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Abstract. Let g be a finite-dimensional complex reductive Lie algebra and S(g) its
symmetric algebra. The nilpotent bicone of g is the subset of elements (x,y) of g x g whose
subspace generated by x and y is contained in the nilpotent cone. The nilpotent bicone
is naturally endowed with a scheme structure, as nullvariety of the augmentation ideal
of the subalgebra of S(g) ®c S(g) generated by the 2-order polarizations of invariants of
S(g). The main result of this paper is that the nilpotent bicone is a complete intersection
of dimension 3(bg — rkg), where bg and rkg are the dimensions of Borel subalgebras
and the rank of g, respectively. This affirmatively answers a conjecture of Kraft and
Wallach concerning the nullcone [KrW2]. In addition, we introduce and study in this
paper the characteristic submodule of g. The properties of the nilpotent bicone and the
characteristic submodule are known to be very important for the understanding of the
commuting variety and its ideal of definition. The main difficulty encountered for this
work is that the nilpotent bicone is not reduced. To deal with this problem, we introduce
an auxiliary reduced variety, the principal bicone. The nilpotent bicone, as well as the
principal bicone, are linked to jet schemes. We study their dimensions using arguments
from motivic integration. Namely, we follow methods developed by Mustata in [Mu].
Finally, we give applications of our results to invariant theory.

0. Introduction

0.1. Main results

Let g be a finite-dimensional complex reductive Lie algebra, let G be its adjoint
group and let 91y be its nilpotent cone. For (z,y) in g x g, we denote by P, , the
subspace generated by x and y. A subset of g x g is called bicone if it is stable
under the maps (z,y) — (sz,ty) where s and ¢ are in C*. The nilpotent bicone of
g is the subset

Ny i ={(z,y) €Egxg| Py CNG}.

Since Ny is a G-invariant closed cone of g, the subset Ny is a closed bicone of g x g,
invariant under the diagonal action of G on g X g.
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Let S(g) be the symmetric algebra of g and let S(g)? be the subalgebra of G-
invariant elements of S(g). According to a Chevalley result, the algebra S(g)? is

polynomial in rk g variables, where rk g is the rank of g. Let py,..., g be homo-
geneous generators of S(g)? of degrees di,...,dwy respectively. We can suppose
that the sequence di, ..., d g4 is weakly increasing. For i = 1,...,rkg, the 2-order

polarizations p; m » of p; are the unique elements of (S(g) @c S(g))? satisfying the
following relation:

pi(ax + by) = Z ambnpi,m,n(xa y)a (1)
m+n=d;

for all (a,b) in C? and (x,y) in g x g. The nilpotent cone My is the nullvariety in
g of the ideal generated by the polynomials py,...,pg. Therefore, according to
relation (1), NV is the nullvariety in g x g of the ideal of S(g) ®c S(g) generated by
the polynomials p; m, » for i = 1,...,rkg and m + n = d;. Thus, N is naturally
endowed with a scheme structure. From here, we study N as the subscheme of gx g
corresponding to the ideal generated by the polynomials p; , for ¢ =1,...,rkg
and m +n =d;.

Let by be the dimension of a Borel subalgebra of g. By a classical result [Boul,
we have dy + -+ + dykg = bg. So Nj is the nullvariety in g x g of by + rkg
polynomial functions. As a result, the dimension of any irreducible component of
Nj is at least 3(bg —rk g), since g x g has dimension 2(2bg —rk g). The main result
of this paper is the following theorem (see Theorem 33(iv), Proposition 36(ii), and
Theorem 45).

Theorem 1. The nilpotent bicone is a nonreduced complete intersection in g X g
of dimension 3(bg —rkg). Moreover, the images of any irreducible component of
Ny by the first and second projections from g x g to g are equal to Ng.

This result affirmatively answers a conjecture [KrW2, Sect. 1] of Kraft and Wal-
lach concerning the nullcone of the G-module g x g (see Theorem 41). Clearly, the
images of Ny by the first and second projections from g x g to g are equal to 9.
Theorem 1 specifies that this is true for any irreducible component of Ngy. Notice
that this statement is a much stronger result.

We introduce in addition in this paper the characteristic submodule of g. It is
an S(g) ®c S(g)-submodule of S(g) ®c S(g) ®c g. The properties of the nilpotent
bicone and the characteristic submodule are known to be very important for the
understanding of the commuting variety. Recall that the commuting variety Cq4 of
g is the set of elements (z,y) of g x g such that [x,y] = 0. The commuting variety
has been studied for many years. According to a result of Richardson [Ril], Cq4 is
irreducible. Moreover, Cy is the nullvariety of the ideal generated by the elements
(z,y) — (v,[z,y]), where v runs through g. An old unsolved question is to know
whether this ideal is prime [LS]. In other words, we want to know if this ideal is
the ideal of definition of Cy4 since Cy is irreducible. The study of the commuting
variety and of its ideal of definition is a main motivation for our work.

0.2. Description of the paper

We denote by gree the subset of regular elements of g and we set

Qg :={(z,y) € g x 9| Py {0} C Breg, dim P =2},
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The properties of the subset Q4 were studied by Bolsinov in [Bol] and recently by
Panyushev and Yakimova in [PYa]. The set of smooth points of Ny with respect to
its scheme structure is the set of elements (z,y) € g x g at which the differentials
of the pimmn, for ¢ = 1,...,1kg and m + n = d;, are linearly independent. The
set {1y is an open subset of g X g and its intersection with the nilpotent bicone
turns out to be the set of smooth points of Ny (see Proposition 13 and Remark 3).
The description of this subset is therefore very important for us. We give various
properties of the subset {1y in Section 1. Next, we introduce in this section the
characteristic submodule By of g (see Definition 1) whose study is heavily related
to 2g. The characteristic submodule was introduced by the first author a few
years ago in a paper on the commuting variety. We prove here that By is a free
S(g) ®c S(g)- module of rank by, and we provide an explicit basis for By (see
Theorem 11). Even if this result is not directly useful for the nilpotent bicone, it
could be interesting in itself.

The results obtained in Section 1 concerning €13 do not enable us to provide
“enough” smooth points of N to apply the criterion of Kostant [Kos2] (see Remark
3). Actually, the intersection of Ny and €y is an empty set in many cases. This
observation makes the study of the scheme N very difficult. In order to deal with
this problem, we introduce an auxiliary reduced scheme, the principal bicone of g,

Xg = {(xay) cgxg ‘ Pz,y C%g}a

where X is the principal cone of g, that is the Zariski closure of the set of principal
semisimple elements (see Definitions 2 and 3). The study of the varieties X4 and
Aj is the main topic of Section 2.

We observe that Ny and X can be identified with constructible subsets of jet
schemes of My and X, respectively. In [Mu], Mustata uses the theory of motivic in-
tegration, as developed by Kontsevich [Kon], Denef and Loeser [DL2], and Batyrev
[Ba], to prove a result concerning the jet schemes of locally complete intersections.
In particular, his result can be applied to 9y and X,. Thus, in the Appendix
of [Mu], Eisenbud and Frenkel extend results of Kostant concerning the nilpotent
cone of a reductive Lie algebra in the setting of jet schemes. In Section 3, after re-
viewing some facts about motivic integration, we state technical results concerning
motivic integrals, following methods developed by Mustata in [Mu], which will be
useful for Section 4. Using all of this, we prove in Section 4 the following theorem
(see Theorem 33(i) and Proposition 36(i)).

Theorem 2. The principal bicone of g is a reduced complete intersection of di-
mension 3(bg —1rkg+1). Moreover, the images of any irreducible component of
Xy by the first and second projection from g X g to g are equal to the principal
cone Xg.

