.4.2. Verma modules. We now give important examples of modules in the
category O. For \ € b*, set:

K :=U@ns + ) U@z —A@) cU®).
$EE*
As it is a left ideal of U(g),
M(A) :=U(g)/K(N)
has a natural structure of a left U(g)-module. It is called a Verma module.

PROPOSITION 1.13. The U(g)-module M(X) is in the category O and has a
unique proper submodule N()).

We construct N(A) in the same way as Ng(A) for g (see §1.1.3).
As a consequence of the proposition, M (\) has a unique simple quotient

L(A) := M(A\)/N(N).
PROPOSITION 1.14. The simple module L(X) is in the category O and all simple
modules of the category O are of the form L(\) for some A € h*.

The character of a module M in the category O is by definition

ch(M) = Y (dim My)e(N)
€D
where the e(\) are formal elements.
In general a representation M in O does not have a finite composition series.

However, the multiplicity [M : L(\)] of L(\) in M makes sense ([KK79]). As a
consequence, we have

ch M =>"[M: L(\)|ch L(X), [M : L(N)] € Zxo,
A
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1.5. Integrable and admissible representations

1.5.1. Integrable representations. The representation L(\), A € 6*, is fi-
nite dimensional if and only if A = 0, that is, L(\) is the trivial representation.
The notion of finite dimensional representations has to be replaced by the notion
of integrable representations in the category O.

DEFINITION 1.15. A representation M of g is said to be integrable if
(1) M is E—diagonalizable,
(2) for A € h*, M) is finite dimensional,
(3) forall A € wt(M), for alli =0,...,r, thereis N > 0 such that for m > N,
A+ ma; € wt(M) and A — ma; & wt(M).

As a a;-module, ¢ = 0,...,r, an integrable representation M decomposes into
a direct sum of finite dimensional irreducible h-invariant modules, where a; = sl
is the Lie algebra generated by FE;, F;, H;. Hence the action of a; on M can be
“integrated” to the action of the group SLs(C).

The character of the simple integrable representations in the category O satisfy
remarkable combinatorial identities (related to MacDonald identities).

1.5.2. Level of a representation. According to the well-known Schur Lemma,
any central element of a Lie algebra acts as a scalar on a simple finite dimensional
representation L. As the Schur Lemma extends to a representation with countable
dimension, the result holds for highest weight g-modules. In particular, K € g acts
as a scalar k € C on the simple representations of the category O.

DEFINITION 1.16. A representation M is said to be of level k if K acts as kId
on M.

All simple representations of the category O have a level. Namely, L(\) has
level k = A(K) € C, and so k = p(K) for all 1 € wt(L(\)). Note that

k=MK) =) aXoy)
=0

where the a; are defined by K = > a;a).

LEMMA 1.17. The simple representation L(X) is integrable if and only if X is
dominant and integrable, that is, N(H;) € Zxo for alli=0,...,r. It has level 0 if
and only if dim L(\) = 1.

Recall that H* is identified with E through ( | ), and that through this identi-
fication the dual of K is D. Then, as a particular case of Lemma 1.17, L(kD) is
integrable if and only if k € Z>.

The category of modules of the category O of level k£ will be denoted by O
([Kac74]).

The level k = —h" is particular since the center of g/g(K — k) is large and
the representation theory changes drastically at this level. This level is called the
critical level. Tt is of particular importance for applications to Conformal Field
Theory and the Geometric Langlands Program.

Unless the category O is stable by tensor product, the category Oy is not stable
by tensor product (except for k = 0). Indeed from the coproduct, we get that for
My, M representations in O, , Ok, respectively, the module M; ® M5 is in Ok, 4k, -
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This is one motivation to study the fusion product; see [Bakalov-Kirillov01],
[Hernandez-lectures, Section 5] for more details on this topic.

1.5.3. Admissible representations. We now introduce a class of represen-
tations, called admissible representations, which includes the class of integrable rep-
resentations. The definition goes back to Kac and Wakimoto [Kac-Wakimoto89].
While the notion of integrable representations has a geometrical meaning, the no-
tion of admissible representations is purely combinatorial. However, conjecturally,
admissible representations are precisely the representations which satisfy a certain
modular invariant property (see below).

Recall the definition of the affine and extended affine Weyl groups (see e.g.,

[Kac-Wakimoto08]). Let W be the Weyl group of (g,h) and extend it to b by
setting w(K) = K, w(D) = D for all w € W. Let Q¥ = >"'_, Za;’ be the coroot
lattice of g. For a € b, define the translation ([Kacl]),

tal0) = v+ 0lK)a = (FlaPIK) + @) ) K, 0eh,

and for a subset L C b, let
tr, :={to | @« € L}.
The affine Weyl groups W and the extended affine Weyl group W are then defined
by:
W::W[Xth, W::Wlxtpv,
so that W € W. Here P¥ = {A € b | (\,a) € Z for all & € Q}, with Q = Soi_i Loy
the root lattice.

The group W, := {w € W | w(IlV) = IV} acts transitively on orbits of
AutIIY and simply trans1t1vely acts on the orbit of ay. Moreover W = W+ x W.
Here, IV := {a" | a € II}.

DEFINITION 1.18 ([Kac-Wakimoto89, Kac-Wakimoto08]). A weight A\ €
h* is called admissible if

(1) A is regular dominant, that is,
A+p,aY) g —Zso forall ae ﬁf,
(2) the Q-span of Ay contains A™ where Ay := {a € A | (M) € Z}.

The irreducible highest weight representation L()) of g with highest weight
A € b* is called admissible if A is admissible. Note that an irreducible integrable
representation of g is admissible.

PropoSITION 1.19 ([Kac-Wakimoto08, Proposition 1.2]). For k € C, the
weight A = kD is admissible if and only if k satisfies one of the following conditions:

(1) k=—-h" + L p,q € Zso, (p,q) =1, and p > hY,
q

(2) k=—-hY+ ;;q where p,q € Zso, (p,q) =1, (p,vV) =1 and p > h.

Here vV is the lacety of g (i.e., vV =1 for the types A, D, E, r¥ = 2 for the types
B,C,F and rV = 3 for the type Gs), h and hV are the Cozeter and dual Cozeter
numbers.
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DEFINITION 1.20. If k£ satisfies one of the conditions of Proposition 1.19, we
say that k is an admissible level.

For an admissible representation L()\) we have [Kac-Wakimoto88|

(27) ch(L(N) = > (=1)*™ech(M(wo \))

wGW(A)

since A is regular dominant, where V\V()\) is the integral Weyl group ([Kashiwara-Tanisaki9o8,
Moody-Pianzola]) of A, that is, the subgroup of W generated by the reflections
S associated with a € 3)\, wo A =w(A+ p)— pand £, is the length function of
the Coxeter group \/7\\7()\) Further, Condition (2) of Proposition 1.19 implies that
ch(L()\)) is written in terms of certain theta functions [Kacl, Ch 13]. Kac and
Wakimoto [Kac-Wakimoto89] showed that admissible representations are modu-
lar invariant, that is, the characters of admissible representations form an SLy(Z)
invariant subspace.

Let A, p be distinet admissible weights. Then Condition (1) of Proposition 1.19
implies that

Ext3(L(X), L()) = 0.

Further, the following fact is known by Gorelik and Kac [Gorelik-Kac11].

THEOREM 1.21 ([Gorelik-Kac11)). Let A be admissible. Then Ext%(L()\), L) =
0.

Therefore admissible representations form a semisimple full subcategory of the
category of g-modules.



PART 2

Vertex algebras and Zhu functors, the canonical
filtration and Zhu’s (Cs-algebras

Our main references for this part are [Frenkel-BenZvi, Kac2].

2.1. Definition of vertex algebras, first properties
A field on a vector space V is a formal series
a(z) = Z amyz "t € End V[[z,271]
nez

such that for any v € V, a(,yv = 0 for large enough n. Denote by .7 (V') the space
of all fields on V.

2.1.1. Definition. A wertex algebra is a vector space V equipped with the
following data:

o (the vertex operators) a linear map
Y(7,2): V—=>FV), a—a(z)= Z amz ",
nez

o (the vacuum vector) a vector |[0) € V,
e (the translation operator) a linear map T: V — V.

These data are subject to the following axioms:

o (the vacuum aziom) |0)(z) = idy. Furthermore, for all a € V,
a(2)[0) € V2]
and lim a(z)|0) = a. In other words, a(,)|0) = 0 for n > 0 and a(_|0) =

z—0

o (the translation axiom) for any a € V,
[T, a(2)] = 0:a(2),

and T]0) = 0.
e (the locality aziom) for all a,b € V., (z — w)Net[a(z), b(w)] = 0 for some
Na,b S Z}o.
The locality axiom is equivalent to the fact that
Nojp—1 L
(28) (=), b)) =3 (ag)w) 5 950(z — w),
n=0
where 6(z —w) =Y, ., w27 € C[[z,w,z~ !, w™!]]. Note that the translation
axiom says that
[T, am)| = —nap-_1), neZ,

21
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and together with the vacuum axiom we get that
Ta= a(_g) |0>
2.1.2. Goddard’s uniqueness theorem. The Goddard uniqueness theorem

is important since it says that one can reconstruct a vertex algebra from the knowl-
edge of how it acts in the vaccum vector.

THEOREM 2.1. Let V be a vertez algebra, and Y (?,2): V. — Z(V) a (new)
field on V. Suppose there exists a € V' such that

Y (a,2)|0) = Y (a, 2)[0)

and Y (a, z) is local with respect to Y (b, z), that is, (z — w)N[Y(a,2),Y(b,2)] = 0
for N >0, for anybe V. Then Y(a,z) =Y (a, z).

EXERCISE 2.2. Using the Goddard uniqueness theorem, verify that for all a €
v,

(29) Y(Ta,z) =0,Y(a,z2).
Note that the above property is different from the translation axiom.

EXERCISE 2.3. Using the Goddard uniqueness theorem, verify that for all a,b €
v,

(30) Y(a,2)b=e*TY (b, —2)a.

2.1.3. Borcherds identities and A-bracket. A consequence of the defini-
tion is the following relations, called Borcherds identities:

31 [amy b = (T) (a(i)b) (m+n—i);

i>0

. m m
3 (amtor = SV () @b = (1 e

j=0
for m,n € Z. In the above formulas, the notation (?) for i > 0 and m € Z means

(1) -mepznzeen

The vertex algebra V' is also endowed with a A-bracket structure. Set for a,b €

V.
ATL
[axb] = Res.—oe Y (a, 2)b = —amb € VAL
T; n!
The A-bracket satisfies properties similar to the axioms of a Lie algebra:

(33) [(Ta)rb] = —=Alaxb], [ax(Th)] = (A + T)laxb],
(34) [bxa] = —[a—x—1b],
(35) [ax[by.c]] = [bulaxc]] = [[axb]x+pd]-

In the above, we have extended the A-bracket (a,b) — [axb] to V[A] x V[A] by
bilinearity.



2.2. FIRST EXAMPLES OF VERTEX ALGEBRAS 23

2.1.4. Normally ordered product. The normally ordered product on V is
defined as : ab := a(_1)b. We also write : ab: (2) =: a(z)b(z) :. We have

: a(2)b(2): = a(2)+b(2) + b(z)a(z)_,
where

a(z)4 = Za(n)z_"_l7 a(z)- = Z amyz "t

n<0 n=0

We have the following non-commutative Wick formulas:

A
(36) [ax : be:] =: [arb]e: + : [axc]b: —|—/0 [laxb].cldu,

A
(37) [ ab:y ] =: (eTPa)[bac] : + : (eTO*b)[axc] : Jr/o [bulax—pclldp.

2.2. First examples of vertex algebras

2.2.1. Commutative vertex algebras. A vertex algebra V is called com-
mutative if all vertex operators Y (a, z), a € V, commute each other (i.e., we have
Ngp = 0 in the locality axiom). This condition is equivalent to that

[@(m), by =0, Va,be Z, m,n €Z
by (31). It is also equivalent to that
laxb] = 0, Ya,b eV,

or else that, a¢,) =0 for n > 0 in EndV for all a € V.

Hence if V' is a commutative vertex algebra, then a(z) € End V[z]] foralla € V.
Then a commutative vertex algebra has a structure of a unital commutative algebra
with the product:

a-b=:ab:=ac)b,

where the unit is given by the vacuum vector |0). The translation operator T of V'
acts on V as a derivation with respect to this product:

T(a-b)=(Ta)-b+a- (Th).

Therefore a commutative vertex algebra has the structure of a differential algebra,
that is, a unital commutative algebra equipped with a derivation. Conversely, there
is a unique vertex algebra structure on a differential algebra R with derivation 0
such that:

Y(a,z)b= (ezaa) b= Z %T(@”a)b,
n>0

for all a,b € R. We take the unit as the vacuum vector. This correspondence gives
the following result.

THEOREM 2.4 ([Borcherds86]). The category of commutative vertex algebras
is the same as that of differential algebras.
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2.2.2. Universal affine vertex algebras. Let a be a Lie algebra endowed
with a symmetric invariant bilinear form x. Let

a=aft,t JoCl

be the Kac-Moody affinization of a. It is a Lie algebra with commutation relations

[‘xtm7ytn] = []“7y]tm+n + m(5m+n70,‘£(m, y)17 €,y c€a m,nc Zv [176] =0.
Let
(38) Vi(a) = U(a) ®u(apect) C,

where C is a one-dimensional representation of aft] & C1 on which aft] acts triv-
ially and 1 acts as the identity. By the PBW Theorem, we have the following
isomorphism of vector spaces:

VE(a) 2 Ul(a@t 'Ct™1)).

The space V*(a) is naturally graded: V*(a) = @Aez;o V*(a)a, where the
grading is defined by setting deg(at™) = —n, deg|0) = 0. Here |0) = 1 ® 1. We
have V*(a)o = C|0). We identify a with V" (a); via the linear isomorphism defined
by z +— xt~10).

There is a unique vertex algebra structure on V*(a), such that |0) is the vacuum

vector and
Y(z,z) =x(z2) = Z(xt”)z_"_l, x € a.
neZ
(So x(ny = at™ for x € a = V*(a)1, n € Z). The vertex algebra V"(a) is called the
universal affine vertex algebra associated with (a, k).
Let us describe the vertex algebra structure in more details. Set

Ty = at", Ve ea nelZ,
and let |0) be the image of 1®1 € U(a) ® C in V*(a). Let (2 ;i=1...,dima) be
an ordered basis of a. By the PBW Theorem, V" (a) has a basis of the form
Ty T 0),
where n1 < ng <--- < ny, <0, and if nj = njqq, then 7; < 7544.

Then (V*(a),|0),T,Y) is a vertex algebra where the translation operator T is
given by

T|0> = 07 [T7 I%n)} = 77?/932”_1),
for n € Z, and the vertex operators Y (7, z) are given by:
Y (|0), 2) = Idy»(q), Y (2',]0),2) = 2'(2) = Zmén)z_"_l,
nez
Y(x’(;“) . .x@m)|0>, z)
1 4 .
— . H—ni—1 0 —nm—1 im .
(—nl—l)!...(—nm—l)!'az ' (z)...0; ' (z)
When a = g is the simple Lie algebra as in Part 1, so that @ = g is the affine
Kac-Moody algebra as in Section 1.2, and and

k
ﬁzk(\)zmxng, for k € C,

with kg the Killing form of g, then we write V*(g) for the universal affine vertex
algebra vertex algebra V*(a). We call it the universal vacuum representation of
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level k of §. By what foregoes, V*(g) has a natural vertex algebra structure, and
it is called the universal affine vertex algebra associated with g of level k.

2.2.3. The Virasoro vertex algebra. Let Vir = C((t))0; & CC be the
Virasoro Lie algebra, with the commutation relations

n3—n

(39) [LTH Lm] = (n - m)Ln+m + Tén—km,Ocy
(40) €, Vir] =0,
where L,, := —t"T19, for n € Z.

Let ¢ € C and define the induced representation
ViI‘C = Indgﬁ;‘”at@cccc = U(VZT) ®(C[[t]]6f,®(cc (Cc’

where C' acts as multiplication by ¢ and CJ[[¢]]0; acts by 0 on the 1-dimensional
module C..
By the PBW Theorem, Vir® has a basis of the form
le"'ij|O>7 ]1<<]l<_2a

where |0) is the image of 1 ® 1 in Vir®. Then (Vir |0),7,Y) is a vertex algebra,
called the universal Virasoro vertex algebra with central charge ¢, such that T'= L_4
and:

Y(|0),2) =Tdvire,,  Y(L_2]0),2) = L(z) = Y _ Lnz "2,

nez
0), 2)
1 . 9—J1—2 —Jm—2 .
:(—j1—2)!...(—jm—2)!'azj T(z)...0;7™ T (2):

Moreover, Vir® is Zso-graded by deg|0) = 0 and deg L, |0) = —n.

Y (L

g1 L

2.2.4. Conformal vertex algebras. A Hamiltonian of V is a semisimple
operator H on V satisfying

[H,a(n)] = —(n + 1)a(n) =+ (Ha)(n)
foralla e V, n € Z.

DEFINITION 2.5. A vertex algebra equipped with a Hamiltonian H is called
graded. Let VA = {a € V | Ha = Aa} for A € C, so that V = @,c Va. For
a € Va, A is called the conformal weight of a and it is denoted by A,. We have
(41) a(n)b € VA, +A,-n-1
for homogeneous elements a,b € V.

For example, the universal affine vertex algebra V¥(g) is Z>o-graded (that is,
VE(g)a =0 for A € Z>) and the Hamiltonian is given by H = —D.

DEFINITION 2.6. A graded vertex algebra V' = @ ¢ Va is called conformal
of central charge ¢ € C if there is a conformal vector w € V5 such that the Fourier
coefficients L,, of the corresponding vertex operators

Y(w,2z) = Z Lyz~ "2

nez
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satisfy the defining relations (39) of the Virasoro algebra with central charge ¢, and
if in addition we have
OJ(O) = L—l = T,
w1y = Lo=H i.e, LO|VA = AIdVA VA €Z.
A Z-graded conformal vertex algebra is also called a vertex operator algebra.

EXAMPLE 2.7. The Virasoro vertex algebra Vir® is clearly conformal with cen-
tral charge ¢ and conformal vector w = L_5|0).

EXAMPLE 2.8. The universal affine vertex algebra V*(g) has a natural confor-
mal vector, provided that k # —h". Set

d1m g

Z X, ,1x )|0

where (z;;i = 1,...,dimg) is the dual basis of (x%; i = 1,...,dimg) with respect
to the bilinear form ( | ), and

(2) = szn)z_"_l, xi(z) = Z Timyz "

ne neL
v S . k
Then for k # —h"Y, L = A conformal vector of V*(g), called the Segal-
Sugawara vector, with central charge
kdimg

k) =
We have
(42) (L, ()] = (M = N)T(yn) T €@, mn € Z.

2.3. Modules over vertex algebras

2.3.1. Definition. A module over the vertex algebra V is a vector space M
together with a linear map

YM(2,2): V= F(M), awa™ Za(n)z e
nez
which satisfies the following axioms:
(43)  10)(2) = Idw,
(44) YM(Ta,z) = 0.YM(a, 2),

CHREDY (Tjn) (@) b) -tk

J<O0
= S () @b ~ GO )

Notice that (45) is equivalent to (31) and (32) for M = V.
Suppose in addition V' is graded (cf. Definition 2.5). A V-module M is called
graded if there is a compatible semisimple action of H on M, that is, M = @ ;. Ma,
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where My = {m € M | Hm = dm} and [H, a%)] =—(n+ l)aé\z) + (Ha)%) for all
a € V. We have

(46) apm Mg C Maya, n1

for homogeneous a € V.

When there is no ambiguity, we will often denote by a(,) the element a%) of
End(M).

The axioms imply that V' is a module over itself (called the adjoint module).
We have naturally the notions of submodules, quotient module and vertex ideals.
Note that vertex ideals are the same as submodules of adjoint modules by (30). A
module whose only submodules are 0 and itself is called simple.

2.3.2. Modules of the universal affine vertex algebra. In the case that
V is the universal affine vertex algebra V¥(g) associated with g at level k € C,
V-modules play a crucial important role in the representation theory of the affine
Kac-Moody algebra g.

A g-module M of level k is called smooth if z(z) is a field on M for z € g, that
is, for any m € M there is N > 0 such that (zt™)m =0 for all x € g and n > N.
Any V¥(g)-module M is naturally a smooth g-module of level k. Conversely, any
smooth g-module of level k can be regarded as a V*(g)-module. It follows that a
V¥ (g)-module is the same as a smooth g-module of level k.

Namely, we have the following.

PROPOSITION 2.9 (See [Frenkel-BenZvi, §5.1.18] for a proof). There is an
equivalence of category between the category of V*(g)-modules and the category of
smooth g-modules of level k.

REMARK 2.10. Suppose that k is not critical, that is, k # —h", so that V*(g)
is conformal. Then, by (42), any smooth g-module of level ¥ module can be re-
garded as a g-module by letting D act by —Lg. Thus, the representation theory
of g and g are essentially the same. To put it another way, one can define the
generalized Casimir operator [Kacl] of g as the sum Sy + 2(k + h"Y)D, where
S(2) =3 ,ez 027" % and S is as in Example 2.8.

The vertex algebra V*(g), as a module over itself, has a unique proper graded
submodule Ny (g) (it is a maximal vertex ideal of V*(g)), and so the quotient

Vi(g) := V*(g)/Ni(g)
is a simple V*(g)-module, that is, an irreducible g-representation of level k. More-
over, as a g-module, it is isomorphic to L(kD),

in the notations of Part 1 (Sections 1.4 and 1.5). Note that D, the dual of the central
element K with respect to (| ), is the highest weight of the basic representation
of g (i.e., obtained for k = 1). As a quotient of V*(g), Vi(g) has a natural vertex
algebra structure induced from that of Vj(g).
2.3.3. (-cofinite condition. For a V-module M, set
Co(M) = spanc{a_gym ;a € V, m € M}.
Then
Co(M) = spanc{a—pym ;a € V, m e M, n > 2}
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by the property (44).

A V-module M is called Cs-cofinite if dim M/Cy(M) < oo, and V is called
Cs-cofinite if it is Ca-cofinite as a module over itself. Such vertex algebras are also
called lisse. Later we shall see a more geometrical interpetation of the lisse condition
(cf. Lemma 4.21) in term of the associated variety of V' (cf. Definition 4.17).

Lisse vertex algebras may be regarded as an analogue of finite-dimensional
algebras. One of remarkable properties of a lisse vertex algebra V' is the modular
invariance of characters of modules [Zhu96, Miyamoto04]. Further, if it is also
rational, it is known [Huang08] that under some mild assumptions, the category of
V-modules forms a modular tensor category, which for instance yields an invariant
of 3-manifolds, see [Bakalov-Kirillov01].

2.3.4. Rational vertex algebras.

DEFINITION 2.11. A conformal vertex algebra V' is called rational if every Zx-
graded V-modules is completely reducible (i.e., isomorphic to a direct sum of simple
V-modules).

It is known ([Dong-Li-Mason98]) that this condition implies that V' has
finitely many simple Zx(-graded modules and that the graded components of each
of these Z>o-graded modules are finite dimensional.

In fact lisse vertex algebras also verify this property (see Theorem 2.26). Tt is
actually conjectured by [Zhu96] that rational vertex algebras must be lisse (this
conjecture is still open).

2.4. The canonical filtration, Zhu’s C; algebras, and Zhu’s functors

2.4.1. The canonical filtration and the Zhu’s Cs-algebra. Haisheng Li
[Li05] has shown that every vertex algebra is canonically filtered: For a vertex
algebra V| let FPV be the subspace of V' spanned by the elements

a’%—nl—l)a’%—nz—l) U a?—nr—l) |O>
with a',a?,--- ,a" €V, n; >0, ny +no+---+n, >p. Then
V=FVOF'V>...

It is clear that TFPV C FPTV.
Set
(FPV)nyF1V := spanc{aiyb; a € FPV, be F1V}.
Note that F'V = spanc{a_ob|a,be V} = Cy(V).
LEMMA 2.12. We have
S YL

720
PROPOSITION 2.13. (1) (FPV) ) (F1V) C FPra—m=1V  Moreover, if n >
0, we have (FPV) i, (F1V) C FPT1="V . Here we have set FPV =V for

p <0.
(2) The filtration F*V is separated, that is, ﬂp>o FrvV = {0}, if V is a
positive energy representation, i.e., positively graded over itself.

EXERCISE 2.14. The verifications are straightforward and are left as an exercise.
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In this note we always assume that the filtration F*V is separated.
Set

a"'V =@ FrV/FrHV.
p=0

We denote by o,: FPV — FPV/FPHLV for p > 0, the canonical quotient map.
Recall that a commutative vertex algebra is the same as a differential algebra
(Theorem 2.4). Then Proposition 2.13 gives the following.

PROPOSITION 2.15 ([Li05]). The space grf'V is a commutative vertex algebra

by
op(a) - 0q(b) := opiq(a-1)b),
To,(a) = 0p11(Ta),

forae FPV be Fi1V, n > 0.

When the filtration F' if obvious, we often denote simply by grV the space
g V.

Set

Ry := FV/F'V = V/Cy(V) C gr V.

DEFINITION 2.16. The algebra Ry is called the Zhu’s Ca-algebra of V. The
algebra structure is given by:

(47) a-b:= a(,l)b,

where a = o¢(a).

We will see in Part 4 that grV is actually a Poisson vertex algebra (see Sub-
section 4.2.1) and that Ry inherits a Poisson algebra structure (cf. §3.3.1) from the
Poisson vertex algebra structure on V' (see Propositions 4.15 and 4.16).

DEFINITION 2.17. A vertex algebra V is called finitely strongly generated if
there exist finitely many elements a',...,a” in V such that V is spanned by the
elements of the form

al - a(_ns)|0>
with s > 0, n; > 1.

For example, the universal affine vertex algebra and the Virasoro vertex algebra
are strongly finitely generated.
From now we always assume that a vertex algebra V is finitely strongly gener-
ated.
2.5. The Zhu’s algebra

Let V be a Z-graded vertex algebra. The Zhu'’s algebra Zhu(V') of V ([Frenkel-Zhu92,
Zhu96)) is defined as

Zh(V):=V/VoV
where V oV :=span{aob; a,b € V}, and

A
aob:= Z ( ia) agi—2)b

i>0
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for homogeneous elements a, b, is extended linearly. It is an associative algebra with

multiplication defined as
A
axb:= Z ( ia) ag—1)b

i>0

for homogeneous elements a,b € V.

For a simple positive energy representation M = ®n€Z>0 Myin, My # 0, of

V, let Mo, be the top degree component My of M. Also, for a homogeneous vector
a €V, let ola) = an,—1) = aé\ia_l), so that o(a) preserves the homogeneous
components of any graded representation of V by (46).

The importance of Zhu’s algebra in vertex algebra theory comes from the fol-
lowing fact that was established by Yonchang Zhu.

THEOREM 2.18 ([Zhu96]). For any positive energy representation M of V,
[a] = o(a) defines a well-defined representation of Zhu(V') on My, where [a] is the
image of a in Zhu(V). Moreover, the correspondence M — My, gives a bijection
between the set of isomorphism classes of irreducible positive energy representations
of V' and that of simple Zhu(V')-modules.

~

A vertex algebra V' is called a chiralization of an algebra A if Zhu(V') = A.

Now we define an increasing filtration of the Zhu'’s algebra. For this, we assume
that V is Zxo-graded, V =@, Va. Then Vg, := DX_, Va gives an increasing
filtration of V. Define

Zhuy, (V) := im(Vg, — Zhu(V)).
Obviously, we have

0=Zhu_y(V) C Zhug(V) C Zhwy (V) C -+, and Zhu(V) = | Zhu,(V).
p=—1
Also, since a(,)b € Va,+a,—n—1 for a € Va,, b € Va,, we have
(48) Zhuy,(V') * Zhuy (V) C Zhuyy4(V).
The following assertion follows from the skew symmetry.

LEMMA 2.19 ([Zhu96]). We have
A, —1
b*azZ( ai )a(il)b (mod VoV),
120
and hence,
A, —1
a*b—b*a:Z( ; )a(i)b (mod Vo V).
20
By Lemma 2.19, we have
(49) [Zhu,(V), Zhuy (V)] C Zhuptq—1(V).
By (48) and (49), the associated graded gr Zhu(V) = @, Zhu,(V)/Zhu,_1(V) is
naturally a graded Poisson algebra.

Note that aob =a(_2b (mod Drca, a, Va) for homogeneous elements a, b
inV.
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LEMMA 2.20 (Zhu; see [DeSole-Kac06, Proposition 2.17(c)], [Arakawa-Lam-Yamadal4,
Proposition 3.3]). The following map defines a well-defined surjective algebra ho-
momorphism:

Ny : Ry — grZhu(V)

a—a (mod VoV + @ Va).
A<A,

REMARK 2.21. Later we shall see (cf. Lemma 4.42) that ny is actually a sur-
jective homomorphism of Poisson algebras.

