SHEETS AND ASSOCIATED VARIETIES OF AFFINE VERTEX
ALGEBRAS

TOMOYUKI ARAKAWA AND ANNE MOREAU

ABSTRACT. We show that sheet closures appear as associated varieties of affine
vertex algebras. We also provide examples of associated varieties that are
union of distinct sheet closures, which in particular shows that the associated
varieties of vertex algebras need not to be irreducible. Further, we give new
examples of non-admissible affine vertex algebras whose associated variety is
contained in the nilpotent cone. We also prove some conjectures from our
previous paper and give new examples of lisse affine W-algebras.

1. INTRODUCTION

It is known [Li05] that every vertex algebra V is canonically filtered and therefore
it can be considered as a quantization of its associated graded Poisson vertex algebra
gr V. The generating subring Ry of grV is called the Zhu’s Cy-algebra of V' [Z96]
and has the structure of a Poisson algebra. Its spectrum

Xy = Spec Ry

is called the associated scheme of V' and the corresponding reduced scheme Xy =
Specm Ry is called the associated variety of V' ([Ar12, Ar16b]). Since it is Poisson,
the coordinate ring of its arc space JsoX has a natural structure of a Poisson vertex
algebra ([Ar12]), and there is a natural surjective homomorphism C[Jo Xy — gr'V/,
which is in many cases an isomorphism. We have [Ar12] dim Spec(gr V') = 0 if and
only if dim Xy = 0, and in this case V is called lisse or Cy-cofinite.

In the case that V is the simple affine vertex algebra Vi (g) associated with a
finite-dimensional simple Lie algebra g at level k € C, Xy is a Poisson subscheme of
g* which is G-invariant and conic, where G is the adjoint group of g. Note that on
the contrary to the associated variety of a primitive ideal of U(g), the variety Xy, (o)
is not necessarily contained in the nilpotent cone N of g. In fact, Xy, () = g* for
a generic k. On the other hand Xy, ) = {0} if and only if V}(g) is integrable,
that is, k is a non-negative integer. Except for a few cases, the description of Xy
is fairly open even for V' = Vj(g), although this problem seems to be significant in
connection with four dimensional superconformal field theory ([BLLT15]).

In [Arl5a], the first named author showed that Xy, (4) is the closure of some
nilpotent orbit of g* in the case that Vi (g) is admissible [KW89].

In the previous article [AM15], we showed that Xy, (4) is the minimal nilpotent
orbit closure in the case that g belongs to the Deligne exceptional series [De96] and
k = —hY/6 — 1, where h" is the dual Coxeter number of g. Note that the level
k= —hY/6 — 1 is not admissible for types Dy, Fg, E7, Fs.
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In all the above cases Xy, () is a closure of a nilpotent orbit O C N, or
(Xv, (g))red = g*. Therefore it is natural to ask the following.

Question 1. Are there cases when Xy, (q) ¢ N and Xv,.(g) 18 a proper subvariety
of g*7 For example, are there cases when Xy, (4) is the closure of a non-nilpotent
Jordan class (cf. §2)7

Identify g with g* through a non-degenerate bilinear form of g.

Given m € N, let g(™ be the set of elements = € g such that dim g* = m, with
g” the centralizer of z in g. A subset S C g is called a sheet of g if it is an irreducible
component of one of the locally closed sets g™). It is G-invariant and conic and
by [ImHO05], and it is smooth if g is classical. The sheet closures are the closures
of certain Jordan classes and they are parameterized by the G-conjugacy classes
of pairs (I,Qy) where [ is a Levi subalgebra of g and Oy is a rigid nilpotent orbit
of [, i.e., which cannot be properly induced in the sense of Lusztig-Spaltenstein
[BKT79, Bo81] (see also [TY05, §39]). The pair (I,Qy) is called the datum of the
corresponding sheet. When Q) is zero, the sheet is called Dizmier, meaning that
it contains a semisimple element [Di75, Di76]. We will denote by Sy the sheet with
datum (I,{0}). We refer to §2 for more details about this topic.

It is known that sheets appear in the representation theory of finite-dimensional
Lie algebras, see, e.g., [BB82, BB85, BBR9], and more recently of finite W-algebras,
[PT14, Pri4].

Since the sheet closures are G-invariant, conic algebraic varieties which are not
necessarily contained in N, one may expect that there are simple affine vertex
algebras whose associated variety is the closure of some sheet. This is indeed the
case.

Theorem 1.1. (1) Forn >4,
XV71(5[n) = g

as schemes, where 1y is the standard Levi subalgebra of sl,, generated by all
simple roots except oy . Moreover V_1(sl,) is a quantization of the infinite
jet scheme JooSy, of Sy, that is,

gr V,1(5[n) = (C[JOOS[I]

as Poisson vertex algebras.
(2) Form > 2,

XV—WL(g[Zm) g S7[0

as schemes, where ly is the standard Levi subalgebra of sla,, generated by all
simple roots except . Moreover, V_p,(slam) s a quantization of JooSy,,
that is,

gr V_m(ﬁ[Qm) = C[JOOS[O}
as Poisson vertex algebras.

Further, we show that the Zhu’s algebras of the above vertex algebras are natu-
rally embedded into the algebra of global differential operators on Y = G/(P, P),
where P is the connected parabolic subgroup of G corresponding to a parabolic
subalgebra p having the above Levi subalgebra—l; in case (1) and [y in case (2)— as
Levi factor, see Theorem 7.14 and Theorem 8.13.
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The vertex algebra V_;(sl,,) has appeared in the work of Adamovi¢ and Perse
[AP14], where they studied the fusion rules and the complete reducibility of V_; (sl,,)-
modules. It would be very interesting to know whether the vertex algebra V_,, (sla,,)
has similar properties.

Now recall that the associated variety of primitive ideals of U(g) is irreducible
[Jo85]. Hence it is also natural to ask the following question.

Question 2. Is Xy, () always irreducible?

Theorem 1.2. Let r be an odd integer, and let ' and "1 be the Levi subalgebras
of g = s09, generated by the simple roots a,...,p_o,p and aq,...,0_9,Qp_1
respectively. They are non G-conjugate and

Xszr(ﬁozr) = Si[l U S[ﬁ
In particular the associated variety Xy, (so,,) s reducible.

We conjecture that Xy, 4y is always equidimensional, and that Xy, 4 is irre-
ducible provided that Xy, 4) C N, see Conjecture 1.

The vertex algebra Va_,(s02,) has been studied by Perse [Pel3] for all r, and
by Adamovié¢ and Perse [AP14] for odd r. The proof of Theorem 1.2 uses the fact
proved in [AP14] that, for odd r, Va_,(s02,) has infinitely many simple objects in
the category O.

Remarkably, it turned out that the structure of the vertex algebra V5_,(s02,)
substantially differs depending on the parity of r.

Theorem 1.3. Let r be an even integer such that r > 6. Then

Omin ;Cé Xvy_(sozr) C Qar—2 14y,
where Ouin s the minimal nilpotent orbit of 503, and Q(gr-2 14y is the nilpotent
orbit of 509, associated with the partition (2"2,1%) of 2r.

In particular, Xv,_ (s0,,) 15 contained in N, and hence, there are only finitely
many simple Va_,.(g)-modules in the category O.

The above theorem gives new examples of non-admissible affine vertex algebras
whose associated varieties are contained in the nilpotent cone (cf. [AM15]). In fact
we conjecture! that Xv,_, (s0s,) = Q(ar—2 14y. This conjecture is confirmed for r = 6,
see Theorem 9.6. Notice that for r = 4, Xy ,(s0q) = Opmin = 022,14y by [AMIS5].
So the conjecture also holds for r = 4.

Our proof of the above stated results is based on the analysis of singular vectors
of degree 2 [AM15] and the theory of W-algebras [KRW03, KW04, Ar05, Gi09,
Arll, Arlba]. This method works for some other types as well, in particular in
types B and C, which will be studied in our subsequent paper.

We also take the opportunity of this note to clarify some points of [AM15] that
are related to the present work. Let us state here the main results.

By [Ar15a, Theorem 4.23] (cf. Theorem 6.1) we know that the W-algebra Wi (g, f)
associated with (g, f) at level k ([KRWO03]) is lisse if Xy, 5 = G.f. For a minimal
nilpotent element f € Q,,;,, the converse is also true provided that & & Zx.

Theorem 1.4. Suppose that k & Zxo, and let f € Q.. Then the minimal
W -algebra Wi(g, f) is lisse if and only if (Xv, (g))red = Omin-

LThis conjecture is now confirmed in our paper arXiv:1608.03142.
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We also positively answer some conjectures of [AM15]. In particular, we show
the following.

Theorem 1.5. Let g of type Go. Then Wi (g, fo) is lisse if and only if k is admis-
sible with denominator 3, or an integer equal to or greater than —1.

Thus, we obtain a new family of lisse minimal W-algebras Wi (G2, fo), for k =
-1,0,1,2,3....

Theorem 1.6. Suppose that g is not of type A. Then Conjecture 2 of [AM15]
holds. That is,
XVk (g) = @mzn
if and only if the one of the following conditions holds:
(1) g is of type Cy (r = 2), Fy, and k is admissible with denominator 2.
(2) g is of type Ga, and k is admissible with denominator 3, or k = —1.
(3) g is of type Dy, Eg, E7, Eg and k is an integer such that
hv
—— —1< k< -1
6
(4) g is of type D, withr =5, and k = —2, —1.

The rest of the paper is organized as follows. In §2 we recollect some results
concerning sheets that will be needed later and give a description of Dixmier sheets
of rank one. In §3, we use Slodowy slices and Ginzburg’s results on finite W-algebras
to state useful lemmas. In §4 we state results and conjectures on the associated
variety of a vertex algebra. In §5 we recall some fundamental results on Zhu’s
algebras of vertex algebras. In §6 we recall and state some fundamental results on
W-algebras. In §7 we study level —1 affine vertex algebras of type A,_1, n > 4,
and prove Theorem 1.1 (1). In §8 we study level —m affine vertex algebras of type
Agpm—1, m > 2, and prove Theorem 1.1 (2). In §9 we study level 2 — r affine vertex
algebars of type Ds,., r > 5, and prove Theorem 1.2 and Theorem 1.3. In §10, we
prove Theorem 1.4, Theorem 1.5 and Theorem 1.6 and some other results related
to our previous work [AM15]. In particular we obtain a new family of lisse minimal
W-algebras.

Notations. As a rule, for U a g-submodule of S(g), we shall denote by Iy the
ideal of S(g) generated by U, and for I an ideal in S(g) = C|[g*], we shall denote
by V(I) the zero locus of I in g*.
Let
g=glt.t '|®CKaCD

be the affine Kac-Moody Lie algebra associated with g and the inner product (|) =
1/2hY x Killing form (see §4). For A € h* (resp. h*), Lg(\) (resp. L(\)) denotes
the irreducible highest weight representation of g (resp. g) with highest weight A
where h is a Cartan subalgebra of g and 6 =haeCKaCD.
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2. JORDAN CLASSES AND SHEETS

Most of results presented in this section come from [BK79, Bo81] or [Kat82].
Our main reference for basics about Jordan classes and sheets is [TY05, §39].

Let g be a simple Lie algebra over C and ( | ) = 1/2hY x Killing form, as in the
introduction. We often identify g with g* via (| ).

For a a subalgebra of g, denote by 3(a) its center. For Y a subset of g, denote
by Y™ the set of y € Y for which g¥ has the minimal dimension with g¥ the
centralizer of y in g. In particular, if [ is a Levi subalgebra of g, then

30 :={y € gl3(g”) =30},
and 3(I)**® is a dense open subset of 3(I). For z € g, denote by z, and z,, the

semisimple and the nilpotent components of x respectively.
The Jordan class of x is

Ja(x) = G.(3(6")" + 2n).

It is a G-invariant, irreducible, and locally closed subset of g. To a Jordan class
J, we associate its datum which is the pair (I, Q) defined as follows. Pick z € J.
Then [ is the Levi subalgebra g®s and O is the nilpotent orbit in [ of z,. The
pair (I,Oy) does not depend on x € J up to G-conjugacy, and there is a one-to-one
correspondence between the set of pairs (I,Qy) as above, up to G-conjugacy, and
the set of Jordan classes.

A sheet is an irreducible component of the subsets

g™ = {z e g| dimg® = m}, m € N.