Then, we deduce Theorem 1 from Theorem 2. We give in Section 5 applications
of our results to invariant theory, mainly in relation with the nullcone of the G-
module g x g. In Section 6 we obtain additional properties about the irreducible
components of the nilpotent bicone. We prove that N is a nonreduced scheme (see
Theorem 45) and we give a lower bound for the number of irreducible components
of Ny (see Proposition 52).
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We note that Section 3 is entirely independent of Sections 1 and 2 and does not
deal with Lie algebras.

0.3. Additional notations and conventions

In this paper, the ground field is C. All topological terms refer to the Zariski
topology. If X is an algebraic variety, an open subset of X whose complementary
in X has codimension at least 2 is called a big open subset of X.

The set of integers, the set of nonnegative integers and the set of positive integers
are denoted by Z, N and N* respectively. As usual, the subset of nonzero elements
of C is denoted by C*.

If E is a finite set, its cardinality is denoted by |E].

For = in g, we denote by g(z) the centralizer of x in g. Thus x belongs to greg
if and only if g(x) has dimension rkg.

The action of G in g x g will always be the diagonal action. For z in g or in
g X g, we denote by G.z its G-orbit under the corresponding G- action.

If g is commutative, then N is reduced to {(0,0)}. Henceforth, we suppose
that g is not commutative.

Let g1,...,9m be the simple factors of g. Since the nilpotent cone 91, is the
product of the nilpotent cones Mg, ,...,Ng,., Ny is the product of the nilpotent
bicones Ny, , ..., Ng,, . Furthermore, as the equality

3(bg —rkg) = 3(bg, —rkg1) + -+ 3(bg, —rkgm)

holds, it suffices to prove Theorem 1 in the case where g is simple. It will be
sometimes useful to make the assumption that g is simple (see, e.g., Sections 2, 5
and 6).

The first and second projections from g X g to g are denoted by w; and w,
respectively. The following lemma will be very handy throughout the paper.

Lemma 3. LetY be a G-invariant closed bicone in gxg. Then the subsets wi(Y)
and w2(Y) are G-invariant closed cones of g.

Proof. As'Y is a G-invariant bicone, @ (Y") and w(Y) are G- invariant cones of
g. Moreover, w;(Y) x {0} and {0} x wy(Y") are the intersections of Y with g x {0}
and {0} x g respectively, since Y is a closed bicone. So w;(Y) and wy(Y) are
closed subsets of g. [

We fix a principal slo-triple (e, h, f) of g. Thus, the following relations:
[hae]:267 [67.ﬂ:h7 [haf]:_Qfa

are satisfied, e and f are regular nilpotent elements and A is a regular semisimple
element of g. If ad is the adjoint representation of g, then ad h induces a Z-grading
on g and we have g = ), g;, where g; is the i-eigenspace of ad h. Moreover, all
the eigenvalues of ad h are even integers. The centralizer g(h) = go of h in g is a
Cartan subalgebra, that we will also denote by . The unique Borel subalgebra

containing e is
b = h &b Z gi,
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and the nilpotent radical of b is u:= )", g;. We additionally set

b_ :zz:gi, u_ ::Zgi.

i<0 i<0

Let B and B_ be the normalizers of b and b_ in G and let H and N¢(h) be the
centralizer and the normalizer of  in G. Then the quotient W (h) of Ng(h) by
H is the Weyl group of g with respect to b.

Let R be the root system of (g,h), let R4+ be the positive root system of R
defined by b and let II be the basis of R. For any « in R, we denote by g* the
corresponding root subspace. Denote by wq the longest element of W (h) with
respect to IT. Then wg(IT) is equal to —IT and for any representative go of wg in
N¢a(h), go(b) is equal to b_.

Let (-,-) be a nondegenerate G-invariant bilinear form on g x g which extends
the Killing form of the semisimple part of g. In the remainder of this paper, the
orthogonality will refer to (-,-).

Acknowledgments. We are grateful to Michel Duflo for bringing [Mu] to our
attention. We would also like to thank Francois Loeser for his e-mails concerning
motivic integration questions, and Karin Baur for her comments. In addition, we
thank Vladimir Popov for his support and the referees for their numerous and
judicious advice and their careful attention to our paper.

1. Characteristic submodule

In this section we introduce the characteristic submodule of g and we describe
some of its properties.
1.1. Preliminaries

Let us recall that pi,...,pkg are homogeneous generators of S(g)? of degrees
dy,...,dwg respectively such that the sequence dy, ..., dg is weakly increasing.
For i = 1,...,rkg, let ¢; be the element of S(g) ®c g defined by the following

relation:
(ei(x),v) = pi(x)(v),

for z,v in g, where pj(z) is the differential of p; at x. The first statement of the
following lemma comes from [Ri3, Lemma 2.1] while the second statement comes
from [Kos2, Theorem 9].

Lemma 4. Let x be in g.

(i) Fori=1,...,1kg, €;(x) belongs to the centre of g(x).
(ii) The elements e1(x),...,erg(x) are linearly independent in g if and only if
x is regular. Moreover, if so, £1(x),...,exg(x) is a basis of g(x).

Let ¢ be in {1,...,rkg}. The 2-order polarizations p; m » of p; are defined by
the following relation:

pi(aaj + by) = Z ambnpi,m,n(ma y)7
m+n=d;
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for any (a,b) in C? and any (x,y) in g x g. For (m,n) € N? such that m +n = d;,
let &;.m.n be the element of S(g) ®c S(g) ®c g such that the linear functional v —
(€i,mmn(z,y),v) on g is the differential at « of the function x — p; y n(x,y) for (z,y)
in gxg. In particular, €594, = Ofori = 1,...,rkg. In addition, since dy+ - - - +dyi g4
is equal to by, the cardinality of the family {e;1,4,—1,...,€iaq,0 | ¢ =1,...,1kg}
is equal to by.

Lemma 5. Fori=1,...,tkg and (z,y) € g X g, we have
d;
Ei(ax + by) = Z amilbdiimsi,m,di7M(xa y)a

m=1
for any (a,b) in C2. In particular, €;1.4,—1(z,y) = €i(y) and €;.4,0(z,y) = c:(z).

Proof. Let v be in g. For any (a,b) in C* x C, we have

d
(es(az + by) v) = - pi(az + by + tv)

dt t=0
min d —1
= Z a™b" —pi mn(T+ta” v, y)
de= t=0
m+n=d;
= Z ambn<€i,m,n(xay)aa_lv>a
m+n=d;

whence the lemma, since (-,-) is a nondegenerate G-invariant bilinear form on
gxg U

Recall that we have introduced the subset
Qg = {(z,y) € g X g| Py~ {0} C greg, dim Py, = 2},

which is clearly G-invariant. We denote by ', g5 and g’ , the intersections of greg
with b, go and g_o respectively. Set

uy = Zgz

i>4
In the following lemma, we explicitly provide elements of Q2.

Lemma 6.

(i) Ifxeb +uandy € gh+uy, then (x,y) € Qq.

(ii) Ifz € g5 and y € g5, then (z,y) € Q4.
Proof. (i) The elements = and y are clearly linearly independent. In addition, for
any t in C, x + ty is conjugate to x under G. So x + ty is regular for any ¢ in C.
Since y is regular, (x,y) belongs to Q.