REMARK 2.22. The map 7y is not an isomorphism in general. For exam-
ple, let g be the simple Lie algebra of type Es and V = Vi(g). Then dim Ry >
dim Zhu(V') = 1.

CONJECTURE 1 ([Arakawalbb)). If V is a simple Zxo-graded conformal ver-
tex algebra, then
(XV )rea = Specm(gr ZhuV).

REMARK 2.23. One may also ask wether the following diagram is commutative.

(7
af v 2Oy

J(Zhu(?) JZhu(?)

T ———
— Zhu(V)

In other words, one may ask wether one has Zhu(gr'V) 2 gr Zhu(V'). Note that
Ry is not isomorphic to Zhu(grfV) in general since Co(V) # V oV even for
commutative vertex algebras.

Although the above diagram is known to be commutative in several examples,
e.g., the unviversal affine vertex algebra V*(g), the fermion Fock space (cf. §?7),
the W-algebra W¥(g, f) (cf. Section ??), etc., it is not true in general.

EXERCISE 2.24. Verify that the example in Remark 2.22 provides a counter-
example, that is, Zhu(gr’'V') 2 gr Zhu(V) in this case.

COROLLARY 2.25. If V is lisse then Zhu(V) is finite dimensional. Hence the
number of isomorphic classes of simple positive energy representations of V is finite.

In fact the following stronger facts are known.

THEOREM 2.26 ([Abe-Buhl-Dong04]). Let V be lisse. Then any simple V -
module is a positive energy representation. Therefore the number of isomorphic
classes of simple V -modules is finite.

THEOREM 2.27 ([Dong-Li-Mason98, Matsuo-Nagatomo-Tsuchiyal0]).
Le V be lisse. Then the abelian category of V-modules is equivalent to the module
category of a finite-dimensional associative algebra.

To give examples of computations of Zhu’s algebras, one needs more ingredients.
So this will be done in Part 4.






PART 3

BRST cohomology, quantum Hamiltonian
reduction, geometry of nilpotent orbits and finite
W-algebras

This part is independent from Part 2, and use only notations of Section 1.1 in
Part 1.

It will be important for Part 5. Also, some geometrical aspects on nilpotent
orbits and Poisson algebras are useful for Part 4.

Recall that g is assumed to be simple.

3.1. Nilpotent orbits and nilpotent elements

Our main references for the results of this section are [Jantzen, Collingwood-McGovern,
Tauvel-Yu].

3.1.1. Nilpotent cone. Let N be the nilpotent cone of g, that is, the set of
all nilpotent elements of g. If g is a simple Lie algebra of matrices, note that A
coincides with the set of nilpotent matrices. For e € g, we denote by G.e its adjoint
G-orbit. The nilpotent cone is a finite union of nilpotent G-orbits and it is itself
the closure of the regular nilpotent orbit, denoted by Q4. It is the unique nilpotent
orbit of codimension the rank r of g. An element x € g is regular if its centralizer
g” has the minimal dimension, that is, the rank r of g. Thus, O,.4 is the set of all
regular nilpotent elements of g.

ExampLE 3.1. If g = sl,,, then the rank of g is n — 1 and O, is the conjugacy
class of the n-size Jordan block J,, i.e., Opcqy = SLy,.J, with

0 1 0
.. .. n—1
In = ’ _ ’ = Z € it1s
o1 i=1
0 0

where e; ; is the elementary matrix whose entries are all zero, except the one in
position (4, 7) which equals 1.

Next, there is a unique dense open orbit in '\ Q.4 which is called the subreg-
ular nilpotent orbit of g, and denoted by Qgypreq. Its codimension in g is the rank
of g plus two. At the extreme opposite, there is a unique nilpotent orbit of smallest
positive dimension called the minimal nilpotent orbit of g, and denoted by Q.
Its dimension is 2hY — 2 ([Wang99]).

33
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3.1.2. Chevalley order. The set of nilpotent orbits in g is naturally a poset
& with partial order <, called the Cheveally order, defined as follows: Q' < O
if and only if O’ C Q. The regular nilpotent orbit Oy, is maximal and the zero
orbit is the minimal with respect to this order. Moreover, Qgyprey is maximal in
the poset Z \ O,y and O,y is minimal in the poset &\ {0}.

The Chevalley order on & corresponds to a partial order on the set & (n) of
partitions of n, n > 1, for g = sl,,, first described by Gerstenhaber. More generally,
the Chevalley order corresponds to a partial order on some subset of & (n) when g
is of classical type as we explain below.

Let n € Z~y. As a rule, unless otherwise specified, we write an element A of
P(n) as a decreasing sequence XA = (Aq, ..., \s) omitting the zeroes. Thus,

Mz 2A 21 and A4 A =0

We shall denote the dual partition of a partition A € £2(n) by ‘A.
Let us denote by > the partial order on Z?(n) relative to dominance. More
precisely, given A = (A1, -+, As),n = (p1, ..., ) € P(n), we have X > n if

k k
DAz m for 1<k <min(s,t).
1=1 =1

Case sl,,. Every nilpotent matrix in sl,, is conjugate to a Jordan block diagonal
matrix. Therefore, the nilpotent orbits in g are parameterized by £(n). We shall
denote by @y the corresponding nilpotent orbit of sl,,. Then @y is represented by
the standard Jordan form diag(Jy,,...,Jx,), where Jj is the k-size Jordan block.
If we write ‘A = (dy,...,d;), then

t
dim Oy = n? — Zd?

=1

If \,n € 2(n), then Q,, C Oy if and only if n < A.

The regular, subregular, minimal and zero nilpotent orbits of sl,, correspond to
the partitions (n), (n — 1,1), (2,1"72) and (1") of n respectively.

We give in Figure 1 the description of the poset #(n) for n = 6. The column
on the right indicates the dimension of the orbits appearing in the same row. Such
diagram is called a Hasse diagram.

Cases 0, and s0,. For n € N*, set

P1(n) = {A € Z(n) ; number of parts of each even number is even}.

The nilpotent orbits of so, are parametrized by 42 (n), with the exception that
each very even partition A € Z1(n) (i.e., A has only even parts) corresponds to
two nilpotent orbits. For A € £1(n), not very even, we shall denote by Oq,3,
or simply by Oy when there is no possible confusion, the corresponding nilpotent
orbit of so0,. For very even A € #;(n), we shall denote by @{,A and @{I)\ the two
corresponding nilpotent orbits of s0,,. In fact, their union forms a single O(n)-orbit.
Thus nilpotent orbits of o,, are parametrized by £;(n).
Let A= (A1,...,As) € Z1(n) and A = (dy,...,d;), then

t
dimOf = @ - % (Z d? — #{i; \ 0dd}> ,

i=1
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Oreg = @(6) 30
®subreg = ®(5,1) 28
O(4,2) 26

—

\/

04,12y 032, 24
\
O(3,2,1) 22
/ \
O(a3) 0313y 18
\ /
©(22,12) 16
Omin = 05 14y 10
0 0

FiGUurEe 1. Hasse diagram for slg

where Of , is either Oy x, ©{,>\ or @{7& according to whether X is very even or not.
Using the same notations, If A, € 91(n), then OF , C 01, if and only if n < A,

where OF , is either O x, @{’A or @{{A according to whether X is very even or not.

Given A € Z(n), there exists a unique A" € 2;(n) such that AT < A, and
if n € 2,(n) verifies n < X, then n < AT. More precisely, let A = (A,...,\,)
(adding zeroes if necessary). If X € £, (n), then AT = X. Otherwise if A ¢ 2, (n),
set

>‘/ = (A17'-~7>\sa)\8+1 - 17)‘8+25"'7)‘t717)\t + 17>\t+1a"'7)\n)a

where s is maximum such that (A1,...,As) € Z1(A\1+ -+ As), and ¢ is the index
of the first even part in (As42,...,A). Note that s = 0 if such a maximum does not
exist, while ¢ is always defined. If A" is not in ) (n), then we repeat the process
until we obtain an element of £ (n) which will be our A*.

Case sp,,. For n € N*| set

P_1(n) :=={X € Z(n) ; number of parts of each odd number is even}.

The nilpotent orbits of sp, are parametrized by &_1(n). For A = (A\,...,\.) €
Z_1(n), we shall denote by O@_q x, or simply by Ox when there is no possible
confusion, the corresponding nilpotent orbit of sp,,, and if we write ‘A = (dy, ..., d;),
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then

1) 1<
i=1

As in the case of s, if \,n € Z_1(n), then O_;, C O_;  if and only if n < A.
Given X € #(n), there exists a unique A~ € #_;(n) such that A~ < A, and if

n € P_1(n) verifies n < A, then n < A7. The construction of A~ is the same as in

the orthogonal case except that ¢ is the index of the first odd part in (Agy2,...,An)-

3.1.3. Jacobson-Morosov Theorem and Dynkin grading. A %Z—gmding
of the Lie algebra g is a decompositionI': g = Gajeéz g; which verifies [g;, ;] C giy;
for all ¢, 5.

LEMMA 3.2. IfT is a %Z—gmding of g, then for some semisimple element hr

of g,
g; ={z e g|lhr, 2] =2jz}.
PROOF. See [Tauvel-Yu, Proposition 20.1.5]. O
Since the bilinear form ( | ) of g is ad hp-invariant and nondegenerate, we get
(giygj) =0 <— Z+] 750
Hence g; and g_; are in pairing. In particular, they have the same dimension.
Fix a nonzero nilpotent element e € g. By the Jacobson-Morosov Theorem (cf.

e.g., [Collingwood-McGovern, §3.3]), there exist h, f € g such that the triple
(e, h, f) verifies the sly-triple relations:

[h,e]:Qe, [6,f]:h, [haf]:72f'

In particular, A is semisimple and the eigenvalues of ad h are integers. Moreover, e
and f belongs to the same nilpotent G-orbit.

ExampPLE 3.3. Let g = sl,,, and set,

n n—1

€= Jn, h:= Z(TL +1-— 22‘)62'71', f = Z(’ﬂ — i)ei+1,i~
1

i=1 i
Then (e, h, f) is an sly-triple. From this observation, we readily construct sly-triples
for any standard Jordan form diag(Jy,,...,Jy,) with (A1,...,A,) € £(n).

The group G acts on the collection of slo-triples in g by simultaneous conjuga-
tion. This defines a natural map:

O : {sly-triples} /G — {nonzero nilpotent orbits}, (e, h, f) — G.e.
THEOREM 3.4 ([Collingwood-McGovern, Theorem 3.2.10]). The map Q) is
bijective.

The map € is surjective according to Jacobson-Morosov Theorem. The in-
jectivity is a result of Kostant ([Collingwood-McGovern, Theorem 3.4.10]); see
[Wang-lectures, §2.6] for a sketch of proof.

Since h is semisimple and since the eigenvalues of ad h are integers, we get a
%Z—grading on g defined by h, called the Dynkin grading associated with h:

(50) g= @ gj, gj :={x eg]|[h 2] =2jz}.
JELZ



3.1. NILPOTENT ORBITS AND NILPOTENT ELEMENTS 37

We have e € g;. Moreover, it follows from the representation theory of sl, that
9° C D,>09; and that dimg® = dimgo + dimg;.

REMARK 3.5. One can draw a picture to visualize the above properties. Decom-
pose g into simple sly-modules g = V1 & - - - & V; and denote by dy, the dimension of
Vifork=1,...,5s. Wecan assume thatd; > --- > d, > 1. We have dim V;;Ng; <1
for any j € %Z. We represent the module Vi, on the kth row with dj boxes, each
box corresponding to a nonzero element of VMg, for j such that Vi Ng; # {0}. We
organize the rows so that the 2jth column corresponds to a generator of Vi, N g;.
Then the boxes appearing on the right position of each row lie in g°.

EXAMPLE 3.6. Consider the element e = diag(Js,J1) of sly. Here, we get
dim gy = 5, dimg% =0, dimg; =4 and dimg, = 1.
012
O0ooOm
OOom
OOm
OoOm
|

In the picture, the boxes O correspond to nonzero elements lying in [f, g]. The
boxes B correspond to nonzero elements lying in g°.

This is an example of even nilpotent element, which means that g, = {0} for all
half-integers i. The nilpotent orbit of an even nilpotent element is called an even
nilpotent orbit. Note that the regular nilpotent orbit is always even.

The picture here gives:

EXAMPLE 3.7. Consider the element e = diag(Ja, J1, J1) of sly which lies in the
minimal nilpotent orbit of sly. Here, we get dim gg = 5, dimg% =4, dimg; = 1.
051
OoOom
Oom
Om
The picture here gives: Om
[ |
|
|
[ |

We observe that @i>1 g; equals g7 and has dimension 1. This is actually a
general fact: if e lies in the minimal nilpotent orbit of any simple g, then @©;>19; =
g1 = Ce and thus @@1 g; has dimension 1.

One can assume that the Cartan subalgebra h of g is also a Cartan subalgebra
of the reductive Lie algebra gg.

LEMMA 3.8. (1) For any a € A, gq is contained in g; for some j € %Z.
(2) Fiz a root system Ao of (go,b), and set Ao+ = Ayx N Ag. Then Ay =
Ao+ U{a|ga C >0}
Denoting by II the set of simple roots of A, we get
O= J I with II:={acIl|g, Cg,}
JjEZZ
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LEMMA 3.9. We have IT = Il U H% Ully.

PROOF. Assume that there exists 8 € II; for s > 1. A contradiction is ex-
pected. Since e € g; and since g; is contained in the subalgebra generated by the
root spaces go with a € Ty U I UTIL, we get le,;g-5] = {0}. In other words,
g—g C g°. This contradicts the fact that g¢ C g>o. a

From Lemma 3.9 we define the weighted Dynkin diagram, or characteristic, of
the nilpotent orbit G.e when g is simple as follows. Consider the Dynkin diagram
of the simple Lie algebra g. Each node of this diagram corresponds to a simple
root a € II. Then the weighted Dynkin diagram is obtained by labeling the node
corresponding to « with the value a(h) € {0, 1, 2}.

By convention, the zero orbit has a weighted Dynkin diagram with every node
labeled with 0.

ExaMPLE 3.10. In type Eg, the characteristics of the regular, subregular and
minimal nilpotent orbits are respectively:

2 2 2 2 2 2 2 0 2 2 0 0 0 0 0
2 2 1

An important consequence of Lemma 3.9 is that there are only finitely many
nilpotent orbits, namely at most 3"*"%9. Also, the weighted Dynkin diagram is a
complete invariant, i.e., two such diagrams are equal if and only if the corresponding
nilpotent orbits are equal, [Collingwood-McGovern, Theorem 3.5.4].

The regular nilpotent orbit always corresponds to the weighted Dynkin diagram
with only 2’s (this result is not obvious, cf. e.g., [Collingwood-McGovern, The-
orem 4.1.6]). More generally, a nilpotent orbit is even if and only if the weighted
Dynkin diagram have only 2’s or 0’s (see Example 3.6 for the definition of even).

3.2. Kirillov form and Slodowy slice

Below we will often identify g with its dual g* through the nondenegerate
bilinear form ( | ).

3.2.1. Kirillov form. Let (e, h, f) be an slo-triple of g and let x = (f|-) be
the linear form associated with f.

The restriction of the antisymmetric bilinear form,

weigxg—>Co (zy) = (fllz,y]),
to g1 x g1 is nondegenerate. This results from the paring between g 1 and g1,
and from the injectivity of the map ad f: g1 —g 1. It is called the Kirillov form
associated with f. Let £ be a Lagrangian subspace of 91, that is, wy (£, £) = 0 and
dim £ = %dimg%, and set
m=m, ¢ := 2@@%.
>3

Then m is an ad-nilpotent’, ad h-graded subalgebra, of g. Moreover, the algebra m
verifies the following properties:

1i.e.7 m only consists of nilpotent elements of g.
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(x1) x([m,m]) = (f[[m,m]) =0,

(x2) mng/ = {0};

(x3) dimm = %dimG.f.

Consider a slightly more general situation. Let £ be an isotropic subspace of
g1, that is, wy (£, £) = 0, and set

mye =10 P, nee =St e Py,
i>3 i>3

where

gltox = {z ¢ 914 | wy(z,£) =0}
is the orthogonal complement of £ in g1 with respect to the bilinear form w, . Then
m:=m, ¢ and n:=n, ¢ satisfy the following properties:

(1) m and n are ad h-graded and g>1 C m C n C g0,

2) m*Nlg, f] = [n, fl,
3) nng/ =0,
4) [n,m] C m, .
5) dimm 4 dimn = dim g — dim g/.

Py

Here, L refers to the orthogonal with respect to the bilinear form ( | ).
EXAMPLE 3.11. If f is regular, that is, dimg/ = r, then m = n =n_.
3.2.2. Slodowy slice. Let

Sr=x+(e') cg’

be the Slodowy slice associated with f, or with (e, h, f). The affine space . is
identified with f + g€ through ( | ) by the theory of sly-triples.

Let us introduce a C*-action on g which stabilizes .y = f + g°. The embed-
ding spang{e, h, f} = slo — g exponentiates to a homomorphism SLy — G. By
restriction to the 1-dimensional torus consisting of diagonal matrices, we obtain a
one-parameter subgroup p: C* — G. Thus p(t)z = t* z for any z € g;. For t € C*
and = € g, set

(51) Aty = 2p(t) (2).
So, for any z € g;, p(t)z = t**2z. In particular, 5(t)f = f and the C*-action of p
stabilizes .#y. Moreover, it is contracting to f on ., that is,

lim 7(0)(f + ) = f

for any x € g, because g¢ C m™ C g~ _;. The same lines of arguments show that
the action j stabilizes f + m' and it is contracting to f on f + m™, too.
The affine space /5 is a “slice” according to the following result.

THEOREM 3.12. The affine space S is transversal to the coadjoint orbits of
g*. More precisely, for any & € Sy, Te(G.E)+Te () = g*. An analogue statement
holds for the affine variety x + m=*.

SKETCH OF PROOF. We have to prove that [g,z] + g¢ = g for any x € f + g°
since T, (G.x) = [g, x] and T, (e + g°) = g°. First, we verify that the map

n:Gx(f+g°) —g
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is a submersion? at any point of G x  where €2 is an open neighborhood of f in
f + g% In particular, for any = € 2,

g=|[g,7] +9°
Next, we use the contracting C*-action p on f 4 g° to show that 7 is actually a
submersion at any point of G X (f + g¢). O

Let N be the unipotent subgroup (hence it is connected) of G with Lie algebra
n. When m = n, that is, £ is Lagrangian, we also write M the closed connected
subgroup of G with Lie algebra m.

Consider the adjoint map

N (f+mb) =g, (9,2) =g
It image is contained in f+m*. Indeed, for any 2 € nand any y € m*, exp(ad z)(f+
y) € f+m? since [n,m] C m and x([n,m]) = 0, and this is enough to conclude

because, n being ad-nilpotent, N is generated by the elements exp(adz) for x
running through n. As a result, by restriction, we get a map

a: N x .7 — f+m*.

THEOREM 3.13 ([Gan-Ginzburg02, §2.3]). The map « is an isomorphism of
affine varieties.

Proor. We have a contracting C*-action on N x . defined by:
VteC*, g e N, z e .7, t.(g,x) :== (p(t™Hgp(t), p(t)x).

The morphism « is C*-equivariant with respect to this contracting C*-action, and
the C*-action g on f +m™ .

Then we conclude thanks to the following result, formulated in [Gan-Ginzburg02,
Proof of Lemma 2.1]:

“a C*-equivariant morphism «: X1 — Xo of smooth affine C*-varieties with
contracting C*-actions which induces an isomorphism between the tangent spaces
of the C*-fixed points is an isomorphism.” O

As a consequence of this result, we get the isomorphism:
C[#] = C[f + mH]N.

3.3. Poisson algebras, Poisson varieties and Hamiltonian reduction

We want to show that the Slodowy slice . inherits a Poisson structure from
that of g*. To explain this, we start with some recalls on Poisson algebras and
Poisson varieties.

3.3.1. Poisson algebras and Poisson varieties. Let A be a commutative
associative C-algebra with unit.

DEFINITION 3.14. Suppose that A is endowed with an additional C-bilinear
bracket {,}: Ax A— A. Then A is called a Poisson algebra if the following
conditions holds:

(1) A is a Lie algebra with respect to { , },
(2) (Leibniz rule) {a,b-c} = {a,b}-c+b-{a,c}, for all a,b,c € A.

2 5 is a submersion at a point (g,z) € G X (f + g¢) if the differential of 1 at (g,z), that is,
the linear map g x g¢ — g, (v,w) — g([v,x]) + g(w), is surjective.
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The Lie bracket { , } is called a Poisson bracket on A.

EXAMPLE 3.15. Let (X, w) be a symplectic variety. Then the algebra (O(X),{ , })
of regular functions, with pointwise multiplication, is a Poisson algebra.

As an example, let O = G.£ be a coadjoint orbit of g*. Then O has a natural
structure of symplectic structure, see e.g. [Chriss-Ginzburg, Proposition 1.1.5];
for £ € g*, we have

T¢(0) = Te(G/G*) ~ g/g°
and the bilinear form we: (x,y) — &([z,y]) descends to g/ge. This gives the sym-
plectic structure. Hence, together with a coadjoint orbit in g*, we have a natural
Poisson algebra.

3.3.2. Almost commutative algebras. In another direction, we have ex-
amples of Poisson algebras coming from some noncommutative algebras. Let B be
an associative filtered (noncommutative) algebra with unit,

OZB_lCB()C31C'-',LJBZ':B7
i>0
such that B;.B; C B;4; for any 4,5 > 0. Let

A= gI‘B = @Bi/Bi—l
i

be its graded algebra (the multiplication in B gives rise a well-defined product
B;/B;_1 X Bj/Bj_1 — Bit+;/B;+j—1, making A an associative algebra). We said
that B is almost commutative if A is commutative: this means that a;b; — bja; €
Bi+j71 for a; € Bi,b]’ S Bj.

Assume that B is almost commutative. Then gr B has a natural structure of
Poisson algebra. We define the Poisson bracket

{,}:Bi/Bi-1 x Bj/Bj_1 = Biyj-1/Bitj2
as follows: for a1 € B;/B;_1 and ap € B;j/Bj_1, let by (resp. by) be a representative
of a1 in B; (resp. B;) and set
{a1,a2} :=biby — bab1 mod B;1;_s .
Then we can check the required properties.
ExAMPLE 3.16. Let {U;(g)} be the PBW filtration of the universal enveloping

algebra U(g) of g, that is, U;(g) is the subspace of U(g) spanned by the products
of at most ¢ elements of g, and U(g)g = C1. Then

0=U_1(g) C Up(g) CUr(g) C ..., Ulg) = UUi(g),

Ui(g) - Uj(g) C Uirj(9), [Ui(9),U;(9)] C Uirj—1(9).

Then the associated graded space grU(g) = €D, Ui(9)/Ui-1(g) is naturally a
Poisson algebra, and the PBW Theorem states that

grU(g) = S(g) = Clg’]
as Poisson algebras, where S(g) is the symmetric algebra of g.

Let us describe explicitly the Poisson bracket on C[g*] (see [Chriss-Ginzburg,
Proposition 1.3.18]). Let (z1,...,zy) be a basis of g, with structure constants cf’j,
that is, [z, ;] = Zcﬁjxk. Through the canonical isomorphism (g*)* & g, any

k
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element of g is regarded as a linear functions on g*, and thus as an element of
Clg*]. We get for f,g € C[g*],
9f 9y
{f? g} = c?‘ xk * * °
5 7 Oxy O

In a more concise way, we have:

where d¢ f,deg € (g%)* = g denote the differentials of f and g at . In particular, if
z,y € g = (g%)" C C[g"], then

{z,y} = [z,9].

Moreover, if O is a coadjoint orbit of g*,

{f7 g}|© = {fl@vg|®}symplectic-

A affine Poisson scheme (resp. affine Poisson variety) is an affine scheme X =
Spec A (resp. X = Specm A) such that A is a Poisson algebra. A Poisson scheme
(resp. Poisson variety) is a scheme (resp. reduced scheme) such that the structure
sheaf Ox is a sheaf of Poisson algebras.

For example, let B be as above and continue to assume that B is almost
commutative, that is, A = gr B is commutative. Assume furthermore that A is
a finitely generated commutative algebra without zero-divisors. In other words,
A = C[X] is the coordinate ring of a (reduced) irreducible affine algebraic variety
X. So the Poisson structure on A makes X a Poisson variety.

3.3.3. Symplectic leaves. If X issmooth, then one may view X as a complex-
analytic manifold equipped with a holomorphic Poisson structure. For each point
x € X one defines the symplectic leaf S, through x to be the set of points that
could be reached from z by going along Hamiltonian flows?.

If X is not necessarily smooth, let Sing(X) be the singular locus of X, and
for any k > 1 define inductively Sing®(X) := Sing(Sing®~'(X)). We get a finite
partition X = | |, X*, where the strata X* := Sing®*(X) \ Sing®(X) are smooth
analytic varieties (by definition we put X° = X \ Sing(X)). It is known (cf. e.g.,
[Brown-Gordon03]) that each X* inherits a Poisson structure. So for any point
x € XF there is a well defined symplectic leaf S, € X*. In this way one defines
symplectic leaves on an arbitrary Poisson variety. In general, each symplectic leaf is
a connected smooth analytic (but not necessarily algebraic) subset in X. However,
if the algebraic variety X consists of finitely many symplectic leaves only, then it
was shown in [Brown-Gordon03] that each leaf is a smooth irreducible locally-
closed algebraic subvariety in X, and the partition into symplectic leaves gives an
algebraic stratification of X.

EXAMPLE 3.17. The space g* is a (smooth) Poisson variety and the symplectic
leaves of g* are the coadjoint orbits of g*, cf. [Vaisman, Proposition 3.1]. The
Poisson structure on the coadjoint orbits of g* is known as the Kirillov-Kostant
Poisson structure. The nilpotent cone N of g, which is the (reduced) subscheme

3A Hamiltonian flow in X from z to x’ is a curve v defined on an open neighborhood of
[0,1] in C, with v(0) = z and (1) = &/, which is an integral curve of a Hamiltonian vector
field &7, for some f € O(X), defined on an open neighborhood of ¥([0,1]). See for example
[Laurent Gengoux-Pichereau-Vanhaecke, Chapter 1] for more details.
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of g* associated with the augmentation ideal C[g*]¢ of the ring of invariants C[g*],
is an example of Poisson variety with finitely many symplectic leaves. These are
precisely the nilpotent orbits of g* = g.

3.3.4. Induced Poisson structures. Recall a result of Weinstein; see [Vaisman,
Proposition 3.10, p 39]:

PROPOSITION 3.18 (Weinstein, 83). Let Y be a submanifold of a Poisson man-
ifold X such that:

(1) Y is transversal to the symplectic leaves, i.e., for any symplectic leaf S
and anyx € Y NS, T,Y +T,S=T,X;

(2) Forany x € Y, T,Y NT,S is a symplectic subspace of T,.S, where S is
the leaf of X containing x.

Then, there is a natural induced Poisson structure on'Y and the symplectic leaf of
Y through x € Y is Y NS if S is the symplectic leaf through x in X.

We aim to apply the result to .y C g*. Part (1) is known (cf. Theorem 3.12).
For the part (2), it suffices to prove that for any coadjoint orbit @ in g* and any
¢ € 0N, the restriction of the symplectic form on T¢(Q) to T¢(-"f) N T:(O)
is nondegenerate. Remember that the symplectic form on T¢(O) was described in
Example 3.15. Since the annihilator of T¢ (%) ~ g° in g is (g°)* = [e, g], it suffices
to verify that for any § € 7,

&, [e, gl N Te(FF) = [€: [e; g]l N g° = 0.
The result is a consequence of:
LEMMA 3.19. Let £ € %5. Then [¢, e, g]] N g® = {0}.

PROOF. Let Y be the set of y € f + g° such that [y, [e, g]] N g° # 0. Since g°
and [e, g] are ad h-stable, we have for any t € C*,

p(t™ ) [y le.al)) Na® = [p(t™ ")y, [e, a]] N g°
whence
pt)(ly, le, 8]l N g%) = [6()y, e, o]l N g°
Therefore, p stabilizes Y. In addition, since g = [f, g] & g,
felf+g)\Y

Hence, for any y is an open neighborhood U of f in f+g° y € (f+g°)\Y. Assume
that Y # @ and let y € Y. Since p stabilizes Y, we get p(t)y € Y for any ¢t € C*.
But for ¢ sufficiently small, 5(t)y lies in U because p is contracting, whence the
contradiction. (]

In conclusion, according to Proposition 3.18, .4 C g* has a Poisson structure
induced by the Kirillov-Kostant structure on g* (see Example 3.17). In other words,
the Poisson bracket {, }.»-, on C[.#}] is given by,

{fa g}Yf (5) = {f|@a g|@}symplectic(£)7
for any f,g € C[#] and £ € F%, if O denotes the coadjoint orbit through ¢ in g*.
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3.3.5. Hamiltonian reduction. The Poisson structure on .5 can also be
described via Hamiltonian reduction in the case where m = n, that is, £ is La-
grangian.

Let us first recall the classical Hamiltonian reduction in a more general setting.
Let A be a Lie group, with Lie algebra a, acting on a Poisson variety (X, {, }).