It is a finite disjoint union of Jordan classes. So a sheet S contains a unique dense
open Jordan class J and we can define the datum of S as the datum ([, Oy) of the
Jordan class J. We have

S=7 and S= (7).
A sheet is called Dizmier if it contains a semisimple element of g. A sheet S with
datum ([, Q) is Dixmier if and only if Oy = {0}. We shall simply denote by S; the
Dixmier sheet with datum (I, {0}).

A nilpotent orbit is called rigid if it cannot be properly induced in the sense of
Lusztig-Spaltenstein. A Jordan class with datum (I, Qy) is a sheet if and only if Oy
is rigid in [. So we get a one-to-one correspondence between the set of pairs ([, Qy),
up to G-conjugacy, with [ a Levi subalgebra of g and O a rigid nilpotent orbit of
[, and the set of sheets.

Each sheet contains a unique nilpotent orbit. Namely, if S is a sheet with datum
(I,0;) then the induced nilpotent orbit Ind{(Qy) of g from O in [ is the unique
nilpotent orbit contained in S. Note that a nilpotent orbit O is itself a sheet if and
only if O is rigid. For instance, outside the type A, the minimal nilpotent orbit
Omin is always a sheet.
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The rank of a sheet S with datum ([, Q) is by definition
rank(S) := dimS — dim Ind%(0Qy) = dim 3(1).
If S = Sy is Dixmier, then Oy = 0 and we have
S=G.lp.pl" =G.G() +p.) and S=(G.[p,p]")"E.

where p = [ @ p,, is a parabolic subalgebra of g with Levi factor [ and nilradical p,,
(cf. [TY05, Proposition 39.2.4]).

Let h be a Cartan subalgebra of g. For S a sheet with datum ([, Qy), one can
assume without loss of generality that b is a Cartan subalgebra of [. In particular,

3(D) Ch.

Lemma 2.1. (1) LetS; be a Dizmier sheet of rank one, that is, 3(I) = C\ with
A e b\ {0}. Then

Si=G.C'X = G.(CX +p,) = G.C*AUInd}(0),
and
S; = G.C*AUInd%(0).

(2) Let Sy,,...,Sy, be Dixmier sheets of rank one, that is, 3(;) = C\; with
Ai € b\ {0}, such that dimInd} (0) = dim Indi (0) for alli,j. Let X be a
G-invariant, conic, Zariski closed subset of g* such that

me:LnJ(C/\Z—, XNNC Olndﬁ(o).

i=1 =1
Then X = J_, Sy,.

Part (1) of the lemma is probably well-known. We give a proof for the conve-
nience of the reader.

Proof. (1) The equalities Sy = G.C*\ = G.(CX + p,) are clear by [TY05, Corol-
laries 39.1.7 and 39.2.4]. Let us prove that S; = G.C*A U Ind?(0). The inclusion
G.C*AU1Ind}(0) C Sy is known [TY05, Proposition 39.3.5] (and its proof). So it
suffices to prove that CA + p,, C G.C*A U Ind{(0) since S is G-invariant.

Let x = cA+y € CA+p, with c € C and y € p,,. Assume that ¢ € C*. Then x,
and c) are G-conjugate. Since x € S, dim g* > dim g*. But dim g* > dim g* if and
only if x,, = 0 since g* = (g*<)*~. Hence x is G-conjugate to ¢\, and so z € G.C*\.
If ¢ = 0, then = € p, and so z is nilpotent. But (CA+p,) NN C S;NAN = Ind{(0),
whence the statement.

It remains to prove that S; = G.C*A U Ind}(0). We have S; = (G.(CX + p,))"8,
and the inclusion G.C*A U Ind{(0) C Sy is clear. So it suffices to prove that (CA +
pu)™® C G.C*A U Ind{(0) since S; and S; are G-invariant. The above argument
shows that for © € (CA + py)™8 \ pu, 2 € G.C*A. And if = € (p,)"™8, then
z € (py)" NN C S{NN = Ind{(0), whence the statement.

(2) The inclusion |J; S, C X is clear. Conversely, let 2 € X. If x is nilpotent,
then z € UZSTl by the assumption. Assume that x is not nilpotent, that is x4 # 0.
Since X is G-stable, we can assume that =z, € h. If x,, = 0 then z, € X Nh C
U7, Sy, by hypothesis.
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Assume that z,, # 0 and let (e, h, f) be an slo-triple of g with e = x,,. We can
assume that h € b so that [h,xz5] = 0. Let v : C* — G be the one-parameter
subgroup generated by h. Since X is G-invariant, for any ¢ € C*, the element

v(t).x = x4 + tx,
belongs to X. Since X is closed, we deduce that xs € X. So, by the assumption,
rs = cA; for some ¢ and ¢ € C*. Therefore, because X is a cone, we can assume
that x5 = A\;. Thus [; = g* and z,, € [;.

For any t € C*, the element

Eyt e =12\ +t722,) = 2N + 2,
belongs to X. This shows that C*\; + x,, C X. Then
G.(C'N+zn) =G.(3(L)° + x,) = Ja(x) C X,
whence Jg(x) C X because X is closed.

Let Oy, ,, be the nilpotent orbit of z, in [;. One knows that Ind?i Oy, 2,) C
Ja(x) [Bo8l]. So Ind} (Oy, »,) C X, and the assumption gives that Ind} (OQy, .,,) C
U, Indf (0). In particular,

dim Indi (O, 2,,) = dim Indf’j (0)

for any j (this makes sense by our assumption on the Levi subalgebras [;), whence
codimy, (Oy, ,,) = codimy, (0) = codimy, (0) = dim[; by the properties of induced
nilpotent orbits. So Qy, ., = {0}, that is z,, =0, and z = \; € Sj,. O
Let P be the connected parabolic subgroup of G with Lie algebra p = [ p,.
The G-action on
Y :=G/(P,P),
where (P, P) is the commutator-subgroup of P, induces an algebra homomorphism
Yy : U(g) = Dy
from U(g) to the algebra Dy of global differential operators on Y. Let

/y := ker ”L/Jy

be the kernel of this homomorphism. It is a two-sided ideal of U(g). It has
been shown by Borho and Brylinski [BB82, Corollary 3.11 and Theorem 4.6] that

gr_Zy is the defining ideal of the Dixmier sheet closure determined by P, that
is, S;. Furthermore,

/y = ﬂ AnnU(g) ®U(p) (CA.
Aes(n)>

Here, for A € p*, C, stands for the one-dimensional representation of p correspond-
ing to A, and we extend a linear form A € 3([)* to p* by setting A(x) = 0 for
x € [,]] ®p,. Identifying g with g* through ( | ), 3(I)* identifies with 3(I). In
particular, if 3() = C\ for some nonzero semisimple element A € g, we get

Sy =) A U(g) @y (p) Cia.
teC
In fact
(1) /y = ﬂ Ann U(g) ®U(p) Ciax.

teZ
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for any Zariski dense subset Z of C ([BJ77]).

In this paper, we shall consider sheets in Lie algebras of classical types A, and

D,.. Let us introduce more specific notations. Let n € N*, and denote by &?(n) the
set of partitions of n. As a rule, we write an element X of #?(n) as a decreasing
sequence A = (A1,...,As) omitting the zeroes.
Case sl,. According to [CMa93, Theorem 5.1.1], nilpotent orbits of sl, are
parametrized by Z(n). For A € & (n), we denote by Oy the corresponding nilpo-
tent orbit of sl,,. In sl,, all sheets are Dixmier and each nilpotent orbit is contained
in exactly one sheet. The Levi subalgebras of sl,, and so the (Diximer) sheets,
are parametrized by compositions of n. More precisely, if A € Z(n), then the
(Dixmier) sheet associated with A is the unique sheet containing Oy where ‘A is
the dual partition of .

Case s0,,. Set
P1(n) :={A € Z(n) ; number of parts of each even number is even}.

According to [CMa93, Theorem 5.1.2 and Theorem 5.1.4], nilpotent orbits of so,, are
parametrized by &1 (n), with the exception that each very even partition A € £;(n)
(i.e., A has only even parts) corresponds to two nilpotent orbits. For A € &1(n),
not very even, we denote by Oy the corresponding nilpotent orbit of so,,. For very
even A € #1(n), we denote by (O)ﬁ‘ and @ﬁf the two corresponding nilpotent orbits
of s0,. In fact, their union form a single O,-orbit.

Contrary to the sl,, case, it may happen in the so,, case that a given nilpotent
orbit belongs to different sheets, and not all sheets are Dixmier.

3. SOME USEFUL LEMMAS

Let f be a nilpotent element of g that we embed into an sls-triple (e, h, f) of g
and let

S = x+ ()"
be the Slodowy slice associated with (e, h, f) where
x:=(fl-) g

Denote by g(h, ) the i-eigenspace of ad(h) for i € Z. Choose a Lagrangian subspace
£ C g(h,1) and set

m:i}@@g(h,z), Iy = ZC[Q*]CE—X(!E))

122 rem

Let M be the unipotent subgroup of G corresponding to m.
Let

wegt—m*

be the moment map for the M-action, which is just a restriction map. By [GG02],
the adjoint action map gives the isomorphism

M x5 = p~ ' (x),
and thus,
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In particular,
CL5) = Clu " ())™ = (Clg*]/ 7)™ -

Let HC be the category of finitely generated (C[g*], G)-modules, that is, the cat-
egory of finitely generated C[g*]-modules K equipped with the G-module structure
such that g.(f.m) = (g(f)).g.m for g € G, f € C[g*], m € K.

Theorem 3.1 ([Gi09], see also [Ar15Db]). (1) The functor
Hp: HC — C[#]-mod, K w (K/J,K)M,
s exact. o
(2) For any K € HC, suppe|y,) H(K) = (suppgg-) K) N
Lemma 3.2. Let K € HC. Then G.f C suppgpg+) K if and only if K # J, K.

Proof. Since .+ admits a C*-action contracting to f, Theorem 3.1(2) implies that
G.f C suppcg+) K if and only if Hy(K) # 0. However Hy(K) # 0 if and only if
K/J K # 0 by [Gi09, Proposition 3.3.6]. O

Let I be an ad g-invariant ideal of C[g*], so that C[g*]/] € HC. Applying
Lemma 3.2 to K = Cl[g*]/I we obtain the following assertion.

Lemma 3.3. Let I be an ad g-invariant ideal of Clg*]. Then G.f ¢ V(I) if and
only if
Clg"|=1+Jy
where V(I) is the zero locus of I in g*.
Let [ be a Levi subalgebra of g and h a Cartan subalgebra of g contained in [.

Thus 3(I) C h. Let p be a parabolic subalgebra of g with Levi factor [ and nilradical
pu- Assume that e € (p, )™ and h € h. Identifying g with g* through ( | ), we get

Tr= [+
and by [Kat82, Lemma 3.2] (see also [Bull, Proposition 3.2]), we have
St=G.(f +3(0)).

Note that we have the following decomposition:

9(h,0) = [f,9(h,2)] & (g(h,0) N g°),

and since ad(f) induces a bijection from g(h,2) to [f,g(h,2)], for any = € g(h,0)
there is a well-defined element n(z) € g(h, 2) such that

T = [fﬂ?(x)] € g(h,O) N ge'
Lemma 3.4. Assume that 3(1) is generated by a nonzero element A of h and that
g(h,i) =0 fori> 2.
(1) The set {exp(adn(t\))(f +tA) | t € C} is an irreducible component of
SiNSs. Moreover, if g is classical, then SN is irreducible and SiNSy =
SN = {exp(adn(t))(f +tA) [ t € C}. B
(2) If g is classical then, as schemes, SN .y = SpecC[z]. Here we endow S;
with its natural structure of irreducible reduced scheme.
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Proof. (1) The first assertion results from [ImHO05, Lemma 2.9] and the proof of
[Bull, Lemma 3.4] (which is a reformulation of [Kat82, Lemma 3.2 and Lemma 5.1]).
In the case that g is classical, SN .7} is irreducible (see [ImH05, Theorem 5.2 and
Theorem 6.2]) and so Sy N = {exp(adn(tA))(f +tA) | t € C}. On the other
hand, by Lemma 2.1(1),

Si=G.C*A=G.C*NUG.f
and
Si=G.C*AUG.f.

So, St N . = {exp(adn(t\))(f +t\) | t € C} since G.f NS = {f} and f €
{exp(ad n(t\))(f + tA) | t € C}. In particular, S; N .} is an irreducible variety of
dimension one.