(ii) The elements = and y are clearly linearly independent. As z is regular,
x + sy is regular for any s in an open subset of C containing 0. Let ¢ — g¢(t) be
the one-parameter subgroup of H generated by adh. As gree is G-invariant, for
any t in C*, g(t)(z + sy) is regular for any s in an open subset of C containing 0.
So, from the relations [h,z] = —2z and [h,y] = 2y, we deduce that for any ¢ in
C*, t~2x + st?y is regular for any s in an open subset of C containing 0. AS gyeg
is an open cone, = + st*y is consequently regular for any s in an open subset of C
containing {0}. So x + ty is regular for any ¢t in C. As y is regular, we deduce that
(x,y) belongs to Q4. O
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Remark 1. The subset {14 is stable under the involution (z,y) — (y,z). So, by
Lemma 6, the images of the subsets (h’ +u) x (g5 + u4) and g’ , x g5 by this
involution are contained in €. For example, the elements (e, h), (f,h) and (e, f)
are in €2g.

The following lemma is well known.

Lemma 7. Let x be in greg-

(i) If = belongs to b, then g(x) is contained in b.
(ii) If x belongs to u, then g(x) is contained in u.

For (x,y) in g x g, we denote by B(x, y) the subspace generated by the elements

Ei,l,dq,—l(x7y)a e 7Ei,di,0(ma y)7 1= 17 s ,I'kg,

and we set

V(w,y)= Y,  slaz+by).
(a,b)€C2~.(0,0)

We collect in the following lemma some results concerning the subset €15 in part
obtained by Bolsinov in [Bol] and recently by Panyushev and Yakimova in [PYa.

Lemma 8. Let (z,y) be in g X g.

(i) The subspace B(x,y) has dimension at most by. Moreover, it has dimension
by if and only if (z,y) belongs to Q.
(ii) The subspace V(x,y) is contained in L' (x,y). Moreover, the equality occurs
when (z,y) belongs to Q.
(ili) If (z,y) belongs to b x b, then V(z,y) is contained in b.

Proof. (i) As the sum of di, ..., dwgq is equal to by, U(z,y) has dimension at most
bg. Let us suppose that (z,y) belongs to 3. Then by [PYa, Theorem 2.4], the
subspace U(z,y) has dimension by. Conversely, let us suppose that U(x,y) has
dimension bg. In particular, e1(x),...,ewxg(x) are linearly independent. Hence,
by Lemma 4(ii), = is regular. By Lemma 5, for any (a,b) in C*\{(0,0)}, B(z,vy)
is equal to U(ax + by, y). Hence (z,y) belongs to .

(i) By Lemma 4, U'(z,y) contains €;(azx + by) for i = 1,...,rkg and any (a,b)
in C2. Hence by Lemma 5, 0’(x, y) contains U (z,y). Moreover, by (i) and Lemma
4, (z,y) is equal to L' (x,y) when (z,y) belongs to Q.

(iii) Let us suppose that (z,y) belongs to b x b. By Lemma 6 and Remark 1,
the intersection of Q4 and b x b is a nonempty open subset. Moreover, when (z,y)
belongs to this intersection, for any (a,b) in C2\{(0,0)}, g(ax + by) is contained
in b, by Lemmas 4(ii) and 7(i). Hence for ¢ = 1,...,tkg and m = 1,...,d;,
€i,m,d;—m (T, y) belongs to b, by (ii). So U(x,y) is contained in b. [

1.2. Closed irreducible subsets of s X s, invariant under
the actions of S and GL2(C)

The following automorphisms give an action of GLy(C) in g X g:

(z,y) — (ax + by, cx + dy), where g = [(cl Z}
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Let s be the subspace of g generated by e, h, f so that s is isomorphic to slz(C).
Let S be the closed connected subgroup of G whose Lie algebra is ads. We start
this subsection by describing the closed irreducible subsets of s X s invariant under
the actions of S and GL2(C). This will be used in Corollary 10 and Lemma 18.

Let T3 be the closed bicone of s x s generated by the diagonal of 915 x I,, let
T, be the closed bicone of s X s generated by the diagonal of s x s and let T5
be the subset of elements (z,y) of s X s such that z and y belong to the same
Borel subalgebra of s. As defined, the sets T3, Ty and T3 are irreducible closed
subsets of s x s, invariant under the actions of S and GL2(C). Moreover, they have
dimensions 3, 4 and 5 respectively. The verification of these claims is left to the
reader.

Lemma 9. The subsets {0}, T3, Ty, T5, and sXs are the only nonempty irreducible
closed subsets of s x s, invariant under the actions of S and GL2(C).

Proof. Let us first remark that 91, is the only proper S-invariant closed cone of s.
Let T be a nonempty irreducible closed subset of s x s, invariant under the actions
of S and GL2(C). By Lemma 3 and the preceding remark, if 0 < dim7T < 4,
then w; (T) is equal to N, whence T = T3 by GLa(C)-invariance. We assume now
dimT > 4. As w1 (T) D M and dim T > 4, T contains an element (e, ae+bf+ch),
with b or ¢ different from 0. Hence T contains (e,bf + ch). If ¢ # 0, then w;(T)
contains bf + ch which is semisimple. Otherwise, T' contains (e, f) and w1 (T)
contains e + f which is semisimple, too. So, in any case, w1(T") = s. In particular,
T D T, and the equality holds as soon as dimT = 4. Finally, let us suppose
dimT > 5. As w1(T) = s, there exist a, b, ¢ in C such that (h,ae + bf + ch)
belongs to T' with a or b different from 0. If ab = 0, using the invariance of T'
under S and GL2(C), we deduce that {h} X b is contained in 7. In this case,
T contains T5. If ab # 0, using the invariance of T' under GL2(C) and the one-
parameter subgroup of H generated by adh, we deduce that (h,at?e + bt=2f)
belongs to T for any ¢t in C*. So {h} X s is contained in T and T has dimension 6,
whence the lemma. [0

Corollary 10. The subset {1y is a big open subset of g X g.

Proof. Suppose that (24 is not a big open subset of g x g. Then, the complementary
of {2 in g x g has an irreducible component ¥ of codimension 1 in g x g. As €
is invariant under the action of G and GL2(C), X is invariant under these actions
too. The intersection T of 3 and s X s contains (0,0). So T is a nonempty closed
cone of s x s, invariant under the actions of S and GL3(C). As ¥ is a hypersurface
of g X g, T has codimension at most 1 in § x §. Hence Lemma 9(ii), implies that
(h,e) belongs to T'. But, by Lemma 6(i), (k, e) belongs to {4, whence the expected
contradiction. U

Remark 2. We can also deduce Corollary 10 from [PYa]. Indeed, according to
[PYa, Lemma 3.1], for any @ € greg, the set {y € g| (z,y) € Qg} is a big open
subset of g, whence we can readily deduce Corollary 10.

1.3. Characteristic submodule

By a result of Dixmier [Di, §2], the S(g)-submodule of elements ¢ in S(g) @¢ g such
that ¢(z) belongs to g(z) for all  in g, is a free module of basis €1, .. ., €xkg.
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Definition 1. The characteristic submodule By of g is the S(g) ®c S(g)-submodule
of elements ¢ in S(g) ®c S(g) ®c g such that ¢(z,y) belongs to V'(x,y), for any
(z,y) in a nonempty open subset of g x g.

The following result can be viewed as a generalization of the previous result of
Dixmier.

Theorem 11. The submodule By of S(g) ®c S(g) ®c g is a free S(g) ®c S(g)-
module of rank by. Moreover, the family {€;1,4;,—1,---,€id;0 |1 =1,...,1kg}is a
basis of By.