DEFINITION 3.20. The action of A in X is said to be Hamiltonian if there is a
Lie algebra homomorphism

p:a— Ox(X), = fiy
such that the following diagram is commutative:

G Z(X)

~
~
~
PN
K ~
>

Ox(X)

where 27 (X) is the Lie algebra of (symplectic) vector fields on X and where the
vertical map is the natural map from Ox (X) to 2 (X). As for the horizontal map,
it comes from the A-action on X. Namely, it is the map

a— 2 (X), a— (z+— %(exp(tada).x)h:o eT,X).

We call the map ji the co-moment map of the action, or the Hamiltonian of the
action. Its dual map

p: X —a*, z— p(x),

with p(z) € a* the linear map a +— fiq(z), is called the moment map of the action.

REMARK 3.21. If the group A is connected, then p is A-equivariant with re-
spect to the coadjoint action on a*.

We refer to [Vaisman] or [LaurentGengoux-Pichereau-Vanhaecke, Propo-
sition 5.39 and Definition 5.9] for the following result.

THEOREM 3.22 (Marsden-Weinstein). Assume that A is connected and that the
action of A in X is Hamiltonian. Let y € a*. Assume that ~y is a regqular value*
of i, that p=1(v) is A-stable and that p=1(v)/A is a variety. Let t: p=(y) — X
and 7: p~1(y) = pu=i(y)/A be the natural maps: o is the inclusion and 7 is the
quotient map. Then the triple

(X, 17 (), M (1)/A)

is Poisson-reducible, i.e., there exists a Poisson structure {,} on u=t(y)/A such
that for all open subset U C X and for all f,g € Ox(m(UNp=1(7)), on has

{f,9} om(u) ={f,3} o 1(u)
at any point w € U N p~'(y), where f,§ € Ox(U) are arbitrary extensions of
fO7T|Uﬂu—1(v)ago7T‘Umu—1(7) to U.

4t f: X — Y is a smooth map between varieties, we say that a point y is a regular value
of f if for all z € f~!(y), the map dof: Tu(X) — Ty(Y) is surjective. If so, then f~1(y) is a
subvariety of X and the codimension of this variety in X is equal to the dimension of Y.
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Assume that m = n and let in this case M be the unipotent subgroup of G
with Lie algebra m.

We intend to apply the theorem to the connected Lie group M acting on the
Poisson variety g* by the coadjoint action. The action is Hamiltonian and the
moment map

(52) pr gt —m*

is the restriction of functions from g to m. Recall that x = (f]). Since x|m is a
character on m, it is fixed by the coadjoint action of M. As a consequence, the set

1 (xlm) = {€ € 9% | (&) = XIm}

is M-stable. Moreover, we have the following lemma:

LEMMA 3.23. x|m s a regular value for the restriction of p to each symplectic
leaf of g*.

PRrOOF. Note that y~!(x|m) = x + mt. Then we have to prove that for any
€ € x +mt, the map
dep: Te(G.§) — Ty, (m")

is surjective. But T¢(G.€) ~ [g,¢] while Ty |, (m*) = m*. Since x+m™ is transversal
to the coadjoint orbits in g* (cf. Theorem 3.12), we have

g=[0,¢ +m".

Let v € m* and write ¥ = z + 2/, with = € [g,¢] and 2’ € m*, according to the
above decomposition of g. Then u(x) = ~. O

Since the map
M x Yf — X +mt

is an isomorphism of affine varieties (cf. Theorem 3.13),
= (x+m) /M

Therefore, the conditions of Theorem 3.22 are fulfilled and we get a symplectic
structure on .

In fact, thanks to Lemma 3.23, we have shown that the symplectic form on
each leaf on .7 is obtained by symplectic reduction from the symplectic form of
the corresponding leaf of g*.

From this, one can see that the latter Poisson structure defined on .#% is the
same as that defined in §3.3.4. It is described as follows. Let m: y + mt —
(x + m%)/M ~ .%; be the natural projection map, and ¢: xy + m® < g* be the
natural inclusion. Then for any f,g € C[.7],

{fug}y’f o = {f,g}OL

where f,§ are arbitrary extensions of f o, go to g*.
The Poisson structure of .y is described as follows. Let

L, =Clg"] ) (& — x(2)),

so that
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Then C[.#] = C[u~!(x)]M can be identified as the subspace of C[g*]/I, consisting
of all cosets ¢ + I, such that {z,¢} € I, for all z € m. In this realization, the
Poisson structure on C[.%%] is defined by the formula

{o+ Iy, ¢+ I} ={¢, ¢/} + Iy
for ¢, ¢" such that {z, ¢}, {z,¢'} € I, for all z € m.

3.4. BRST cohomology, quantum Hamiltonian reduction and definition
of finite W-algebras

We introduce in this part the finite W-algebras. We first describe the Hamil-
tonian reduction in terms of BRST cohomology, essentially following Kostant and
Sternberg [Kostant-Sternberg87]. Then we describe its natural quantization,
and define finite W-algebras. With this definition, finite W-algebras will naturally
appear as finite dimensional analogs of (affine) W-algebras.

3.4.1. BRST reduction. In this subsection we shall describe the Hamilton-
ian reduction of §3.3.5 in a more factorial way, in terms of the BRST cohomology
(where BRST refers to the physicists Becchi, Rouet, Stora and Tyutin) for later
purpose.

We refer the reader to Appendix A for backgrounds on superspaces, superalge-
bras, Lie superalgebras, etc. and Clifford algebras.

Let G be any connected affine algebraic group, g = Lie(G) (we don’t assume G
is semisimple). Let {x;}1<i<q a basis of g, and let {z]}1<i<q be the corresponding
dual basis of g*. Denote by cﬁj the structure constants of g, that is, [x;,z;] =
ZZ=1 cf’j:ck fori,j=1,....,d.

Let Cl(g) be the Clifford algebra associated with the vector space g®g* and the
nondegenerate bilinear form (-|-) defined by (f+x|g+y) = f(y)+g(z) for f,g € g*,
x,y € g. Namely, Cl(g) is the unital superalgebra isomorphic to A(g®g*) = A(g) ®
A(g*) as C-vector spaces, the natural embeddings A(g) — Cl(g), A(g*) — Cl(g)
are homogeneous homomorphism of superalgebras, and

[z, f]=f(z) xecgCAg), feg” CAg)
(Note that [z, f] = 2 f + fx since z, f are odd.)
LEMMA 3.24. The following map gives a Lie algebra homomorphism.

p:g— Cl(g)

T D ma;
17 k<

We have

[p(x),y] = [z, y] € g C Cl(g),
for x,y € g where the first bracket is in Cl(g) while the second is in g.

Define an increasing filtration on Cl(g) by setting Cl,(g) := ASP(g) ® A(g*)
where A(g) = D, A¥(g) is the natural grading. We have

0=Cl-1(g) C Clo(g) C Cli(g)--- C Cla(g) = Cl(g),

(53) Cly(g) - Cly(9) C Clyiq(9),  [Clp(9), Cly(0)] C Clpyq-1(9)-
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Let Cl(g) be its associated graded algebra:
Cly(g)

Cl(g) :=gr Cl(g) = P

p=0 Clp_l (g) .

By (53), Cl(g) is naturally a graded Poisson superalgebra, called the classical Clif-
ford algebra associated with g® g*.

We have Cl(g) = A(g) ® A(g*) as a commutative superalgebra. Its Poisson
(super)bracket is given by

{z,f} =f(z), z€gCNg), feg" TN,
{z,y} =0, z,yegCAg), {f,g}=0, f,g€g” CAg").

LEMMA 3.25. We have Cl(g)® = A(g), where Cl(g)? := {w € Cl | {z,w} =
0 for all z € g}.

The Lie algebra homomorphism p: g — Cl;(g) C Cl(g) induces a Lie algebra
homomorphism

(54) p=o10p:g— Cl(g),
where o7 is the projection Cl;(g) — Cl1(g)/Clo(g) C gr Cli(g). We have for z,y € g,
{p(x), y} = [z, y].
Set
C(g) = Clg"] ® Cl(g).

Since it is a tensor product of Poisson superalgebras, C(g) is naturally a Poisson
superalgebra.

LEMMA 3.26. For any character x of g, the following map gives a Lie algebra
homomorphism:

0y: 9 — Clg)
T (z—x(z) @ 1+ 1® p(z),
that is, {0, (x),0,(y)} = Ox([z,y]) for z,y € g.

Let C(g) = B,cz, C" (g) be the Z-grading defined by deg ¢p®1 = 0 for ¢ € Clg*],
degl® f=1for f €g*, and degl ® x = —1 for x € g. We have

C"(e) =Clg’]® (D A'(g) ® N (7).

j—i=n

The following result is due to Beilinson and Drinfeld ([Beilinson-Drinfeld96,
Lemma 7.13.3)).

LEMMA 3.27. There exists a unique element Q € 61(9) such that
{Q, 1@z} =0,(x) for wze€g.
We have {Q,Q} = 0.
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PROOF. Existence. It is straightforward to see that the element

Q= Z Rz —1® 2 chxzxjmk

i,k
satisfies the condition. o .
Uniqueness. Suppose that Q1,Q2 € C (g) satisfy the condition. Set R =

Q1 — Qs € C'(g). Then {R,1®z} = 0, and so, R € Clg*] ® Cl(g)s. But by
Lemma 3.25, @(g){ﬂ @1 =0, where Tl is CI'/CI1°. Thus R = 0 as required.
To show that {Q, Q} = 0, observe that

1oz, {12y,{Q,Q}}} =0, Vr,ycg
(note that @ is odd). Applying Lemma 3.25 twice, we get that {Q,Q} = 0. O
Since @ is odd, Lemma 3.27 implies that
o 1
{Qa {Qa a}} = 5{{62’ Q}va} =0
for any a € C(g). That is, ad Q := {Q, -} satisfies that

(ad Q)* =
Thus, (C(g),ad Q) is a differential graded Poisson superalgebra. Its cohomology
HErsr (9, Clg"]) == H*(C(g),ad Q) = @H’ g),ad Q)

€L
inherits a graded Poisson superalgebra structure from C(g).

More generally, let R be a Poisson algebra equipped with a Poisson algebra
homomorphism p*: C[g*] — R. View Q as an element of R®CI(g) through the map
p*®id. Then p*®id: C(g*) — R®CI(g) is a Poisson superalgebra homomorphism,
and (R®CI(g),ad Q) is a differential graded Poisson superalgebra, where the image
of @Q is also denoted by Q. Therefore, its cohomology

(55) Hppsr (8, R) = H*(R® Cl(g),ad Q)

inherits a graded Poisson superalgebra structure from R ® Cl(g).

Let X be any affine Poisson scheme® equipped with a Hamiltonian G-action,
X € g a one-point G-orbit, that is, x is a character of g. The above construction
gives the Poisson algebra H}pgp (9, C[X]) C Hpper, (8, C[X]). (Note that the
degree zero part is purely even.) The affine Poisson scheme

X//BrsT G 1= SPGC(H%RST,X(% ClX]))

is called the BRST reduction of X. We write X//grs7rG for X//prsr G if x = 0.
The BRST reduction coincides with the geometric Hamiltonian reduction in
§3.3.5 in some “nice” cases.

THEOREM 3.28. Let X = Spec R be an affine Poisson scheme equipped with a
Hamiltonian G-action, x € g* a one-point G-orbit. Suppose that
(1) the moment map u: X — g* is flat,
(2) there exists a subscheme . of 1=*(x) such that the action map gives the
isomorphism G x . — u~'(x).

5In this note we assume that all Poisson schemes are of finite type unless otherwise stated.
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Then
Hpsr (8, R) = ClT @ Hpp(G).
Here H},,(G) denotes the de Rham cohomology of G equipped with the trivial Pois-

son structure. In particular, HYp(G) = 0 since G is connected.

LEMMA 3.29. Let A be a commutative C-algebra with a reqular sequence x1, o, . ..
that is, A/(z1,...,2,) # 0 and x,41 s not a zero devisor of A/(z1,...,z,) for all
r. If M is a flat A-module, that is, M® a7 is an exact functor, then

HE(A, M) = 6; oM/ (%1, 22, ...,)M.
Here HE°(A, M) denotes the homology of the Koszul complex with respect to the
sequence Ti, Tz, .. .,.
PRrOOF OF THEOREM 3.28. Give a bigrading on C := R ® CI by setting
Y =RanN(@) e (),
sothat C = @ .
i20,j<0 ~
Observe that ad @ decomposes as ad Q = d4 + d_ such that
(56) d_(C7ycc™™, a4 @@)ycTr
Explicitly, we have
d- = (& — x(x;)) ® ad a7},
dy = Zadxi Rz -1® % Zcfjxl*x;k ad xy, + Zl ® p(x;)ad z].
i i3,k i
Since (ad Q)? = 0, (56) implies that
2 =d% =[d_,dy] = 0.
It follows that there exists a spectral sequence
E, = Hppsr (9, R) = H*(C,ad Q)
such that
EY* = HY(C,d-) = H*(R® N g),d-) ® A*(g"),
EY? = HP(HY(C,d_),dy).
Observe that (C,d_) is identical to the Koszul complex C[g*] associated with the

sequence 1 — x(x1), 22 — x(z2.) ..., 24 — x(xq) tensorized with A(g*). Hence by
Lemma 3.29 we get that

-1 ), if =
Hi(c,d_):{gcm (@A), i 7&8

Next, notice that (H*(C,d_),d,) is identical to the Chevalley complex for the
Lie algebra cohomology H*®(g, C[u~t(x)]). Since C[u~!(x)] = C[.¥] ® C[G] by the
assumption as G-modules, where G acts only on C[G] on the right-hand-side, we
get that

Cl”]® H'(g,C[G]), if j=0

H'(H'(C,d_),dy) = {07 it j#£0.
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Hence the spectral sequence collapses at Fy = E,. Thus there is an isomorphism
H*(C,adQ) — H*(H°(C,d-),dy) = C[#] ® H*(g,C[G)), [~ [d],

of Poisson algebras. The assertion follows noting that H'(g, C[G]) = Hbz(G) as G
is affine. O

We write Hppor (9, Clg*]) for Hypgr (9, Clg*]) if x = 0.

3.4.2. BRST realization of Slodowy slices. We now apply Theorem 3.28
to X = g*, G = M, the projection u : X = g* — m* and x = (f]). Observe
that u=1(x) = f +m*. Clearly u is flat, and the second assumption is satisfied by
Theorem 3.13.

THEOREM 3.30. We have Hypop  (m,Clg*]) = 0 for i # 0 and
H}psr . (m, Clg*]) = CL.7%)]
as Poisson algebras.

PROOF. Since M is unipotent, we have H},5(M) = §; oC. Therefore the asser-
tion follows immediately from Theorem 3.28. O

3.4.3. BRST realization of equivariant Slodowy slices. Consider the
cotangent bundle T*G of G. We have T*G = G X g*, and there are the following
two commuting Hamiltonian G action g — g, and g — gr on T*G, where

(57) grla,z) = (ag™",g.x), grla,x) = (ga,z).
The moment map corresponding to the former is just the projection
(58) pr :T*G > (a,z) — x € g*.

The moment map corresponding to the latter is given by
(59) pr:T*G 3 (a,z) — a.x € g~

The action of g on C[T* G| = C[G]® C[g*] obtained by differentiating these actions
are

mr(x) =z +adz , wgr(x) =g,

where z7, and zr denote the action of z on C[G] as a left invariant vector field and
a right invariant vector field respectively, and ad x denotes the action f — {z, f}
on C[g*].

Now consider the composition
* proﬂ;}ion m*

(60) p:T*G £ g

Then p is the moment map for the M-action by restriction to gz We have =1 (x) =
G x (x +m%). Clearly the action of M on () is free and y is the regular value
of . Thus,

Fpi=p" (00/M = G xum (x +m)
is a symplectic variety. We have
5’? ~ G x yf

and 5,’2; is called the equivariant Slodowy slice [Los10].
As p is clearly flat we can apply Theorem 3.28 to obtain the following.
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PROPOSITION 3.31. Hppgr, (m,C[T*G]) =0 for i # 0 and
HJ%RST,X(W(C[T*G]) = (C[yf]

as Poisson algebras.

REMARK 3.32. The equivariant Slodowy slice 57; = G xpm(x+mt) is naturally

a vector bundle over G/M. As a bundle over G/M, .%} is called a twisted cotangent
bundle [Chriss-Ginzburg, 1.4.13].

The relationship between the Slodowy slice .#; and the equivariant Slodowy
slice s is described as follows. There is an action of G on . defined by

(61) 9(a, z) = (ga, z).
PROPOSITION 3.33. We have C[.%%] = (C[&’/Z:]G as Poisson algebras.

The G-action (61) is Hamiltonian and the corresponding moment map is given
by

(62) ,u:j’?;:GXM(XerL)B(Q,I)r—)g.zEQ*.

THEOREM 3.34 ([Slodowy80],[Premet02, Theorem 5.4],[Charbonnel-Moreaul6,

Lemma 4.3]). The moment map u: Sy — g* given by(62) is smooth onto a dense
open subset of g* containing G.x. In particular, p is flat.

PRrROOF. Since the proof is short, we give the argument.
It suffices to prove that the morphism

0 Gx(f+g°)—g", (g,2)— gz

is smooth onto a dense open subset of g* containing G.f. Since g = g° + [f, g], 0
is a submersion at (1g, f). Then 6 is a submersion at all points of G x (f + g°)
since it is G-equivariant for the left multiplication in G and since

lim p(t).x = f

t—o0
for all z in f+g°. So, by [Hartshorne77, Ch.III, Proposition 10.4], 6 is a smooth
morphism onto a dense open subset of g, containing G.f. O

THEOREM 3.35. The natural map Clg*]¢ — C[.%}] = HY psr., (m, Clg*]) de-

fined by sending p to p ® 1 induces an isomorphism from C[g*]€ to the Poisson
center of C[.#F].

PrOOF. By Theorem 3.34, the moment map p : 57; — ¢g* induces an embed-
ding p* : Clg*] — (C[&f’?;] of Poisson algebras. By taking G-invariants, we get the
embedding C[g*|¢ — C[.#}]¢ = C[.7}].

Consider the morphism ¢: .y — g*//G. Each of the fibers is a finite union
of symplectic leaves for .7t. Remember that the symplectic leaves of .7} are the
intersections .y N G.£ with £ € g*. On the other hand, by [?, §§5.4 & 6.4], all
scheme-theoretic fibers of ¢ are reduced and irreducible. Hence each fiber of ¢ is
the closure of some symplectic leaf of .#s. Let now z be in the Poisson center of
C[#]. Tt is constant on each symplectic leaf by definition of the Hamiltonian flow:
If o, is an integral curve of {H,.}, with H € C[.%f] and 0,(0) = = € .}, then

d
a(z oo0y) ={H,z} oo, =0, and so z is constant on all flows through z, that is,
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on the symplectic leaf of x. As a result, z is constant on all fibers of the morphism
®.

LEMMA 3.36 ([Goodman-Wallach09, Theorem A.2.9]). Let X,Y,Z be irre-
ducible affine varieties. Assume that f: X — Y and h: X — Z are dominant
morphisms such that h is constant on the fibers of f. There there exists a rational

map g: Y — Z making the following diagram commutative: x L) Y

/s
7/
h
¥

Z

If z is constant, then clearly z lies in the Poisson center of C[g*]. In addition, one
can assume that z is homogeneous for the Slodowy grading on C[.#}] induced from
the C*-action of p on . since the Poisson center of C[.#}] is Slodowy invariant.
So for any t € C*, t.z = t¥z if k is the Slodowy degree of z. Hence one can assume
that z: .y — C is a dominant (and even surjective) morphism.

So by Lemma 3.36, z induces a rational morphism on g*//G since z is constant
on the fibers of the dominant morphism . Then it remains to prove the following:

(63) C(e"//G) NC75] = Clg"// Gl

since C[g*//G] = C[g*]€.

To prove (63), we follow the arguments of [Bass-Connel-Wright82]. Write
z = p/q, with p, q relatively prime elements of C[g*//G]. Since p,q are relatively
prime, the multiplication by p induces an injective homomorphism

Clg*]®/qCle"//G] — Cla*//G]/4Clg//G].
Since C[#] is flat over C[g*//G], the base change C[.%}] ®c[g+//q) — yields an
injective homomorphism

Cl#71/4C17s) — C1#5]/qCL75 ]

The image of 1 is 0 because z is regular. Hence p and ¢ are relatively prime in
C[#F]. Since z = p/q € C[.%f] we deduce that ¢ € C* and so z € C[g*//G]. O

3.4.4. Moore-Tachikawa operation. Let X,Y be (any) affine Poisson schemes
equipped with Hamiltonian G-action, pux : X — g%, uy : Y — g* the correspond-
ing moment maps. Then the diagonal action of G on X x Y is Hamiltonian, with
the moment map puxxy : X XY 3 (z,y) — pux(z) + py(y) € g*. Motivated by
[MT12], we define the affine Poisson scheme X oY by

X oY := (X xY)//BrsTG = Spec(H% ror(g, C[X] @ C[Y]).
Clearly, X oY @Y o X.

PrOPOSITION 3.37. T*G o X =2 X for any affine Poisson scheme X equipped
with a Hamiltonian G-action.

PROOF. From Exercise 3.38 below, it follows that it is enough to show that
HY por(9,C[T*G]) = C. But this is easy to see. O
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EXERCISE 3.38. Let X be an affine Poisson schemes equipped with a Hamil-
tonian G-action. There are the following four Hamiltonian G-actions on T*G x X:

7r1,L(g)(a,f,x) = (ag_l,gf,gm), WI,R(Q)(ava :E) = (ga7fv :E),
WQ,L(g)(ava 1‘) = (agil’g.f?x)? 7-‘-Q,R(g)(ava 1‘) = (gavfagx)~

Clearly the actions 1, and 71 g (resp. m2 1, and m2 g) mutually commute.
Consider the morphism

O T"GxX =-T"'Gx X

defined by (g, f,z) — (g, f,g9z) for g € G, f € g*, z € X.
Check that ® is an isomorphism of Poisson schemes such that

Qom=moro®, Pomp=mprod.

THEOREM 3.39. Let X be an affine Poisson scheme equipped with a Hamilton-
ian G-action, and px: X — g* the corresponding moment map. Then ﬁ; oX is
isomorphic to the scheme theoretic intersection X xg- S/ = X N ' (), where
Sp — g* is given by the inclusion x — —x.

Proor. Let
7% 5’? xX=Gx I xX—=>g" (9,82)—gs+ux(x),

be the moment map that is the sum of the moment maps. By Theorem 3.34, p is
flat. Further, the action map gives the isomorphism

G x (S xg= X) — p~(0).
Thus, Theorem 3.28 gives that
Hppsr(9, C[X x 7)) 2 CIX xg- S| @ Hpp(G).

EXERCISE 3.40. Show that g* o g* = g*//G, that is, C[g* o g*] = C[g*]©.

3.4.5. Drinfeld-Sokolov reduction in the Poisson setting. Let X be an
affine Poisson scheme equipped with a Hamiltonian G-action. The composition

of the moment map px with the projection g* — m* is the moment map for the
M-action on X. We define the affine Poisson scheme DS (X) by

DSy(X) = X//prsr M = Spec(Hp s, (m, C[X])).

Here x = (f|) as before.
Note that Theorem 3.30 and Proposition 3.31 say that

DSf(g*) = %5, DS§(T*G) = .7;.

THEOREM 3.41 (Ginzburg[Gan-Ginzburg02]). For any affine Poisson scheme
X equipped with a Hamiltonian G-action, we have

DSf(X) %% o X=X X g yf.
Moreover, H%RST7X(m,C[X]) =0 fori#0.
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PROOF. Recall the isomorphism ®: TG x X — T*G x X in Exercise 3.38.
We will show that the following diagram commutes:

TG x x —/BnsrE X

Jpsf lpsf

T x X S ps(x),

Set
C:=C[X]®C[T*G] ® Cl(m) ® Cl(g).

Let Qu, € C(m) and Q4 € C(g) be the elements that give the differentials of
the BRST complex for Hppgr , (m,Cm]) and Hppgr(g, Clg]), respectively. Let
Q1,m € C be the image of Qm , by the embedding C(m) — C given by the moment
map with respect to the action my,;, of M (this corresponds to the right vertical
arrow). Let Q1,4 € C be the image of Q4 by the embedding C(g) — C given
by the moment map with respect to the action 71 g of G (this corresponds to the
upper horizontal arrow). Let Q2. € C be the image of Qu , by the embedding
C(m) = C given by the moment map with respect to the action mg j, of M (this
corresponds to the left vertical arrow). Let Qg,g € C be the image of Q& by the
embedding C(g) < C' given by the moment map with respect to the action 7o g of
G (this corresponds to the lower horizontal arrow).
Define

Q1=Q1m+ Qg Q2=0Q2m+ Qzy.
Since ad Qi’m and ad Qi,g obviously commute each other, (ad Q;)? = 0 for i =

1,2. Moreover ® induces the isomorphism (C,ad Q) — (C,ad Q5) of differential
graded Poisson algebras. In particular

(64) H*(C,ad Q) — H*(C,ad Q>).
To compute H*®(C,ad Q1) one can use the spectral sequence (E}., d,.) whose do
is ad Q1,5 and d; is ad Q1,m. We have
EPY = HY(C,ad Q1,9) = C[X] ® Cl(m) ® Hf psp(9,C[T"G])
>~ C[X]® Cl(m) @ Hh 5 (G).

It follows that the complex (E7*?,d;) is the BRST complex for Hypor  (m, C[X])
tensorized with HY,(G). Hence

(65) By = Hppgr  (m, CX]) @ Hp 5 (G).

We can therefore represent classes in EY'? as tensor products w; ® ws of a cocyle
w; in C[X] ® Cl(m) representing a class in Hp st (m, C[X]) and a cocycle ws in
Alg* C C[T*G] ® Cl(g) representing a class in Hj(G) = H4(g,C). Applying
the differential ad ()7 to this class, we find that it is identically equal to zero.
Therefore all the classes in Es survive. Moreover, all of the elements of Fs in the
decomposition (65) lifts canonically to the cohomology H*(C,ad Q1), and thus, we
get that

(66) H*(C,ad Q1) = Hipsr,\ (M, C[X]) @ Hpg(G).
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Similarly, to compute H*®(C,ad Q2) one can use the spectral sequence (£}, d;.)
such that dj = ad Q2,m and dj = ad Q2,4 We have

By = HY(C,ad Qam) = CIX] @ Cllg) ® Hy gy, (m, CT"G])

= §4,0C[X] ® Cl(g) ® C[.7%]

It follows that the complex (E;*?, d;) is the BRST complex for the operation Xo&”?.
Hence

Ef1 2 5,,ClX o 77| ® Hp 1(G).
We conclude that the spectral sequence collapses at Fy = F,, and we get that
(67) H*(C,ad Q3) = C[X 0.7 ® Hpyr(G).
Finally (64), (66) and (67) give that
Hﬁ?RST,X(mVC[X]) = 0,0C[X o yf]-
|

Let I be an ad g-invariant graded ideal of Clg*]. Then I is a Poisson ideal, so
that C[g*]/I is a Poisson algebra. Set

(68) V(1) = Spec(Clg*]/T),  ¥(I) := Speem(Clg"]/I).

Thus, ¥ (I) is the zero locus of I in g*. The action of G on g* restricts to a
Hamiltonian action on ¥ (I).

COROLLARY 3.42. Let I be an ad g-invariant graded ideal of Clg*].

(1) DS§(¥ (1)) # 0 if and only if ¥ (I) D G.f.

(2) The Poisson algebra C[DS (¥ (I))] is finite-dimensional if ¥ (I) = G.f.
PrOOF. By applying Theorem 3.41, we get that

DSy(V(I)) = V(1) X g Z,
which is isomorphic to ¥ (1) N . C % as topological spaces.

(1) Since it is stable under the C*-acton on %%, DSf(”I7(I)) is nonzero if and
only it contains the point {f}. As ¥/(I) is G-invariant and closed, this is equivalent
to that 7 (I) D G.f.

(2) Clearly, (C[DSf(“f7(I))] is finite-dimensional if and only if dim DSf(“I7(I)) =
0, which is equivalent to that #(I) N .7y = {f}. On the other hand we have
G.fN .S = {f} by the trasversality of %} to G-orbits. a

3.4.6. BRST reduction of Poisson modules. The above results can be
generalized to Poisson modules.

Let R be a Poisson algebra. A Poisson R-module is a R-module N in the usual
associative sense equipped with a bilinear map

RxN—=N, (r,n)—adr(n)={rn},
which makes IV a Lie algebra module over R satisfying
{ri,ran} = {ri,retn +rofri,n},  {rire,n} =ri{rs,n} +ro{ri,n}

for r1,7o € R, n € N.
Let R-PMod denote the category of Poisson modules over R.
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LEMMA 3.43. For any Lie algebra g, a Poisson module over Clg*] is the same as
a C[g*]-module N in the usual associative sense equipped with a Lie algebra module
structure g — End N, « — ad(z), such that

ad(z)(fn) = {xz, f}.n+ f.ad(x)(n)
forxzeg, feClg*],ne€ N.