(2) According to [Gi09, Corollary 1.3.8(1)], SyN.#; is a reduced complete inter-
section in Sy since S; is reduced, whence S{N.% = Spec C|[z] as a scheme by (1). O

Remark 3.5. Assume that g is classical. Define a one-parameter subgroup 4 : C* —
G by:
VteC*, Voeg,  Alt)r:=ty()

where (t) is the one-parameter of G generated by ad(h). In the notation of
Lemma 3.4, the sets S; and .5 are both stabilized by 7(t), and we have:

SinSp =8NSy ={3(t).n|t € C},
for any nonzero semisimple p in Sy N .#%, for example

= exp(adn(z))(f + A).

Let © be the Casimir element of g and denote by I the ideal of Clg*] generated
by €.

Lemma 3.6. Assume that g is classical. Let I be a homogeneous ad g-invariant
ideal of Clg*], Si a Dizmier sheet of rank one, p a parabolic subalgebra of g with Levi
factor U and nilradical p,,. Let (e, f,h) be an sly-triple of g such that e € (p,,)"9.
Further, assume that the following conditions are satisfied:

(1) g(h,i)=0 fori>2,

(2) swppeg (Clal/) =S

(3) I+ Iq is the defining ideal of G.f,

(4) Hy(Clg*]/I) = Clz] as algebras,

(5) Q(A) #0,
Then I is prime, that is, I = /1.

Condition (2) implies that VT is defining ideal of S; since Sy is irreducible. In
particular, /T is prime. Also, condition (3) means that I + I is prime. Note that
conditions (2) and (3) imply that

VIc T+ I,

since G.f C S;.
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Proof. Set J :=+/I. Then J/I € HC. Since the sequence
0— J/I —Clg*]/I —Clg*]/J =0
is exact, we get an exact sequence
0— Hy(J/I) = Hy(Clg"]/I) — Hy(C[g"]/J) = 0
by Theorem 3.1 (1). Furthermore by Theorem 3.1 (2),
Spec H;(C[g*]/J) = Spec(C[g*]/J) N = Spec Clz].
The last equality comes from Lemma 3.4 (2) since J is the defining ideal of S;.
Hence by condition (4), we get
H;(J/I)=0.
By [Gi09, Proposition 3.3.6], Hy(J/I) # 0 if and only if suppe(e-(J/I) D G.f.
However, suppgq+(J//1) C suppciq(Clg*]/I) = S and any G-invariant closed
cone of S; which strictly contains G.f contains G.f. Therefore,
suppce+(J/I) C G.f

since suppc(g+] (J/I) is a G-invariant closed cone of g. In particular, SUPPC(g+] (J/I)
is contained in the nilpotent cone N. Since  is a nonzero homogeneous element
in the defining ideal of A/, we deduce that Q acts nilpotently on J/I. Hence for n
sufficiently large,

(2) Q*J/I=0.
We can now achieve the proof of the lemma. We have to show that J C I. Let
a € J. Since J C I + I, for some by € T and f; € C[g*], we have
a = b1 + Qfl

Since J is prime and Q ¢ J by condition (5), fi € J. Applying what foregoes to
the element f; of J, we get that for some b € I and fo € J,

a=">b1+Qby+ Qfs) =co+ QQan

with cg := by + Qby € I. A rapid induction shows that for any n € Z~g, there exist
¢y, € I and f,, € J such that

a=cp+ Q"f.
But ¢, + Q" f, € I for n big enough by (2), whence a € I. O

4. ASSOCIATED VARIETY AND SINGULAR SUPPORT OF AFFINE VERTEX ALGEBRAS

Let
g=gt,t "' |©@CK&CD

be the affine Kac-Moody Lie algebra associated with g and ( | ), with the commu-
tation relations

for m,n € Z and z,y € g, where z(m) =z ® t"™. For k € C, set
V¥(g) = U@)®u (gl ® ci o cp)Ch

where Cy, is the one-dimensional representation of g[t] ® CK @ CD on which g[t] ® CD
acts trivially and K acts as multiplication by k. The space V*(g) is naturally a
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vertex algebra, and it is called the universal affine vertex algebra associated with g
at level k. By the PBW theorem, V*(g) = U(g[t~!]t~!) as C-vector spaces.
The vertex algebra V*(g) is naturally graded:

Vi) = €D V*(@)a, V¥ (9)a={a€V*g)| Da=—da},
deZs0

Let Vi(g) be the unique simple graded quotient of V*(g). As a g-module, Vj,(g) is
isomorphic to the irreducible highest weight representation of g with highest weight
kAo, where Ag is the dual element of K.

A V*(g)-module is the same as a smooth g-module of level k.

As in the introduction, let Xy be the associated variety [Ar12] of a vertex algebra
V', which is the maximum spectrum of the Zhu’s Cy-algebra

Ry :=V/Cy(V)

of V. In the case that V is a quotient of V*(g), V/Co(V) = V/g[t |t 2V and we
have a surjective Poisson algebra homomorphism

Clg*] =S(g) » Ry =V/g[t 7't 72V, x> x(=1)+glt” 1t 7%V,

where xz(—1) denotes the image of x(—1) in the quotient V. Then Xy is just the
zero locus of the kernel of the above map in g*. It is G-invariant and conic.

Conjecture 1. Let V= ®y=0Vy be a simple, finitely strongly generated (i.e., Ry
is finitely generated), positively graded conformal vertex operator algebra such that
Vo =C.
(1) Xv is equidimensional.
(2) Assume that Xy has finitely many symplectic leaves. Then Xy is irre-
ducible. In particular Xy, gy is irreducible if Xy, ) C N.

For a scheme X of finite type, let J,,, X be the m-th jet scheme of X, and J,, X
the infinite jet scheme of X (or the arc space of X). Recall that the scheme J,,, X
is determined by its functor of points: for every C-algebra A, there is a bijection

Hom(Spec A, J,, X) = Hom(Spec A[t]/(t™ 1), X).

If m > n, we have a natural morphism J,,X — J,X. This yields a projective

system {J,, X} of schemes, and the infinite jet scheme J X is the projective limit

lim J,,, X in the category of schemes. Let mp,: J, X — X, m > 0, and oo : Joo X —
be the natural morphisms.

If X is an affine Poisson scheme then its coordinate ring C[Jo,X] is naturally a
Poisson vertex algebra ([Ar12]).

Let V = FOV > F'V O ... be the canonical decreasing filtration of the
vertex algebra V' defined by Li [Li05]. The associated graded algebra grV =
®D,>0 FPV/FPTLV is naturally a Poisson vertex algebra. In particular, it has the
structure of a commutative algebra. We have F'V = Cy(V) by definition, and
by restricting the Poisson vertex algebra structure of gr V' we obtain the Poisson
structure of Ry = V/F'V C gr V. There is a surjection

C[JOOX\/'] — gr Vv

of Poisson vertex algebras ([Li05, Ar12]). By definition [Ar12], the singular support
of V is the subscheme

SS(V) = Spec(grV)
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of Joon.

Theorem 4.1. Let V be a quotient of the vertex algebra V¥*(g). Suppose that
Xy = G.C*x for some x € g. Then

SS(V)ied = Joo Xy = JooG.C7z = JoG.Coz.

Proof. By [Ar12, Lemma 3.3.1], Xy = moo(SS(V)). We know that SS(V) C
JOOXV, so that SS(V)iea C JooXv. Let us prove the other inclusion.

Set X = Xy and U = G.C*z. Since U is an irreducible open dense subset of X,
1. (U) = J,,U for any m > 0 [EM09, Lemma 2.3], and 7, (U) = 7' (Xyeg) is an
irreducible component of J,, X. Hence

JooX =1 U) = TooU

because Joo X is irreducible [Ko73] and closed. Therefore, it is enough to prove that
SS(V)rea contains JooU since SS(V)yeq is closed.
The map

p: Gx (C'z) - G.C'z, (g,tx)— g.(tx)
is a submersion at each point, so it is smooth (cf. [Ha76, Ch. III, Proposition 10.4]).
Hence by [EM09, Remark 2.10], we get that the induced map

foo: JooG X JooCr'x — JooG.C*x
is surjective and formally smooth, and so
too (JooG X JooCF ) =2 Joo G.C .

Since SS(V)yed 18 Joo G-invariant and Jo, C*-invariant, we deduce that J,,G.C*z =
JxoU is contained in SS(V)yeqd. O

The closures of nilpotent orbits satisfy the conditions of Theorem 4.1, and also
Dixmier sheets of rank one by Lemma 2.1 (1).

Corollary 4.2. Let V be a quotient of the affine vertez algebra V*(g).
(1) Suppose that Xy = O for some nilpotent orbit O of g. Then
SS(V)ied = JooO = J5 0.
(2) Suppose that Xy =S for some Dizmier sheet S of g of rank one. Then
SS(V)ied = JooS = JooS.
See [Arl5a] and [AM15] for examples of affine vertex algebras Vi (g) satisfying
the condition of Corollary 4.2 (1).
5. ZHU’S ALGEBRA OF AFFINE VERTEX ALGEBRAS

For a Zxo-graded vertex algebra V = @, Vg, let A(V) be the Zhu’s algebra of
V,

AV)=V/VoV,
where V o V is the C-span of the vectors

aob:= Z (?) agi—2)b

i>0
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fora € Va, A € Zzo, b e V,and V — (EndV)[[z,27']], a = > cpamz "1,
denotes the state-field correspondence. The space A(V) is a unital associative
algebra with respect to the multiplication defined by

ax*xb:= Z (?) ag—1)b
i>0
fOI‘ClEVA,AEZ}O,bEV.

Let M = @d>do Mg, Mg, # 0, be a positive energy representation of V. Then
A(V) naturally acts on its top weight space M, := My, , and the correspondence
M +— Mo, defines a bijection between isomorphism classes of simple positive energy
representations of V' and simple A(V)-modules ([296]).

The vertex algebra V' is called a chiralization of an algebra A if A(V) = A.

For instance, consider the universal affine vertex algebra V*(g). The Zhu’s al-
gebra A(V*(g)) is naturally isomorphic to U(g) ([FZ92], see also [Ar16a, Lemma
2.3]), and hence, V*(g) is a chiralization of U(g).

Let J; be the unique maximal ideal of V¥ (g), so that

Vi(a) = V*(8)/ -

We have an exact sequence A(Jx) — U(g) — A(Vi(g)) — 0 since the functor A(?)
is right exact and thus A(Vj(g)) is the quotient of U(g) by the image 7 of A(Jx)
in U(g):

A(Vi(9)) = U(g)/Zs-

Fix a triangular decomposition g=n_ dhdn, of g. Then 6 =hdCKaCD is
a Cartan subalgebra of g. A weight \ € E* is called of level k if A\(K) = k. The
top degree component of L(\) is Lg()), where X is the restriction of A to h. Hence,
by Zhu’s Theorem, the level k representation L(A) is a Vi (g)-module if and only if
TiLg(N) = 0.

Set U(g)? := {u € U(g) | [h,u] = 0 for all h € b} and let

T: U(g)" = U(b)

be the Harish-Chandra projection map which is the restriction of the projection
map U(g) =U(h) @ (n_U(g) +U(g)ny) — U(h) to U(g)". It is known that T is an
algebra homomorphism. For a two-sided ideal I of U(g), the characteristic variety
of T (without p-shift) is defined as

V(I)={\e€bh* | p(\) =0 for all pc T(I")}

where I" = I'NU(g)Y, cf. [Jo77]. Identifying g* with g through ( | ), and thus bh*
with b, we view V(I) as a subset of b.

Proposition 5.1 ([Arl6a, Proposition 2.5]). For a level k weight \ € b*, L(X) is
a Vi(g)-module if and only if A € V(Iy).

The Zhu’s algebra A(V') is related with the Zhu’s C5 algebra Ry as follows. The
grading of V induces a filtration of A(V) and the associated graded algebra gr A(V)
is naturally a Poisson algebra ([Z96]). There is a natural surjective homomorphism

nv : Ry — gr A(V)

of Poisson algebras ([DSKO06, Proposition 2.17(c)], [ALY14, Proposition 3.3]). In
particular, Spec(gr A(V)) is a subscheme of Xy .
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For V = Vj(g) this means the following. We have
VierZe) € Xvi(g),

where V' (grZy) is the zero locus of grZ; C C[g*] in g*.
The map 7y, (q) is not necessarily an isomorphism. However, conjecturally [Ar15b]
we have V(grZy) = Xy, (g)-

6. AFFINE W-ALGEBRAS

For a nilpotent element f of g, let W¥(g, f) be the W-algebra associated with
(g, f) at level k, defined by the generalized quantized Drinfeld-Sokolov reduction
[FF90, KRWO03]:

Wh(g, f) = HF T (V*(g)).

Here H f% +O(M ) is the corresponding BRST cohomology with coefficients in a g-
module M.