Proof. By Lemma 8(ii), for ¢ = 1,...,rtkg and m = 1,...,d;, €im,d;—m belongs
to Bg. Moreover, by Lemma 8(i), these elements are linearly independent over
S(g)®cS(g). It remains to prove that they generate By as an S(g) ®¢ S(g)-module.
Let ¢ be in By. By Lemma 8(i) and (ii), ¢(x,y) belongs to UV(z,y) for any (z,y)
in 25. So there exist regular functions ¥; m,4,—m on g for i = 1,...,rkg and
m =1,...,d;, such that

cp(a:,y) = Z wi,m,difm(xay)gi,m,difm(xay)a

i=1,...,tkg

m=1,...,d;

for any (x,y) in Qg4. By Corollary 10, Q4 is a big open subset of g x g. Hence the
regular functions ; ,, 4,—m have regular extensions to g x g since g x g is normal.
As a result, the family {€;1.q,-1,...,¢5,4;,0 | ¢ =1,...,rkg} is a basis of Bg. O
1.4. Smooth points of N

In this subsection we establish a link between the open subset €25 and the nilpotent
bicone. For i = 1,...,rkg, we denote by o; the map

gxg— Cdi+17 (J?,y) = (pi,O,di (I, y)7 LRI 7pi,d7,70(ma y))

Lemma 12. For (z,y) in g x g and i = 1,...,rkg, the differential of o; at (z,y)
is the linear map
(v, w) = ({Ei1,d-1(2,y) W), (€i1,d,-1(2,9),0) + (Ei2,d-2(2,y) W),
“ <€i,di71,1(x; y),v> + <5i,di,0(x)aw>a <€i(IC),’U>).

Proof. For (z,y) in g x g, we denote by p; ., 5., (z,y) the differential of p; n,d;—m
at (z,y). From Lemma 5 and the equality

d;
pi(tr +y) = Z " Pim,di—m (T, Y)
m=0

for (z,y) in g x g, we deduce the equality
di di
Z " (i m,di—m (@, )0 + t71w> = tmp;,m,di—m(xv y) (v, w),

m=1 m=0
for z,y,v,w in g and ¢ in C*, since p; ¢,q; is the map (z,y) — pi(y). Hence we get,
form=0,...,d; — 1,

p;,m,difm(xv y) (U7 ’U)) = <€i,m7di—m(x7 y) 77]) + <Ei7m+1,d7,—ﬂ1—1(x7 y) 7w>'

In addition, p; 4 o(z,y) is the linear functional (v, w) +— (g;(z),v). O



JEAN-YVES CHARBONNEL AND ANNE MOREAU

Let o be the map
g Xg*)(cngrrkg’ (xay) = (O—l(xay)a"'ao—rkg(xay))'

Proposition 13. Let (z,y) be in g x g. Then o is smooth at (x,y) if and only if
(x,y) belongs to Q.

Proof. We denote by o'(x,y) the differential of o at (z,y) and we denote by
kero’(x,y) its kernel in g x g. Let us suppose that (z,y) belongs to Q4. For
v in g, we denote by X, the subset of elements w in g such that (v,w) is in
ker o’(z,y). By Lemmas 12 and 4(ii), v belongs to the orthogonal complement of
g(x) in g. In addition, X, is an affine subspace whose tangent space is equal to the
orthogonal complement of U(x,y) in g. By Lemma 8(i), V(x,y) has dimension
by since (z,y) belongs to Q4. Consequently, kero’(z,y) has dimension at most
bg —rkg + 2(by — rkg) = 3(by — rkg), since z is regular. Hence the image of
o'(z,y) has dimension at least by +rkg. So ¢’(x,y) is surjective and o is smooth
at (z,y).

Conversely, suppose that o is smooth at (x,y). For (a,b) in C?, we denote by
Ta,b the linear map

. man )
(2i,0,dss- -+ %id;0, 0 =1,...,1kg) — < E a™b" zimom, 1 =1,...,1kg ),
m+n=d;

from CPsFtk8 to C™2. The linear map 7, is surjective as soon as (a,b) # (0,0).
Since o is smooth at (z,y), we deduce that the compound map o4 p 1= mapo0 is
smooth at (x,y) for any (a,b) in C2\ {(0,0)}. As

Z ambnpi,m,n (m/, yl) = pi(axl + byl)7

m-+n=d;

for ¢ = 1,...,rkg and (2/,9) In g x g, o0, maps (2/,y") to
(p1(ax’ +by'), ..., prkg(az’ + by')). Moreover, it is the compound map of the two
following maps:

gxg—g, (@',y") = (a2’ +by),
L 2 (pL(2); - Prcg (2))-

Therefore, the second map is smooth at (ax + by) for any (a,b) in CZ~ {(0,0)}.
So, by Lemma 4(ii), (x,y) belongs to Q4. O

Remark 3. Recall that Ny is the subscheme of g x g defined by the ideal generated
by the polynomials p; ,, . Therefore, by Proposition 13, the intersection of N
and (24 is nothing but the set of smooth points of V. The elements of 1 provided
by Lemma 6(i), do not belong to Ny. Consider the elements described in Lemma
6(ii). If g is equal to sl3, the subset g’ 5 X g5 has a nonempty intersection with Nj.
Indeed, if we set

010 2 0 O 0 0 O
e=1(0 0 1}, h:=10 0 0], z:=11 0 O0f,
0 0 0 0 0 -2 0 -1 0
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then (z,e) € Ny N (g_, x gh). But in general this intersection can be empty. For
instance, it is an empty set if g = sl,, for many n > 3. Whatever the case, we will
see a posteriori that there exists at least one irreducible component of Ny which
has an empty intersection with Qg (see Theorem 45). So we cannot hope to apply
the criterion of Kostant [Kos2]. This observation was originally the reason why we
introduced another subscheme (see the following section).

2. Principal cone and principal bicone

In this section we suppose that g is simple. Then we can suppose that p; is
the Casimir element of S(g)?, that is, p1(z) = (x,z) for any z in g. Recall that
(e, h, f) is a principal sly-triple of g and use the notations of the Introduction,
Subsection 0.3.

2.1. Principal cone

Since e is a regular nilpotent element of g, the nilpotent cone 914 is the G-invariant
closed cone generated by e. According to Kostant’s results [Kos2|, the nilpotent
cone is a complete intersection of codimension rk g. Moreover, it is proved in [He]
that it has rational singularities. In this subsection we intend to prove analogous
properties for the principal cone introduced in

Definition 2. The principal cone X4 of g is the G-invariant closed cone generated
by h.

Recall that wg is the longest element of the Weyl group We(h). The simple
following well known lemma turns out to be useful.

Lemma 14. The element wo(h) is equal to —h. Moreover, there exists a repre-
sentative go of wo in Ng(h) such that go(e) is equal to f.

For i =2,...,1kg, we define the element ¢; of S(g)? as follows:

P if d; is odd;
“= p1(h)%/?p; — Pz‘(h)Pfi/Q, otherwise.

The polynomial ¢; is homogeneous of degree d;. As the eigenvalues of ad h are
integers, not all equal to zero, p1(h) # 0. In addition, as

pi(h) = pi(wo(h)) = pi(=h) = (=1)"pi(h),

pi(h) =0 as soon as d; is odd. This forces ¢;(h) =0 for any ¢ = 2,...,rkg. So X,
is contained in the nullvariety of the functions go, .. ., ¢kg-

Lemma 15.

(i) The nullvariety of p1 in Xy is equal to MNyg.
(ii) The principal cone Xg is the nullvariety of the functions qa, ..., grkg.
(ili) The subset (Xg\greg) is equal to (Ng\G.e) and the codimension of (Xg\greg)
in Xg is equal to 3.
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Proof. (i) Prove first that 914 is contained in X. Since X, is a G-invariant closed
cone, the relation exp(—tade)(h) = h + 2te, for any ¢ € C, implies e € X,.
So 9, is contained in X, as closure of G.e. Let X be the nullvariety of the
functions ¢o, ..., qrkg. As pi(h) # 0, the nullvariety of p; in X is the nullvariety
of P1,...,Prkg. S0 Ny is the nullvariety of p; in X. Moreover, 9, is also the
nullvariety of p; in Xy since X is a subset of X which contains 91,.