Let G be any connected affine algebraic group, g = Lie(G), x a one-point orbit
in g*. Recall the differential graded algebra (C(g),ad Q) defined in §3.4.1.

For N € Clg*]-Pmod, N ® CI is naturally a Poisson module over C(g) =
Clg*] ® Cl(g). (The notation of Poisson modules natural extends to the Poisson
superalgebras modules.) Thus, (N ® Cl(g),ad Q) is a differential graded Poisson
module over the differential graded Poisson module (C(g),ad Q). In particular its
cohomology

Hppsro (8, N) := H*(N ® Cl,ad Q)

is a Poisson module over H*(C(g),ad @), and thus over H(C(g),ad Q). So we get
a functor

Clg*]-Pmod — H°(C(g),ad Q)-PMod, N ~ Hypsp (g, N).

More generally, let R be a Poisson algebra equipped with a Poisson algebra
homomorphism * : C[g*] — R. Then for a Poisson R-module M, H} g7 (8, M)
is a Poisson module over H}pgr (g, R). Thus we et a functor

R-Pmod — H(C(g),ad Q)-PMod, N + H}pep (g, N).

3.4.7. Results for Poisson modules. Let g = Lie(G) be simple.

Let HC(g) be the full subcategory of the category of Poisson C[g*]-modules on
which the Lie algebra g-action is integrable, that is, locally finite.

If X is an affine Poisson scheme equipped with a Hamiltonian G-action then
C[X] is an object of HC(g).

For M, N € HC(g), define

MoN :=Hpper(g, M @ N),

where g acts on M ® N diagonally. Then M ® N is a Poisson module over the
trivial Poisson algebra C[g* o g*] = C[g*]©.
The proof of the following assertion is similar to that of Proposition 3.37.

PROPOSITION 3.44. For M € HC(g),
T"GoM=M
as a Poisson module over C[T*G o g*| = C[g*].
For M € HC(g), define
DS§(M) = H%RST,x(mv M),

which is a Poisson module over C[.%%].
The following assertion can be proved in the same way as Theorem 3.41.
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THEOREM 3.45. For M € HC(g), we have Hppgp (m, M) = 0 for i # 0.

Therefore, the functor
HC(g) — C[.¥]-PMod, M + DS¢(M),
is exact. We have
DS§(M) = C[.%] o M

as a Poisson module over C[.7f] = (CLS/’Z; og*l.

COROLLARY 3.46. Let I be an ad g-invariant graded ideal of C[g*] such that
VY (I)=G.f Then

dim DSy (7 (1)) = multg7 7 (1),

where the integer multg—7 ”17(1) s defined in the below proof.

ProOOF. There is a filtration
Clg*"]/IT=MyD>M; D>---DM,=0
of C[g*]-modules such that M;/M;1 = C[g*]/p;, where p; is a prime ideal in C[g"].
The integer multz7#/(I) is by definition the number of indexes ¢ such that p;
coincides with the prime ideal corresponding to G.f. As ¥ (p;) C ¥ (I) = G.f,

A= 0 otherwise.

The assertion follows from the exactness of DS¢(7). O

3.4.8. Quantized BRST cohomology. We shall now quantize the above
construction essentially following [Kostant-Sternberg87].

Again, let G be any connected affine algebraic group, g = Lie(G), and let
X : g = C be a character.

Let {U;(g)} be the PBW filtration of the universal enveloping algebra U(g) of
g. The PBW theorem gives isomorphisms of Poisson algebras (see Example 3.16):

grU(g) = @ Uile)/Ui-1(s) = Clg"].
=0
Set

C(g) = U(g) ® Cl(g)-

It is naturally a C-superalgebra, where U(g) is considered as a purely even subsu-
peralgebra. The filtrations of U ( ) and Cl(g) induce a PBW filtration of C(g),

= > Uils) ® Cly(g),
i+ji<p
and we have

grC(g) = C(g)

as Poisson superalgebras. Therefore, C(g) is a quantization of C(g).
Define a Z-grading C(g) = @,,c, C"(g) by setting degu ® 1 =1 for u € U(g),
degl® f=1for feg* degl ®x = —1 for x € g. Then

C"(g) =Ulg) @ (P A'(a) © N (g")-

Jj—i=n
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LEMMA 3.47. The following map defines a Lie algebra homomorphism:
Oy 9 — C(g)
2 (2 — (@) ® 1+ 1 p(a)

LEMMA 3.48 ([Beilinson-Drinfeld96, Lemma 7.13.7]). There exists a unique
element Q € C(g) such that

Q,1®z]=0,(x) forall xz€g.
We have Q? = 0.

PROOF. The proof is similar to that of Lemma 3.27. In fact the element @ is

explicitly given by the same formula as Q:

* 1 * _k
Q= Z(xl —x(z)) @z —1® 3 Zcﬁjxixjxk

.5,k

Since @ is odd, Lemma 3.48 implies that
(adQ)? = 0.
Thus, (C(g),ad Q) is a differential graded algebra, and its cohomology
Hyrstx(8,U(9)) := H*(C(g),ad Q)

is a graded superalgebra.

More generally, let A be a U(g)-algebra. Then A ® Cl(g) is naturally a C(g)-
algebra, and (A ® Cl(g),ad Q) is naturally a differential graded algebra, where the
image of @ is also denote by (). Therefore, its cohomology

(69) Hiprsr(9,4) == H*(A® Cl(g),ad Q)

inherits a graded Poisson superalgebra structure from A®CI(g). We write Hp por (g, A)
for Hypor (9, A) if x = 0.

3.4.9. Kazhdan filtration. In order to discuss the quantization of the BRST
reduction, we need to modify the PBW filtration of C(g) when the character x of
g is nonzero. We assume that there is a grading

(70) i=P oy

JjeLZ
of g (compatible with the Lie algebra structure) such that such that x(g;) =
unless j = 1. (If x = 0, we can choose the trivial grading.) The grading (7

)
extends to C(g) = U(g) ® Cl(g) by setting degz = j, degz* = —j for z,z* € Cl(g)
if x € g;. Here and after, we omit the tensor product sign. Let

C(g) = P Clo)l]

JEFZ

0
0

be the corresponding grading.
Put C;(g)[j] = Ci(g) N C(g)[j]. Note that g, (= gj, © C) C C1(g)[jo]. Define

K,C(g) = > Cia)lj]

1—j<p



3.4. BRST COHOMOLOGY 59

for p € Z (so that g;, C KoC(g)). Then K,C(g) defines an increasing, exhaustive,
separated filtration of C'(g) such that

K,C(g) - K,C(g) C Kp4C(9), [KpC(9), K,C(9)] C Kpiq-1C(9),

and gr C(g) = D, KpC(9)/Kp-1C(g) is isomorphic to C(g) as Poisson superal-
gebras. Moreover,
ad Q.K,C(g) C K,C(g),
and the associated graded complex (grj C(g),ad Q) is identical to (C(g),ad Q).
Let K U(g) and K,Cl(g) be the restrictions of K,C(g) to U(g) and Ci(g),

~

respectively, so that grj U(g) = C[g*], gri Cl(g) = Cl[g*].

3.4.10. Quantized BRST reduction. Let G be any connected affine alge-
braic group, g = Lie(G), x € g* a one-point G-orbit.

Let X = Spec(R) be an affine, Hamiltonian Poisson G-scheme, and px: X —
g* the moment map.

We wish to quantized the BRST reduction

X ~ X//BrsT G = SpeC(H%RST,X(gv(C[X]))'

A quantization of the Hamiltonian G-scheme X is an almost commutative fil-
tered U(g)-algebra (A, Fe A) equipped with an action of G such that
(1) grp A= C[X] as Poisson algebra,
(2) g(a.b) = (ga).(gb) for g € G, a,b € A,
(3) the action of g obtained by differentiating the action of G coincides with
the adjoint action of g,
(4) if we denote by i* the the natural algebra homomorphism U(g) — A,
i*(Uy(g)) = FpbAN a*(U(g)), and the induced homomorphism C[g*] =
grU(g) — grp A = C[X] coincides with p%.
Let (A, FoA) be a quantization of the Hamiltonian G-scheme X, x € g*. Let
g = @je% g; the grading of g such that x(g;) = 0 unless j = 1. A compatible
grading on A is the grading A = @je%ZA[j] such that g*(g;) C A[j] and F,A =
@jE%Z F,Alj], where F,A[j] = A[j]N F,A. With such a grading we can define the
Kazudan filtration KA on A by

K,A= > FAg)ll
i—j<p

We have gry A = C[X].

Note that by definition the image of the left ideal A}  (4*(z) — x(x)) of
A in gri A = C[X] coincides with the defining ideal }° (1 (z) — x(2))C[X] of
pxt(x) in X.

We have a natural algebra homomorphism C(g) — A ® Cli(g), and so, (A ®
Cl(g),ad Q) is a differential graded (super)algebra. Set

Hppsr (8, A) == H*(A® Cl(g),ad Q).

Note that the filtrations K, A, K,C! induce a filtration K,(A®Cl(g)) on A Cl(g)
that is compatible with the action of ad @, and (grx (4 ® Cl(g)),ad Q) is identical
to the complex (C[X] @ Cl(g),ad Q).

Let KeHppor (8, 4) be the filtration of Hpper (9, A) induced by Ke¢(A @
Cl(g)), and gry Hpper (9, A) the associated graded.
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THEOREM 3.49. Assume that the condition (2) of Theorem 3.28 is verified,
that is, there exists a subscheme . of u}l (x) such that the action map gives the
isomorphism G x . — u;(l (x)-

Under the above setting, there is an isomorphism of Poisson algebras

gy HI?RST,X(Q»A) = H].BRST,X(gv(C[X]) = (C[X//BRST,XG] ®@ Hpr(G).
In particular, Hypsr (9, A) is a quantization of C[X//prst 5G]

PrOOF. Consider the spectral sequence E;, = Hppor (9, A) such that By =
H*(gry (A®Cl(g)),ad Q) = HERST,X(Qv C[X]). By Theorem 3.28, HI.BRST,X(ga Clx)) =
Cl¥] ® H}z(G). We can therefore represent classes in EY*? as tensor products
w1 ® we of a cocyle wy in C[X] ® AP(g) representing a class in H%RST’X(Q, ClX))
and a cocycle wy € A? C Cl(g) representing a class in Hf, ,(G) = H(g,C). Ap-
plying the differential ad @ to this class, we find that it is identically equal to zero.

It follows that the spectral sequence collapses at Fy = F. ([l

3.4.11. Finite W-algebras. We will apply the above construction for (g*, i, x),
where p is the moment map (52), x = (f|-) € m*.

Clearly U(g) with the PBW filtration is a quantization of the Hamiltonian G-
scheme g*. By restricting to the M-action, we may regard U(g) as a quantization
of the Hamiltonian M-scheme g*. The Dynkin grading (50) satisfies the condition
of §3.4.9, as well as its restriction to m. So we have the corresponding Kazhdan
filtrations KU (m) and KU (g).

By Theorem 3.49,

(71) Hppsry(m,U(g)) =0 for i#0,

and

Ug, f) := H]OBRST,X(mv Ul(g))

is a quantization of C[.#4]. The algebra U(g, f) is is called the finite W-algebra
associated with f.

3.4.12. Definition via Whittaker models. Let x = (f|-) € g*. It extends
to a representation
x: Um) — C
and we denote by C, the corresponding left U(m)-module. The right multiplication
by an element of m induces a right U(m)-module on U(g). Denote by I, the left
ideal of U(g) generated by the elements = — x(x), for z € m,

L= Y Ulg)(x - x(x)),
zem
and set
Qy = U(9) @u(m) Cx 2 U(g)/1y.
It is an U(g)-module called a generalized Gelfand-Graev module.

The adjoint action of n in g uniquely extends to an action of n in U(g) and the
ideal I, is n-stable. Thus @), is endowed with an n-module structure.

DEeFINITION 3.50. The algebra
Qy ={u € Q| [y,u] € I for any y € m},
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where @ denotes the coset u+1I, of u € U(g), is called the finite W-algebra associated
with f.

We refer the above definition of U(g, f) as the Whittaker model realization of
Ulg, f)-

REMARK 3.51. The algebra QY is actually the space of Whittaker vectors of
Qx;

Qy = Wh(Qy) = {u € Qy | vu = x(z)u for any z € m}.
EXAMPLE 3.52. Assume e =0. Then go =g, m =0, Qy, =U(g) and U(g, f) =
U(g)-

The next result was obtained by Kostant ([Kostant78]) for the regular case.
For the general case, see [DeSole-Kac06] or [Arakawa07]. The proof of Arakawa
[Arakawa07] only concerns the regular case, but can be easily adapted to the
general case. We follow here his proof.

PrRoOPOSITION 3.53. We have
U(gv f) = EndU(g)(Qx)op = Q;l

where the symbol “op” means that we consider the ring Endy 4)(Q) with “reversed”
composition operation u.v := v 0 u.

PROOF. As in the case of C(g), C(g) is also bigraded, so we can also write
ad@Q = dy + d_ such that d (C¥) c C*T4 d_(C¥) C C*I*! and get a spectral
sequence

E, = H*(C(g),ad Q)
such that
EyY =HP(H(C(g),d-),d+) = 0q0H"(n,U(g) ®u(n) Cy)
2 §,004,0H° (M, U(g) ®u(m) Cx) = Endy () (U(8) @u(m) Cx)

where C,, is the one-dimensional representation of m as in §3.4.12. Thus we get the
Whittaker model isomorphism

Ulg, f) = H°(C(g),2d Q) = QF = Endy g)(U(8) ®u(m) Cx)”,
whence the statement by Proposition 3.53. (]

Let Z(g) be the center of U(g). The restriction to Z(g) of the representation
U(g) — Endc(Qy) is injective. So we get an inclusion map,

Z(g) = Ulg, f)-

By Theorem 3.35, the above map is surjective onto the center Z(U(g, f)) of U(g, f)
so that we get an algebra isomorphism

Z(g) = 2(U(g, /)

According to a result of Kostant, if e is regular then Ul(g, f) is isomorphic to Z(g),
which is known to be a polynomial algebra in rank of g variables. In particular,
U(g, f) is commutative in this case.
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REMARK 3.54. The finite W-algebra QY (= U(g, f)) a priori depends on the
Lagrangian subspace £ C g1 But by [Gan-Ginzburg02], the algebra QY does
not depend, up to isomorphism, on the choice of the Lagrangian subspace £ in g 1
In fact, Gan and Ginzburg proved the following stronger fact:

Qy = QY ={u€Qy|[yu] €I, for any y € n}
for any isotropic subspace £ C gL, where n = ny ¢ is as in §3.2.1. Further-
more, according to the main result of [Brundan-Goodwin05], the algebra U(g, f)
does not depend, up to isomorphism, on the choice of the good grading adapted
to f ([Elashvili-Kac05]). Dynkin gradings are typical example of good grad-

ing. More generally, for (optimal) admissible gradings, the result is due to Sakada
([Sadakal6]).

3.4.13. Equivariant finite W-algebras. We can also apply the above con-
struction to quantize the equivariant Slodowy slices. Consider the ring Dg of the
(global) differential operators on G. We have

Dg = U(g) ® C[G]
as vector spaces, the natural maps
ClG] = Da, fu:U(g) = Da
are embeddings of algebras, and we have

[z, fl=a.(f)  (zeg, feClg])
The algebra D¢ is almost commutative by the standard filtration G¢Dg define

by GpDe = Up(g) ® C[G], and we have grgo Dg = C[T*G].
The embedding fir, : U(g) — Dg quantizes the comorphism uj: Clg*] —
C[T*G] of moment map py (see (58)). This map is induced by the Lie algebra

homomorphism g — 2°(G), z — x, where 2 (Q) is the Lie algebra of the vector
fields on G and

(e1.£)(9) = 55 (905D (1)omo.

Similarly, the Lie algebra homomorphism g — £ (G), = — g, where

d
(@rf)(g) = o flexp (~tz)g) o,
induces the algebra homomorphism
fir: U(g) = Da,

which quantizes the moment map pg: T*G — g*. By definition, the two actions
ir(x), ir(y) commute each other.

Thus, D¢ is a quantization of the Hamiltonian G-scheme T*G (with respect
to both actions).

The grading

De = P Daljl, Dali] = {V € Dp | [ar(h), V] = 2jV}
Jje3Z

is compatible with the grading (50), Here recall that (e, h, f) is an sly-triple of g.
Thus, we have the corresponding Kazhdan filtration K¢Dg.
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By Theorem 3.49, we have Hppgr , (m, Dg) = 0 for i # 0, and

Ulg, f) = H%RST,X(mv Dg)
is a quantization of the equivariant Slodowy slice .}, that is, the Kazudan filtration
on D¢ induces the filtration K,U(g, f) and we have gry Ulg, f) = (C[&f’?] The
algebra U(g, f) is called the equivariant finite W -algebra ([Los10]).

EXERCISE 3.55. Show that U(g, f) is a simple algebra.

In the definition of U(g, f), the BRST reduction is taken with respect to, say,

the action fir,. So U(g, f) is a G-module with respect to the action g — gg, and
iir gives the algebra homomorphism

:[LR : U(g) - (7(93 f)7 u’_)/]R(u)'
The adjoint action of g on U (g, f) is the same as the action pf g obtained by

differentiating G-action. Thus, U(g, f) is a quantization of the Hamiltonian G-
scheme 7.

ProOPOSITION 3.56. We have an algebra isomorphism
Ulg, f) = Ulg, /)¢ = Ulg, )**°.

PROOF. The map fiy, induces the algebra homomorphism Ul(g, f) — ﬁ(g, ),
and the image is contained in U(g, f)¢. Moreover this is an isomorphism since it
induces an isomorphism

grU(g, f) = C[7] = C[#]® = (erUg, /)C = g Uls, f)°
by Proposition 3.33. In the above, the last equality is true since g is simple and G

connected. O

REMARK 3.57. The algebra ﬁ(g, f) is the twisted differential operators (tdo)
[Hotta-Takeuchi-Tanisaki] that quantizes the twisted contangent bundle G xng
(x +mb). Thus, the finite W-algebra can be defined as the G-invariant subalgebra
of this tdo.

3.4.14. Quantized Moore-Tachikawa operation. A Harish-Chandra U(g)-
algebrais a U(g)-algebra A equipped with an action of G such that (ga).(gb) = g(ab)
for g € G, a,b € A, and the g-action on A obtained by differentiating the action
of G coincides with the adjoint action of g. A quantization A of a Hamiltonian
G-scheme X is a Harish-Chandra U(g)-algebra.

Let A, B be Harish-Chandra U(g)-algebras. We define an algebra A o B by

Ao B:= Hpypgr(s, A® B),
where A ® B is considered as a diagonal g-module.
EXERCISE 3.58. Show that U(g) o U(g) =2 U(g)¢ = Z(g), the center of U(g).
PROPOSITION 3.59. Dg o A= A for any Harish-Chandra U(g)-algebra A.

PRrROOF. From Exercise 3.60 below, it follows that it is enough to show that
HY ror(9,Dg) = C. But this is easy to see. O
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EXERCISE 3.60. Let A be a Harish-Chandra U(g)-algebra, and let p* : A —
C[G] ® A be the comodule map, so that p*(a) = >, fi ® a; if ga = >, fi(9)as,
fi € CIG], a; € A, for all g € G.

(1) Check that p* is an algebra homomorphism.
(2) Define the algebra homomorphism ¢ : C[G] ® A — C[G] ® A as the

composition

C[G]® A "2 C[G] ® C[G] ® A ™8 C[G] ® 4,
where m : G x G — G is the multiplication map. Show that ¢ is an
isomorphism such that

(gr®g)op=0¢o(9r®1), (gr®@1)odp=¢o(gr®g)

where (92)(f)(91) = f(9~ " g1), (9r)(f)(91) = f(919)-
(3) Define the algebra homomorphism

O DegR®A—>Dg®A
by
®((Ar(u)f) ® a) = (ir(u) ® 1)~ (f @ a)
for u € U(g), f € C[G], a € A. Show that ® is an isomorphism such that
(gr@g)o®=Co(gr®1), (Jr®1)o® =0 (gr®yg).

3.4.15. Drinfeld-Sokolov reduction in the algebra setting. For a Harish-
Chandra U (g)-algebra A, define the algebra DS¢(A) by

DSy(A) = HI%’RST,X(mv A).
If A is a quantization of a Hamiltonian G-scheme X, one can define the Kazhdan
filtration KA using the grading A = P; A[j], A[j] = {a € A | [h,a] = 2ja}. This
induces a filtration K4DS¢(A) of DSf(A).
Theorem 3.41 gives the following.

- THEOREM 3.61. Let A be a quantization of a Hamiltonian G-scheme X. Then
Hppsr(m, A) =0 fori#0, and

DS;(A) = U(g, f) o A.
Moreover, we have the Poisson algebra isomorphism
gri DSp(A) = C[DSy(X)] = C[X xg- S].

3.4.16. Drinfeld-Sokolov reduction for modules. Let HC(g) be the cat-
egory of Harish-Chandra bimodules, that is, the full subcategory of the cagegory
of U(g)-bimodules M consisting of objects M on which the adjoint action of g is
integrable, that is, locally finite.

A good filtration of M € HC(g) is an increasing, separated, exhaustive filtration
FoM of M such that Uz(g)FpMUj(g) C Fp+i+jM, [Uz(g)7FjM} C Fi+j_1M, and
the associated graded grp M = @, F,M/F,_1M is finitely generated as a Clg*]-
module. Note that grr M € HC(g).

A good filtration exists if M is finitely generated.

For M,N € HC(g), M ® N ® Cl(g) is naturally a module over C(g) ® Cli(g),
where U(g) acts on M ® N diagonally. So we can define

Hppsr(9, M @ N) = H*(M ® N @ Cl(g),ad Q)
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Let
MoN := Hppgr(3, M ® N).

Note that if M and N are bimodules over Harish-Chandra U(g)-algebras A and B
respectively, then M o N is naturally a bimodule over A o B. In particular it is a
module over U(g) o U(g) = Z(g).

PROPOSITION 3.62. For any M € HC(g) we have
Dg oM = M
as a bimodule over Dg o U(g) = U(g).
For M € HC(g), M ® Cl(m) is naturally module over C(m) = U(m) @ Cl(m),
and so we can define the cohomology Hpper , (m, M). Define
DSy(M) = H]OB’RST,X(maM)v

which is a bimodule over DS¢(U(g) = U(g, f).
Let M € HC(g) be finitely generated, and let FeM a good filtration of M.
Then we can define the corresponding Kazhdan filtration KM by

KM= FMIj],
1—j<p
where F;M[j]| = F;M N M[j], with M[j] = {m € M | [h,m] = 2jm}. Then K M
is also good, and gry M € HC(g). It induces a filtration KoDSy(M) of DSy(M),

and gry DSy(M) is naturally a Poisson module over gr U(g, f) = C[.7%].
The following assertion follows from Theorem 3.45.

THEOREM 3.63. For M € HC(g), we have H}éRST’X(nL M) = 0 for i # 0.
Therefore, the functor

HC(g) — U(g, f)-biMod, M s DS;(M),

is exact. We have
DSy(M)=Ul(g, f)o M

as a bimodule over U(g, f) o U(g) = Ulg, f). Moreover if M € HC(g) is finitely
generated and KM is a good Kazudan filtration then

grg DSy(M) = DSy(gry M)
as a Poisson module over C[.%%].

3.4.17. Primitive ideals and representation theory of finite 1/ -algebras.
Let I be a two-sided ideal of U(g). The PBW filtration on U(g) induces a filtra-
tion on I, so that gr I becomes a graded Poisson ideal in C[g*]. Thus, U(g)/I is a
quantization of the Hamiltonian G-scheme ¥ (gr I) = Spec C[g*]/gr I.

The variety

V(grI) = Speecm Clg™/gr I = (¥ (gr I))rea C "

is usually referred to as the associated variety of I.
Consider the exact sequence 0 — I — U(g) — U(g)/I — 0 in HC(g). By
Theorem 3.63, applying to the exact functor DS (?) we obtain the exact sequence

0= DS;(I) = Ulg, f) = DS; (U(g)/1) 0.
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Following Losev [Losev11], we set
I = DS; (1),
which is a two-sided ideal of U(g, f), so that
DSy(U(g)/I) =Ulg, f)/ L.
By Theorem 3.63,
grc DSp(U(0)/1) = DSy(gryc Ug)/1) = IV (gr 1) x-S

Recall that a proper two-sided ideal I of U(g) is called primitive if it is the
annihilator of a simple left U(g)-module. There are two important results on prim-
itive ideals of U(g). The first result is the Duflo Theorem [Duflo77], stating that
any primitive ideal in U(g) is the annihilator Anng(g)L4(A) of some simple highest
weight module Lg(X), A € b*.

The second result is the Irreducibility Theorem. Identifying g* with g through
(] ), we shall often view associated varieties of ideals of U(g) as subsets of g. The
Irreducibility Theorem says that the associated variety ¥ (grI) of a primitive ideal
I in U(g) is irreducible, specifically, it is the closure @ of some nilpotent orbit O
in g. The latter theorem was first partially proved (by a case-by-case argument) in
[Borho-Brylinski82], and in a more conceptual way in [Kashiwara-Tanisaki84]
and [Joseph85] (independently), using many earlier deep results due to Joseph,
Gabber, Lusztig, Vogan and others.

It is possible that different primitive ideals share the same associated variety.
In addition, not all nilpotent orbit closures appear as associated variety of some
primitive ideal of U(g).

Given a nilpotent orbit O in g, we denote by PrimgU(g) the set of all primitive
ideal of U(g) such that ¥ (grI) = O.

The following assertion follows immediately from Theorem 3.63 and Corol-
lary 3.46.

THEOREM 3.64 ([Los10]). Let I € PrimoU(g). Then
(1) DS§(U(g)/I) = U(g, f)/I+ is nonzero if and only if G.f C O.
(2) DSy (U(g)/I) is finite-dimensional if and only if O = G.f. Moreover, if
this is the case, dim DS¢(U(g)/I)) = multG—_f”/7(gr I).

In fact, the following much stronger result is known by I. Losev.

THEOREM 3.65 ([Losevll]). Let I € Primg fU(g). Then DSy (U(g)/I) =
Ulg, f)/1+ is a (finite-dimensional) semisimple algebra.

3.4.18. Skryabin equivalence. A g-module E is called a Whittaker module
if for all x € m, z — x(x) acts on E locally nilpotently. A Whittaker vector in a
Whittaker g-module E is a vector v € E which satisfies (z — x(z)v = 0 for any
x €m,ie., zv = x(z)v for any x € m.

Let Wh(g) be the category of finitely generated Whittaker g-modules and set
for E an object of this category,

Wh(E) :={ve E|(z— x(z))v=0 for any z € m}.

Observe that Wh(E) = 0 implies that £ = 0. Let U(g, f)-Mod be the category of
finitely generated U(g, f)-modules and introduce the Whittaker functor:

Wh: Wh(g) — U(g, f)-Mod,  E+— Wh(E)
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with Wh(y)(z) = ¢(x) for E,F € Ob(Wh(g)), ¥ € Homwnpg) (£, F) and x €
Wh(E). Given a Whittaker g-module E, Wh(FE) is indeed naturally a Ul(g, f)-
module by setting

yv=yv, veWh(E),yeU(g,[f)=(Ulg)/L)"
We define another functor by:
Qx ®u(g,5) —: U(g, f)-Mod — Wh(g), Vi— QxQu.pnV
with
Qx Qu(g.r) (P)g®v) = ¢ p(v)

for V,W € Ob(U(g, f)-Mod), ¢ € Homy (g 5)-moa(V, W), ¢ € @y and v € V. For
Ve Ul(g, f)-Mod, Qy ®u(q,f) V is a Whittaker g-module by setting

y(q®v)=(yg9)®@v, yeU(g),q€Qy=U(g)/l,veV.

THEOREM 3.66 ([Premet02, Appendix], [Gan-Ginzburg02, Theorem 6.1]).
The functor Qy ®u(g, ) —: U(g, f)-Mod — Wh(g) is an equivalence of categories,
with Wh: Wh(g) — U(g, f)-Mod as inverse.

COROLLARY 3.67. Let I be a two-sided ideal of U(g). Then Wh: Wh(g) —
Ul(g, f)-Mod restricts to the equivalence

Wh(g)" = Ulg. f)/I; -Mod,

where Wh(g)! is the full subcategory of Wh(g) consisting of objects M that is an-
nihilated by 1.

There is a ramification of the Skryabin’s equivalence. It is an equivalence
between the category O (see [Brundan-Goodwin-Kleshchev08]) for a finite W-
algebra and the category of generalized Whittaker U(g)-modules. This was conjec-
tured in [Brundan-Goodwin-Kleshchev08] and proved by Losev [Losev12].