Let (e, f, h) be an slo-triple associated with f. The W-algebra W¥ (g, f) is con-
formal provided that k # —h", which we assume in this paper, and the central
charge cs(k) of W¥(g, f) is given by

. L p h|’
cs(k) = dimg(h,0) lemg(h,l) 12\/m kE+h 5|

where p is the half sum of the positive roots of g. We have

Wk(gvf): @ Wk(:gaf)Av

AE%Z>0
WHg, flo=C, W¥g, £z =0, W f1 =g,

where g? is the centralizer in g of the slo-triple (e, f, h).
We have [DSKO06, Arl5a] a natural isomorphism Ry g 5) = C[.#}] of Poisson
algebras, so that

Xwrg,p) = s

Let Wi(g, f) be the unique simple quotient of W¥(g, f). Then Xy, (g,5) 1s a C*-
invariant, Poisson subvariety of .. Since it is C*-invariant, Wy(g, f) is lisse if and

only if Xy, g.5) = {f}-
Let Oy, be the category O of g at level k. We have a functor

O — W¥(g, f)-Mod, M v Hj (M),

where W¥ (g, f)-Mod denotes the category of W¥(g, f)-modules.
Let KL be the full subcategory of Oy consisting of objects M on which g acts
locally finitely. Note that V*(g) and Vi (g) are objects of KLg.

Theorem 6.1 ([Arl5a], k, f arbitrary). (1) Hf%ﬂ(M) =0foralli 0, M €
KLy. In particular, the functor KLy — W¥(g, f)-Mod, M H?JFO(M),
18 exact.
(2) For any quotient V of V¥(g) we have

RH%+O = Hf(RV)’

27w
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where Hy(Ry ) is defined in Theorem 3.1. Hence, X <10 s isomorphic

R Hy (V)
to the scheme theoretic intersection Xy Xg« S.

(3) Hf+O(V) £ 0 if and only if G.f C Xy .

(4) HfF (V) is lisse if Xy = ..

Let fo be a root vector of the highest root 6 of g, which is a minimal nilpotent
element so that f € O, where Q,,;, is the minimal nilpotent orbit of g.

Theorem 6.2 ([Ar05], f = fp). (1) HE—H(M) =0 for aloloi #0, M € O. In
particular, the functor Op — W¥(g, f)-Mod, M HJ?—HJ(M), is exact.
(2) HEJFO(L()\)) # 0if and only if Noy) & Nxo. If this is the case, HEJFO(L(/\))
is a simple W¥*(g, f)-module, where af = —6Y + K.
Recall that f is a short nilpotent element if

If this is the case, we have $h € PV, where PV is the coroot lattice of g, and 1h

defines an element of the extended affine Weyl group W =W x PV of g, which we
denote by tip. Here W is the Weyl group of g. Let tip be a Tits lifting of t1p to

an automorphism of g.
Set

1
Dy =D+ 5h,

and put My, = {m € M | Dym = dm} for a g-module M. The operator Dy,
extends to the grading operator of W¥(g, f) ([KRWO03, Ar05]).
The subalgebra 2 »(g) acts on each homogeneous component Mg because

[Dhst1,(g)] = 0. Note that f%h(g) is the subalgebra of g generated by root vectors
of roots t%h(a) =a— ja(h)d, a € A, where § € b* is the dual element of D. In

particular, f% »(g) contains
(:=g(h,0)

as a Levi subalgebra.

We regard My, as a g-module through the isomorphism E% n(g) 2 g.

Since a(Dp,) = 0 for all positive roots « of g by the assumption that f is short,
we have

L= P LNan

d<A(Dp)

Let O} be the full subcategory of category Oy, of g consisting of objects on which
[ acts locally finitely.

Theorem 6.3. Let [ be a short nilpotent element as above.
(1) H?H(M) =0 for alli # 0, M € Of. In particular, the functor O} —
Wk(g, f)-Mod, M H?JFO(M), is eract.
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(2) Let L(\) € Of. Then HF "(L(X)) # 0 if and only if Dim L(A)x(p,) 0 =
1/2dim G.f(= dimg(h,2)), where Dim M is the Gelfand-Kirillov dimen-
sion of the g-module M. If this is the case, H?H)(L()\)) is almost ir-
reducible over W¥(g, f), that is, any nonzero submodule of H?JrO(L()\))
intersects its top weight component non-trivially (cf. [Arll]).

(3) Suppose that g is of type A. Then, for L(\) € O}, H?JFO(L()\)) is zero or
irreducible.

Proof. The above theorem is just a restatement of main results of [Arl1] since the
functor O}, — W¥(g, f)-Mod, M HJ?—HJ(M), is identical to the “—”-reduction
functor HERST(?) studied in [Arl11] (in the case of short nilpotent elements). O

7. LEVEL —1 AFFINE VERTEX ALGEBRA OF TYPE A,,_1, n >4

We assume in this section that g = sl,, with n > 4.
Let
A={e;—¢;|t,j=1,...,n,i #j}
be the root system of g. Fix the set of positive roots Ay = {e; —¢; | 4,j =
1,...,n,i < j}. Then the simple roots are a; = ¢; —e;41 for i =1,...,n— 1. The
highest root is  =¢1 — e, = a1 + -+ + @, —1. Denote by (e;, h;, f;) the Chevalley
generators of g, and fix the root vectors e, fo, @ € A as follows.

€e,—e;, =€i; and  fo, .. =e;; for i<y,

where e; ; is the standard elementary matrix associated with the coefficient (i, 7).
For ae € A, denote by hy = [eq, fo] the corresponding coroot. In particular,

hi = €44 — €i41,i+1 for = 1,...,77,— 1.
Let g =n_ & bh @ ny be the corresponding triangular decomposition. Denote by
w1, ..., wWp_1 the fundamental weights of g,
i
w; = (51 ++€1) — 5(61 ++€n)

Identify g with g* through ( | ). Thus, the fundamental weights are viewed as
elements of g.

Let 6; be the highest root of the root system generated by the simple roots
perpendicular to 0, i.e.,

0r=ao+...4+Qn_o0=¢E2—€n_1,
Set
Bi=a1+ -+ an_o=¢€1—€En_o, Y=gt Qp1 =E3 —Ep,
and put
V] = egey, — egey € S%(g),
where S%(g) denotes the component of degree d in S(g) for d > 0. Then v; is a
singular vector with respect to the adjoint action of g and generates an irreducible

finite-dimensional representation Wj of g in S?(g) isomorphic to Lg(6 + 61).
Recall that we have a g-module embedding [AM15, Lemma 4.1],

1
(3) oq: SUg) = VF(9)a, 1.0+ 7 Toy(—1) . Ty (—1).
: ceS,y
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We will denote simply by o this embedding for d = 2.

Proposition 7.1 ([Ad03]). Forl > 0, The vector o(vy)!*! is a singular vector of
VF(g) if and only if k =1 — 1.

Theorem 7.2. The vecor o(v1) generates the mazimal submodule of V~'(g), that
is, Vo1(g) = V= 1(g)/U(@)o(v1).
Set
Voi(e) = V™ H8) /U@ (v).

To prove Theorem 7.2, we shall use the minimal W-algebra W¥ (g, fs).
Let g® be the centralizer in g of the slo-triple (eg, hg, f5). Then

o' = g0 Do,
where go is the one-dimensional center of g! and g = [g% g]. Note that go =
C(hy — hp—1) and g1 = {ea;s fa, |1 =2,...,n —2) X sl, 5.

There is an embedding, [KW04], [AMI15, §7],
b h
V¥ (go) @ VM (g1) = WH(g. fo)

b

of vertex algebras, where ki = k + n/2 and k% = k + 1. Note that Vok" (go) is
isomorphic to the rank one Heisenberg vertex algebra M (1) provided that kg # 0.

For k = —1, we have k{ = 0 and V,z(g1) = Vi () /U(g1)es, (~1)1 = C.

By Theorem 6.2 the exact sequence 0 — U(g)o(v1) — V=1(g) = V_1(g) = 0
induces an exact sequence

@J’,O . _ §+0 ~

(4) 0= HZ " (U@o(v1)) = W (g, fo) = Hg, " (Voi(g)) = 0.
Lemma 7.3. The image of o(vy) in W™(g, f¢) coincides with the image of the
singular vector eq, (—1)1 of V9(g1) C W~(g, fo)-

Proof. Since it is singular, o(v;) defines a singular vector of W¥(g, fp). Its image
in Ryyr(q f,) is the image of vy in C[.7,] = (C[g*]/Jy )™, where x = (fo|-), see §3.
Since v1 = eg, (mod Jy), we have o(v1) = eg, (—1)1 (mod C2(W¥(g, f5))). Then
o(v1) and eg, (—1)1 must coincide since they both have the same weight and are
singular vectors with respect to the action of gj. O

Theorem 7.4. We have HEJFO(V,l(g)) >~ M(1), the rank one Heisenberg ver-

tex algebra. In particular HEM(V_l(g)) 1s simple, and hence, isomorphic to

Wfl(gv f@)
Proof. By Theorem 6.2, HEJFO(V_l(g)) is isomorphic to W_1(g, fo). Since V_1(g)

is a quotient of V_1(g), W_1(g, f) is a quotient of HEH)(V_l(g)) by the exactness

result of Theorem 6.2. In particular, HEJFO(V,l(g)) is nonzero.
Recall that W¥(g, f5) is generated by fields J{%}(2), a € gf, G1"}(2), v € g-1/2,
and L(z) described in [KW04, Theorem 5.1]. Since V%(g1)/U(g1)eq, (—1)1 = C,

Lemma 7.3 implies that J{%}(2), a € gy, are all zero in HE+O(V,1(9)). Then,
since [J;\{a}G{”}] = Glov and g_, /2 is a direct sum of non-trivial irreducible finite-
dimensional representations of g, it follows that G(*)(z) = 0 for all v € g_4 /2-



SHEETS AND ASSOCIATED VARIETIES OF AFFINE VERTEX ALGEBRAS 19

Finally, [KW04, Theorem 5.1 (e)] implies that L coincides with the conformal vector
of V'3 (g1) = M(1) in HEJFO(V_l(g)). We conclude that Hfjw(f/_l(g)) is
generated by J19}(2), a € go, which proves the assertion. O

Proof of Theorem 7.2. Suppose that V_l(g) is not simple. Then there is at least
one singular vector v of weight, say p. Then

u=sw; —Ag or sw;—Ay forsome seN (mod Cd)

by [AP08, Proposition 5.5]. Let M be the submodule of V_;(g) generated by
v. Since M is a V_;(g)-module, HEJFO(M) is a module over Hfjw(f/_l(g)) =

M(1). Because u(ay) < 0, Theorem 6.2 implies that the image of v in HEJFO(M)
is nonzero, and thus, it generates the irreducible highest weight representation

M(1, M) of M (1) with highest weight pl—hu_1)  Now the exactness of

\/Q(n—Q)OO . 2(n—2) .
the functor HEHJ(?) shows that HEH)(M) is a submodule of HEH)(V,l(g)) =
M (1), and therefore, so is M (1, ”(h;(_i\/hij;;)) But this contradicts the simplicity of
M(1). O

By Theorem 7.2, we have
5) Ry o = Cla')/Iwy. 50 Xy, g = Spec(Cla’]/I,).
Corollary 7.5. We have H;(Clg*]/Iw,) = C[z].

Proof. By Theorem 6.1(2), we know that R s = Hy(Ry_,()). The
HE (Vo)

assertion follows since RH%HJ )= Ry = Clz] by Theorem 7.4. O

fo (V_1(9)

As in Theorem 1.1, let [; be the standard Levi subalgebra of sl,, generated by
all simple roots except oy, that is,

Lh=b+ <€Oé7;)fai |7J7"é 1>'

The center of [; is generated by ;. Thus, the Dixmier sheet closure Sy, is given
by

Si[l = G.(C*wl,

see §2. The unique nilpotent orbit contained in Sy, is Indf’1 (0) = Opin, that is, the
G-orbit of fy.

Lemma 7.6. We have V(Iy,) NN C Opin,.

Proof. First of all, we observe that Q2 1n-4) it the smallest nilpotent orbit of g
which dominates Qi = Q(2,1n-2y. By this, it means that if A = (2, 1"~2) then
A = (22,1"7%) where 5= is the Chevalley order on the set &(n). Therefore, it is
enough to show that V' (Iy,) does not contain Qg2 1n-4y.