(i) Let X be as in (i). We need to prove that X is contained in X4. Let x be
an element of X which is not nilpotent. By (i), p1(z) # 0. So there exists t € C*
such that py(tx) = p1(h). Then p;(tx) = p;(h), fori =1,...,rkg, since z is in X.
As h is regular and semisimple, tz and h are G-conjugate. Hence x belongs to Xg.

(ili) By (i) and (ii), the subset of elements of X4 which are not regular in g is
equal to (Mg~ G.e). As this subset has codimension 2 in Ny, it has codimension 3
in X4 by (1). O

Recall that b_ is the Borel subalgebra containing h and “opposite” to b, with
nilpotent radical u_. Let by be the subspace of b generated by h and u and let by —
be the subspace of b_ generated by h and u_. The following results are partially
proved in [Ri2, Prop. 10.3] as pointed out in Remark 4 below.

Corollary 16. The principal cone of g is normal and it is a complete intersection
of codimension rkg — 1 in g. The regular elements of g which belong to X4 are
smooth points of X4. Finally, X4 has rational singularities.

Proof. By Lemma 15(i) and (ii), X, is a complete intersection of codimension rkg—
1. By Lemma 4(ii), the differentials at  of p1,...,prkg are linearly independent
as soon as z is a regular element of g. Hence the same goes for the differentials at
x of g2,...,¢g. Then, any z in the union of G.e and (C*)G.h is a smooth point
of X4. So by Lemma 15, (ii), ¥, is regular in codimension 1. By Serre’s normality
criterion [Ma, Chap. 8, Theorem 23.8], X4 is a normal subvariety.

The subalgebra by is an ideal of b. The contracted product G x g by is defined as
the quotient of G' X bg under the right action of B given by (g, x).b = (gb,b=1(x)).
The map (g, x) — g(z) from G X by to g factorizes through the canonical map from
G x by to G xB bg. Since G.by is equal to X4, we get a surjective morphism 7 from
G xB by to Xy. Moreover, the morphism 7 is proper since G/B is a projective
variety. Let K be the field of rational functions on G xg by and let Ky be the
field of rational functions on X,. Let gy be as in Lemma 14. By Lemma 14, go(h)
is equal to —h. In particular, the fibre of m at h has at least two elements. Let
(g9,z) be an element of G x by such that g(z) is equal to h. In particular, = is
a regular semisimple element of g which belongs to by. Hence, there exists b in
B such that b(x) belongs to the line generated by h. As adh and adb(x) have
the same eigenvalues, b(x) is equal to h or —h, since the eigenvalues of ad h are
integers, not all equal to zero. If b(x) = h, then (g,z) and (14, h) are equal in
G xp by. Otherwise, (g,z) and (go, —h) are equal in G xp by. Hence, the fibre
of m at h has two elements. So the same applies for the fibre of 7 at any element
of the G-invariant cone generated by h since 7 is G-equivariant. Hence, K is an
algebraic extension of degree 2 of K. In particular, it is a Galois extension. Let
A be the integral closure of C[X,] in K and let X| be an affine algebraic variety
such that (C[Xg] is equal to A. Then A is stable under the Galois group of the
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extension K of Ky and C[X,] is the subalgebra of invariant elements of this action
since X is normal. Hence, by [El2, Lemma 1], it is enough to prove that X{ has
rational singularities.

The variety Gx by is smooth as a vector bundle over G/B. Hence the morphism
7 factors through the canonical morphism from X{ to X4. Let 7' be the morphism
from G xg by to f’g such that 7 is the compound map of «’ with the canonical
morphism from Xj to Xg4. Then (G xp bg, ') is a desingularization of X since 7’
is proper and birational. By the corollary of [He, Theorem B], for ¢ € N*, the i-th
cohomology group H* (G x5 bo, Ogxgp,) is equal to zero. Hence by [Ha, Chap.
ITT, Prop. 8.5, for i € N*, R'7,(Oaxge,) = 0 and X has rational singularities
since X is normal. [J

Remark 4. The G-invariant closed cone generated by a semisimple element of g is
not a normal variety in general [Ri2, Prop. 10.1]. Nevertheless, whenever z is the
semisimple element of an sl-triple of g, the closed cone generated by the regular
orbit whose closure contains z is normal and Cohen—-Macaulay [Ri2, Prop. 10.3].

2.2. Principal bicone

In this subsection we study various properties of the principal bicone.

Definition 3. The principal bicone of g is the subset

Xy :={(z,y) €gxg| Py CXg}
={(z,y) g x g|az+by € Xy, Y(a,b) € C*}.

As Ny, the subset X; is a closed bicone of g x g, and it is invariant under the
actions of G and GL2(C). For ¢ = 2,...,rkg, we define the elements g, n of
(S(g) ®c S(g))? by the following relation:

gilaz+by) = > a"V"Gimn(@,y), (2)
m+n=d;

for (a,b) in C? and (x,y) in g x g. For w in Wg(h), we denote by by ,, the subspace
generated by w(h) and u. It is worth recalling the following well known result for
the understanding of the principal bicone.

Lemma 17. Ifz is in b, then the intersection of G.x and b is the orbit of x under
Wea(h).

Our purpose is to prove that X is a complete intersection of dimension
3(bg —rkg+ 1), which we will do in Section 4.

Lemma 18.

(i) The subset Xy is the nullvariety of the polynomial functions q;m.n for i =
2,...,tkg and m +n = d;. In particular, any irreducible component of X,
has dimension at least 3(by —rkg+1).

(ii) The subset s X s is contained in X;.

(ili) For z in b, (w(h),x) belongs to Xy if and only if x is in bg ..
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Proof. (i) As X, is the nullvariety of the ¢; by Lemma 15(ii), &j is the nullvariety
of the polynomial functions g; ., for ¢ =2,...,rkgand m+n =d;. Asd; =2,
Aj is the nullvariety in g x g of by —rk g — 3 regular functions, whence the second
statement.

(ii) Let T be the intersection of Xy and s x s. Then T is a closed, subset of
s X g, invariant under GLy(C) and S. For any ¢ in C, h + te belongs to G.h. So
T contains (h,e). Hence, by Lemma 9, dim7T > 5 and T = T3 if and only if
dimT = 5. As th and e + t2f are in the same G-orbit for any t € C*, (e, f) is in
Xy. So T is equal to s x s since (e, f) is not in T5.

(iii) For any ¢ in C* and any z in u, tw(h) + = belongs to the G-orbit of tw(h).
Hence (w(h),tw(h) + ) belongs to Xy. So {w(h)} X bg,, is contained in Xy. Let
(x1,22) be in h x u. We suppose that (w(h),z1 + x2) is in Xy. Then for any ¢ in
C, w(h) 4 tx1 + txe is in Xy. In particular, 21 + x2 is tangent at w(h) to the cone
X,. The tangent space at w(h) of the cone X is generated by w(h) and [w(h), g].
So z1 and w(h) are collinear. [

2.3. Smooth points of Xp

As the nilpotent cone 91, is contained in the principal cone X4, the nilpotent bicone
Nj is contained in the principal bicone Xy. We now introduce two other varieties
“squeezed in between” Ny and Xj. Set

Vo i={ (z,y) € & | (x,y) =0},
Zy: {

z,
(z,y) € Vo |y € Ng}.