3.4.19. Classification of finite-dimensional representation of finite W-
algebras and primitive ideals. By Theorem 3.65, any I € Primg ;U(g) gives
rise to an irreducible finite-dimensional representation of U(g, f). Conversely, let
E be a finite-dimensional irreducible representation of U(g, f). Then, by The-
orem 3.66, Qy ®u(g,p) E is simple, and thus, I = Anny)(Qy Ru(q,r) E) is a
primitive ideal of U(g). Moreover, I € Primg fU(g) by [?]. In fact, E is a
DS¢(U(g)/I) = Ul(g, f)/It-module ([Losevl10b, Ginzburg09]). In other words,
the map

E = Anng (g, 7)(Qx ®u(g,s E)

from the set of isomorphism classes of finite dimensional irreducible U (g, f)-modules
to the set Primg fU(g) is surjective. Moreover, any fiber of this map is a sin-
gle C(e)-fibers, where C(e) = Q/Q° is the component group of the stabilizer
Q = Zg(e, h, f) of the slo-triple (e, h, f). This was partially proved by Losev in
[Losev12], and then by Losev and Ostrik [Losev-Ostrik14].
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3.4.20. Multiplicity free primitive ideals and one-dimensional repre-
sentations of finite W-algebras. A primitive ideal I of U(g) is called multiplicity
free if multg 77(gr I) = 1, where Q is the nilpotent orbit such that ¥ (grI) = Q. A
multiplicity free primitive ideal T is completely prime, that is, U(g)/I is a domain.

By Theorem 3.65, if I is a multiplicity free primitive ideal such that ¥ (grI) =
G.f, then DS;(U(g)/I) = U(g, f)/I+ is one-dimensional. In particular, U(g, f)
admits a one-dimensional representation. Conversely, it is known that if F is a
one-dimensional representation then Anng () (Qy ®u(g,r) F) is multiplicity free.

THEOREM 3.68. Any finite W-algebra admits a one-dimensional representation
(equivalently, a two-sided ideal of codimension 1).

3.4.21. The Joseph ideal. If g is not of type A, it is known [Joseph?76,
Gan-Savin04] that there exists a unique completely prime ideal, that is, the graded
ideal is prime, in U(g) whose associated variety is Qpir,.

DEFINITION 3.69. This ideal is denoted by [Jy and referred to as the Joseph
ideal of Ulg).

For g of type A, the completely prime primitive ideals I of U(g) with ¥ (grI) =
Omin form a single family parametrized by the elements of C ([Joseph76, ?]).

In [Joseph76], Joseph has also computed the infinitesimal character of Jp,
that is, the algebra homomorphism Z(g) — C through which the centre Z(g)
acts on the primitive quotient U(g)/Jo. In fact, Joseph has described the set of
A € b* such that such that Jo = Anngg)(Lg(A)) (see [Joseph76, Table p.15] or
[Arakawa-Moreaul5, Table 1]).

Let us recall how to get the infinitesimal character of Ly(A) (or of Anng(g)(Lg(A)))
from the knowledge of A € h*.

Identify Spec Z(g) with the set of all homomorphisms Z(g) — C. Such mor-
phisms are called infinitesimal characters. Consider the projection map from U(g)
to U(h) = S(h) with respect to the decomposition

Ug) = S(H) @ (n-Ulg) + Ulg)ny ).
It is not a morphism of algebras in general, but its restriction to U(g)? = {u €
U(g) | (adz)u =0 for all z € h} is. In particular, we get a morphism

p: Z(g) = C[b7]

since S(h) = C[h*], usually refers to as the Harish-Chandra morphism. Its comor-
phism gives a map

Xx: b — Spec(Z(g)), A xx,
where x(z) = p(2)(A + p) for z € Z(g). An important consequence of the Harish-
Chandra Theorem is that the map y induces a bijection

h*/W = Spec(Z(g)).
Here the Weyl group W acts on h* with respect to the twisted action of W:
wo/\:w()\+p)—p, wewa)‘eb*a

where - is the usual action of W on h*.

Returning to our subject, the infinitesimal character associated with the irre-
ducible representation Lg(\) is xa. In particular, x» = x,, if and only if A and p
are in the same W-orbit with respect to the twisted action of W.
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Outside type A the orbit Q,,;, is rigid, that is, forms a single sheet in g* = g
(see §B.0.5). Hence Jy cannot be obtained by parabolic induction from a primitive
ideal of a proper Levi subalgebra of g.

Different realizations of [Jy can be found in the literature for various types of
g. Joseph’s original proof of the uniqueness of Jy was incomplete. This leads Gan
and Savin [Gan-Savin04] to give another description of the Joseph ideal Jp. Their
argument relies on some invariant theory and earlier results of Garfinkle. Gan and
Savin description was very useful in the recent work [Arakawa-Moreaul5| as it
will explained in §4.6.2.

Let us briefly explain their description.

Suppose that g is not of type A. According to Kostant, J; is generated by the
g-submodule Ly(0) & W in S%(g), where W is such that, as g-modules,

S?(g) = Lg(20) @ Ly(0) & W.

Note that the above decomposition of S?(g) still holds in type A ([Garfinkle82,
Chapter IV, Proposition 2]).

Also, note that Lg(0) = CQ2 where Q = Y, z;2" is the Casimir element in S(g),
with {z;}; is a basis of g, and {z'}; its dual basis with respect to ( | ).

LEMMA 3.70. Suppose that g is not of type A. The ideal Jy in S(g) generated
by W contains Q2, and hence, \/Jw = Jo, where Jy is the prime ideal of S(g)
corresponding to the minimal nilpotent orbit closure Quiy.

PROOF. By the proof of [Gan-Savin04, Theorem 3.1] Jw contains g- 2, and
the assertion follows. O

The structure of W was determined by Garfinkle [Garfinkle82]. Consider the
slo-triple (eg, hg, fo) of g where fy = e_g is a 6-root vector so that it lies in Qppp,-
Set

g; ={z € gl [ho, 2] = 2jx}.
Then (cf. Example 3.7)
0=90-1D9-1/2P gD g1/2D g1,
g-1=Cfp, g1 =Ceq, go =Chy® g, g° = {z € go | (hg|z) = 0}.

The subalgebra g? is a reductive subalgebra of g whose simple roots are the simple
roots of g perpendicular to . Write

0%, 0" = P
i>1

as a direct sum of simple summands, and let §; be the highest root of g;.
If g is neither of type A, nor C,.,

(72) W=D Ly(0+06)).

i>1

If g is of type C,., then g is simple of type C,_1, so that there is a unique 6,
and we have

W = Ly(0+ 01) @Lg(%(e 1 0))).
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By [Garfinkle82, Gan-Savin04] Jy is generated by W and Q — ¢g, where W
is identified with a g-submodule of U(g) by the g-module isomorphism S(g) = U(g)
given by the symmetrization map, and ¢ is the eigenvalue of €2 for the infinitesimal
character that Joseph obtained. We have

grJo=4Jo=+VJw
and this shows that Jp is indeed completely prime.
Let Jw be the two-sided ideal of U(g) generated by W.

ProproOSITION 3.71. We have the algebra isomorphism
U(g)/Iw = C xUl(g)/To.

PROOF. By the proof of [Gan-Savin04, Theorem 3.1], Jw contains (2 —cg)g.
Hence it contains (£2 — ¢)2. Since ¢y # 0, we have the isomorphism of algebras

U(9)/Tw — U(8)/(Fw, ) x U(g)/{Tw, Q2 — co).

As we have explained above, {Jw,Q—cg) = Jo. Also, since Jw contains (22— cg)g,
(Jw, Q) contains g. Therefore U(g)/{(Jw,2) = C as required. O

3.4.22. Classical Miura map. Assume that f is even® (cf. Example 3.6)
or, equivalently, that the grading g = @;g; is even, so that £ = gL = 0. Then

m=eP;. 9
Let m_ = ®j<0 g; be the opposed Lie subalgebra to m. We have

(73) g=m_®godm.

Note that m* = go @ m is a parabolic subalgebra of g (containing the Borel subal-
gebrab=h®n,). Set mt =m_ @ go.

Let {z;}1<i<m be a basis of m, and extend it to a basis {z; }1<i<n Of g. Let
cf ; be the structure constants with respect to this basis. Consider the linear map
0p: m — C(m) of Lemma 3.47 with respect to the Lie algebra m (i.e., x = 0 and
g = m in this lemma). Extend it to a linear map 6y: g — C(g,m) := U(g) ® Cl(m)
by setting

Oo(z;)) =2, 1 +1® Z cf]xkx;k
1<j,ksm
We already know that the restriction of 8y to m is a Lie algebra homomorphism
and
[0o(2),10y] =1Q [z,y] for x,y € m.
Although 6y is not a Lie algebra homomorphism, we have the following.
LEMMA 3.72. The restriction of 8y to m* is a Lie algebra homomorphism. We

have [0p(x),1 ® y*] = 1 ® ad*(x)(y) for x € mE, y € m*, where ad* denote the
coadjoint action and m* is identified with (g/m-)*.

Recall that U(g, f) = H°(C(g,m),ad Q). Let C(g,m); denote the subalge-
bra of C(g,m) generated by 0p(m) and A(m) C CI, and let C(g, m)_ denote the
subalgebra generated by 0p(m*) and A(m*) C Cl.

6In the setting of good gradings, one can always find a good grading for f which is even, so
the assumption is not restrictive.
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LEMMA 3.73. The multiplication map gives a linear isomorphism
C(gv m)— ® C(gv m)-‘r i> C(g7m)

LEMMA 3.74. The subspaces C(g,m))_ and C(g,m) are subcomplezxes of (C(g,m),ad Q).
Hence C(g,m) =2 C(g,m)_ ® C(g,m)1 as complezxes.

PRrROOF. The fact that C(g,m)_ is subcomplex is obvious (see Lemma 3.48).
The fact that C(g, m)y is a subcomplex follows from the following formulas.

(@, 60(x;)] = > A bo(z))(l@ay) —1@ Y o x(aw)w
m+1<j<n,1<km 1<j,k<m
* 1 i * ok
@ 1®z]]=-1® 3 Z Cj kT T
1<G,k<m
O
PROPOSITION 3.75. H*(C(g,m)_,ad Q) = H*(C(g,m),ad Q).
PrOOF. By Lemma 3.74 and Kunneth’s Theorem,
HP(C(g.m).ad Q) = @) HH(Clg.m)—.adQ) ® H(C(g m).ad Q).
i+j=p
On the other hand, we have ad(Q)(1 ® z;) = 0,(z;) = bo(z;) — x(;) for i =
1,...,m. Hence C(g,m)_ is isomorphic to the tensor product of complexes of the

form C[f (z;)] ® A(z;) with the differential 6, (z;) ® x}, where z is the contraction
with z;. FEach of these complexes has one-dimensional zeroth cohomology and
zero first cohomology. Therefore H(C(g,m)4,ad Q) = 6; oC. This completes the
proof. O

Note that the cohomological gradation takes only non-negative values on C'(g, m)_.
Hence by Proposition 3.75 we may identify U(g, f) = H°(C(g,m),ad Q) with the
subalgebra H°(C(g,m)_,ad Q) = {c € C(g,m)? | (ad Q)c = 0} of C(g, m)_.

Consider the decomposition

- = @ C(gvm)*,ja C(g7m)*,j = {C € C(gam)g | [eo(h), C] = 2]0}
J<0
Note that C(g, m)_ ¢ is generated by 8y(go) and is isomorphic to U(go). The pro-
jection

C(g,m)- — C(g,m)— o = U(go)
is an algebra homomorphism, and hence, its restriction
Y: U(g, f) = H(C(g,m)—,ad Q) — U(go)
is also an algebra homomorphism.

PROPOSITION 3.76. The map Y is an embedding.

Let Ko,C(g, m)+ be the filtration of C'(g,m) induced by the Kazhdan filtration
of C(g,m). We have the isomorphism

Clg*] ® Cl(m) = gryc C(g,m) = grye C(g,m)— @ gry C(g,m)+
as complexes. Similarly as above, we have H'(gr, C(g,m)_,ad Q) = 6; oC, and
(74) H°(C(g,m),ad Q) = H'(gri C(g,m)-,ad Q).
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PROOF OF PROPOSITION 3.76. The filtration K4 U(go) of U(go) = C(g, m)—_ o
induced by the Kazhdan filtration coincides with the usual PBW filtration. By (74)
and Theorem 3.30, the induced map

H(gr C(g,m)-,ad Q) = gry U(go)
can be identified with the restriction map
(75) Y: Cl#] = C[f + m* M — C[f + go.

So it is sufficient to show that Y is injective.
If f € C[f +m*]M is in the kernel, f(g.x) =0 forall g € M and = € f + go.
Hence it is enough to show that the image of the the action map

(76) Mx(f+go)—>f+mL, (9,2) — g.x,

is Zariski dense in f + m'.
The differential of this morphism at (1,z) € M x (f + go) is given by

ngo—>ml, (y,Z)H[y,.’L‘}—‘rZ

This is an isomorphism if € f+4(go)ss reg> Where (go)ssres = {Z € (80)ss | dim g =
r}, with (go)ss the set of semisimple elements of go. Indeed, if € (go)ss,reg then
g” = g{ is a Cartan subalgebra of g and g” Nm = {0}. Hence (76) is a dominant
morphism as required, see e.g. [Tauvel-Yu, Theorem 16.5.7]. (]

REMARK 3.77. In the case where f is regular, the fact that Y is injective is
well-known. Indeed, in this case gg is the Cartan subalgebra b and, under the
identifications C[.f] = C[g]®, C[f + b] = C[p], the map Y is identified with the
Chevalley restriction map C[g]® — C[h]W, where W is the Weyl group associated
with (g, b).

It is also possible to extend to the case f is not even, for instance, using the
construction of Kac, Roan and Wakimoto [Kac-Roan-Wakimoto03].

The advantage of the above proof is that it applies to a general finite W-algebra
([Lynch79]), and also, it generalizes to the affine setting, see §27.

The map Y is called the classical Miura map.



PART 4

Geometry of jet schemes, Poisson vertex algebras
and associated varieties of vertex algebras

4.1. Jet schemes and arc spaces

In this section, we present some general facts on jet schemes and arc spaces.
Our main references on the topic are [Mustata01l, Ein-Mustata09, Ishiill].

4.1.1. Definitions. Denote by Sch the category of schemes of finite type over
C. Let X be an object of this category, and m € Zxy.

DEFINITION 4.1. An m-jet of X is a morphism
SpecC[t]/(t"™ 1) — X.

The set of all m-jets of X carries the structure of a scheme J,,,(X), called the m-th
jet scheme of X. It is a scheme of finite type over C characterized by the following
functorial property: for every scheme Z over C, we have

Homgcn (Z, Jin (X)) = Homgen (Z Xgpecc Spec C[t]/(tm+1), X).

The C-points of J,,,(X) are thus the C[t]/(t™"!)-points of X. From Defini-
tion 4.1, we have for example that Jo(X) ~ X and that J;(X) ~ TX where TX
denotes the total tangent bundle of X.

The canonical projection C[t]/(t™T1) — C[t]/(t" 1), m > n, induces a trunca-
tion morphism wx m.n: Jm(X) — Jn(X). The canonical injection C < C[t]/(t™T1)
induces a morphism tx m,: X — J,,,(X), and we have mx ., 0 tx 1m0 = idx. Hence
Lx,m is injective and mx ., o is surjective.

Define the (formal) disc as

D := Spec C[[t]].
The projections mx , » yield a projective system {Jy, (X), Tx mn tm>n of schemes.

DEFINITION 4.2. Denote by J(X) its projective limit in the category of
schemes,

Joe (X) = ljm T (X).

It is called the arc space, or the infinite jet scheme of X.
Thus elements of Jo(X) are the morphisms
v: D = Cl[t]],
and for every scheme Z over C,
Homgen (Z, Jin (X)) = Homgen (Z X specc D, X),

73
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where ZX D is the completion of Zx D with respect to the subscheme Zx{0}. In
other words, the contravariant functor

Sch — Set, Z + Homge,(ZxD,X)

is represented by the scheme J,(X). The reason why we need the completion Z XD
in the definition is that, for A an algebra, A® C[[t]] & A[[t]] = A®C]|[t]] in general.
We denote by mx o the canonical projection:

TX 00 Joo(X) = X.

4.1.2. The affine case. In the case where X is affine, we have the following
explicit description of Joo(X). (We describe similarly J,,(X).)

The quite uncommon notations below will be justified next subsection.

Let N € Z~o and X C C¥ be an affine subscheme defined by an ideal I =
{fi,-, fr) of Clzt,... 2N]. Thus

X = Spec Clz*,...,2N]/I.

For f € Clzt,...,2"], we extend f as a map from C[[t]|V to C[[t]] via base ex-
tension. Then giving a morphism ~: D — X is equivalent to giving a morphism
v*: Clat, ..., 2N]/T — CJ[t]], or to giving

V@)=t i=1N,
>0

such that for any k=1,....,7,
fe(y* (@Y, ...,y (™)) =0 in C[[t]].

For any f € Clz',...,2"], there exist functions ), j > 0, which only depend on
f, in the variables v = (’y(lfjfl), . 77(]\1]-,1)%'20 such that
(77) FOr @, @) = 3 Y.

>0

Regarding the coordinates 2* as functions over CV, we set:
zé_j_l) = (xi)(j), that is, x%_j_l)(y) = j!'yf_j_l),
fori=1,...,N.

The jet scheme Joo(X) is then the closed subscheme in Spec(C[:vé_j_l); i=
1,...,N, j > 0] defined by the ideal generated by the polynomials f,ij ), for k =
1,...,r and j > 0, that is,

Joo(X) 2 SpecClai_;_yyii=1,....N, i > 0)/{(f" k=1,....r,j >0).

In particular, if X is an N-dimensional vector space, then

Joo(X) = SpecClz(_; 1y;i=1,...,N, j>0],

and for m € Zxg, the projection Joo(X) — Jn(X) corresponds to the projection
onto the first (m + 1)N coordinates.
(4)

One can also define the functions f,”’ using a derivation.
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LEMMA 4.3. Define the derivation T of (C[xé_j_l) ;i=1,...,N,j>0] by
Tai_j =jo(j-1, 520

Then f,gj) =Tify fork=1,...,r and j > 0. Here we identify x* with xéfl).

With the above lemma, we conclude that for the affine scheme X = Spec R,
with R = C[z*,22,--- ,2N]/{f1, fa, -+, fr), its arc space J, X is the affine scheme
Spec(J(R)), where

(Tifi;i=1,...,1r, 7 =0)
and T is as defined in the lemma.

The derivation T' acts on the above quotient ring Jo(R). Hence for an affine
scheme X = Spec R, the coordinate ring J (R) = C[Jso (X)] of its arc space Joo (X)
is a differential algebra, hence is a commutative vertex algebra by Theorem 2.4.

Jo(R) :=

REMARK 4.4. The differential algebra (J (R),T) is universal in the following
sense. We have a C-algebra homomorphism j: R — J(R) such that if (4, 0) is
another differential algebra, and if f: R — A is a C-algebra homomorphism, then
there is a unique differential algebra homomorphism h: Jo(R) — A making the
following diagram commutative.

R

(4.9)

(The map h is a differential algebra homomorphism means that it is a C-algebra
homomorphism such that d(h(u)) = h(T'(u)) for all u € J(R).)

LEMMA 4.5 ([Ein-Mustata09]). Let m € Zxo U {oo}. Then for every open
subset U of X, J(U) = w}}m(U),

Then for a general scheme Y of finite type with an affine open covering {U; }ie7,
its arc space J (Y) is obtained by glueing J (U;) (see [Ein-Mustata09, Ishiill]).
In particular, the structure sheaf O;_(y) is a sheaf of commutative vertex algebras.

The natural projection mx o : Joo (X) — X corresponds to the embedding R —
Jo(R), ¢ — xz(;l) in the case where X = Spec R is affine. In terms of arcs,
Tx,00(@) = a(0) for o € Homgep (D, X), where 0 is the unique closed point of the
formal disc D.

4.1.3. Basic properties. The map from a scheme to its jet schemes and arc
space is functorial. If f: X — Y is a morphism of schemes, then we naturally obtain
a morphism Jp, f: Jp (X) = Jpn(Y) making the following diagram commutative,

T (X) 5 T (V)

71'Xm()\t J(WanO

f
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In terms of arcs, it means that J,,, f(«) = f o« for a € J,,,(X). This also holds for
m = oo.
We have also the following for m € Z>o U {co} and for every schemes X,Y,

(78) In(X X Y) = J,(X) x J,(Y).
Indeed, for any scheme Z in Sch,
Hom(Z, J;,(X x Y)) = Hom(Z Xspec. Ct]/(t™ 1), X x Y)
2= Hom(Z Xspec, C[t]/(t"*), X) x Hom(Z Xspec, C[t]/ (1), Y)
= Hom(Z, J, (X)) x Hom(Z, J,,,(Y))
~ Hom(Z, Jp(X) X Jp(Y)).
For m = oo, just replace (CA[t]/(tm“) with C[[t]] and take the completion in the
product Zx Spec C[[t]] = ZxD.

If A is a group scheme over C, then J,,(A) is also a group scheme over C.
Moreover, by (78), if A acts on X, then J,,,(A) acts on J,,(X).

EXAMPLE 4.6. Consider the algebra
900 := l[t]] = g @c C[[t] = Joo (g)-
It is naturally a Lie algebra, with Lie bracket:
[t yt")] = [w,ylt" ", xy € g, mn € Lo

The arc space J(G) of the algebraic group G is naturally a proalgebraic group.
Regarding J(G) as the set of C|[[t]]-points of G, we have J(G) = GJ[[t]]. As Lie
algebras, we have
oo = Lie(Joo (GQ)).
The adjoint action of G on g induces an action of J.(G) on geo, and the coadjoint
action of G on g* induces an action of J(G) on Jo(g*), and so on C[Js(g*)].
We refer to [Mustata01, Appendix] for the following result.

LEMMA 4.7. For f € C[g], the polynomials T7f = fU), j > 0, are elements
of Clgoo]”=S). In particular, the arc space Joo(N) of the nilpotent cone is the
subscheme of goo defined by the equations T'P;, i =1...,r andj >0, if Py,..., P,
are homogeneous generators of C[g]®, that is,

Joo(N) = SpecClawcl /(TP s i =1...,7, j > 0).

4.1.4. Geometrical results. So far, we have stated basic properties common
for both jet schemes J,,, (X) and the arc space Joo(X) . For the geometry, arc spaces
behave rather differently. The main reason is that C[[t]] is a domain, contrary to
C[t]/(#™*1). Thereby the geometry of are spaces is somehow simpler.

However, although J,,,(X) is of finite type if X is, this is not anymore true for
Joo (X)), and its coordinate ring C[J(X)] is not noetherian in general.

LEMMA 4.8. Denote by X,eq the reduced scheme of X. The natural morphism
Xieda = X induces an isomorphism Joo Xieq = Joo X of topological spaces.

PrOOF. We may assume that X = Spec R. An arc a of X corresponds to a ring
homomorphism a*: R — C|[[t]]. Since C[[¢]] is an integral domain, it decomposes
as a*: R — R/v/0 — C[[t]]. Thus, « is an arc of X,eq. O



4.2. POISSON VERTEX ALGEBRAS T

Similarly, if X = X; U...U X,, where all X; are closed in X, then
Joo(X) = Joo(X1) U ... U J(X5).
(Note that Lemma 4.8 is false for the schemes J,,,(X).)

If X is a point, then J(X) is also a point, since Hom(D, X) = Hom(C, C[[t]])
consists of only one element. Thus, Lemma 4.8 implies the following.

COROLLARY 4.9. If X is zero-dimensional then J (X) is also zero-dimensional.

THEOREM 4.10 ([Kolchin73]). The scheme Joo(X) is irreducible if X is irre-
ducible.

Theorem 4.10 is false for the jet schemes J,, (X): see for instance [Moreau-Yu1l6]
for counter-examples in the setting of nilpotent orbit closures. We refer to loc. cit.,
and reference therein, for more about existing relations between the geometry of
the jet schemes J,,,(X), m € Zxg, and the singularities of X.

The following lemma will be used in Part 5.

LEMMA 4.11. Let Y be irreducible, and let f : X — Y be a morphism that
restricts to a bijection between some open subsets U C X and V. C Y. Then
Joof + Joo(X) = Joo(Y) is dominant.

PROOF. The map Ju f restricts to the isomorphism Joo (U) — Joo(V), and
the open subset J (V) is dense in J(Y') since Joo(Y) is irreducible. O

4.2. Poisson vertex algebras

Let V be a commutative vertex algebra (cf. §2.2.1), or equivalently, a differential
algebra. Recall that this means: a(,) = 0 in End(V') for all n > 0.

4.2.1. Definition. The commutative vertex algebra V' is called a Poisson ver-
tex algebras if it is equipped with a bilinear maps

VxV =V, (ab)— {axb} = Z %a(n)b, a(ny € EndV,
n>0
also called the A-bracket, satisfying the following axioms:
(79)  {(Ta)xb} = —Manb}, {ax(Th)} = (A + T){axb},
(80)  {baa} = —{a_x-rb},
®1)  fax{buct} —{bu{arct} = {{arb}rruct,
(82) {ax(be)} = {axble + {arctd, {(ab)rc} = {ariTc} b+ {brirct—a,
where the arrow means that A4+7 should be moved to the right, that is, {ax;rc} b =

Y so(agme) b,

Here, by abuse of notations, we have set

a_(z) = Z a(n)zfnfl

n>=0

so that the a(,), n > 0, are “new” operators, the “old” ones given by the field a(z)
being zero for n = 0 since V' is commutative.

The first equation in (82) says that a,), n > 0, is a derivation of the ring V.
(Do not confuse a(,) € Der(V), n > 0, with the multiplication a(,) as a vertex
algebra, which should be zero for a commutative vertex algebra.)
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Note that (79), (80), (81) are the same as (33), (34), (35), and (82) is the same
as (36) and (37) without the third terms. In particular, by (81), we have

m
(83) [y b)) = D (Z) (a@)b) min—iys My € Lxg.
i>0

4.2.2. Poisson vertex structure on arc spaces.

THEOREM 4.12 ([Arakawal2, Proposition 2.3.1]). Let X be an affine Poisson
scheme, that is, X = Spec R for some Poisson algebra R. Then there is a unique
Poisson vertex algebra structure on Joo(R) = C[Js(X)] such that

{axb} ={a,b} for a,b€ R C Jx(R),
where { | } is the Poisson bracket on R. In other words,
b ifn=20
a(n)b — {a3 } an
0 ifn >0,
fora,be R.

PRrOOF. The uniqueness is clear by (33) since Jo(R) is generated by R as a
differential algebra. We leave it to the reader to check the well-definedness. Since
Joo(R) is generated by R, the formula {axb} = {a,b} for a,b € R is sufficient to
define the A-bracket on J,(R) by formulas (79), whence the existence. O

REMARK 4.13. More generally, let X be a Poisson scheme which is not nec-
essarily affine. Then the structure sheaf O;_(x) carries a unique Poisson vertex
algebra structure such that

{fagy =1{r.9}
for f,g € Ox C O (x), see [Arakawa-Kuwabara-Malikov, Lemma 2.1.3.1].

EXAMPLE 4.14. Recall that the affine space g* is a Poisson variety by the

Kirillov-Kostant Poisson structure (see Example 3.17). If {z!,... 2™} is a basis of
g, then
Clg*] = (C[mlﬁ ’xN]
Thus
(84) Joo(g%) = SpecCla(_,,y ; i=1,...,N, n > 1].

So we may identify C[J(g*)] with the symmetric algebra S(g[t~!]t~!) via
T(py > at™ ", reg,n=>1.

For x € g, identify  with z(_1)|0) = (#t~')|0), where we denote by |0) the unit
element in S(g[t~1]t~!). Then (83) gives that

(85) [Z(m)> Ym)] = (@)Y m+n = T Y} min) = [T, Yl(man)s

for z,y € g = (g%)* C Clg*] C C[Joo(g*)] and m,n € Z>o. So the Lie algebra
Joo(g) = g[[t]] acts on C[J(g*)]. This action coincides with that obtained by
differentiating the action of Joo(G) = G[t]] on Juo(g*) induced by the coadjoint
action of G (see Example 4.6). In other words, the Poisson vertex algebra structure
of C[Joo(g*)] comes from the J(G)-action on Jo(g*).
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4.2.3. Canonical filtration and Poisson vertex structure. Our second
basic example of Poisson vertex algebras comes from the graded vertex algebra
associated with the canonical filtration, that is, the Li filtration (see §2.4.1).

Set

gV = Frv/Frtty,
p=0
where {FPV}, is the Li filtration. Recall that o,: FPV + FPV/FPTIV for p > 0,
denotes the canonical quotient map.

We have already seen that gr’V is a commutative vertex algebras. We can

now specify Proposition 2.15 and the relations (47) in Definition 2.16.

PROPOSITION 4.15 ([Li05]). The space grf'V is a Poisson verter algebra by
op(a) - oq(b) := oprqlac-1)b),
Toy(a) i= 0p11(Ta),
op(a)(n)0q(b) := Optq—n(a(n)b),
forae FPV be Fi1V, n > 0.