Let f € Q2 1n-4) that we embed into an sly-triple (e, h, f) of g. Denote by
g(h, ) the i-eigenspace of ad(h) for i € Z and by A (h,) the set of positive roots
a € Ay such that e, € g(h,i). We have f = ZQGA+(h,2) cafo with ¢, € C. We
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call the set of &« € A, (h,2) such that ¢, # 0 the support of f. Choose a Lagrangian
subspace £ C g(h,1) and set

me=2aPahi),  Jy:= ) Clal@— x()),
=2 TEM
with x = (f|-) € g*, as in §3. By Lemma 3.3, it is sufficient to show that
Cla*] = Iw, + Jy.
To see this, we shall use the vector
V1 = egey, — €gey € IW1-

If n > 4, the weighted Dynkin diagram of the nilpotent orbit G.f is
0 1 0 0 1 0
o o o— i —O—O—0O

So we can assume that h = @y + @, _2 and we can choose for f the element fg+ f,.
We see that 0, 61, 8 and ~y all belong to A4 (h,2). Since § and v are in the support
of f, but not 6 and 6, for some nonzero complex number ¢, we have

egeg, —egey = ¢ (mod Jy).

So vy = ¢ (mod Jy) and Iw, + J, = C[g*], whence C[g*]/(Iw, + Jy) = 0.
For n = 4, the weighted Dynkin diagram of the nilpotent orbit G.f is
0 2 0
Oo——0——=O0

and we conclude similarly. O

Lemma 7.7. Let A be a nonzero semisimple element of g. Then, A\ € V(Iw,) if
and only if A € G.C*w;.
Proof. Set fori,j € {1,...,n—2}, with j —i > 2,
Pij = hihj,
and for 7 € {2,...,n — 2},
qi = hi(hi—1 + hi + hig1).

According to [AP08], the zero weight space of W is generated by the elements p; ;
and g;. Clearly, p; j(w1) =0 for j—i > 2 and ¢;(cw1) =0 for any i € {2,...,n—2}.
So wy € V(Iw,), and whence G.C*wy C V(Iw,) since V(Iy,) is a G-invariant
cone. This proves the converse implication.

For the first implication, let A be a nonzero semisimple element of g, and assume

that A € V(Iw,). Since V(Iw,) is G-invariant, we can assume that A € . Then
write

A= Z)\Zw“ A € C.
i=1
Since p; j(A) = ¢;(A) = 0 for all ¢, j, we get
(6) AN =0, ije{l,....n—2} j—i>2,
(7) )\i()\i71+)\i+)\i+1):07 1=2,....,n—2.

Since A is nonzero, A\ # 0 for some k € {1,...,n —1}.
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If k£ ¢ {1,n — 1}, then by (6), A\; = 0 for |j—k| > 2. So by (7), either \py_1+ A =
0 or A\g + A1 = 0 since Ag_1Ag+1 = 0 by (6).

If k =1, then by (6), A\; =0 for j > 3. So by (7), Aa(A1 + A2) =0.

If k =n—1, then by (6), A\; = 0 for j <n—3. Soby (7), \n—2(An—2+An_1) = 0.
We deduce that

Ae Cro U (C*wn_l U U (C*(wl — wi+1)
1<j<n—2
= U C*(61—|—"'+€i_1—(n—1)61‘—|—€i+1—|—~-~—|—6n)
1<j<n—1

All the above weights are conjugate to tw; for some ¢t € C* under the Weyl group

of (g,bh) which is the group of permutations of {e1,...,e,}, whence the expected
implication. (I

The following assertion follows immediately from Lemma 2.1, Lemma 7.6 and
Lemma 7.7.

Proposition 7.8. We have V(Iw,) =Sy,

Remark 7.9. The zero locus of the Casimir element Q in V(Iyy,) is O Indeed,
by Lemma 2.1 the zeros locus of  in Sy, is contained in the nilpotent cone since
Q(w1) # 0. The statement follows since @,,;,, has codimension one in Sy, .

As a consequence, the zero locus of the ideal generated by CQ @ Wy C S?(g) is

Opmin. This latter fact is known by [Ga82] using a different approach.

Proposition 7.10. The ideal Iy, is prime, and therefore it is the defining ideal of
S

Proof. We apply Lemma 3.6 to the ideal I := Iy, . First of all, [y and (eg, ho, fo)
satisfy the conditions of Lemma 3.4 since 3(I;) = Cwy and g(hg,i) = 0 for ¢ > 2.
It remains to verify that the conditions (1),(2),(3),(4) of Lemma 3.6 are satisfied.
Condition (1) is satisfied by Proposition 7.8. According to [Ga82, Corollary 2 and
Theorem 1, Chap. V], the ideal I + I, is the defining ideal of O,,;,. So condition (2)
is satisfied. The condition (3) is satisfied too, by Corollary 7.5. At last, because
Q(wo1) # 0, condition (4) is satisfied. In conclusion, by Lemma 3.6, I = Iy, is
prime. (I

Proof of Theorem 1.1 (1). The first statement follows immediately from (4) and
Proposition 7.10. The second statement follows from the inclusions

JooSt, = SS(V_1(g))rea C SS(V-1(g)) C JooXv 1 (g) = JooSty
where the first equality follows from Corollary 4.2. O

Remark 7.11. Let Vi(g) -Mod®™ be the full subcategory of the category of Vi (g)-
modules consisting of objects that belong to KLg. Since HEJFO(V,l(g)) >~ M(1),
we have a functor

240
V_i(g)-Mod® — M(1)-Mod, M HZ (M),

where M (1)-Mod denotes the category of the modules over the Heisenberg vertex
algebra M (1). The proof of Theorem 1.1 (1) and [AP14, Theorem 6.2] imply that
this is a fusion functor.
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Let p = [ ®p, be a parabolic subalgebra of g with nilradical p,,. It is a maximal
parabolic subalgebra of g. Let P be the connected parabolic subgroup of G with
Lie algebra p. Set

Y .= G/(P,P).

As explained in §2, we have V(gr Jy) = Si,, where Jy = kervy and ¢y is the
algebra homomorphism U(g) — Dy.

The variety Y is a quasi-affine variety, isomorphic to C™*\{0}. It follows that
the natural embedding Y = C"\{0} < C™ induces an isomorphism D¢n = Dy. In
this realization, the map 1y is described as follows.

0 0
: DTL: “ e n’77.-.7’
Yy :U(g) = Den = (21,..., 2 o2 8zn>
€ij " ~Zjg (i #7),
h~|—>—z»i—|—z- 0
! ! 321 i+l 8Zi+1 '

where e; ; is as before the standard elementary matrix element and h; = e;; —
€it1,i+1-
This has the following chiralization: Let Dgh be the Sv-system of rank n, gen-
erated by fields f1(2), ..., Bn(2), 11(2), ..., (2), satisfying OPE
0ii
7i(2)Bj(w) ~ ——, i(2)y;(w) ~0,  Bi(2)Bj(w) ~ 0,

Z—w

see e.g. [Kac98]. We have
Rpen 2 C[T*C"],  A(DEh) = Den,

where D¢r denotes the Weyl algebra of rank n, which is identified with the algebra
of differential operators on the affine space C". In particular, DE% is a chiralization
of D(C'n. .

Lemma 7.12. The following gives a vertex algebra homomorphism.
by : V7 g) = DEk,
€ij(2) = —: Bi(2)vi(z) (i # ),
hi(z) = = Bi(2)7i(2) : + : Biga(2)vita(2) « -

Note that the map ¢y induces an algebra homomorphism U(g) = A(V ~!(g)) —
A(Dg:) = Den, which is identical to ¥y .
Theorem 7.13 ([AP14]). The map Uy factors through the vertex algebra embed-
ding

V_1(g) — D¢

By Theorem 7.13, zlAJy induces a homomorphism
(8) A(V_1(g)) — A(DE:) = Den.
Theorem 7.14. (1) The ideal gr #y C Clg*] is prime and hence it is the

defining ideal of S, .
(2) The natural homomorphism Ry_, gy — gr A(V_1(g)) is an isomorphism.
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(3) The map Uy induces an embedding
A(V_1(g)) = Den.
Proof. We have

A(Va(e)) = U(a)/ Fwi

where Zyy, is the two-sided ideal of U(g) generated by Wi. By (8), we have the

inclusion Jw, C Jy = kervy. Also, gr_Zw, D Iw, by definition, and \/_%y = Iw,
by Proposition 7.10. Thus,

Iw, Cgr Jw, Cgr fy C\/gr fy = Iw,.

It follows that all the above inclusions are equalities:

IWI :grfwl :ger: V ger~

The statements (1), (2) and (3) follow from the third, the first and the second
equality, respectively. O

Remark 7.15. Adamovié and Perse [AP14] showed that DE: decomposes into a
direct sum of simple highest weight representations of V_1(g). From their results,
it is possible to obtain an explicit character formula of V_1(g) as in [KWO01]. In
view of Theorem 1.1, this gives the Hilbert series of J.Sy, .

8. LEVEL —m AFFINE VERTEX ALGEBRA OF TYPE Ag,,_1

Set
2m—1 mo— i 2m—2
Vg = Z 7h¢60 + Z €1,i+1€i+1,2m € 52(9)
i=1 =1
Then v is a singular vector and generates a finite-dimensional irreducible repre-
sentation Wy of g in S?(g) isomorphic to Ly (#). We have

o (vo)
- Z mﬂ: ihi(_l)eg(_l) + Z 617i+1(_1)6i+1,2m(_1) - (m — 1)69(—2)’

where o = o9 is defined in §7, equality (3).
Lemma 8.1. The vector o(vg) is a singular vector of Vi,(g) if and only if k = —m.

Proof. The verifications are identical to [Pe08, Lemma 4.2] and we omit the details?.
O

Theorem 8.2. The singular vector o(vg) generates the mazimal submodule of
V=" (g), that is, V_i(g) = V™" (g)/U(g)o(vo).

2In [Pe08], the author only deals with sl,4; for even r in order to have an admissible level
k= —%(r + 1). Note that there is a change of sign because our Chevalley basis slightly differs
from that of [Pe08].



24 TOMOYUKI ARAKAWA AND ANNE MOREAU

Let (e, f, h) be the sly-triple of g defined by
e= Z € mtis h = Z €ii — Z Cmtimti = 2Tm,
i=1 i=1 i=1

m
f= Zem,—i-i,i €g.
i=1
Then f is a nilpotent element of g corresponding to the partition (2™). We have

where g(h, 2) = spanc{e;mi; [ 1 < 4,5 < m}, g(h, —2) = spanc{emti; | 1 < i,5 <
m}, g(h,0) = spanc{e; j, emtim+; | 1 < 4,7 <m}Ng. Thus, fis a short nilpotent
element.

Let g% C g(h,0) be the centralizer in g of (e, f, k). Then

g% = sl,,,.
By [KWO04, Theorem 2.1] we have a vertex algebra embedding
VE (g) > WH(g, ),
where
k¥ = 2k + 2m,
which restricts to the isomorphism of spaces of weight 1
g = V() 5 WHe, .
Since
g(h,—2) = ¢"@C

as g-modules, there exists [KW04] a gf-submodule E of W¥(g, f)» such that
WF(g, f) is generated by W¥(g, f)1 = g¢°, E and the conformal vector wy €
WE(g, f)a, provided that k # —2m.

Theorem 8.3. We have
240, .
HF(V_(9)) = Vi,
where Viry is the simple Virasoro vertex algebra of central charge 1.

Let egs = e1,m + €m41,2m € g% be a root vector of the highest root 62 of gP.

Lemma 8.4. The image of o(vo) in W™™(g, fo) coincides with the image of the
singular vector egs(—1)1 of V°(g?) up to nonzero constant multiplication.

Proof. Let w be the image of o(vg) in W™™(g, fo). One finds that
w = ep:(—1)1  (mod Co(W™™(g, fo))),

and hence, it is nonzero and has the same weight as egs (—1)1. Since it is a singular
vector, w is singular vector for V° (gh). The assertion follows since the corresponding
weight space is one-dimensional. O

Proposition 8.5. Let A\ = sw,,, — mAg with s € Zxo. Then H?—H)(L()\)) # 0.
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Proof. Since L()) belongs to O}, it is sufficient to show that the Gelfand-Kirillov di-
mension of L(A)x(py,),» is maximal by Theorem 6.3. Observe that L(A)x(py,),» is an
irreducible highest weight representation of g with highest weight y = —(m+s)w,,.
It follows from Jantzen’s simplicity criterion [Ja77, Satz 4] (see also [Hu08, Theo-
rem 9.13]) that Lg(x) is isomorphic to the generalized Verma module U (g)® (p) L1, (1),
where p is a parabolic subalgebra of g with Levi subalgebra [y, and L, (u) is the
irreducible finite-dimensional representation of [; with highest weight p. This com-

pletes the proof. O
Proof of Theorem 8.3. First, H?w(f/_m(g)) # 0 since H?JFO(V_m(g ) # 0 by
Proposition 8.5. Second, the exact sequence 0 - N — V™" (g) — f/,m(g) = 0,

where N = U(g)o(vg) C V™" (g), induces an exact sequence

0= HF(N) =W (g, f) = HF P (Vopu(g)) = 0.