Lemma 19.

(i) The nilpotent bicone is the nullvariety in Xy of p1,2,0,P1,1,1,P1,0,2-
(ii) The subset Vg is the nullvariety in Xy of p1a1. Moreover, Vg is a G-
invariant closed bicone and any irreducible component of Yy has dimension
at least 3(bg —rk g) + 2.
(iii) The subset Zy is the nullvariety in Yy of pi1,0,2. Moreover, Zy is a G-
invariant closed bicone and any irreducible component of Z4 has dimension
at least 3(bg —rkg) + 1.

Proof. (i) As My is the nullvariety of p; in Xy, by Lemma 15(i), Ny is the nullvariety
in X of the 2-order polarizations of pq, that is pi1.2,0,p1,1,1,P1,0,2-

(ii) As p1,1,1 is the Killing form, ), is the nullvariety of pq,1,1 in Xy. Moreover,
Yy is a G-invariant closed bicone since p; 1,1 is G-invariant and bihomogeneous.
By Lemma 18(i), any irreducible component of )y has dimension at least 3(bg —
rkg) + 2.

(ili) By Lemma 15(i), Mg is the nullvariety of p; in X,. Hence Z; is the nul-
lvariety of p1,,2 in Vy. Moreover, Z4 is a G-invariant closed bicone since pi g2
is G-invariant and bihomogeneous. By (ii), any irreducible component of Z; has
dimension at least 3(bg —rkg) +1. O

Remark 5. By Lemma 19, the subsets )V and Z; inherit a natural structure of the
scheme.
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Let P be a subset of the set of polynomials

{P1,2,0,P1,1,1,01,0,2; Gim,ds—m | 1 =2,...,tkg,m =0,...,d;}.

We denote by C[P] the subalgebra of S(g) ®c S(g) generated by P, we denote by
op the morphism of affine varieties whose comorphism is the canonical injection
from C[P] to S(g) ®c S(g) and we denote by X'p the nullvariety of P in g x g.

Lemma 20. Let (z,y) be in §1y.

(i) The morphism op is smooth at (x,y).

(ii) If (z,y) is in Xp, then (x,y) is a smooth point of Xp. Moreover, the
unique irreducible component of Xp which contains (x,y) has dimension
2dimg — |P|.

Proof. (i) Let p be the morphism whose comorphism is the canonical injection
from C[P] to the subalgebra generated by the polynomials p; m, d;—m where i =
1,...,tkgand m = 0,...,d;. Then op is equal to poo, where o is the morphism
introduced in Subsection 1.4. AS ¢ m,d,—m is a linear combination of p; ym. d;,—m
and homogeneous elements in the subalgebra generated by p1 2.0, P1,1,1, P1,0,2, for
1=2,...,tkgand m = 0,...,d;, the morphism p is smooth. Then, by Proposition
13, op is a smooth morphism at (z,y).

(ii) We suppose that (x,y) is in X'p. By definition, X'p is the fibre at 0 of the
morphism op. So by (i), (z,y) is a smooth point of Xp and the codimension in gx g
of the irreducible component of Xp which contains (z,y) is equal to the dimension
of C[P]. By Proposition 13, the polynomials p; m. a4,—m are algebraically indepen-
dent for i =1,...,rkg and m = 0,...,d;. So the elements of P are algebraically
independent since ¢; ., d4; —m is a linear combination of p; m, 4,—m and homogeneous
elements in the subalgebra generated by p1.2,0, P1,1,1, P1,0,2 fori =2,...,rkg and
m = 0,...,d;. Hence the irreducible component of Xp containing (z,y) has di-
mension 2dimg — |P|. O

The principal bicone X, has irreducible components of the expected dimension
as the following proposition shows. Actually this proposition will be not used in
the other sections.

Proposition 21. Let w be in Wg(h). There is a unique irreducible component
x(w) of Xy containing (w(h),e) and x(w) satisfies the following properties:

(1) x(w) has dimension 3(bg —rkg+ 1);

(2) x(wwp) is equal to x(w); and

(3) X(w) contains (U)Ow(h)a f)7 (67w(h))7 (f7 U)Ow(h))

Moreover, x(w) contains s X s if w =1 or w = wy.

Proof. Let P be the subset {¢im.di—m | ¢ = 2,...,tkg, m = 0,...,d;}. Then
Xp is equal to Xy by Lemma 18(i). By Lemma 18(iii), X contains (w(h),e) and
by Lemma 6(i), (w(h),e) belongs to Q4. Hence by Lemma 20(ii), (w(h),e) is
a smooth point of &. So there is a unique irreducible component of X; which
contains (w(h),e). Moreover, this component has dimension 3(bg —rkg+1). Let
us denote it by x(w). Then x(w) satisfies condition (1). As wwg(h) is equal to
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—w(h), by Lemma 14, x(w) contains (wwq(h), ) since x(w) is a bicone. Moreover,
by Lemma 14, x(w) contains (wow(h), f) since x(w) is G-invariant and go.(w(h), e)
is equal to (wow(h), f). As x(w) is also GLy(C)-invariant, it is invariant under the
involution (z,y) — (y,x). So x(w) contains (e, w(h)) and (f, wow(h)).

By Lemma 18(ii), s x s is contained in X;;. Hence, there exists an irreducible
component of X which contains s X 5. But s X s contains (h, e), which is a smooth
point of Xy. So x(w) contains s x s if w(h) is collinear to h, that is to say, w =1
or w=wy. U

Remark 6. When g is simple of type By, Cy, Doy, E7, Eg, F4 or Ga, wyq is equal to
—1. So, in these cases, for any w in W¢(h), x(w) contains (w(h), f) and (f, w(h))
since x(w) is a bicone. A quick computation shows that Xy has precisely |[Wa(h)|/2
irreducible components when g is equal to sl, (C) for n = 2, 3.

2.4. Proof of Corollary 23

The goal of this subsection is to prove Corollary 23. This corollary will be crucial
for the study of the dimension of X (see Section 4).

Lemma 22. Let Z be an irreducible closed subset of Z4 satisfying the following
two conditions:

(1) w1(Z) contains a nonzero semisimple element of g; and
(2) wa(Z) contains a regular nilpotent element of g.

Then Z has a nonempty intersection with §g.

Proof. By condition (1), the subset Z; of elements (z,y) in Z, such that z is a
nonzero semisimple element of g, is a nonempty open subset of Z since the subset
of semisimple elements of g which belong to X is an open dense subset of Xj.
On the other hand, by condition (2), the subset Z3 of elements (z,y) in Z, such
that y is a regular nilpotent element of g, is a nonempty open subset of Z since
the subset of regular nilpotent elements is an open dense subset of 91;. Then the
intersection of Z; and Z5 is a nonempty subset since Z is irreducible. Let (z,y)
be in the intersection Z; and Z,. Suppose that (z,y) doesn’t belong to 4. We
expect a contradiction. Then there exists t € C such that tx 4 y is not a regular
element of g. Indeed, x is regular as a nonzero semisimple element of X4. As (z,y)
belongs to the principal bicone, tz + y is a nonregular element of X, whence

(tx +y,tx+y) =0,

by Lemma 15(iii). But the left-hand side of this equality is equal to t?(x,z) since
(x,y) belongs to Z;. Hence t = 0 since for any nonzero semisimple element z in
Xy, (z,2) # 0. This contradicts the fact that y is regular. So Z has a nonempty
intersection with 4. O

Corollary 23. Let X be an irreducible component of Xy. We denote by X' the
intersection of X and Z4. Let us suppose that X’ has an irreducible component Z
satisfying the following two conditions:

(1) wi(Z) is equal to Xq; and

(2) w2(2Z) is equal to Ngy.
Then X' and X have a nonempty intersection with Qg. In particular, X has di-
mension 3(bg —rkg+ 1).
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Proof. By Lemma 22, Z, X’ and X have a nonempty intersection with 25. Then,
by Lemma 20(ii), X’ has dimension 3(by —rkg+1). O

3. Jet schemes and motivic integration

We plan to study in Section 4 the dimensions of the nilpotent bicone and the
principal bicone via motivic integration arguments. In view of this work, we start
this section by some basics on motivic integration.