PROPOSITION 4.16 ([Zhu96, Li05]). The restriction of the Poisson structure
gives to the Zhu’s Cs-algebra Ry a Poisson algebra structure, that is, Ry is a
Poisson algebra by

where a = og(a).
PrROOF. It is straightforward from Proposition 4.15. (]

Remember that we always assume that a vertex algebra V is finitely strongly
generated (see §2.4.1).

Note that if ¢: V — W is a homomorphism of vertex algebras', ¢ respects the
canonical filtration, that is, ¢(FPV) C FPW. Hence it induces a homomorphism
grf'V — grf'W of Poisson vertex algebra homomorphism which we denote by grf¢.

4.3. Associated variety of a vertex algebra
4.3.1. Associated variety and singular support.

DEFINITION 4.17. Define the associated scheme Xy and the associated variety
Xy of a vertex algebra V as

Xy := Spec Ry, Xy := Specm Ry = (XV)red-
It was shown in [Li05, Lemma 4.2] that grf’V is generated by the subring Ry
as a differential algebra. Thus, we have a surjection J, (Ry) — grf'V of differential

algebras by Remark 4.4 since Ry generates Jo,(Ry ) as a differential algebra either.
This is in fact a homomorphism of Poisson vertex algebras.

THEOREM 4.18 ([Li05, Lemma 4.2], [Arakawal2, Proposition 2.5.1]). The
identity map Ry — Ry induces a surjective Poisson vertex algebra homomorphism

Joo(Ry) = ClJso (Xv)] — grf'V.

1i.e.7 ¢ preserves the A-bracket, ¢ sends the vacuum vector of V to that of W, and the

translation operators with respect to V- and W commute with ¢.
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DEFINITION 4.19. Define the singular support of a vertex algebra V as
SS(V) := Spec(grf' V) C Joo (Xy).
THEOREM 4.20. We have dim SS(V') = 0 if and only if dim Xy = 0.

Proor. The “only if” part is obvious since mg  (SS(V)) = Xy. The “f”
part follows from Corollary 4.9. d

Recall that V is called lisse (or Ca-cofinite) if Ry = V/Cy(V) is finite dimen-
sional. Thus we get:

LEMMA 4.21. The vertex algebra V is lisse if and only if dim Xy = 0, that is,
if and only if dim SS(V) = 0.

REMARK 4.22. Suppose that V is Zo-graded by some Hamiltonian H, i.e.,
V=@,5,Vi with V; = {z € V | Hz = iz}, and that Vy = C|0). Then grf’V and
Ry are equipped with the induced grading:

grf'v = @(ngV)i, (grf V) =C,

20
Ry =P (Rv)i, (Rv)o=C.
>0
So the following conditions are equivalent:
(1) V is lisse,
(2) Xv = {point},
(3) the image of any vector a € V; for i > 1 in grf’V is nilpotent,
(4) the image of any vector a € V; for i > 1 in Ry is nilpotent.

Thus, lisse vertex algebras can be regarded as a generalization of finite-dimensional
algebras.

REMARK 4.23. Suppose that the Poisson structure of Ry is trivial. Then the
Poisson vertex algebra structure of J.,(Ry) is trivial, and so is that of gr’V by
Theorem 4.18. This happens if and only if

(FPV)(ny(F1V) C FPH" Y for all n > 0.

If this is the case, one can give gr'V yet another Poisson vertex algebra structure
by setting
(86) 0p(a)(n)0q(b) := 0ptg—nt1(amb) forn > 0.
(We can repeat this procedure if this Poisson vertex algebra structure is again
trivial).

4.3.2. Comparison with weight-depending filtration. Let V be a vertex
algebra that is Z-graded by some Hamiltonian H (see §2.2.4):

V=@PVa where Vp:={veV|Hv=Av}.
A€Z

Then there is another natural filtration of V' defined as follows [Li04].

Let G,V be the subspace of V' spanned by the vectors

a’%—nl—l)a%—ng—l) e a?—nr—l) |O>
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with a’ € V homogeneous, A1 + -+ + Ayr < p. Then G,V defines an increasing
filtration of V:
0=G VCGVC..GVc.. V=JGV
P
Moreover we have

TG,V C G,V,
(Gp)(n)GqV C Gp+qV for n € Z,
(Gp)(n)GqV C Gpyq—1V forn € Zxy,

It follows that gro V = GpV/G,_1V is naturally a Poisson vertex algebras.
It is not too difficult to see the following.

LEMMA 4.24 ([Arakawal2, Proposition 2.6.1]). We have
FPVA = Ga_pVa,
where FPVA = VA NFPV, G,VA = VA NG,V . Therefore
grf'v =~ graV
as Poisson vertex algebras.

PROPOSITION 4.25 ([Arakawal2, Corollary 2.6.2]). A wvertex algebra V is
finitely strongly generated if and only if Ry is finitely generated as a ring.

If the images of some vectors a',...,a” € V in Ry generate Ry, we say that
T

V is strongly generated by a',. .., a".

PROOF. Suppose that a',...,a" are strong generators of V. By Lemma 4.24,
Co(V) = F'V is spanned by the vectors azimfl) . azinsil)m) with s > 1 gnd
ni+---+ng > 1. Thus {a',...,a"} generates Ry, where @’ is the image of a’ in
Ry.

Conversely, suppose that {a',...,a"} generates Ry. Then by Theorem 4.18,
{a',...,a"} generates gri’V as a differential algebra. Since grf’V = V as C-vector
spaces by the assumption that F*V is separated, it follows that {a!, ..., a"} strongly

generates V. (]

REMARK 4.26. In fact a stronger fact is known: V is spanned by the above
vectors with » > 0, ny > ng > ng > ... > 1, see [Gaberdiel-Neitzke03], [Li05,
Theorem 4.7].

4.3.3. Universal affine vertex algebras. Consider the universal affine ver-
tex algebra V" (a) defined by (38) as in §2.2.2.

Recall that the space V*(a) is naturally graded: V*(a) = @Aez>0 VE(a)a,
where the grading is defined by setting deg2t™ = —n, deg|0) = 0 and [0) =1 ® 1.
Thus,

Vi(a)a = {v € V¥(a) | Dv = —Av}.
We have V*(a)g = C|0). We identify a with V"*(a); via the linear isomorphism
defined by x +— 2t~1|0).

We have F'V*(a) = a[t~]t72V*(a), and a Poisson algebra isomorphism

Cla’] =5 Ryn(e) = V(@) /alt ™) 2V"(a)

(87)
1. mp—> ot~z tH0)  (z; € a).
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Thus
Xy =a".
We have the isomorphism
(88) ClJso(a)] = grV*(a).

Indeed, the graded dimensions of both sides coincide. Moreover,
GV (a) = Up(alt~']t™1)|0),
where {U,(a[t7!]t71)}, is the PBW filtration of U(a[t~!]¢t!), and we have the
isomorphisms
grU(a[t™'t7") = S(a[t™1t ") = ClJu(a)]-
As a consequence of (88), we get

S5(V*(a)) = Joo(a").

4.3.4. Simple affine vertex algebras. Let Vi (g) be the unique simple graded
quotient of the universal affine vertex algebra V*(g) = V*(g), with k = k(| ), k € C,
as in §2.3.2. Remind that, as a g-module, V4 (g) = L(kD), where D is the weight
of the basic representation of g.

THEOREM 4.27. The vertex algebra Vi(g) is lisse if and only if Vi.(g) is inte-
grable as a g-module, which is true if and only if k € Z>o.

LEMMA 4.28. Let (R,0) be a differential algebra over Q, I a differential ideal
of R, i.e., I is an ideal of R such that O C I. Then OvI C \/I.

PROOF. Let a € VI, so that a™ € I for some m € Zg. Since I is O-invariant,
we have 0™a™ € I. But

oram =y (T)w-i(aa)izm!(aa)m (mod V/T).

0<i<m
Hence (da)™ € /T, and therefore, da € /1. O

PROOF OF THE “IF” PART OF THEOREM 4.27. Suppose that V}(g) is integrable.
This condition is equivalent to that k € Zso and the maximal submodule Ny (g)
of V¥(g) is generated by the singular vector (ept=1)**1]0) ([Kacl]). The exact
sequence 0 — Ni(g) — V*(g) — Vi(g) — 0 induces the exact sequence

0— Ik — Rvk(g) — RVk(g) — 0,

where I is the image of Ny in Ry (g = Clg*], and so, Ry, (q) = Clg*]/I. The
image of the singular vector in I is given by elg*l. Therefore, eg € \/I,. On the
other hand, by Lemma 4.28, \/I}, is preserved by the adjoint action of g. Since g is
simple, g C /I.. This proves that Xy, ;) = {0} as required. O

The proof of the “only if” part follows from [Dong-Li-Mason06]. We will
give a different proof using W-algebras in Remark ?7.

In view of Theorem 4.27, one may regard the lisse condition as a generalization
of the integrability condition to an arbitrary vertex algebra.
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4.3.5. Virasoro vertex alegbras. Let Vir® be the universal Virasoro vertex
algebra with central charge ¢ as in §2.2.3. Any Vir-module with central ¢ (i.e., the
central element C' of Vir acts as a multiplication by ¢) on which L(z) is a field can
be considered as a Vir®-module.

EXERCISE 4.29. Show that
RVirc = (C[J?],
with the trivial Poisson structure, where x is the image of L_5|0).

For the sequel, we let N, be the unique maximal submodule of Vir®, and Vir, =
Vir¢/N, the unique quotient.

4.4. Computation of Zhu’s algebras

Recall that we have a well-defined algebra homomorphism (cf. Lemma 2.20)
ny: Ry — grZhu(V)
between the Zhu’s Cs-algebra Ry and the Zhu algebra Zhu(V') (cf. Section 2.5).

4.4.1. PBW basis. We say that a vertex algebra V admits a PBW basis if
Ry is a polynomial algebra and if the map C[.Jo(Xv)] — grf’V is an isomorphism.

THEOREM 4.30. If V admits a PBW basis, then nyv: Ry — grZhuV is an
isomorphism.

PRrROOF. We have gr Zhu(V) = V/gr(V o V), where gr(V o V) is the associated
graded space of V o V' with respect to the filtration induced by the filtration V,,.
We wish to show that gr(V o V) = F'V. Since aob = a(_2)b (mod Fea,4+a,V), it
is sufficient to show that a o b # 0 implies that a(_2)b # 0.

Suppose that a(_g)b = (T'a)(—1)b = 0. Since V' admits a PBW basis, gr’ V has
no zero divisors, whence T'a = 0. Also, from the PBW property we find that T'a = 0
implies that a = ¢|0) for some constant ¢ € C. Thus, a is a constant multiple of
|0), in which case aob = 0. O

4.4.2. Universal affine vertex algebras. The universal affine vertex alge-
bra V*(g) (see §4.3.3) admits a PBW basis. Therefore

Nvk(g): Rvk(g) = (C[g*] i> gr Zhqu(g).
On the other hand, from Lemma 2.19 one finds that
(89) U(g) — Zhu(V*(g))
gor——>1T= x(,1)|0>

gives a well-defined algebra homomorphism. This map respects the filtration on
both sides, where the filtration in the left side is the PBW filtration. Hence it
induces a map between their associated graded algebras, which is identical to 1y« g).
Therefore (89) is an isomorphism, that is to say, V*(g) is a chiralization of U(g).

EXERCISE 4.31. Extend Theorem 4.30 to the case where g is a Lie superalgebra.
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Theorem 2.18 gives the following in this example. The top degree component
of the irreducible highest weight representation L(\) of g with highest weight X is
Lg(j\), where A is the restriction of A to the Cartan subalgebra b of g.

Let Ny = Ni(g) be the maximal ideal of V*(g) as in §4.3.4 so that

Vi(g) = V*(g)/Ni-
We have the exact sequence Zhu(Ny) — U(g) — Zhu(Vi(g)) — 0 since the functor
Zhu(?) is right exact and thus Zhu(Vj(g)) is the quotient of U(g) by the image Iy
of Zhu(Ny) in U(g):
Zhu(Vi(9)) = U(9)/Ix-

Hence when the homomorphism 7y, (4) of Lemma 2.20 is an isomorphism, the
associated variety Xy, ) can be viewed as an analog of the associated variety of
primitive ideals. However, we will see in Section 4.6 that there are substantial
differences.

In the case where k is a nonnegative integer, we have seen (§4.3.4) that Ny is
just the submodule of V*(g) generated by (egt~!)¥*1|0). In general, it is a hard
problem to compute Ni and I;. We will see next section some examples where it
is possible.

One way to achieve this is to use singular vectors. Recall that a singular vector
of g of a g-module M is a vector v € M such that n,.v = 0, that is, e;.v = 0 for
i=1,...,7. A singular vector of g of a g-module M is a vector v € M such that
n..w=0,thatis, e;o =0fori=1,...,r, and (fet).v = 0. In particular, regarding
Vk(g) as a g-module, a vector v € V*(g) is singular if and only if ny.v = 0.

LEMMA 4.32. We have a g-module embedding

1 _ _
oa: S g) = VH@)a, 1. wa o D @ot™) - (@otI0),
f ey

where S(g) = @D, S%(g) is the usual grading of S%(g).

Let v be a singular vector for g in S%(g). Then o4(v) is a singular vector of
VE(g) if and only if (fyt)oq(v) = 0.

4.4.3. Free fermions. Let n be a finite-dimensional vector space. The Clif-
ford affinization Cl of n is the Clifford algebra (see Appendix A) associated with
n[t,t= 1] @ n*[t,t~!] and its symmetric bilinear form defined by

(@t™|ft") = Omnof(x), (@t™|yt") = 0= (ft"|gt")
for z,y €n, f,g €n*, m,n € Z.
Let {331}1<1<S be a basis of n, {z} }1<Z<5 its dual basis. We write ; ., fo
x;t™ € Cl and oy, for zjt™ € Cl so that Ol is the associative superalgebra Wlth
e odd generators. Vi Vi,m € Lyi = {1,..., s},
e relations: [Vim,Vjn] = (V] s V5] = 0, [Wim, ¥jn] = i j0min.0-
Define the charged fermion Fock space associated with n as
Far=Cl( Y Clhim+ Y. Clgky).

m>0 k>1
1<i<s 1<G<s

It is an irreducible é\l—module, and as C-vector spaces we have
Fo 2 A @ A1),
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There is a unique vertex (super)algebra structure on JF, such that the image
of 1 is the vacuum |0) and

Y (1hi—1]0), 2) = hi(2) == Y _thimz ",

neZ
Y (450l0),2) = 97 (2) i= D 5,2
nez

We have F1F, = n*[t7 1|t 71 F, + n[t 1]t 72F,, and it follows that there is an iso-
morphism

Cl = Ry,
Ty ¢i,—1|0>a

ap = 9il0)

K3

as Poisson superalgebras. Thus,
Xr, =T*(IIn),

where IIn is the space n considered as a purely odd affine space. Its arc space
Joo (T*(IIn)) is also regarded as a purely odd affine space, such that C[Jo (T (IIn))]
A7) @ A(n[t=1]t™1). The map C[J(Xx,)] — gr Fu is an isomorphism and
Fn admits a PBW basis. Therefore we have the isomorphism

nz, : Rr, = Cl — Zhu(F,)
by Exercise 4.31. On the other hand the map

Cl —  Zhu(F,)

r; = 1 1]0),
z; = P7|0)

gives an algebra homomorphism that respects the filtration. Hence we have
Zhu(F,) =2 Cl.

That is, F, is a chiralization of CI.

4.5. Poisson vertex modules and their associated variety

4.5.1. Poisson vertex modules.

DEFINITION 4.33. A Poisson vertex module over a Poisson vertex algebra V' is
a V-module M in the usual sense of vertex V-module, equipped with a linear map

Vi (End M)[[z7Y]z7Y, aw YM(a,2) = Za%)z_"_l,

n=0
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satisfying
(90) alpym =0 for n>>0,
(91) (Ta)(Mn) = —na(Mnfl),
(92) a%)(bv) = (aé‘ﬁ)b)v + b(a%)v),

m
(98) b1 =3 (%) Din o

i>0
M M M
(94) (ab){my =D (a(—im1)blmyi) + b(—ie1) (1 i)
1=0

forall a,beV, mn=>0,ve M.
A Poisson vertex algebra V' is naturally a Poisson vertex module over itself.

EXAMPLE 4.34. Let M be a Poisson vertex module over C[Jo(g*)]. Then by
(93), the assignment

xt" — x%), zeg=(g") CcClg'] C ClJx(g")], n =0,

defines a Jo(g) = g[[t]]-module structure on M. In fact, a Poisson vertex module
over C[J(g*)] is the same as a C[J(g*)]-module M in the usual associative sense
equipped with an action of the Lie algebra Jo(g) such that (zt™)m = 0 for n > 0,
reg, me M, and

(xt") - (am) = (znya) -m + a(xt™) -m
forxeg,n>0,a€ClJs(g*)), me M.

Below we often write a(,) for a%).

The proofs of the following assertions are straightforward. (We refer to §3.4.6
for the definition of Poisson modules.)

LEMMA 4.35. Let R be a Poisson algebra, E a Poisson module over R. There
is a unique Poisson verter Jo(R)-module structure on Jo(R) @r E such that

a(n) (b ®@ m) = (a(,)b) @ m + d,,0b ® {a, m}
forn>20,a € RC Jx(R), b€ Ju(R), m € E (Recall that Joo(R) = ClJ(Spec R)].)

LEMMA 4.36. Let R be a Poisson algebra, M a Poisson vertex module over
Joo(R). Suppose that there exists a R-submodule E of M (in the usual commutative
sense) such that ag,)E =0 forn >0, a € R, and that M is generated by E (in the
usual commutative sense). Then there exists a surjective homomorphism

Jo(R)@r E - M
of Poisson vertex modules.

4.5.2. Canonical filtration of modules over vertex algebras. Let V be
a vertex algebra graded by a Hamiltonian H. A compatible filtration of a V-module
M is a decreasing filtration

M=T"M>T'M>---
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such that
amyDIM C TPT "IN for a € FPV, Vn € Z,
am'M C rPra=npf for a € FPV, n >0,
HTITPM cTPM forall p >0,
(P M =o.
P
For a compatible filtration I'* M, the associated graded space
g M =T M/ M
p=0

is naturally a graded vertex Poison module over the graded vertex Poisson algebra
grf’V, and hence, it is a graded vertex Poison module over J(Ry) = (C[Xv] by
Theorem 4.18.

The vertex Poisson Jo,(Ry)-module structure of grl M restricts to a Poisson
Ry-module structure of M/T'M = TOM/T'M, and a,)(M/T'M) = 0 for a €
Ry C Jo(Ry), n > 0. Tt follows that there is a homomorphism

Joo(Ry) ®@py, (M/TIM) = gt" M, a®m — am,
of vertex Poisson modules by Lemma 4.36.
Suppose that V' is positively graded and so is a V-module M. We denote by
F* M the Li filtration [Li05] of M, which is defined by
FPM = spanc{a%_m_l) . ..a?_m_l)m | adeV,meM, ni+- - +n, > p}.

It is a compatible filtration of M, and in fact, it is the finest compatible filtration
of M, that is, FPM C I'P M for all p for any compatible filtration I'"*M of M. The
subspace F'M is spanned by the vectors a—pym with a € V, m € M, which is
often denoted by C2(M) in the literature. Set

(95) M = M/F'M(= M/Cy(M)),
which is a Poisson module over Ry = V. By [Li05, Proposition 4.12], the vertex
Poisson module homomorphism

JOO(Rv) QRy M — gI‘FM

is surjective.

Let {a®; i € I} be elements of V such that their images generate Ry in the
usual commutative sense, and let U be a subspace of M such that M = U + F' M.
The surjectivity of the above map is equivalent to that

(96) FPM
= spanc{aél_nl_l) . ..al('r_nr_l)m |meU, n; 20,n +--+n. 2p, i1,...,i € I}

LEMMA 4.37. Let V be a vertex algebra, M a V-module. The Poisson vertex

algebra module structure of glFM restricts to the Poisson module structure of M :=
M/F*M over Ry, that is, M is a Poisson Ry -module by

a-m=ac—ym, ad(a)(m) = ag)m, a€ Ry, meM.

A V-module M is called finitely strongly generated if M is finitely generated as
a Ry-module in the usual associative sense.
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4.5.3. Associated varieties of modules over affine vertex algebras.
Recall that a g-module M of level k is called smooth if z(z) is a field on M for
r € g, that is, (xt")m = 0 for n > 0, x € g, m € M, and that a V*(g)-module is
the same as a smooth g-module of level k (cf. §2.3.2).

For a V = V¥(g)-module M, or equivalently, a smooth g-module of level k, we
have

M = M/glt~t~2M,

and the Poisson C[g*]-module structure is given by

z-m=(xt=)ym, ad(z)m = zm, reg meM.
For a g-module E, let
Vi = U(8) ®u(geck e p) E,
where E is considered as a g[t] @ CK @& CD-module on which g[t]®CD acts trivially
and K acts as multiplication by k. Then
Vi=Clg'l®F,
where the Poisson C[g*]-module structure is given by
frgev=_fg)@v, adz(fev)={z,fl@v+ [z,

for f,g € Clg*], ve V.

Recall that Oy denotes the category O of g of level k (cf. §1.5.2). Let KLy
be the full subcateogory of Oy consisting of modules M such that My is finite-
dimensional for all d € C, where

Mg={me M| Dm=dm}.

Note that V% is an object of KLy for a finite dimensional representation E of g.
Thus, V*(g) = V¥ and its simple quotient Vi(g) are also objects of KLj.

Both O and KLj can be regarded as full subcategories of the category of
V% (g)-modules.

LEMMA 4.38. For M € KLy, the following conditions are equivalent:

(1) M is finitely strongly generated as a V*(g)-module,
(2) M is finitely generated as a gt~ ']t ~'-module,
(3) M is finitely generated as a g-module.

DEFINITION 4.39. For a finitely strongly generated V*(g)-module M, define its
associated variety X by

X = suppg,, (M)
= {p € Spec Ry ; p D Anng, (M)} C Xy,
equipped with the reduced scheme structure.

EXAMPLE 4.40. We have Xy = g* for a finite dimensional representation £
of g.
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4.5.4. Frenkel-Zhu’s bimodules. Recall that for a graded vertex algebra V,
its Zhu’s algebra is defined by Zhu(V') = V/V o V. There is a similar construction
for modules due to Frenkel and Zhu [Frenkel-Zhu92]. For a V-module M, set

Zhu(M) = M/V o M,
where V o M is the subspace of M spanned by the vectors
A,
aom = Z( i )a(i—Q)m
>0
for a € Va,, A, € Z, and m € M.

PROPOSITION 4.41 ([Frenkel-Zhu92]). Zhu(M) is a bimodule over Zhu(V') by
the multiplications

A, _ A, -1
a*m:Z(i)a(il)m, m*a—Z( i )a(il)m
>0 >0
forae€Va,, Ay €Z, and m € M.
Thus, we have a right exact functor
V -Mod — Zhu(V)-biMod, M — Zhu(M),
where Zhu(V') -biMod is the category of bimodules over Zhu(V).
LEMMA 4.42. Let M = ®deh+Z>o My be a positive energy representation of
a Zso-graded vertex algebra V. Define an increasing filtration {Zhu,(M)}, on
Zhu(V) by
h+p

Zhu, (M) = im(EP M, — Zhu(M)).
d=h

(1) We have
Zhu, (V') - Zhuy (M) - Zhu, (V) C Zhuyy g4 (M),
[Zhu,(V'), Zhuy(M)] C Zhuyqq—1(M).
Therefore gr Zhu(M) = @, Zhu, (M) /Zhuy,_1 (M) is a Poisson gr Zhu(V)-
module, and hence is a Poisson Ry -module through the homomorphism

nv: Ry — grZhu(V).
(2) There is a natural surjective homomorphism

na: M(= M/F'*M) — gr Zhu(M)
of Poisson Ry -modules. This is an isomorphism if gr M is free over gr V.

EXAMPLE 4.43. Let M = V. Since gr V£ is free over C[Jo(g*)], we have the
isomorphism

vy VE=E®Clg*] = gr Zhu(V§).
On the other hand, there is a U(g)-bimodule homomorphism
E®U(g) — Zhu(VE),

97
67 V@xy ...k = (1QU)* (2t ) %% (2,671 + VF(g) o VE
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which respects the filtration. Here the U(g)-bimodule structure of U(g) ® F is given
by

z(v@u)=(zv)QutvRzu, (WRu)r=0vQ (ux),

and the filtration of U(g) ® F is given by {U;(g) ® E}. Since the induced homo-
morphism between associated graded spaces (97) coincides with nyx, (97) is an
isomorphism.

Recall that HC is the category of Harish-Chandra bimodules (cf. §3.4.16).

LEMMA 4.44. For M € KLy, we have Zhu(M) € HC. If M is finitely gener-
ated, then so is Zhu(M).

4.6. Advanced results, open problems

In previous sections, we were mostly interested in algebraic properties of the
Poisson algebra Ry . We study in this section more geometrical aspects. Recall
that the associated variety of a vertex algebra V' is the Poisson variety

Xv = Specm(Ry).

As a Poisson variety, Xy is a finite disjoint union of smooth analytic Pois-
son manifolds, and it is stratified by its symplectic leaves (see §3.3.3). The case
where the associated variety Xy has finitely many symplectic leaves is particularly
interesting.

We present below various examples, mostly coming from simple affine vertex
algebras, and also non-trivial counter-examples. Other examples coming from W-
algebras will be added in Part 5.

Recall that we have Xy« (q) = g, and therefore the associated variety Xy, ()
is a Poisson subscheme of g* which is G-invariant and conic. Thus, identifying g
with g* through ( | ), the symplectic leaves of Xy, (q) are exactly the adjoint orbits
of G in Xy, (4), and Xy, (g) has finitely many symplectic leaves if and only if Xy, 4
is contained in the nilpotent cone N of g.

4.6.1. Associated variety of admissible representations. Assume that k
is an admissible level (see Definition 1.20), that is, Vi (g) = L(kD) is an admissible
representation of g.

Recall that, according to the Irreducibility Theorem (cf. §3.4.17), the associated
variety of a primitive ideal is contained in the nilpotent cone, and more specifically,
it is the closure of some nilpotent orbit. Theorem 4.46 below says that we have a
similar result for the associated variety of the admissible representation L(kD).

The following fact was conjectured by Feigin and Frenkel and proved for the
case that g = sly by Feigin and Malikov [Feigin-Malikov97].

THEOREM 4.45 ([Arakawalba)). If k is admissible then SS(Vi(g)) C Joo(N)

or, equivalently, the associated variety Xy, q) is contained in N.
In fact, the following stronger result holds.
THEOREM 4.46 ([Arakawalbal). Assume that k is admissible. Then
Xvi(a) = 0y,

where Qg s a nilpotent orbit which only depends on q, with q as in Proposition 1.19
(see Tables 2-10 of [Arakawalbal).
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REMARK 4.47. For g = sl,,, Theorem 4.46 gives the following. Let k£ be admis-
sible, and let ¢ € Z~q be the denominator of k, that is, k +h" = p/q, with p € Z~q
and (p,q) = 1. Then

Xvi(g) = {z € 9] (ad2)*? = 0} = O,

where Oy is the nilpotent orbit corresponding to the partition

{(n) itq>n,

Remind that hY = n for g = sl,.

REMARK 4.48. In the classical cases, one can verify that all nilpotent orbit clo-
sures O, appearing in Theorem 4.46 are all normal (see [Arakawa-Moreaul6b,
§5.1]). Hence their intersection with Slodowy slices are always irreducible by
Lemma B.5. To verify this, we use the combinatorial method developed by Kraft
and Procesi to determine whether a given nilpotent orbit closure is normal (cf. B.0.6).

In the exceptional cases, the nilpotent orbit closure of dimension 8 in Gy is
not normal and appears as associated variety of some simple affine vertex alge-
bra of admissible level. Nevertheless, all nilpotent orbit closures @q appearing in
Theorem 4.46 in the exceptional cases are unibranch (cf. §B.0.6). Hence their in-
tersection with Slodowy slices are always irreducible too (see the comments be-
fore Lemma B.5). Moreover, except for the nilpotent orbit of dimension 8 in
G, all nilpotent orbit closures are (conjecturally for the types E7 and Eg) nor-
mal. To see this, just compare Tables 2-10 of [Arakawal5a] and Table 3 of
[Arakawa-Moreaul6b].

4.6.2. Deligne series and the Joseph ideal. There was actually a “strong
Feigin-Frenkel conjecture” stating that k is admissible if and only if Xy, C N
(provided that k is not critical, that is, k # —h" in which case it is known that
Xvi,(g) = N). Such a statement would be interesting because it would give a
geometrical description of the admissible representations L(kD).

This stronger conjecture is actually wrong, as shown the following.

THEOREM 4.49 ([Arakawa-Moreaulb]). Assume that g belongs to the Deligne
exceptional series [Deligne96],

AlCAQCGQCD4CF4CE6CE7CE87
h\/
and thatk:—?—l, Then

XVk (g) = ©min~

Note that the level Kk = —hY/6 — 1 is not admissible for the types Dy, Fg,
FEr;, Eg. Theorem 4.49 provides the first known examples of associated varieties
contained in the nilpotent cone corresponding to non-admissible levels.