By Lemma 8.4, the weight 1 subspace W™ (g, f)1(= g?) is contained in H?JFO(N).

Hence, z(oyW~"(g, f) C H?+O(N) for all x € g% This gives that E C HJ?JFO(N).
It follows that H > +%(V_,,(g)) is generated by the single element wyy. Since wyy has

central charge 1, there is a vertex algebra homomorphism Vir; — H>10(V_,,(g)).
The assertion follows as Vir; is simple. ]

Proof of Theorem 8.2. Suppose that Vj, (g) is not simple. Then there exists at least
one singular weight vector, say v, which generates a proper submodule of V, (g). As
A(Vi(g)) = U(g)/Zw,, Proposition 8.8 implies that the weight of v has the form
u = sw, —mAy with s € N. Consider the submodule M of f/k(g) generated by v.

Since H?M(L(,u)) # 0 by Proposition 8.5, Theorem 6.3(1) implies that H?-H)(M)

is a nonzero submodule of H?Jro(f/k (). But by Theorem 8.3, HY, (Vi(g)) = Viry
is simple. Contradiction. O

By Theorem 8.2, we have
9) Ry (o =Cla"l/Iw,, andso, Xy ) = Spec(Clg*]/Iw,).
Thus we get the following assertion (see Corollary 7.5).
Corollary 8.6. We have H;(Clg*]/Iw,) = C[z].

As in Theorem 1.1, define the Levi subalgebra [y of g by

lo="b+ (ea;; fa; | i #m).
The center of [y is spanned by w,,. Thus,
Si, = GCwn,

see §2. We have Indf’0 (0) = O(2m), and hence, Omy is the unique nilpotent orbit
contained in the Diximier sheet Sy,.

Lemma 8.7. V(Iw,) NN C Qm).

Lemma 8.7 is proven in the same way as Lemma 7.6, and we omit the proof. Note
that here Q3 ym-2 1y it the smallest nilpotent orbit of g which dominates OQ(gm).

We now view Wy as a submodule of U(g) through the identification S(g) = U(g)
given by the symmetrization map, and shall determine the characteristic variety

V(Iw,)-
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Set for s € {1,...,2m — 1},
Agi={(ir,....01) €{L,....2m = 1}* [ iy <+ <igand Y _(=1)¥ig = (=1)*m}.

For example, A} = {m} and As = {1 < i1 < iz <2m —1]|—1i; +iy =m}.

Proposition 8.8. The characteristic variety V(Iw,) of Iw, is the set

== U {tw,1+z (—t +¢,)wi, 5 t € C.

1<5<2m—1 (iy,....i5)EA,

where for j € {2,...,s},
cj =11+ QZ k+1zk +( 1)j+1ij

In particular, the only integral dommant weights which lie in V(Iw,) are those of
the form tw,, with t € Zx¢.

Proof. Set for i € {1,...,2m — 1},

Di = hiG;,

where
2m— 12m ]
hj +m —i.

di =
Jj=i+1
According to [PeOS7 Lemma 5.1], T(W0 ) is generated by p1, . .., pom—1. Indeed, this
part of Perse’s proof does not use the parity of the rank of sl,, and all computations
hold for n even.
We first verify that any A\ € Z is a solution of the system of equations p1(A\) =
0,...,p-(A) = 0. The verifications are left to the reader.
Conversely, let A = Z?;nfl Aiw; € b be such that p;(A) = 0 for all i =
1,...,2m —1. Assume that A # 0. Let us show that A € 2. Since A\ # 0,

there exist integers iy,49,...,4s in {1,...,2m — 1}, with i; < is--- < is, such that
Ai; #0if j € {1,...,s} and \p, =0 for all k & {iy,...,41}. Thus, §;;(\) = 0 for all
jed{l,...,s}h
Assume s = 1. Then
. m—1 .
OZQil()\): 1)\i1+m—21.

Either 71 = m and then A = \,,@,, € E, or i; # m and then
Aiy, =—m 80 A= —mw;,.
Since i1 # m, either i1 > m or iy < m. By symmetry, we can assume that i; < m.
Indeed, if ¢; > m, then 2m —i; < m, but if p;(N) =0 foralli=1,...,2m —1,
then X := Aoy—i, @Wam—s, verifies p;(N)=0foralli=1,...,2m — 1, too. Now one
can choose ig € {i1 +1,...,2m — 1} such that —i; + i = m. Then
A= /\ilwil :)\ilwil =+ (_>\i1 +1 — ig)wh
€ U {tw;, + (—t+i1 —is)ws, ; teC} C B
(il,i2)€A2

since A\;; = —m =11 — iz and ¢;, = 1 — 42, and we are done.
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Assume now s > 2. Since \;; # 0 for j = 1,...,s, we get §;;(\) = 0 for
j=1,...,s. Using the equations ¢;, (A\) — Gi,(A) =0, ..., G;i.(A) — ¢, (A) =0, we
get

VjE{l,...,S—l}, Aij+1+Aij_ij+ij+1:O'

By induction on j we obtain that

(10) V] € {27 e '7S}v /\i' = (_1)j(_/\il + Cj)

J

where ¢; is defined as in the proposition:
7j—1
¢ =i1+2> (DMl + (1), =2,
k=2

Using the equations §; () = 0 and (10), we get

S

(any o= (; S (1)kix - (—1)5) A

k=1
- li(—l) iKCr + 2(—=1)%cs + m — is.
mk:Q
Either
iy —1)kip, — (=1)* =0, that is, y ki, = (=1)°m
mkzzl()k() ;()k()

and then A € é, or

> (=i # (-1)*m

k=1
and then )\;, is entirely determined by the equation (11), and so is Aj,,...,\;
by (10).

s

Claim 8.1. Set ip := 0. There exist | € {1,...,s} and j € {1,...,2m — 1} \
{#1,...,1s} such that 4,1 < j < 4; and

s+1
> (=DFi = (=1)"T'm
k=1
where i) =iy for k=1,...,1— 1,5y =jand i, =iy for k=1,...,s.

Proof. First of all, we observe that the sequence (1,2,...,2m — 1) always belongs
to Ag,—1. Hence, if 232:1(—1)’%;C # (—1)*m, then there exist | € {1,...,s} and
jed{l,....,2m —1}\ {i1,...,4s} such that 4,_; < j < i;. We prove the statement
by induction on s. The claim is known for s = 1. Let us prove it prove for s = 2.
There are two cases:

a) First case: —iy + ia < m. Then set
j =m — il + ig.

Possibly replacing 41,4 by 2m — i9,2m — i9, we can assume that iy < m.
Hence j > i5. In addition, j < 2m since —i; + 42 < m. So j suits the
conditions of the claim.
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Second case: —i1 + i > m. Then ix > m, iy < m and we set:
j = 7m+l'1+l.2.

We have i; < j < iy and j suits the conditions of the claim.

Assume now that s > 2 and that the claim is true for all strictly smaller integers.
We assume that s is even. The case where s is odd is dealt similarly. There are
two cases:

a)

First case: Y_;_,(—1)¥i, < m. Either
s—1
m + Z(—l)kik >0,
k=1

and then the integer
S
jr=m4 > (=D)Fig >,
k=1
suits the conditions of the claims. Or m + Zz;i(fl)kik < 0, that is
i1 = TEL 4 SRRy Since ds1 < 2m — 8, with § == iy — i1, We
get
s—2
> (=1)Fip <m -6
k=1
Apply the induction hypothesis to the sequence i1, ...,is_1 and 2m—25—1,
which is an odd integer. Then there exists j € {1,...,2m — 2§ — 1} \
{i1,...,is—2} such that Zz;i(—l)’%; = —(m — J) where the sequence
i9,...,i,_; is defined as in the claim with respect to i1,...,is—2 and j.
We easily verify that j < is,, and we have
s—1
S (=DFiy +igy —ig = —(m—0) — 5 = —m.
k=1
So j suits the conditions of the claim.
Second case: S35_ (=1)%ip > m. Then Y% (=1)%ip — iy +is > m,
that is, ZZ;?(—l)kik >m — 9§ with 6 :=i5 —is_1. Applying the induction
hypothesis to the sequence i1,...,is_1 and 2m — 20 — 1, we conclude as in
case a).

We illustrate in figures 1 and 2 the construction of j. In Figure 1, the positive
integer — Y5 _, (—1)*i, corresponds to the sum of the lengths of the thick lines while
the positive integer 2m + > 7 _,(—1)%i; corresponds to the sum of the lengths of
the thin lines. In Figure 2, the positive integer Y ;_,(—1)*ix corresponds to the
sum of the lengths of the thick lines while the positive integer 2m — > _, (—1)¥ij
corresponds to the sum of the lengths of the thin lines.

O

Let j and d},...,4,,,; be as in Claim 8.1. Possibly replacing the sequence
i1,...,05 by 2m —is — 1,...,2m —ig — 1 we can assume that [ # 1, that is, j # ;.

Set

)‘i’ =0
1
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i1 i2 i3 i4  i5
| | | | | | | | |
T T T T 1
0 1 2 3 4 5 6 7 8
i1 i2 i3 j i4  i5

FIGURE 2. Construction of j for m = 4, s = 4 and (i1, 142, 13,44) = (1,3, 5,6)

so that
s+1

S
A= E )\ikwik = E )\Ziwli
k=1 k=1

where for j =1,...,1—1, Air = A, and fork=1,...,s, >‘i§c+1 := \;,,. Then one
can verify that for all k € {1,...,s+ 1},

k _
(D)% (=Aiy +eir) = Aig-

The verifications are left to the reader. This proves that A € = since (i}, . .. i) €
As+1 . [l

Lemma 8.9. Let A be a nonzero semisimple element of g which lies in V(Iw,).
Then A € G.C*w,,.

Proof. Set S(g)" :={z € S(g) | [h,z] =0 for all h € h} and let
U2 S(g)” — S(b)

be the Chevalley projection map which is the restriction of the projection map
S(g) = S(h) @ (n_ +n,)S(g) — S(h) to S(g)h. It is known that ¥ is an algebra
homomorphism. We have

V(Iw,) Nh* = {A e b |p(h) =0 for all p € ¥(Iw, N S(g)")} C h* =h.

Since V (I, ) is G-invariant, it is enough to prove the lemma for nonzero elements
A€ V(Iw,) Nh*.

It follows from the proof of Proposition 8.8 that V (Iyy,) Nbh* is the zero locus in
h of p1,...,pam—1 where for i € {1,...,2m — 1},

i—1

. . 2m—1 .
—J m—1 2m —j
pii=hi| ) hy = mhi ) Toh
j=1 J=i+1
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Then it also follows from the proof of Proposition 8.8 that the zero locus in b of
Dis---,Dam—1 is the set
== U U Q=
j=1

1<s<2m—1 (iq,..., is)ENS

Let A € . We can assume that A = 37 (—=1)7w;, for s € {1,...,2m — 1} and
,is) € As. We have to show that X is conjugate to w,, under the Weyl group
.,€2m }. Observe that

(i1, ..
W (g,h) of (g,h) which is the group of permutations of {1,

m 2m
wm:%(ZEi— > )
i=1 i=m+1

So it suffices to show that A can be written as

2m
A= E 0;E;
i=1

Ly forallie{1,...,2m} and

with o; € {*5, 3
1

1
card({i | o; = 5}) =card({i | o; = _5}) - m.
If s is even, we have
s s/2 ZS (_1)jlﬂ
. - ;
A= Z(il)jwi_j :Z(f‘:izj_l—i-l +«..+€i2j) — J 5 (51+"'+52m)
Jj=1 j=1
s/2 )
= Z(Ei2j71+1 + e + 6’i2j) — 5(61 + e + EQm)
j=1
1 (s—2)/2
:5(—(51 + )+ Z (5i2j71+1 4+ —|—5,L~2j) — (5i2j+1 + ... +5i2j+1)
j=1
+ (i, + - t+ei,) = (Cigg1+ -+ E2m)).
since (i1,...,15) € A;. We are done because Z;Zl(—l) i; =m.
If s is odd, we have
(s—=1)/2 sy,
%(51 +...+52m)

A= Z(_l)jwij = Z (€i2j—1+1 +eee Eizj) - (51 ot Eis) -
j=1 j=1
(s—1)/2

1
:_(€1+"'+5i1)_ Z (€i2j+1+"'+€i2j+1)+§(81+"'+€2m)
j=1

(s-1)/2
1
—s(—(e1+- )+ Y (st ot i) = Eaggr1 o F i)
j=1
+ (€t + -+ 2m))-
U

;is) € As. We are done because Y 5_, (—1)7i; = —m

since (i1, ...
The following assertion follows immediately from Lemma 2.1, Lemma 8.7, and

Lemma 8.9.