3.1. Jet schemes

Let us first review the definition and properties of jet schemes. Let X be a complex
algebraic variety. For m € N, the m-order jet scheme J,,(X) of X is the scheme
whose closed points over x € X are morphisms

Ox » — C[t]/t™ .

Thus, the C-valued points of J,,(X) are in natural bijection with the C[t]/¢t™F!-
valued points of X. In particular, there are canonical isomorphisms Jo(X) ~ X
and J1(X) =~ TX, where TX is the total tangent space of X. The canonical
morphisms

Tim @ JI(X) — T (X),

with [ > m, obtained by truncation, induce a projective system (Jy,(X), 71m)-
The space of the arcs
Joo(X) := proj lim J,,, (X)
m

is the projective limit of the system (J,,(X), 7 m). Denote by oo m the canonical
morphism
Tooym & Joo(X) — I (X),

for m € N, obtained by truncation, too. For v in J.(X) and ¢ a regular function
on X, we denote by ord(ro ) the order of the series vop. If 7 is an ideal of Ox,
we denote by ord(Z,v) the smallest integer ord(v o), where ¢ runs through the
ideal Z _ (,) generated by Z in the local ring Ox r__ (). The function Fz : v +—
ord(Z,v) is semialgebraic by [DL2, Theorem 2.1]. As a matter of fact, for m € N,
we can define an analogous function from J,,(X) to {1,...,m} that we denote by
the same symbol. When 7 is the ideal of definition of a closed subset Z of X, we
rather denote by Fz the function F7r. In particular, if Z is the ideal of definition
of a divisor D of X, we denote by Fp the function F7.

In [Mu], Mustata proves the following result, first conjectured by David Eisen-
bud and Edward Frenkel.

Theorem 24 (Mustatd). If X is a locally complete intersection variety, then
Im(X) s irreducible of dimension dim X(m + 1) for all m > 1 if and only if
X has rational singularities.

Remark 7. The nilpotent cone My of the reductive Lie algebra g is a complete
intersection and, by [He, Theorem A], it has rational singularities. Likewise, by
Corollary 16, the principal cone X4 of g is a complete intersection and has rational
singularities. As a consequence, Theorem 24 can be applied to 913 or X;. In
the Appendix of [Mu], Eisenbud and Frenkel apply Theorem 24 to M, to extend
Kostant’s results in the setting of jet schemes.
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3.2. Motivic integration

Recall now some facts about the theory of motivic integration. The construction of
motivic integrals for smooth spaces is due to Kontsevich [Kon] and was generalized
by Denef and Loeser to singular spaces in [DL2] and [DL1]. Further in the paper,
we will only need the Hodge realization of motivic integrals on the arcs of a smooth
variety. We refer to [Ba], [DL2] and [Lo] for more explanations, definitions and
proofs (see also [Cr] for an introduction).

Let V be the category of complex algebraic varieties. Denote by Ko(V) the
Grothendieck ring of V and denote by [X] the class in Ko(V) of an element X in
V. The map X — [X] naturally extends to the category of constructible subsets of
algebraic varieties. Let L be the class of Al in Ko(V) and let M be the localization
Ko(V)[L~1]. For m in Z, we denote by F™M the subgroup of M generated by the
elements [X|L~", where r — dim X > m. Then we get a decreasing filtration of
the ring M and we denote by M its separated completion.

Let X be an algebraic variety of pure dimension d. A subset A in Jo(X) is
called a cylinder if A is a finite union of fibres of Moo, m : Joo(X) — Jin(X) for
m € N. If A € Jo(X) is a cylinder, we say that A is stable at level m € N if,
for any n > m, the map oo, nt1(Joo (X)) — Toon(Jo (X)) is a piecewise trivial
fibration over 7o, (A) with fibre A2, When X is smooth, any cylinder is stable
and the later additional condition is superfluous.

Proposition 25 (|[DL2, Definition-Proposition 3.2]). There is a well defined sub-
algebra Bx of the Boolean algebra of subsets of Joo (X)) which contains the cylinders
and a map px from Bx to M satisfying the following properties:
(1) if A € Bx is stable at level m, then px(A) = [Too,m(A)L(m+1d;
(2) if Y is a closed subvariety in X of dimension strictly smaller than d, then
for any A in Bx, contained in J(Y), ux(4) =0;
(3) let A1,As, ... be a sequence of elements in Bx whose union A is in Bx, then
the sequence px(A1),ux(Az),... converges to ux(A) in M; and
(4) if A and B are in Bx, A is contained in B and px (B) belongs to the closure
of F™M in ﬁ, then px (A) belongs to the closure of F™M in M.

For A in By and ¥ : A — Z U {oo} a function such that ¢~1(s) € By, for
any s € Z U {oo} and px (¢ ~1(c0)) = 0, we can set

JLvdu = Y nx(w oL )

‘A SEZ

in ﬁ, whenever the right-hand side converges in M. In this case, we say that L.=Y
1s integrable on A.

Recall that the dimension of a nonirreducible variety is the maximal dimension
of its irreducible components. Let v and v be two indeterminate variables. For any
smooth projective variety X, the Hodge—Deligne polynomial of X is the element of
Zlu,v]

RX) =Y > (1) hyo(HE(X;C))ubo?,
keN (pf)g’f
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where h, ,(H%(X;C)) are the HodgeDeligne numbers of X. The map h factors
through the ring Ko(V). So we have a morphism A from Ko (V) to Z[u, v] such that
h(X) is equal to h([X]) for any smooth projective variety. In particular, h(L) is
equal to uv. What is important for us is that h([X]) is a polynomial whose highest
degree term is c(uv)¥™ X where c is the number of irreducible components of X of
dimension dim X. By continuity, the morphism A uniquely extends to a morphism
from M to the ring Z[u,v][[u=t,v7]]. The compound map h o ux, which is now
well defined, is the Hodge realization of the motivic measure.

3.3. Some technical results

Let V be a finite-dimensional vector space. In this subsection we study various
properties of specific subsets in J (V).

For (z,y) in V x V, we denote by v, the arc t — x + ty of Jo(V). Let
m be in N*. We denote by v 4, the image of v, , by the canonical projection
7Y from Joo (V) to Jp(V). Let K be a connected closed subgroup of GL(V).
The K-action on V extends to a K-action on J,, (V') which is compatible with the
canonical projections WXOM. Let X be a K- invariant irreducible closed cone in V.
We suppose that X is a complete intersection in V' with rational singularities and
we suppose that X is a finite union of K-orbits. Let N be the dimension of X and
let r be the codimension of X in V.