The proof of this result is closely related to the Joseph ideal and its description
by Gan and Savin (§3.4.21).

SKETCH OF PROOF OF THEOREM 4.49. Let W = @, W; be the decomposi-
tion of W into irreducible submodules, and let w; be a highest weight vector of
Wi.
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LEMMA 4.50. Assume that g belongs to the Deligne exceptional series outside
the types A and Go. For any i, oo(w;) is a singular vector of V*(g) if and only if

k=——-—-1.
6

PROOF (FOR THE TYPES Eg AND FE7). Assume that g has type Fg or E7. The
proof is very similar for types Dy and Eg (only some technical changes) and we refer
to [Perse07] for the type Fy.

By (72), W = W7 = Lg(6+61). Moreover, according to [Garfinkle82, Chapter
IV, Proposition 11],

LA
w1 = 60691 - Z eﬂj+9165j+017
j=1
where (3;,0;) runs through the pairs of positive roots such that

BJ+6]:9—91

The number of such pairs turns out to be equal to hY /6 + 1.
Choose a Chevalley basis {h;}; U {eq, fa}a of g so that the conditions of
[Garfinkle82, Chapter IV, Definition 6] are fulfilled, that is

(98) Vi, les;,les; o]l =eo, les;.eo] =ep10,, s, e0,] = €540,
We conclude thanks to the following exercise.

EXERCISE 4.51. Verify that oo(w;) is a singular vector of V*(g) if and only if
k=—-hV/6—1.

O

For g of type Ay, As, Ga, Fy, the number —h"Y /6 — 1 is admissible, and the
theorem is a special case of Theorem 4.46.

Assume that g is of type Dy, Fg, E7, or Eg and set k = —h" /6 — 1.

Let N be the submodule of V¥(g) generated by o (w;) for all i and let

Vi(g) = V¥(g)/N.
Cramv 4.1 ([Arakawa-Moreaul5, Proof of Theorem 3.1]). Vi(g) = Vi(g),
that is, Vi (g) is simple.
The exact sequence 0 — N — V*(g) — Vi (g) — 0 induces an exact sequence
N/alt ™'t 72N = Vi (g)/glt™ 1tV (g) = Valg)/alt ™'t *Vi(g) — 0.

Under the isomorphism V*(g)/g[t~1]t=2V*(g) = S(g), the image of N/g[t ']t 2N
in V*(g)/g[t=!]t~2V*(g) is identified with the ideal J of S(g) generated by w; for
all 4. Hence J C Jy C V/J. Therefore by Lemma 3.70,

VI=\Jw=Jo
as required, by Claim 4.1. Remember that Jy is the defining ideal of Q,,;,. O

As a consequence of the above results (specifically, Lemma 3.70, Lemma 4.50
and Claim 4.1), we obtain the following result. Recall that Jy is the two-sided
ideal of U(g) generated by W.
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THEOREM 4.52. Assume that g belongs to the Deligne exceptional series outside
hv
the type A and that k = S 1. Then Vi(g) is a chiralization of U(g)/Jw , that

Zhu(Vi(g)) = U(g)/Iw = C x U(g)/ Jo-

In particular (see §4.4.2), since Jy is mazximal, the irreducible highest weight rep-
resentation L(\) of § is a Vi(g)-module if and only if

A=0 or Anng Lg(A) = o,
and such \ are described by Joseph (see Table 1 of [Arakawa-Moreaulbs]).

Theorem 4.49 produces “new” (that is, not coming from admissible levels)
examples of level k£ such that Xy, 4) is contained in the nilpotent cone. In par-
ticular, such associated varieties have only finitely many symplectic leaves. Such
vertex algebras are called quasi-lisse (cf. [Arakawa-Kawasetsul6]). It is shown
in [Arakawa-Kawasetsul6] that the normalized character of an ordinary module
over a quasi-lisse vertex operator algebra has a modular invariance property, in the
sense that it satisfies a modular linear differential equation.

We will see that Theorem 4.49 also produces “new” examples of lisse simple W-
algebras. There are actually other such examples in type D,., r > 5, and in type B,.,
r 2 3; see [Arakawa-Moreaul5, Arakawa-Moreaul6a, Arakawa-Moreaul6b|;
(see Part 5 for more details about all this).

4.6.3. Sheets as associated variety. In all the above examples, Xy, (4) is a
closure of a some nilpotent orbit @ C N, or Xy, gy = g*. The later happens if k is
generic, that is, k € Q in which case Vi (g) = V*(g). Therefore it is natural to ask
whether there are cases when Xy, (q) ¢ N and Xv,(g) is a proper subvariety of g*.

It is known that sheets (see §B.0.5) appear in the representation theory of fi-
nite dimensional Lie algebras (cf. e.g., [Borho-Brylinski82, Borho-Brylinski85,
Borho-Brylinski89], and more recently of finite W-algebras [Premet-Topley14,
Premet14]. Next result is that sheets also appear as associated varieties of some
affine vertex algebras.

THEOREM 4.53 ([Arakawa-Moreaul6a)). (1) Forn >4,

XV_l(gln) = Smin

as schemes, where S,,;, is the unique sheet containing Q. Moreover,
as schemes,

SS(V_1(sl,) = Joo(Smin)-
(2) Form > 2,
Xy, (stam) = So

as schemes, where Sq is the unique sheet containing the nilpotent orbit
O(am). Moreover, as schemes,

S(V_rn(8l2m) = Jo(So)-
(3) Let r be an odd integer. Then
Xv, (soa) = S1USI1,
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where S; and Sy; are the unique sheets containing the nilpotent orbits
(O){Qm) and ©(12m) respectively. Note they are distinct and of the same
dimension. In particular the associated variety Xy, (so,,) 15 reducible.

By the Irreducibility Theorem, associated varieties of primitive ideals are irre-
ducible and contained in the nilpotent cone. Theorem 4.53 shows that this is not
anymore the case for affine vertex algebras.

4.6.4. Conjectures, open problems. In view of the above results (and other
results, particularly, on associated varieties of simple affine W-algebras: see Part 5),
we formulate a conjecture (cf. [Arakawa-Moreaul6a, Conjecture 1]).

CONJECTURE 2. Let V= ®g>0Vy be a simple, finitely strongly generated, posi-
tively graded conformal vertex operator algebra such that Vi = C.
(1) Xv is equidimensional.
(2) Assume that Xy has finitely many symplectic leaves, that is, V is quasi-
lisse. Then Xy s irreducible. In particular, Xy, ) is irreducible if
XV}C(Q) C WN.

We also have the following conjecture.

CONJECTURE 3. For any vertex algebra V' as in Conjecture 2, we have, as
schemes, SS(V) = Joo (Xv).

Conjecture 3 is also non trivial stated for the corresponding reduced schemes.
In this setting, the following result is useful (and was applied for instance in The-
orem 4.53).

PROPOSITION 4.54 ([Arakawa-Moreaul6a)). Let V be a quotient of the ver-
tex algebra V*(g). Suppose that Xy = G.C*z for some x € g. Then

SS(V)red = Joo(Xv) = Joo (GC*2) = Joo (G.C2).

For example, the closures of nilpotent orbits satisfy the conditions of Proposi-
tion 4.54, and also Dizmier sheets of rank one (cf. §B.0.5).

To conclude this section, note that there are other known examples of associated
varieties with finitely many symplectic leaves: apart from the above examples, it
is the case when V is the (generalized) Drinfeld-Sokolov reduction (see Part 5) of
the above affine vertex algebras provided that it is nonzero ([Arakawalb5a]). This
is also expected to happen for the vertex algebras obtained from four dimensional
N = 2 superconformal field theories ([BLLT]), where the associated variety is
expected to coincide with the spectrum of the chiral ring of the Higgs branch of the
four dimensional theory. Of course, it also happens when the associated variety of
V' is a point, that is, when V is lisse.



PART 5

Affine W-algebras, rationality of W-algebras, and
chiral differential operators on groups
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APPENDIX A
Superalgebras and Clifford algebras

A superspace is a C-vector space E¥ equipped with a Zy-grading, FF = EYq E".
Elements in E° are called even, elements of E' are called odd. We denote by
|v| € {0,1} the parity of homogeneous elements v € E. A morphism of superspaces
is a linear map preserving Zs-gradings. It is itself a superspace by:

Hom(E, F)° = Hom(E?, F°) @ Hom(E', F1),

Hom(E, F)' = Hom(E°, F') ® Hom(E", F°).
The category of superspaces is a tensor category. Then one may define superal-
gebras, Lie superalgebras, Poisson superalgebras, etc. as the algebra objects, Lie
algebra objects, Poisson algebra objects etc. in this tensor category.

For example, a Lie superalgebra is a superspace A together with a bracket
[,]: Ax A— Asuch that for all homogeneous elements a,b € A,

[a,b] = —(=1)1I"![b, q],
[a, [b, e]] = {{a, b}, c} + (=1)1*"/[a, [b, c]].

Note that any superalgebra A is naturally a Lie superalgebra by setting for all
homogeneous elements a,b € A,

[a,b] = ab — (—1)1*1®lpq,

It is supercommutative if [A, A] = 0.

A superspace A is a Poisson superalgebra if it is equipped with a bracket
{, }: Ax A— Asuch that (A,{, }) is a Lie superalgebra and for any a € A, the
operator {a,-}: A — A is a superderivation: for all homogeneous elements a,b € A,

{a,bc} = {a,b}a+ (—1)1*PIp{a, ¢},
Let E be a C-vector space. The exterior algebra AFE is the quotient of the tensor
algebra T(E) = @, T(E)*, with T*(E) = E®- -+ ® E the k-fold tensor product,
by the two-sided ideal I(FE) generated by elements of the form v ® w + w ® v with

v,w € E. The product in AFE is usually denoted by v A w. Since I(E) is graded,
the exterior algebra inherits a grading

NE) = @ nk(E).
kEZ

Clearly, AY(E) = C and A'(E) = E. We may thus think of AE as the associative
algebra linearly generated by FE, subject to the relations v Aw+wAv = 0. We will
regard A(E) as a graded superalgebra, where the Zs-grading is the mod 2 reduction
of the Z-grading. Since

[ul,UQ] = us N ug + (71)k1k2u2 ANugy =0
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for u; € A¥1(E) and us € AF2(E), we see that AE is supercommutative.
Assume that E is endowed with a symmetric bilinear form B: E x E — E
(possibly degenerate).

DEFINITION A.1. The Clifford algebra’ CI(E, B) is the quotient of T(E) by

the two-sided ideal .# (F, B) generated by all elements of the form
vw+w®v— B(v,w)l, v,w € E.

Clearly, CI(E,0) = AV.

The inclusions C — T(E) and E — T(FE) descend to inclusions C — CI(F, B)
and E — CI(E, B) respectively. We will always view E as a subspace of Cl(E, B).

Let us view T(E) = @, T"(E) as a filtered superalgebra, with the Z,-grading
and filtration inherited from the Z-grading. Since the elements v ® w + w ® v —
B(v,w)1 are even, of filtration degree 2, the ideal .#(FE, B) is a filtered super sub-
space of T(FE), and hence CI(FE, B) inherits the structure of a filtered superalgebra.
The Zo-grading and filtration on CI(E, B) are defined by the condition that the
generators v € E are odd, of filtration degree 1. In the decomposition

CI(E,B) = CI(E, B)° & CI(E, B)"
the two summands are spanned by products vy ...v; with k even, respectively
odd. We will always regard CI(E, B) as a filtered superalgebra. Then the defining
relations for the Clifford algebra become
[v,w] = vw 4+ wv = B(v,w), v,we E.
The quantization map, given by the anti-symmetrization:
q: N(E)—= CIUE,B), viA...ANvp+— Z sgn(0)vy1 - -« Vok,
geS),

with & the permutation group of order k, is an isomorphism of superspaces. Its
inverse is called the symbol map.

PROPOSITION A.2. The symbol map o: CI(E, B) — A(E) induces an isomor-
phism of graded superalgebras,

grCI(E, B) = A(E).

Since A(F) is supercommutative, gr CI(E, B) inherits a Poisson superalgebra
structure?, and the symbol map is an isomorphism of graded Poisson superalgebras.
The Poisson bracket on A(E) can be described by:

{v,w} = B(v,w), v,w € B =AYE).

For more about Clifford algebras, we refer to the recent book of Eckhard Mein-
renken (it also adsresses Weil algebras and quantized Weil algebras) [Meinrenken].

1n [Meinrenken], there is a factor 2. For some reasons, we prefer here a different
normalization.
2The arguments are similar to the case of almost commutative algebras; see §3.3.1.



APPENDIX B

Some advanced results on the geometry of
nilpotent orbit closures

In this appendix, we present some deeper aspects of the geometry of nilpotent
orbit closures.
Let g = Lie(G) be a simple Lie algebra as in Part 3.

B.0.5. Jordan classes, sheets and induced nilpotent orbits. Most of
results presented in this section come from [Borho-Kraft79, Borho81]. Our
main reference for basics about Jordan classes and sheets is [Tauvel-Yu, §39].

For a a subalgebra of g, denote by 3(a) its center. For Y a subset of g, denote
by Y*°® the set of y € Y for which g¥ has the minimal dimension. In particular, if
[ is a Levi subalgebra of g, then

30 :={yegls(e”) =30}

and 3()™¢ is a dense open subset of 3([). For x € g, denote by z, and x, the
semisimple and the nilpotent components of x respectively.
The Jordan class of x is

J(z) := G.(3(g")"% + ).

It is a G-invariant, irreducible, and locally closed subset of g. To a Jordan class
J, we associate its datum which is the pair (I, Q) defined as follows. Pick = € J.
Then [ is the Levi subalgebra g*s and Oy is the nilpotent orbit in [ of x,,. The
pair (I, Q) does not depend on x € J up to G-conjugacy, and there is a one-to-one
correspondence between the set of pairs (I, Q;) as above, up to G-conjugacy, and
the set of Jordan classes.

A sheet is an irreducible component of the subsets

g(m) ={z €g| dimg® = m}, m € Zxg.

It is a finite disjoint union of Jordan classes. So a sheet S contains a unique dense
open Jordan class J and we can define the datum of S as the datum ([, Oy) of the
Jordan class J. We have

S=J and S=(J)*s.
A sheet is called Dizmier if it contains a semisimple element of g. A sheet S with
datum ([, Q) is Dixmier if and only if Oy = {0}. We shall simply denote by S; the
Dixmier sheet with datum ([, {0}).

Let [ be a proper Levi subalgebra of g, and p a parabolic subalgebra of g with
Levi decomposition p = [ & m so that m is the nilpotent radical of p. Let P, L
and M be the connected closed subgroups of G whose Lie algebra are p, [ and m
respectively. Then P = LM.
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The following definitions and results on induced nilpotent orbits are mostly ex-
tracted from [R74] and [Lusztig-Spaltenstein79]. We refer to [Collingwood-McGovern,
Chapter 7] for a recent survey.

THEOREM B.1. Let Oy be a nilpotent orbit of I. There exists a unique nilpotent
orbit Q4 in g whose intersection with O +m is a dense open subset of O + m.
Moreover, the intersection of Oy with Oy + m consists of a single P-orbit and
codimy(Oy) = codim(Oy).

The nilpotent orbit Oy only depends on [, a nd not on the choice of a parabolic
subalgebra p containing it. The nilpotent orbit Oy is called the induced nilpotent
orbit o f g from Oy, and it is denoted by Ind?(Oy). A nilpotent orbit which is not
induced in a proper way from another one is called rigid. In sl,,, only the zero orbit
is rigid, and all nilpotent orbits are Richardson, that is, induced from 0 in some
Levi subalgebra.

REMARK B.2. The induction property is transitive in the following sense: if [y
and [ are two Levi subalgebras of g with [; C I3, then

Ind{ (Ind{f (0y,)) = Ind{ (Oy,).

A Jordan class with datum ([, Q) is a sheet if and only if Oy is rigid in [. So we
get a one-to-one correspondence between the set of pairs (I, Oy), up to G-conjugacy,
with [ a Levi subalgebra of g and O, a rigid nilpotent orbit of [, and the set of
sheets.

Each sheet contains a unique nilpotent orbit. Namely, if S is a sheet with
datum (I, Q) then the induced nilpotent orbit Ind{(Qy) of g from Oy in [ is the
unique nilpotent orbit contained in S. Note that a nilpotent orbit O is itself a sheet
if and only if O is rigid. For instance, outside the type A, the minimal nilpotent
orbit Q,,;, is always a sheet.

EXAMPLE B.3. The Levi subalgebras of sl,, and so the (Diximer) sheets, are
parametrized by compositions of n. More precisely, if A € &2(n), then the (Dixmier)
sheet associated with A is the unique sheet containing Q¢ where ‘A is the dual
partition of A.

Contrary to the sl,, case, it may happen in the so,, case that a given nilpotent
orbit belongs to different sheets, and not all sheets are Dixmier.

The rank of a sheet S with datum ([, Oy) is by definition
rank(S) := dim S — dim Ind{ (Oy) = dim 3(1).
If S = §; is Dixmier, then Oy = 0 and we have
S=Glppl =GO +m) and S = (G.lp,p[)x.

where p = [ @ m is a parabolic subalgebra of g with Levi factor [ and nilradical m.
Let h be a Cartan subalgebra of g. For S a sheet with datum (I, Oy), one can
assume without loss of generality that b is a Cartan subalgebra of [. In particular,
3 ch.
The following lemma shows that Dixmier sheets of rank one are are easy to
understand.
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LEMMA B.4. Let Sy be a Dixmier sheet of rank one, that is, 3([) = C\ with
A€ b\{0}. Then
Si=G.CA=G.(CA+m) =G.C*AUIndY(0),
and
St = G.C*AUInd{(0).

Let P be the connected parabolic subgroup of G with Lie algebra p = [@m.
The G-action on Y := G/(P, P), where (P, P) is the commutator-subgroup of P,
induces an algebra homomorphism

Yy : U(g) = Dy
from U(g) to the algebra Dy of global differential operators on Y. Let

jy := ker d)y
be the kernel of this homomorphism. It is a two-sided ideal of U(g). It has been
shown by Borho and Brylinski [Borho-Brylinski82, Corollary 3.11 and Theo-
rem4.6] that \/gr_#y is the defining ideal of the Dixmier sheet closure determined
by P, that is, S;. Furthermore,

Sy = () AmU(g) @u(p Ca.
Aez(0)~

Here, for A € p*, C, stands for the one-dimensional representation of p correspond-
ing to A, and we extend a linear form A € 3([)* to p* by setting A(x) = 0 for
x € [, @ m. Identifying g with g* through ( | ), 3(I)* identifies with 3([). In
particular, if 3(I) = CX for some nonzero semisimple element A\ € g, we get

Iy = ﬂ AnnU(g) ®u(p) Cen.

teC

In fact

(99) Sy = () AmU(g) @u(p) Coa-
tez

for any Zariski dense subset Z of C ([Borho-Jantzen77]).

B.0.6. Branching and nilpotent Slodowy slices. We collect in this para-
graph some results about branchings and nilpotent Slodowy slices. We refer to
[EGA61, Chap. ITI, §4.3] for the definition of unibranchness, and to [Kraft-Procesi82]
or [Fu-et-all5] for further details on branchings and nilpotent Slodowy slices.

Consider two varieties X,Y and two points x € X, y € Y. The singularity of
X at x is called smoothly equivalent to the singularity of Y at y if there is a variety
Z, a point z € Z and two maps

724X

y

such that ¢(z) =z, ¥(2) = y, and ¢ and ¢ are smooth in z ([Hesselink76]). This
clearly defines an equivalence relation between pointed varieties (X, z). We denote
the equivalence class of (X, ) by Sing(X, z).
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Various geometric properties of X at x only depends on the equivalence class
Sing(X, x), for example: smoothness, normality, seminormality (cf. [Kraft-Procesi82,
§16.1] ), unibranchness, Cohen-Macaulay, rational singularities.

Assume that the algebraic group G acts regularly on the variety X. Then
Sing(X, z) = Sing(X, ') if z and 2’ belongs to the same G-orbit Q. In this case,
we denote the equivalence class also by Sing(X, Q).

A cross section (or transverse slice) at the point x € X is defined to be a locally
closed subvariety S C X such that z € S and the map

GxS—X, (g,8)+g.s,

is smooth at the point (1, ). We have Sing(S,z) = Sing(X, ).

In the case where X is the closure of some nilpotent G-orbit of g, there is a
natural choice of a cross section. Let @,Q’ be two nonzero nilpotent orbits of g
and pick f € Q' that we embed f into an sly-triple (e, h, f) of g. The Slodowy slice
S5 = f+g°is a transverse slice of g at f (cf. Theorem 3.12). The variety

y@f ::@myf

is then a transverse slice of @ at f, which we call, following the terminology of
[Fu-et-all5], a nilpotent Slodowy slice.

Note that .#p ¢ = {f} if and only if O = G. f. Moreover, since the C*-action of
p on .%; is contracting to f and stabilizes .} o, -%o,f = @ if and only if G.f Z O.
Hence we can assume that @' C O, that is, @' < O for the Chevalley order on
nilpotent orbits. The variety .#p, ¢ is equidimensional, and

dim .%p, s = codim(0Q’, 0).

Since any two sls-triples containing f are conjugate by an element of the
isotropy group of f in G, the isomorphism type of /p s is independent of the
choice of such slo-triples. Moreover, the isomorphism type of #p ¢ is independent
of the choice of f € O'. By focussing on %, s, we reduce the study of Sing(0, Q')
to the study of the singularity of Ao, at f.

The variety #p, ¢ is not always irreducible. We are now interested in sufficient
conditions for that .#p ¢ is irreducible.

Let X be an irreducible algebraic variety, and =z € X. We say that X is
unibranch at z if the normalization 7: (X,z) — (X, z) of (X,z) is locally a home-
omorphism at z [Fu-et-all5, §2.4]. Otherwise, we say that X has branches at x
and the number of branches of X at x is the number of connected components of
n~1(z) [Beynon-Spaltenstein84, §5,(E)].

As it is explained in [Fu-et-all5, Section 2.4], the number of irreducible com-
ponents of .#p ¢ is equal to the number of branches of O at f.

If an irreducible algebraic variety X is normal, then it is obviously unibranch
at any point z € X. Hence we obtain the following result.

LEMMA B.5. Let ©,Q’ be nilpotent orbits of g, with @' < O and f € Q'. If O
is normal, then S ¢ is irreducible.

The converse is not true. For instance, there is no branching in type Ga
but one knowns that the nilpotent orbit A, of G5 of dimension 8 is not normal
[Levasseur-Smith88].

The number of branches of @ at f, and so the number of irreducible compo-
nents of .7p r, can be determined from the tables of Green functions in [Shoji80,
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Beynon-Spaltenstein84], as discussed in [Beynon-Spaltenstein84, Section 5,(E)-
(F)]. See Table 2 of [Arakawa-Moreaul6b] for the complete list of the nilpotent
orbits O which have branchings in types Fy, Fg, E7 and Eg (there is no branching in
type G3), and Table 3 of [Arakawa-Moreaul6b] for the (conjectural) list a non-
normal nilpotent orbit closures in the exceptional types. These results are extracted
from [Levasseur-Smith88, Kraft89, Broer98a, Broer98b, Sommers03]. The
list is known to be exhaustive for the types Ga, Fy and Ejg. It is only conjecturally
exhaustive for the types E; and Eg.

The normality question of nilpotent orbit closures in the classical types is now
completely answered ([Kraft-Procesi79, Kraft-Procesi79, Sommers05]). Note
that, by [Kraft-Procesi79], if g = sl,,, then all nilpotent orbit closures are normal.
In all the other types, there is at least one non-normal nilpotent closure.

Let O be a nilpotent orbit of g. Recall that the singular locus of O is O \ Q.
This was shown by Namikawa [Namikawa04] using results of Kaledin and Pa-
nyushev [Kaledin06, Panyushev91]; see [Hendersonl5, Section 2] for a re-
cent review. This result also follows from Kraft and Procesi’s work in the classi-
cal types [Kraft-Procesi81, Kraft-Procesi82], and from the main theorem of
[Fu-et-all5] in the exceptional types.

THEOREM B.6 ([Kraft-Procesi8®2, Theorem 1]). Let O be a nilpotent orbit in
0, OT Sp,,.
(1) O is normal if and only if it is unibranch.
(2) O is normal if and only if it is normal in codimension 2.

In particular, O is normal if it does not contain a nilpotent orbit @' < @ of
codimension 2. Theorem B.6 does not hold if g = s09,, and if O = Oy x, with A
very even. To determine the equivalence class Sing(O¢ x, O ), for € € {—1,1} and
1 < A, there is a combinatorial method developed in [Kraft-Procesi82]. We refer
to [Arakawa-Moreaul6b, Section 4] for more details about this.

Kraft and Procesi method together with Theorem B.6 allow to deal with al-
most all nilpotent orbits, with exceptions for the very even nilpotent orbits in
type so,. For these orbits, the normality question was partially answered in
[Kraft-Procesi82, Theorem 17.3], the remaining cases were dealt with in [Sommers05].






Bibliography

[Abe-Buhl-Dong04] Toshiyuki Abe, Geoffrey Buhl, and Chongying Dong. Rationality, regularity,
and Ca-cofiniteness. Trans. Amer. Math. Soc., 356(8):3391-3402 (electronic), 2004.
[Adamovié-Milas95] Drazen Adamovié and Antun Milas. Vertex operator algebras associated to

modular invariant representations for A(ll). Math. Res. Lett., 2(5):563-575, 1995.

[Adler78] Mark Adler. On a trace functional for formal pseudo differential operators and the
symplectic structure of the Korteweg-de Vries type equations. Invent. Math., 50(3):219-248,
1978/79.

[Arakawa05] Tomoyuki Arakawa. Representation theory of superconformal algebras and the Kac-
Roan-Wakimoto conjecture. Duke Math. J., 130(3):435-478, 2005.

[Arakawa07] Tomoyuki Arakawa. Representation theory of W-algebras. Invent. Math.,
169(2):219-320, 2007.

[Arakawall] Tomoyuki Arakawa. Representation theory of W-algebras, II. In Exploring new struc-
tures and natural constructions in mathematical physics, volume 61 of Adv. Stud. Pure Math.,
pages 51-90. Math. Soc. Japan, Tokyo, 2011.

[Arakawal2] Tomoyuki Arakawa. A remark on the C2 cofiniteness condition on vertex algebras.
Math. Z., 270(1-2):559-575, 2012.

[Arakawald] Tomoyuki Arakawa. Two-sided BGG resolution of admissible representations. Rep-
resent. Theory, 19(3):183-222, 2014.

[Arakawal5a] Tomoyuki Arakawa. Associated varieties of modules over Kac-Moody algebras and
Ca-cofiniteness of W-algebras. Int. Math. Res. Not. 2015(22): 11605-11666, 2015.

[Arakawalbb] Tomoyuki Arakawa. Rationality of W-algebras: principal nilpotent cases. Ann.
Math., 182(2):565-694, 2015.

[Arakawal6] Tomoyuki Arakawa. Rationality of admissible affine vertex algebras in the category
O. Duke Math. J., 165(1), 67-93, 2016.

[Arakawa] Tomoyuki Arakawa. Rationality of W-algebras II. in preparation.

[Arakawa-lectures|] Tomoyuki Arakawa. Introduction to W-algebras and their representation the-
ory. Preprint http://arxiv.org/pdf/1605.00138v1.pdf.

[Arakawa-Fiebigl2] Tomoyuki Arakawa and Peter Fiebig. On the restricted Verma modules at
the critical level. Trans. Amer. Math. Soc., 364(9):4683-4712, 2012.

[Arakawa-Kawasetsul6] Tomoyuki Arakawa and Kazuya Kawasetsu. Quasi-lisse vertex algebras
and modular linear differential equations. arXiv:1610.05865 [math.QA].

[Arakawa-Kuwabara-Malikov] Tomoyuki Arakawa, Toshiro Kuwabara, and Fyodor Malikov. Lo-
calization of Affine W-Algebras. Comm. Math. Phys., 335(1):143-182, 2015.

[Arakawa-Lam-Yamadal4] Tomoyuki Arakawa, Ching Hung Lam, and Hiromichi Yamada. Zhu’s
algebra, Ca-algebra and Ca-cofiniteness of parafermion vertex operator algebras. Adv. Math.,
264:261-295, 2014.

[Arakawa-Lam-Yamada] Tomoyuki Arakawa, Ching Hung Lam, and Hiromichi Yamada. in prepa-
ration.

[Arakawa-Molev14] Tomoyuki Arakawa and Alexander Molev. Explicit generators in rectangular
affine W-algebras of type A. arXiv:14038.1017 [math.RT], to appear in Lett. Math. Phys.
[Arakawa-Moreau-lectures] Tomoyuki Arakawa and Anne Moreau. Lectures on W-algebras (work-

shop in Melbourne). In preparation.

[Arakawa-Moreaul5] Tomoyuki Arakawa and Anne Moreau. Joseph ideals and lisse minimal W-
algebras. J. Inst. Math. Jussieu, published online, arXiv:1506.00710[math.RT].