SHEETS AND ASSOCIATED VARIETIES OF AFFINE VERTEX ALGEBRAS 31

Proposition 8.10. We have V (Iy,) =S, .

Proposition 8.11. The ideal Iy, is prime, and therefore, it is the defining ideal
of Sy, -

Proof. We apply Lemma 3.6 to the ideal I := Iy,. First of all, Iy and (e, h, f)
satisfy the conditions of Lemma 3.4 for f € Ogmy. Indeed, 3(lp) = Cw,, and
g(h,i) = 0 for ¢ > 2. It remains to verify that the conditions (1),(2),(3),(4) of
Lemma 3.6 are satisfied.

Condition (1) is satisfied by Proposition 8.10 (2). Let us show that the ideal
I + Iq is the defining ideal of Oym). According to Proposition 8.10, the zero locus
of I +1Iq in g is Q(gmy since Q(w,,) # 0. On the other hand, by [We02, Theorem 1],
the defining ideal I of Oy, is generated by the entries of the matrix X? as functions
of X € sly,,(C). In particular, Iy is generated by homogeneous elements of degree
2. Assume that I+ I is strictly contained in Iy. A contradiction is expected. Since
Igp 2 I+ Iq, it results from the decomposition

S?(g) = Lg(20) @ Wy @ Lg(0) @ W,

then either I contains a nonzero element of L4(26), or Iy contains an element of
Wi. Since Iy is g-invariant, either Iy contains L (20) or I contains W;. The zero
locus in g of the ideal generated by Lg(26) is {0} since Lg4(20) is generated as a
g-module by (eg)?. In addition, by Remark 7.9, the zero locus in g of the ideal
generated by Wi and  is O,,;,. Hence in both cases we go to a contradiction
since Qgmy strictly contains Oy, and {0}. So I + Iq = Io is prime. Finally,
condition (2) is satisfied.

Condition (3) is satisfied too, by Corollary 8.6.

At last, because Q(wy,,) # 0, condition (4) is satisfied. In conclusion, by
Lemma 3.6, I = Iy, is prime. ([l

Proof of Theorem 1.1 (2). The first statement follows from (9) and Proposition 8.11.
The second statement follows from the inclusions
JooSt, = SS(V_n(8))red € SS(Vom(9)) C JooXv . () = JoSty-
([l

Remark 8.12. If n is odd, then the level —n/2 is admissible for g[n, and we have

XV—n/z(ﬁln) = m
by [Arla')a].

Let p = [p & p,, be a parabolic subalgebra of g, and let P be the connected
parabolic subgroup of G with Lie algebra p. Let 1y be the algebra homomorphism
U(g) — Dy as in §2, where Y := G/(P, P). Recall that V(gr Jy) = S;,, where
jy = ker Qﬂy.

Theorem 8.13. (1) The ideal gr #yv C Clg*] is prime and hence it is the
defining ideal of Sy, .
(2) The natural homomorphism Ry (q) — gr A(V_.(g)) is an isomorphism.
(3) The map vy induces an embedding

A(V_p.(g)) = Dy.
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Proof. We have

A(Vop(9)) = U(9)/ Fwo,
where fyy, is the two-sided ideal of U(g) generated by W.
Recall that
Ay = ﬂ AnnU(g) ®u(p) Ciw,,
tez

for any Zariski dense subset Z of C, see §2, equation (1). On the other hand, for
a generic point ¢ of C we have Lg(twn,) = U(g) ®u(p) Ciw,,, and thus, Jw, C
Ann Ly(tw,,) by Proposition 5.1 and Proposition 8.8. Therefore Jw, C Jy. This
gives

IWO - gl"jwo CegrJy C\grJy.
Since v/gr Jy = Iw,, all inclusions above are equality. [

Since H?+O(V,m(g)) 2 Vir; by Theorem 8.3, we have a functor

(12) V_m(g)-Mod®l — Vir, -Mod, M — Hp (M),

where Vir; -Mod denotes the category of Vir;-modules. By Proposition 8.8, the
simple objects of V_,,(g) -Mod®™ are L(tw,, — mAo), t € Zs¢. From Theorem 6.3
it follows that

t(t+m+1)

R,

where L(c, h) denotes the irreducible highest weight representation of the Virasoro
algebra of central charge ¢ and lowest weight h.

HF " (L(twy — mAo)) = L(1,

Question 3. Is the functor (12) fusion?

9. LEVEL —(r — 2) AFFINE VERTEX ALGEBRA OF TYPE D,, r > 5

We assume in this section that g = sos, with r > 5. Let
A={te e, |1<i<j<r}
be the root system of g and take
Ay ={e+ej, |[1<i<j<r}

for the set of positive roots.

Denote by (e;, hs, f;) the Chevalley generators of g, and fix the root vectors
€as fa, @ € Ay so that (h;, i =1,...,7) U (eq, fa, @ € A) is a Chevalley basis
satisfying the conditions of [Ga82, Chapter IV, Definition 6]. For o € Ay, denote
by ha = [€a, fa] the corresponding coroot. Let g = n_®h®n, be the corresponding
triangular decomposition.

The fundamental weights are:

wW; = €1+ -+ & (1<i<r—2),
1
Wr—1 = 7(51+"'+5'r72+5r71 _Er)y Wr = (51+"'+5r72+5r71 +5r)~

2
Let

DN =

r
wy = 2681—8ie81+€i € 52(9)

=2
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Then w; is a singular vector with respect to the adjoint action of g and generates
an irreducible finite-dimensional representation Wi of g in S?(g) isomorphic to
Ly(8+64).

Proposition 9.1 ([Pel3, Theorem 3.1]). The vector o(wy)" 1 is a singular vector
of VE(g) if and only if k =n —r + 2.

Let Va_,(g) = V27"(g)/U(@)o(w:). By definition, we have
(13) Xy, (o) =Vw,)

Let I and I’ be the standard Levi subalgebras of g generated by the simple roots
1,...,0p_g,0p and i, ...,Qm_9,a._1, respectively. Note that [! and [/ are not
G-conjugate [CMa93, Lemma 7.3.2]. Denote by S;r and Syr the corresponding
Diximier sheets.

If r is odd, then @(yr-1 12y is the unique nilpotent orbit contained in both S

and Spr. Indeed, Or-1 2y is the unique nilpotent orbit of g of dimension r? =

dim [ = dim 1.

If r is even, possible changing the numbering, we can assume that (O){QT) is the
unique nilpotent orbit contained in S;; and that @{21,,) is the unique nilpotent orbit
contained in S;rr. To see this, first observe that @{T) and @{21,‘) are the unique

nilpotent orbits of g of dimension r? = dim[! = dim[//. One knows that Sy
contains a unique nilpotent orbit; so it is either ©{2r)v or @(IQIT). Assume for instance

that it is (O){Q,n). The nilpotent orbits (O)(IQ,,.) and @(121,,,) are induced only from a zero
orbit in a Levi subalgebra of type [/ or [/1 (see e.g. [CMa93, Corollary 7.3.4]). So
the only possible sheets containing @{T) and @gr) are S;r and S;rr. This implies
that ©(121r) must be contained in Syir. If we had assumed that @{QIT) is contained in

Sir, we get in the same way that @{T) must be contained in Syr.

Lemma 9.2. (1) If ris odd, V(Iw,) "N C Qgr-1 12).

(2) If r is even, V(Iw,) NN C (O)(IQ,,,) U @{21,,.).

Proof. Let A be the element of &2 (2r) defined by

A= (3,2773,1%) if 7 is odd,

= (3,2"72,1) if r is even.
We observe that Oy it the smallest nilpotent orbit of g which dominates Or-1 ;2)
if r is odd, and both (O)(IQT) and (O)(IQIT) if r is even. By this, it means that if for
e P2 (2r), u= (271 12) if r is odd, and p = (27) if r is even, then p = A where
%= is the partial order on the set &1 (n) induced by the Chevalley order. Therefore,
it is enough to show that V(Iy,) do not contain Ojy.

Let f € Oy that we embed into an sly-triple (e, h, f) of g. For i € Z, denote by

g(h, 1) the i-eigenspace of ad(h) and by A (h,i) the set of positive roots o € A
such that e, € g(h,i). Choose a Lagrangian subspace £ C g(h, 1) and set

m:=2oPalhi), Jo= Clg*l(x—x(x)),
=2 rem
with x = (f|-) € g*, as in §3. By Lemma 3.3, it is sufficient to show that
Cla™] = T, + Jy.
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To see this, we shall use the vector

T
w1 = E Ce1—eiCeite;i-
=2

Assume first that r is odd. It follows from [CMa93, Lemma 5.3.5] that the
weighted Dynkin diagram of the nilpotent orbit G.f is

0
1 0 0 0 1
o—O—O— -
0
So we can choose for h the element
r—2
. r
h=w +wr_2 =201 + ZQ(J + Day + Tj(ar—l + o).
j:

We see from the above diagram that e; +¢; € A4 (h,3) for i € {2,...,r — 2}, and
Ap(h,2)={e1ter—1,e1te, 6 +¢5, 2<i<j<r—2}

We can choose e, f so that

e= Z aato and f= Z ba fa

acA;(h,2) acA (h,2)
with aq, b, € C for all o € AL (h,2). Set for o € AL (h,2),
Co = Quby.

From the relation [e, f] = h, we obtain the equations:

(14) Cer—ep 1 T Certep s + Cey—e, + Ceype, =2
r—1
(15) Ceydep_y T Cep—e, + Z Ceite; = 5
2<i<j<r—2
r—1
(16) Ceyter_y + Ceyte, =+ Z Ceite; = 9
2<i<j<r—2
(17) Cer—e,—1 T Certers T Cer—e, + Corte, +2 Z Ceite; =7 — 1
2<i<j<r—2

by considering the coefficients of h in aq, a—1, a, and «a,_ respectively. By (15)
and (16) we get that

Cey—e, = Ceytep-
Then by (17), (15) and (16) we get that
Cei—ero1 = Ceytepq-
So from (14), we obtain:
Cey—e, +Cei—e,y = 1

In particular, ce; —c, # —Cey—¢,_, and ce;—¢,_, and ¢, —., cannot be both zero.
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Hence for some nonzero complex number ¢, we have
r—2

wy = § €ci—e;Ceite; T €ei—e,1€eitep_ g T €Cei—e,.Ceite, =C (mOd JX)

i=2
and so Iy, + J, = C[g*].
Assume that r is even.

35

It follows from [CMa93, Lemma 5.3.5] that the weighted Dynkin diagram of the

nilpotent orbit G.f is

So we can choose for h the element
r—2
. r
h=w +w,_1+w =201+ Z(] + 1o + i(ar_l + ay).

Jj=2

We see from the above diagram that e1 +¢; € Ay (h,3) for i € {2,...,r — 1}, and

Ap(h,2)={e1*xer,ei+¢5,2<i<j<r—1}

We can choose e, f so that

e= Z anto and f= Z ba fa

a€AL (h,2) a€Ay (h,2)
with aq,be € C for all & € Ay (h,2). Set for o € Ay (h,2),
Co i= Uobg.

From the relation [e, f] = h, we obtain the equations:

(18) Cei—e, T Ceyqe, =2

r

(19) Cey—er + Z Ceite; = )
2<i<j<r—1

T

(20) Ceite, T Z Ceite; = 3

2<i<j<r—1

by considering the coefficients of h in aq, a,_1, and «, respectively. By (19) and

(20) we get that ¢, —c, = Cey4e,. So from (18), we get that

Cei—e, = Cey4e, = 1.
Hence for some nonzero complex number ¢, we have

r—1

wy = E €er—ciCerte; T Cei—e,Certe, = C (mod Jy)
i=2

and so Iy, + J,, = Clg*].
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Lemma 9.3. Let A be a nonzero semisimple element of g which belongs to V (I, ).
Then A € G.C*w,_1 or A € G.C*w,.

Proof. Arguing as in the beginning of the proof of Lemma 8.9, we see that it is
enough to prove the lemma for a nonzero element A in V(Iy,) N bh.

The image T(II?VI) of I‘?Vl, viewed as an ideal of U(g), was determined by Perse
in the proof of [Pel3, Theorem 3.4]. From Perse’s proof, we easily deduce that
U(Iy, N S(g)") is generated by the elements

pi = hi(hi +2hig1 + -+ 2he—2 + hp_1 + hy), t=1,...,7

and that
k
V(Iw,)Nb = U C (0w, + @,
tre e g™ =t
k
uC (1), + @, |).
j=1
Thus we are lead to show that for any nonempty sequence (i1, . ..,4) in{1,...,7—
2}, with 44 < -+ < i, the element Z?Zl(—l)k_j"’lwij + w,_1 (respectively

Zle(—l)k_j“wij +o,) is either W (g, h)-conjugate to w,_1, or W(g, h)-conjugate
to w,. Here, W(g,bh) =2 &, x (Z/2Z)" ' denotes the Weyl group of (g, h) which is
the group of permutations and sign changes involving only even numbers of signs of
the set {e1,...,e,}, see, e.g., [Hu72, §12.1]. (If the sequence is empty, the statement
is obvious.)

Let (i1,...,4k) in {1,...,7 — 2}, with 41 < .-+ < i. We prove the statement for
Z?Zl(—l)k_j"‘lwij +w,.. Similar arguments holds for Z?Zl(—l)k_j"'lwij + 1.

If k£ is even, we have

k k—1 k/2
(_1)k_]+1wij = Z(wij — Wiy ,) = - Z(Eiwfl‘*‘l +ote).
Jj=1 j=1 j=1

Hence

k
—j 1
SV ey 4w = (et en) = (o o)

j=1
+eeet (Eik—Z + +‘€ik—1) - (5ik—1+1 + +Elk> T €41 +"'+€ir))7

and this element is W (g, h)-conjugate to w, of w,_; depending on the parity of
(g —i1) 4+ -+ (ix — ig—1)-
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If k£ is odd, then

(D) Iy = (—wy, + @3,) + (@i, + @iy) + 0 + (—@i_y + @i_,) — @i,
1

k
Jj=

(k—1)/2
= (eiZj—1+1+..'+€i2j)_(€1+'..+€7Lk,)
=1
(h—1)/2
=—(e1+-ten) = Y, (Eigprt+or+Ein11)
i=1

and we conclude as in the case where k is even that Z?Zl(—l)k_j+1wij + w, is
conjugate to w, of w,_1, depending here on the parity of i; + (i3 —ia) + -+ (ix —
Th—1)- O

The following assertion follows immediately from Lemma 2.1, Lemma 9.2 and
Lemma 9.3 .

Proposition 9.4. We have V (Iw,) = Sy USp1, and hence, Xy, @) = Sy USyr.
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Since Va_,.(g) is a quotient of 172,,«(9),

(21) Xvo_o(0) C Xy (g) = Su USur

by Proposition 9.4. On the other hand, by [AP14, Theorem 7.2], one knows that
Va_r(g) has infinitely many simple modules in the category O. This gives
(22) Xvo o(0) EN

by [AMI5, Corollary 5.3]. Therefore Xy, ,g Nbh # 0 as Xy, ,(g) is closed and
G-invariant. Hence, by (21), either Cww,_1 C Xy,  (q), or Cw, C Xy, (g). Thus,

Sy C Xv, .(g) O Sur C Xy, (g)- On the other hand V5_,(g) is invariant under

the Dynkin automorphism (cf. [Arl6a, Proof of Lemma 2.7]), and hence, so is

XVv,_,(g)- This completes the proof. ([l
We now wish to prove Theorem 1.3.

Theorem 9.5. Assumer is even, and let f € (O)(IQT)U(O){QIT). Then H?H)(Vz_r(g)) =

0.

Proof. By symmetry, we may assume that the weighted Dynkin diagram of f is

given by
0

and h = 2w,. Set [ = I = g(h,0).
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Since f is a short nilpotent element, it is sufficient to show that
. 1.
dim Vo_,(g)o,n < 3 dim @{QIT)

by Theorem 6.3. Observe that, as a g-module, Vo_,(g)o,5 is isomorphic to Ly((2 —
r)w,), which is a quotient of the scalar generalized Verma module M((2 — r)w,).
Here

Mi(aw,) = U(9)®u1a g(h,2)Caz,

for a € C, where C,, is a one-dimensional representation of (@ g(h,2) on which
[, ®g(h,2) acts trivially and h, € 3(I) acts as multiplication by a. By [Mat06,
Theorem 3.2.3 (2¢)], one knows that there is an embedding M((—a —2r —2)w, ) —
Mi(aw,) for a € Z, a > 2—r. In particular, M{(—rw,) C M(((2—7)w,). Therefore,

Dim Va_,(g)o,, = Dim Ly((2 — 7)w,) < Dim(M;((2 — r)w,)/M(—rw,))
. 1.
< Dim(M((2 — r)w,) = 3 dim (O)(IQI,,.).
This completes the proof. ([l

Proof of Theorem 1.3. First, we have Xy, (5 C Sir U Syrr by Proposition 9.4.
Suppose that Xy, (g5 & N. Then it follows that Xy, () = Sy USpr, see the
proof of Theorem 1.2. But we have @(12,,,),@(121,,,) ¢ Xv,_,(g) by Theorem 6.1 and
Theorem 9.5. Since this is a contradiction we get that Xy, (4 C N, and hence,

Xvs_(e) & Ofarys Ofry-
‘We conclude that Xv,_,(g) C @(27~72714) = @{QT) N @gr).

On the other hand, Theorem 6.2 gives that HE+O(VT_2(9)) = W,_2(9, fo),
which is not lisse by [AM15, Theorem 7.1] unless r = 4. Therefore, O, S Xv_,(9)
by Theorem 6.1.

The last assertion follows from [AM15, Corollary 5.3]. O

Conjecture 2. Let r be even. Then Xy, (g = Qr-214y. Therefore, the W-
algebra Wa_,.(g, f) is lisse for f € Qgr—2 11y.

Theorem 9.6. Conjecture 2 is true for r = 6.

Proof. For r = 6, O,,;, is the only nilpotent orbit that is strictly contained in
@(27"—2714). I:l

10. ON ASSOCIATED VARIETIES AND MINIMAL W-ALGEBRAS

We take the opportunity of this note to clarify some points of [AM15] that
are related to the present work. Assume that g is a simple finite-dimensional Lie
algebra.

Let f € N and let W¥*(g, f) be the affine W-algebra associated with (g, f) at
level k, and let Wi (g, fo) be its unique simple quotient as in §6. By Theorem 6.1, we
know that Wj(g, f) is lisse if Xy, () = G.f. We now prove Theorem 1.4 which says
that for the minimal nilpotent element f = fy, the converse is also true provided
that k & Z>o.
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Proof of Theorem 1.4. First, if k ¢ Zxo, then Wy(g, fo) = H % T°(Vi(g)) by The-
orem 6.2. Assume that Wg(g, fo) is lisse. Then by [Arl5a, Theorem 4.21 and
Proposition 4.22],

(23) Omin C Xy, g and  dim(Xy, ) NF,) = 0.

Let 2 be a closed point of Xy, (). We need to show that @ € Q. Since Xy, (q)
is a G-invariant closed cone, it contains the G-invariant cone C(z) generated by z,
and its closure C'(z). By [CMo10, Theorem 2.9], C(z) N N is the closure of the
nilpotent orbit @ induced from the nilpotent orbit of z,, in g*. By [Gi09, Corollary
1.3.8(iii)], the nilpotent orbit @ is @,,;, or 0; otherwise, dim(Q N .%;,,,) > 0 which
would contradict (23). If O = Oy, then z; must be zero; otherwise, again by
[Ci09, Corollary 1.3.8(iii)], dim(C(x) N .in) > 0 which would contradict (23).
If O =0, then x5 = x, = 0 since codimy(0) = dimg is the codimension of the
nilpotent orbit of z,, in g®=.

In both cases, = x,, and z € C(x) C Oypin, whence the statement. O
Remark 10.1. Let k € Zxo. Then Wy.(g, fo) = HZ t0(L(s0 0 kAg)) where sq is the
reflection corresponding to the simple root ag = —6 + 4, see [Ar05]. Thus [Arl5a]

Xwi(a.f) = XL(soorn) N o5

where X\ = supp(c[g*](L()\)/CQ(L()\))), Ca(L(N)) = spanc{a_oyv | a € VE(g),v €
L(\)}. Therefore the proof of Theorem 1.4 implies that, for k € Zxo, Wi(g, fo) is
lisse if and only if XL(SOO/\) = Omin.-

For a general f € N, we have the following result.

Proposition 10.2. Let f € N and k € C. Assume that Wy(g, f) is lisse. Then
G.f is an irreducible component of Xy, (q)-

Proof. By hypothesis and [Ar15a, Theorem 4.21 and Proposition 4.22], we have
Gi.f C Xv,(a) and dim(XVk(g) n<) =0.
Let Y be an irreducible component of Xy, (4) which contains G.f. By [Gi09, Corol-
lary 1.3.8(iii)],
dim(Y N %) =dimY — dimG.f
which forces Y = G.f, whence the statement. (|
Let g% be the centralizer in g of the sly-triple (eg, fg, hg), and let g# = Do gE

be the decomposition into the sum of its center gg and the simple summands gE,
1 > 1. Then we have a vertex algebra embedding

b
& V* (g0) = W(g. fo),
>0
where k‘f is given in [AM15, Tables 3 and 4]. Let 6;, ¢ > 1, be the highest root of
o
Lemma 10.3. Suppose that kE € Zxo for some i = 1. Then the image of the
singular vector egi(—l)ks*‘ll of VHi (g0) is a nonzero singular vector of W*(g, fa).

Proof. It is nonzero because its image in Ryyx (g 5,y = C[%,] is nonzero. The rest
follows from the commutation relations described in [KW04, Theorem 5.1]. O
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Theorem 10.4. Suppose that g is not of type A. Then the following conditions
are equivalent:

(1) Wh(g, fo) is lisse,
(2) kf € Zxo for alli > 1.

Proof. We have already showed the implication (1) = (2) in our previous paper
[AM15]. Let us show the implication (2) = (1). Write Ry, (g,7,) = C[Sy,]/1 for

some Poisson ideal I. Note that the radical v/T is also a Poisson ideal of C[Sy,],
see e.g. [Arl12, Lemma 2.4.1]. We identify C[Sy,] with S(g¢).

By assumption egi(fl)khll is zero in the simple quotient W(g, fo). Hence
eg, € VT for all i. Since the restriction of the Poisson bracket to S(g;) C S(g°) =
C[Sy,] coincides with the Kirillov-Kostant Poisson structure of g, g; C v/T for all
i, because g; is simple (note that go = 0). Further, we have

{z,Glory = gll=a} forq e 9-1/2

by [KW04, Theorem 5.1 (d)], where G1¢} is the image of G{} in Ry g.70) = C[Sy,]-
Since g_1 /7 is a direct sum of non-trivial representations of g% by [KWO04, Table 1],
we get that G} € /T for all a € g_1/2. Finally, [KW04, Theorem 5.1 (e)] implies
that

(G193, G = —2(k + 1Y) (e|[u,v]) L (mod VT),

where L is the image of L in Ryyr(q f,) = C[Sy,]. Thus, L € VI, and we conclude
that all generators of S(g®) belong to v/T. O

We are now in a position to prove Theorem 1.5 which was conjectured in [AM15],
and Theorem 1.6.

Proof of Theorem 1.5. By Theorem 10.4 and [AM15, Table 4], Wi(g, fo) is lisse if
and only if 3k 4+ 5 € Zxo. O

Proof of Theorem 1.6. We know that Xy, () = {0} if & € Zx¢ since Vj(g) is lisse in
this case. Thus, the assertion follows from Theorem 1.4, Theorem 1.5 and [AM15,
Theorem 7.1]. O

By Theorem 1.5, we have thus obtained a new family of lisse minimal W-algebras
Wk(GQ, f9)7 for k = —1, O, 1, 2,3 e

Finally we remark that the following assertion follows from Remark 10.1 and
Theorem 10.4.

Theorem 10.5. We have X1 (syorxny) = Omin for k € Zxo if g is of type Dy, v > 4,
GQ, F4, E6, E7 and Eg.
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