[Arakawa-Moreaul6a] Tomoyuki Arakawa and Anne Moreau. Sheets and associated varieties of
affine vertex algebras. arXiv:1601.05906[math.RT].

105


http://arxiv.org/pdf/1605.00138v1.pdf

106 BIBLIOGRAPHY

[Arakawa-Moreaul6b] Tomoyuki Arakawa and Anne Moreau. On the irreducibility of associated
varieties of W-algebras. Preprint http://arxiv.org/pdf/1608.03142.pdf.

[Bakalov-Kirillov01l] Bojko Bakalov and Alexander Kirillov, Jr. Lectures on tensor categories and
modular functors, volume 21 of University Lecture Series. American Mathematical Society,
Providence, RI, 2001.

[Bass-Connel-Wright82] Hyman Bass, Hyman, Edwin Connell and David Wright. The Jacobian
conjecture: reduction of degree and formal expansion of the inverse. Bull. Amer. Math. Soc.
7(2):287-330, 1982.

[BLLT] Christopher Beem, Madalena Lemos, Pedro Liendo, Wolfger Peelaers, Leonardo Rastelli,
and Balt C. van Rees. Infinite chiral symmetry in four dimensions. Comm. Math. Phys.,
336(3):1359-1433, 2015.

[Beilinson-Drinfeld96] Alexander A. Beilinson and Vladimir G. Drinfeld. Quantization of Hitchin’s
fibration and Langlands’ program. In Algebraic and geometric methods in mathematical
physics (Kaciveli, 1993), volume 19 of Math. Phys. Stud., pages 3—7. Kluwer Acad. Publ.,
DordrecAdlerht, 1996.

[Beilinson-Drinfeld05] Alexander Beilinson and Vladimir Drinfeld. Opers. preprint, 2005.
arXiv:math/0501398v1 [math.AG].

[Beilinson-Feigin-Mazur] Alexander Beilinson, Boris. Feigin, and Barry Mazur. Introduction to
algebraic field theory on curves. preprint.

[Belavin-Polyakov-Zamolodchikov84] Aleksander A. Belavin, Alexander. M. Polyakov, and Alek-
sandr. B. Zamolodchikov. Infinite conformal symmetry in two-dimensional quantum field the-
ory. Nuclear Phys. B, 241(2):333-380, 1984.

[Beynon-Spaltenstein84] W. Meurig Beynon and Nicolas Spaltenstein. Green functions of finite
Chevalley groups of type E,, (n =6,7,8). J. Algebra 88(2):584-614, 1984.

[deBoerTjin94] Jan de Boer and Tjark Tjin. The relation between quantum W algebras and Lie
algebras. Comm. Math. Phys., 160(2):317-332, 1994.

[Borcherds86] Richard E. Borcherds. Vertex algebras, Kac-Moody algebras, and the Monster.
Proc. Nat. Acad. Sci. U.S.A., 83(10):3068-3071, 1986.

[Borho81] Walter Borho. Uber schichten halbeinfacher Lie-algebren. Invent. Math., 65:283-317,
1981.

[Borho-Brylinski82] Walter Borho and Jean-Luc Brylinski. Differential operators on homogeneous
spaces. 1. Irreducibility of the associated variety for annihilators of induced modules. Invent.
Math. 69(3):437-476, 1982.

[Borho-Brylinski85] Walter Borho and Jean-Luc Brylinski. Differential operators on homogeneous
spaces. III. Characteristic varieties of Harish-Chandra modules and of primitive ideals. Invent.
Maith. 80(1):1-68, 1985.

[Borho-Brylinski89] Walter Borho and Jean-Luc Brylinski. Differential operators on homogeneous
spaces. II. Relative enveloping algebras. Bull. Soc. Math. France 117(2):167—-210, 1989.

[Borho-Kraft79] Walter Borho and Hanspeter Kraft. Uber Bahnen und deren Deformationen bei
linear Aktionen reducktiver Gruppen. Math. Helvetici., 54:61-104, 1979.

[Borho-Jantzen77] Walter Borho and Jens Carsten Jantzen. Uber primitive Ideale in der
Einhiillenden einer halbeinfachen Lie-Algebra. Invent. Math., 39(1):1-53, 1977.

[Broer98a] Abraham Broer. Decomposition varieties in semisimple Lie algebras. Canad. J. Math.,
50(5):929-971, 1998.

[Broer98b] Abraham Broer. Normal nilpotent varieties in Fy. J. Algebra, 207(2):427-448, 1998.

[Brown-Gordon03] Kenneth A. Brown and Iain Gordon. Poisson orders, symplectic reflection al-
gebras and representation theory. J. Reine Angew. Math. 559:193-216, 2003.

[Brundan-Goodwin05] Jonathan Brundan and Simon Goodwin, Good grading polytopes, Proc.
Lond. Math. Soc. (3) 94 (2007), no. 1, 155-180.

[Brundan-Goodwin-Kleshchev08] Jonathan Brundan, Simon Goodwin and Alexander Kleshchev,
Highest weight theory for finite W-algebras. Int. Math. Res. Not. 15, 2008.

[Brundan-Kleshchev-memoirs] Jonathan Brundan and Alexander Kleshchev. Representations of
shifted Yangians and finite W-algebras. Mem. Amer. Math. Soc. 196 (2008), 107 pp.

[Carter] Roger W. Carter. Lie algebras of finite and affine type. Cambridge Studies in Advanced
Mathematics, 96. Cambridge University Press, Cambridge, 2005.

[Charbonnel-Moreaul6] Jean-Yves Charbonnel and Anne Moreau. The symmetric invariants of
the centralizers and Slodowy grading. Math. Zeitschrift 282(1-2):273-339, 2016.


http://arxiv.org/pdf/1608.03142.pdf

BIBLIOGRAPHY 107

[Chriss-Ginzburg] Neil Chriss and Victor Ginzburg. Representation theory and complex geometry.
Reprint of the 1997 edition. Modern Birkh&user Classics. Birkhauser Boston, Inc., Boston,
MA, 2010.

[Collingwood-McGovern] David H. Collingwood and William M. McGovern. Nilpotent orbits in
semisimple Lie algebras. Van Nostrand Reinhold Co. New York, 65, 1993.

[Deligne96] Pierre Deligne. La série exceptionnelle de groupes de Lie. C. R. Acad. Sci. Paris, Ser
I, 322(4), 321-326, 1996.

[DeSole-Kac06] Alberto De Sole and Victor Kac. Finite vs affine W-algebras. Jpn. J. Math.
1(1):137-261, 2006.

[Dong-Li-Mason98] Chongying Dong, Haisheng Li and Geoffrey Mason. Twisted representations
of vertex operator algebras. Math. Ann. 310(3):571-600, 1998.

[Dong-Li-Mason06] Chongying Dong and Geoffrey Mason. Integrability of Ca-cofinite vertex op-
erator algebras. Int. Math. Res. Not., pages Art. ID 80468, 15, 2006.

[Drinfel’d-Sokolov84] Vladimir G. Drinfel’d and Vladimir V. Sokolov. Lie algebras and equa-
tions of Korteweg-de Vries type. In Current problems in mathematics, Vol. 24, Itogi Nauki i
Tekhniki, pages 81-180. Akad. Nauk SSSR Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow,
1984.

[Duflo77] Michel Duflo. Sur la classification des idéaux primitifs dans l’algebre enveloppante d’une
algebre de Lie semisimple. Ann. of Math. 105:107-120, 1977.

[Ein-Mustata09] Lawrence Ein and Mircea Mustati. Jet schemes and singularities. Proc. Sympos.
Pure Math., 80, Part 2, Amer. Math. Soc., Providence, 2009.

[Elashvili-Kac05] Alexander Elashvili and Victor Kac. Classification of good gradings of simple
Lie algebras. in Lie groups and invariant theory (E.B. Vinberg ed.), Amer. Math. Soc. Transl.
213:85-104, 2005.

[Fateev-Lykyanov88] Vladimir A. Fateev and Sergei L. Lykyanov. The models of two-dimensional
conformal quantum field theory with Z, symmetry. Internat. J. Modern Phys. A, 3(2):507—
520, 1988.

[Feigin84] Boris L. Feigin. Semi-infinite homology of Lie, Kac-Moody and Virasoro algebras. Us-
pekhi Mat. Nauk, 39(2(236)):195-196, 1984.

[Feigin-Frenkel90] Boris Feigin and Edward Frenkel. Quantization of the Drinfel’d-Sokolov reduc-
tion. Phys. Lett. B, 246(1-2):75-81, 1990.

[Feigin-Frenkel2] Boris Feigin and Edward Frenkel. Affine Kac-Moody algebras at the critical level
and Gel’fand-Dikil algebras. In Infinite analysis, Part A, B (Kyoto, 1991), volume 16 of Adv.
Ser. Math. Phys., pages 197-215. World Sci. Publ., River Edge, NJ, 1992.

[Feigin-Malikov97] Boris Feigin and Fyodor Malikov. Modular functor and representation theory
of ;lg at a rational level. In Operads: Proceedings of Renaissance Conferences (Hartford,
CT/Luminy, 1995), volume 202 of Contemp. Math., pages 357-405, Providence, RI, 1997.
Amer. Math. Soc

[Frenkel] Edward Frenkel. Langlands correspondence for loop groups, volume 103 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2007.

[Frenkel-BenZvi] Edward Frenkel and David Ben-Zvi. Vertex algebras and algebraic curves. Math-
ematical Surveys and Monographs, 83. American Mathematical Society, Providence, RI, 2001.

[Frenkel-Kac-Wakimoto92] Edward Frenkel, Victor Kac, and Minoru Wakimoto. Characters and
fusion rules for W-algebras via quantized Drinfel’d-Sokolov reduction. Comm. Math. Phys.,
147(2):295-328, 1992.

[Frenkel-Malikov97] Igor Frenkel and Fyodor Malikov. Kazhdan-Lusztig tensoring and Harish-
Chandra categories. preprint, 1997. arXiv:g-alg/9703010.

[Frenkel-Zhu92] Igor B. Frenkel and Yongchang Zhu. Vertex operator algebras associated to rep-
resentations of affine and Virasoro algebras. Duke Math. J., 66(1):123-168, 1992.

[Fu-et-all5] Baohua Fu, Daniel Juteau, Paul Levy and Eric Sommers. Generic singularities of
nilpotent orbit closures. arXiv:1502.05770[math.RT], to appear in Adv. Math..

[Gaberdiel-Neitzke03] Matthias R. Gaberdiel and Andrew Neitzke. Rationality, quasirationality
and finite W-algebras. Comm. Math. Phys., 238(1-2):305-331, 2003.

[Gan-Ginzburg02] Wee Liang Gan and Victor Ginzburg. Quantization of Slodowy slices. Int.
Math. Res. Not. 243-255, 2002.

[Gan-Savin04] Wee Teck Gan and Gordan Savin. Uniqueness of Joseph ideal. Math. Res. Lett.,
11(5-6):589-597, 2004.

[Garfinkle82] Devra Garfinkle. A new construction of the Joseph ideal. PhD thesis, MIT, 1982.



108 BIBLIOGRAPHY

[Gel’fand-Dikii78] Izrail’ M. Gel’fand and Leonid A. Dikii. A family of Hamiltonian structures
connected with integrable nonlinear differential equations. Akad. Nauk SSSR Inst. Prikl. Mat.
Preprint, (136):41, 1978.

[Genral6] Naoki Genra. Screening operators for W-algebras. arXiv:1606.00966 [math.RT].

[Ginzburg09] Victor Ginzburg. Harish-Chandra bimodules for quantized Slodowy slices. Repre-
sent. Theory 13:236-271, 2009.

[Goddard-Kent-Olive85] Peter Goddard, Adrian Kent, and David Olive. Virasoro algebras and
coset space models. Phys. Lett. B, 152(1-2):88-92, 1985.

[Goodman-Wallach09] Roe Goodman and Nolan Wallach. Symmetry, representations, and invari-
ants. Graduate Texts in Mathematics, 255. Springer, Dordrecht, 2009.

[Gorelik-Kac11] Maria Gorelik and Victor Kac. On complete reducibility for infinite-dimensional
Lie algebras. Adv. Math., 226(2):1911-1972, 2011.

[EGA61] Alexander Grothendieck. Eléments de géométrie algébrique. III. Etude cohomologique
des faisceaux cohérents. 1. Inst. Hautes Etudes Sci. Publ. Math. 11(1):5-167, 1961.

[Hernandez-lectures] David  Hernandez. Preprint  http://www.ctqm.au.dk/research/MCS/
Hernandeznotes.pdf, 2006.

[Henderson15] Anthony Henderson. Singularities of nilpotent orbit closures. Rev. Roumaine Math.
Pures Appl. 60(4):441-469, 2015.

[Hesselink76] Wim Hesselink. Singularities in the nilpotent scheme of a classical group. Trans.
Amer. Math. Soc. 222:1-32, 1976.

[Hosono-Tsuchiya91] Shinobu Hosono and Akihiro Tsuchiya. Lie algebra cohomology and N = 2
SCFT based on the GKO construction. Comm. Math. Phys., 136(3):451-486, 1991.

[Huang08] Yi-Zhi Huang. Rigidity and modularity of vertex tensor categories. Commun. Con-
temp. Math., 10(suppl. 1):871-911, 2008.

(Ishiill] Shihoko Ishii. Geometric properties of jet schemes. Comm. Algebra 39(5):1872-188, 2011.

[Jantzen83] Jens Carsten Jantzen. Einhiillende Algebren halbeinfacher Liealgebren. Springer,
1983.

[Jantzen] Jens Carsten Jantzen. Nilpotent Orbits in Representation Theory. Progress in Mathe-
matics, 228 Birkhduser Boston, Boston, MA, 2004.

[Joseph76] Anthony Joseph. The minimal orbit in a simple Lie algebra and its associated maximal
ideal. Ann. Sci. Ecole Norm. Sup. (4), 9(1):1-29, 1976.

[Joseph85] Anthony Joseph. On the associated variety of a primitive ideal. J. Algebra 93:509-523,
1985.

[Kac74] Victor Kac. Infinite-dimensional Lie algebras, and the Dedekind n-function. Funkcional.
Anal. © PriloZen., 8(1):77-78, 1974.

[Kacl] Victor Kac. Infinite-dimensional Lie algebras. Third edition. Cambridge University Press,
Cambridge, 1990.

[Kac2] Victor Kac. Vertex algebras for beginners. Second edition. University Lecture Series, 10.
American Mathematical Society, Providence, RI, 1998. An introduction to affine Kac-Moody
algebras.

[KK79] V. G. Kac and D. A. Kazhdan. Structure of representations with highest weight of infinite-
dimensional Lie algebras. Adv. in Math., 34(1):97-108, 1979.

[Kac-Roan-Wakimoto03] Victor Kac, Shi-Shyr Roan, and Minoru Wakimoto. Quantum reduction
for affine superalgebras. Comm. Math. Phys., 241(2-3):307-342, 2003.

[Kac-Wakimoto88] Victor Kac and Minoru Wakimoto. Modular invariant representations
of infinite-dimensional Lie algebras and superalgebras. Proc. Nat. Acad. Sci. U.S.A.,
85(14):4956-4960, 1988.

[Kac-Wakimoto89] Victor Kac and Minoru Wakimoto. Classification of modular invariant rep-
resentations of affine algebras. In Infinite-dimensional Lie algebras and groups (Luminy-
Marseille, 1988), volume 7 of Adv. Ser. Math. Phys., pages 138—177. World Sci. Publ., Tea-
neck, NJ, 1989.

[Kac-Wakimoto90] Victor G. Kac and Minoru Wakimoto. Branching functions for winding sub-
algebras and tensor products. Acta Appl. Math., 21(1-2):3-39, 1990.

[Kac-Wakimoto08] Victor Kac and Minoru Wakimoto. On rationality of W-algebras. Transform.
Groups, 13(3-4):671-713, 2008.

[Kac-lectures] Victor Kac. Introduction to vertex algebras, Poisson vertex algebras, and integrable
Hamiltonian PDE. Preprint http://arxiv.org/pdf/1512.00821v1.pdf.


http://www.ctqm.au.dk/research/MCS/Hernandeznotes.pdf
http://www.ctqm.au.dk/research/MCS/Hernandeznotes.pdf
http://arxiv.org/pdf/1512.00821v1.pdf

BIBLIOGRAPHY 109

[Kaledin06] Dmitry Kaledin. Symplectic singularities from the Poisson point of view. J. Reine
Angew. Math., 600:135—-156, 2006.

[Kawasetsul5] Kazuya Kawasetsu. W-algebras with non-admissible levels and the Deligne excep-
tional series. arXiw:1505.06985 [math.QA].

[Kraft89] Hanspeter Kraft. Closures of conjugacy classes in Ga. J. Algebra, 126(2):454-465, 1989.

[Kraft-Procesi79] Hanspeter Kraft and Claudio Procesi. Closures of conjugacy classes of matrices
are normal. Invent. Math. 53(3):227-247, 1979.

[Kraft-Procesi81] Hanspeter Kraft and Claudio Procesi. Minimal singularities in GLy. Invent.
Math. 62(3):503-515, 1981.

[Kraft-Procesi82] Hanspeter Kraft and Claudio Procesi. On the geometry of conjugacy classes in
classical groups. Comment. Math. Helv. 57(4):539-602, 1982.

[Levasseur-Smith88] Thierry Levasseur and S. Paul Smith. Primitive ideals and nilpotent orbits
in type Ga. J. Algebra 114(1):81-105, 1988.

[Kashiwara-Tanisaki84] Masaki Kashiwara and Toshiyuki Tanisaki. The characteristic cycles of
holonomic systems on a flag manifold related to the Weyl group algebra. Invent. Math. 77:185-
198, 1984.

[Kashiwara-Tanisaki98] Masaki Kashiwara and Toshiyuki Tanisaki. Kazhdan-Lusztig conjecture
for symmetrizable Kac-Moody Lie algebras. III. Positive rational case. Asian J. Math.,
2(4):779-832, 1998. Mikio Sato: a great Japanese mathematician of the twentieth century.

[Kashiwara-Tanisaki00] Masaki Kashiwara and Toshiyuki Tanisaki. Characters of irreducible mod-
ules with non-critical highest weights over affine Lie algebras. In Representations and quanti-
zations (Shanghai, 1998), pages 275-296. China High. Educ. Press, Beijing, 2000.

[Kolchin73] Ellis Kolchin. Differential algebra and algebraic groups. Academic Press, New York
1973.

[Kostant78] Bertram Kostant. On Whittaker vectors and representation theory. Invent. Math.,
48(2):101-184, 1978.

[Kostant-Sternberg87] Bertram Kostant and Shlomo Sternberg. Symplectic reduction, BRS coho-
mology, and infinite-dimensional Clifford algebras. Ann. Physics, 176(1):49-113, 1987.

[Hartshorne77] Robin Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics 52,
Springer-Verlag, Berlin Heidelberg New York, 1977.

[Hotta-Takeuchi-Tanisaki] Ryoshi Hotta, Kiyoshi Takeuchi and Toshiyuki Tanisaki. D-modules,
perverse sheaves, and representation theory. Translated from the 1995 Japanese edition by
Takeuchi. Progress in Mathematics, 236. Birkhduser Boston, Inc., Boston, MA, 2008.

[Humphreys] James Humphreys. Representations of semisimple Lie algebras in the BGG category
O. Graduate Studies in Mathematics, 94. American Mathematical Society, Providence, RI,
2008.

[LaurentGengoux-Pichereau-Vanhaecke] Camille Laurent-Gengoux, Anne Pichereau and Pol Van-
haecke. Poissonstructures. Springer,Heidelberg, 347, 2013.

[Li04] Haisheng Li. Vertex algebras and vertex Poisson algebras. Commun. Contemp. Math.,
6(1):61-110, 2004.

[Li05] Haisheng Li. Abelianizing vertex algebras. Comm. Math. Phys., 259(2):391-411, 2005.

[Los10] Ivan Losev. Quantized symplectic actions and W-algebras. J. Amer. Math. Soc., 23(1):35—
59, 2010.

[Losev10a] Ivan Losev. Finite W-algebras. Proceedings of the International Congress of Mathe-
maticians. Volume III, 1281-1307, Hindustan Book Agency, New Delhi, 2010, 16—-02.

[Losev10b] Ivan Losev. Quantized symplectic actions and W-algebras. J. Amer. Math. Soc.
23(1):35-59, 2010.

[Losevll] Ivan Losev. Finite-dimensional representations of W-algebras. Duke Math. J.,
159(1):99-143, 2011.

[Losev12] Ivan Losev. On the structure of the category & for # -algebras. Geometric methods in
representation theory. II, 353-370, Sémin. Congr., 24-11, Soc. Math. France, Paris, 2012.
[Losev-Ostrik14] Ivan Losev and Victor Ostrik. Classification of finite-dimensional irreducible

modules over W-algebras. Compos. Math. 150(6):1024-1076, 2014.

[Lusztig-Spaltenstein79] George Lusztig and Nicolas Spaltenstein. Induced unipotent classes. J.
London Math. Soc. 19:41-52, 1979.

[Lynch79] Thomas E. Lynch. Generalized Whittaker vectors and representation theory. PhD the-
sis, M.I.T., 1979.



110 BIBLIOGRAPHY

[Malikov-Feigin-Fuks86] Fedor G. Malikov, Boris L. Feigin, and Dmitry B. Fuks. Singular vectors
in Verma modules over Kac-Moody algebras. Funktsional. Anal. i Prilozhen., 20(2):25-37,
96, 1986.

[Matsuo-Nagatomo-TsuchiyalO] Atsushi Matsuo, Kiyokazu Nagatomo and Akihiro Tsuchiya.
Quasi-finite algebras graded by Hamiltonian and vertex operator algebras. In Moonshine:
the first quarter century and beyond, volume 372 of London Math. Soc. Lecture Note Ser.,
pages 282-329. Cambridge Univ. Press, Cambridge, 2010.

[Meinrenken] Eckhard Meinrenken. Clifford algebras and Lie theory. Ergebnisse der Mathematik
und ihrer Grenzgebiete. 58. Springer, Heidelberg, 2013. 4321 pp.

[Miyamoto04] Masahiko Miyamoto. Modular invariance of vertex operator algebras satisfying Co-
cofiniteness. Duke Math. J., 122(1):51-91, 2004.

[Moody-Pianzola] Robert V. Moody and Arturo Pianzola. Lie algebras with triangular decompo-
sitions. Canadian Mathematical Society Series of Monographs and Advanced Texts. A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York, 1995.

[MT12] Gregory W. Moore and Yuji Tachikawa. On 2d TQFTs whose values are holomorphic
symplectic varieties. In String-Math 2011, volume 85 of Proc. Sympos. Pure Math., pages
191-207. Amer. Math. Soc., Providence, RI, 2012.

[Moreau-lectures] Anne Moreau, Nilpotent orbits and finite W-algebras. Preprint http://
www-math.sp2mi.univ-poitiers.fr/~amoreau/Kent2014-Walg.pdf.

[Moreau-Yul6] Anne Moreau and Rupert Wei Tze Yu. Jet schemes of the closure of nilpotent
orbits. Pacific J. Math., 281(1):137-183, 2016.

[Mustata01] Mircea Mustati. Jet schemes of locally complete intersection canonical singularities.
Invent. Math., 145(3):397—424, 2001. with an appendix by D. Eisenbud and E. Frenkel.
[Namikawa04] Yoshinori Namikawa. Birational geometry of symplectic resolutions of nilpotent
orbits, Moduli spaces and arithmetic geometry, 75-116. Adv. Stud. Pure Math., 45, Math.

Soc. Japan, Tokyo, 2006 preprint http://arxiv.org/pdf/math/0408274v1.pdf.

[Panyushev91] Dmitri Panyushev. Rationality of singularities and the Gorenstein property for
nilpotent orbits. Functional Analysis and Its Applications, 25(3):225-226, 1991.

[Perse07] Ozren Perse. Vertex operator algebra analogue of embedding of Ba into Fi. J. Pure
Appl. Algebra, 211(3):702-720, 2007.

[Premet02] Alexander Premet. Special transverse slices and their enveloping algebras. Advances
in Mathematics 170:1-55, 2002. With an appendix by Serge Skryabin.

[Premet07a] Alexander Premet. Enveloping algebras of Slodowy slices and the Joseph ideal. J.
Eur. Math. Soc. 9:487-543, 2007.

[Premet07b] Alexander Premet. Primitive ideals, non-restricted representations and finite W-
algebras. Mosc. Math. J. 7(4):743-762, 768, 2007.

[Premet10] Alexander Premet. Commutative quotients of finite W-algebras. Adv. Math.
225(1):269-306, 2010.

[Premet14] Alexander Premet. Multiplicity-free primitive ideals associated with rigid nilpotent
orbits. Transform. Groups 19(2):569-641, 2014.

[Premet-Topley14] Alexander Premet and Lewis Topley. Derived subalgebras of centralisers and
finite W-algebras. Compos. Math. 150(9):1485-1548, 2014.

[R74] Roger W. Richardson, Conjugacy classes in parabolic subgroups of semisimple algebraic
groups. Bull. London Math. Soc. 6:21-24, 1974.

[Sadakal6] Guilnard Sadaka. Paires admissibles d’une algebre de Lie simple complexe et W-
algebres finies. Preprint arXiv:1405.6390, to appear in Ann. Inst. Fourier.

[Shoji80] Toshiaki Shoji. On the Springer representations of Chevalley groups of type Fy. Comm.
Algebra 8(5):409-440, 1980.

[Slodowy80] Peter Slodowy. Simple singularities and simple algebraic groups. Lecture Notes in
Mathematics, 815. Springer, Berlin, 1980.

[Soergel92] Wolfgang Soergel. The combinatorics of Harish-Chandra bimodules. J. Reine Angew.
Math. 429:49-74, 1992.

[Sommers03] Eric Sommers. Normality of nilpotent varieties in Eg. J. Algebra 270(1):288-306,
2003.

[Sommers05] Eric Sommers. Normality of very even nilpotent varieties in Dy;. Bull. London Math.
Soc. 37(3):351-360, 2005.

[Tauvel-Yu] Patrice Tauvel and Rupert Wei Tze Yu. Lie algebras and algebraic groups. Springer
Monographs in Mathematics. Springer-Verlag, Berlin, 2005.


http://www-math.sp2mi.univ-poitiers.fr/~amoreau/Kent2014-Walg.pdf
http://www-math.sp2mi.univ-poitiers.fr/~amoreau/Kent2014-Walg.pdf

BIBLIOGRAPHY 111

[Vaisman] Izu Vaisman. Lectures on the geometry of Poisson manifolds. Progress in Mathematics,
118, Birkhauser Verlag, Basel, 1994.

[Wan93] Weigiang Wang. Rationality of Virasoro vertex operator algebras. Internat. Math. Res.
Notices, (7):197-211, 1993.

[Wang99] Weigiang Wang. Dimension of a minimal nilpotent orbit. Proc. Amer. Math. Soc.
127(3):935-936, 1999.

[Wang-lectures] Weigiang Wang. Nilpotent orbits and finite W-algebras. Geometric representation
theory and extended affine Lie algebras, 71-105, Fields Inst. Commun., 59, Amer. Math. Soc.,
Providence, RI, 2011.

[Zhu96] Yongchang Zhu. Modular invariance of characters of vertex operator algebras. J. Amer.
Math. Soc., 9(1):237-302, 1996.



	Introduction
	Overview of theory, and goals of the workshop
	Overview of lectures

	Part 1. Introduction to affine Lie algebras and their representations
	1.1. Quick review on semisimple Lie algebras, main notations
	1.2. Affine Kac-Moody algebras
	1.3. Root systems and triangular decomposition
	1.4. Representations of affine Kac-Moody algebras, category O
	1.5. Integrable and admissible representations

	Part 2. Vertex algebras and Zhu functors, the canonical filtration and Zhu's C2-algebras
	2.1. Definition of vertex algebras, first properties
	2.2. First examples of vertex algebras
	2.3. Modules over vertex algebras
	2.4. The canonical filtration, Zhu's C2 algebras, and Zhu's functors
	2.5. The Zhu's algebra

	Part 3.  BRST cohomology, quantum Hamiltonian reduction, geometry of nilpotent orbits and finite W-algebras
	3.1. Nilpotent orbits and nilpotent elements
	3.2. Kirillov form and Slodowy slice
	3.3. Poisson algebras, Poisson varieties and Hamiltonian reduction
	3.4. BRST cohomology, quantum Hamiltonian reduction and definition of finite W-algebras

	Part 4. Geometry of jet schemes, Poisson vertex algebras and associated varieties of vertex algebras
	4.1. Jet schemes and arc spaces
	4.2. Poisson vertex algebras
	4.3. Associated variety of a vertex algebra
	4.4. Computation of Zhu's algebras
	4.5. Poisson vertex modules and their associated variety
	4.6. Advanced results, open problems

	Part 5. Affine W-algebras, rationality of W-algebras, and chiral differential operators on groups
	Appendix A. Superalgebras and Clifford algebras
	Appendix B. Some advanced results on the geometry of nilpotent orbit closures
	Bibliography