We now use techniques developed in [Mu, Theorem 3.2] in order to prove Propo-
sition 28. We denote by Z the union of K-orbits in X which are not of maximal
dimension. Let Bx be the blowing up of V' whose centre is X and let

T : Bx —V

be the morphism of the blowing-up. As X is a complete intersection in V, 77(X)
is an integral divisor on Bx and is locally a complete intersection. Moreover,
there exists a regular action of K on Bx for which 7 is a K-equivariant morphism.
By the theorem of embedded desingularization of Hironaka [Hi], there exists a
desingularization (Y,7) of Bx such that (707)71(X) is a divisor with normal
crossings. Moreover, we can find (Y, 7) such that there exists a regular action of
K on Y for which 7 is an equivariant morphism, and (7 07)~!(X) is a K-invariant
divisor. Set v := 7o7. Denoting by Ei,...,E; the irreducible components of
v H(X), we can assume that the following conditions are fulfilled:

a) E is the only prime divisor dominating X;

b) the divisor v~ 1(X) is equal to S°¢_, a;Fy;

¢) the discrepancy W of v is equal to 2221 b, E;,

d) a; is equal to 1 and b; 4 1 is equal to r; and

(e) v~1(Z) is contained in the union of Es, ..., Ey;

(
(
(
(

since 771(X) is an integral divisor on By and K has finitely many orbits in X.
By condition (b), E1,..., E; are K- invariant. Moreover, by condition (e), Z is
the image by = of the union of Fs, ..., E;. So there exist cs,...,c; € N, such that
7y 1(Z) =3, ciE;. Form € NU {0}, let

Tm : Jm(Y) - Jm(v)
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be the morphism induced by . In the remainder of this subsection, for m €
NU{oo} and n € N with m > n, m, ,, refers to the canonical morphism J,,(Y) —
Jn(Y).

As X has rational singularities, the canonical injection from its canonical module
to its dualizing module is an isomorphism by [Fl, Satz 1.1]. But its canonical
module is locally free of rank 1 since X is Gorenstein as a complete intersection
in V' [Br, Theorem 3.3.7 and Prop. 3.1.20]. So X has canonical singularities.
Moreover, by [Mu, Theorem 2.1], b; > ra; for i = 1,...,¢. Then by the above
condition (d), we have b; > (b1 +1)a; for i = 2,...,t. For k € N, for J a nonempty
subset of {1,...,¢} and for J' a nonempty subset of .J, we denote by ¢y s ;- the
affine functional on Q7!

(i€ J) > (N=|TNm+1)+> (it Dai— > aitkD co

ieJ i€ J\J’ ieJ

For p € N*, we set

Zaiai >pando; >m+1,i€J

AJ7Jl,p = {(Oéi,’t' S J) S N‘J‘
ieJ
and 1 < a; <m,ic€ J\J'}

and we denote by vy g,y p the minimal value of 9y s 57 on Ay ,. The two as-
sertions of Lemma 26 are straightforward from the definitions and the preceding
inequalities: b; > (by + 1)a; for i = 2,...,t. Their verifications are left to the
reader.

Lemma 26. Forke N*, p>m+1, J C{l,...,t} and J' a nonempty subset of
J, we have:

(i) vo,50p =pb1 +1) + (N = 1)(m~+1) = vk 55 p-
(i) vk 3,030 < Vk,g,d/p-

For J C{1,...,t}, we set

EY .= ﬂ E;\ U E;.

i€ igJ
Let m be in N* and let S be a nonempty constructible subset of J,, (V). For
a = (a)ies € (N*)VI] we denote by J, the subset of elements i € J such that
a; = m+ 1 and we set

T, ={ve W;@}O(E(O]) Ny HS) | Fi, (v) = aiyi € J\Jo}.

For ¢ € NU {co}, with ¢ > m + 1, we set

S1 = {v € Ty 4 (ED) N (Y 0 Tgum) " (S) | Fir,(v) = i € T
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Lemma 27. Fiz J C {1,...,t}, ¢ =m+1 and o = (a;)ics € (N*)II. Suppose
that S¢ is a nonempty set. Then S is a locally trivial fibration over T, whose
fibre is isomorphic to

ClamN=1al) 5 (Cr)Hal  QalTal~Eies @

Proof. We follow the proof of [Cr, Prop.2.5]. Since the divisor v 1(X) =
Z§=1 a;E; on 'Y has only simple normal crossing, for any y in Y, there exists
a neighbourhood U of y in Y with global coordinates z1, ..., zy on U for which a
local defining equation for v~1(X) is given by

a;
g= 2, (4)

for some j, < N. We cover Y = (JU by finitely many charts on which 7~ 1(X) has
a local equation of the form (4), and we lift to cover J (Y) = Uﬂ';é(U). Hence,
S is covered by the subsets

US = () Fg' (@) N o (U) Mg (72,1 (5)).
ic€J

As a; > 1, the subset Ud is contained in 77;3 (EY). Thus, the subsets U are open
subsets of S2. Let U be such an open subset of S¢ which is nonempty. If J is
not contained in {1,...,j,} then E9 N U is empty, and so UZ. So J is contained

in {1,...,4,}.

For v € w;(l)(U), we can view v as an N-tuple (f1(2),..., fn(2)) of polynomials
of degree at most g with zero constant term. We continue to argue as in the proof
of [Cr, Prop. 2.5]. We see that v € FEil (o) if and only if the truncation of f;(2)
to degree «; is of the form c,, 2% where c,, is different from 0. Then we obtain
N — |J| polynomials of degree ¢ with zero constant term, and, for each j € J, a
polynomial of the form

fj(z):0+...+0+cajzaj +Caj+1zaj+l +...+Caqza47

with ¢o, € C* and ¢y € C for k > j. So, when we cut the m first terms of each
polynomial f;(z), the space of all such N-tuples so obtained is isomorphic to

Cla=m)(N=Val) s ()Mol 5 Calal=Zicsa @i
As a consequence, UZ is isomorphic to
(W;z,lo(U) NT,) x ClamW=lJal) o (C*)al x CaMal"2icsq @i
whence the lemma. [0

Let S be a constructible subset of J,, (V). For p > m + 1, we set
Socmp = {V € (13 )7 (S) | Fx (v) > p}.

Then, for k£ > 0, we set

Lopk = h(/ L_kFZ(V)dﬂV(V))'
Soc,m,p
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Proposition 28. Let m,k be in N* and let S be a constructible subset of J, (V).
We suppose that the image by WX%O of S is dense in X and we suppose that S is
K-invariant.

(i) We suppose that the image by 777‘7/;70 of any irreducible component of mazximal
dimension of S is dense in X. Then the highest degree terms of L, p 1 do
not depend on k for p big enough.

(ii) We suppose that the highest degree terms of L, do not depend on k
for p big enough. Then, for p big enough, the highest degree terms of
hopy (Seo,m,p) only depend on the irreducible components of S whose im-
age by 7T,}270 is dense in X.

Proof. We apply the transformation rule for the motivic integrals to L, p&.
Namely, by [DL2, Lemma 3.3], we have

Ipk =h </ L)k el (V)dMY(’/)> : (5)
V5" (Soo,m.p)

For J C {1,...,t} and a = (a;)ics € (N*)I/I, S is the inverse image by 7o 4 Of
S4 for any ¢ > m+1. So, by Proposition 25(1), ho uy (S2°) = h([S9])(uv)~Na+1),
In addition, by Lemma 27, the subset S¢ is a locally trivial fibration over Ti, whose
fibre is isomorphic to

Cla=m(N=1Jal) ¢ (Yol 5 CalTal=icsq o,
Then we deduce from [Cr, Theorem 3.2(iii)] the relation

hopy (S5°) = h([Ta]) (uv — 1)1
D R UG LGRS S (6)

As the subset v~ !(X) is equal to the union of E1, ..., E}, the subset v ' (Sso,m.p)
is given by the equality

70_01 (Soo,m.p) = U U Sa

JC{L, ot} (ay,ienem\{op) /I
i ZmGJ aja;2p

for any p. We set

t
M = 1+m2ai.
i=1

In particular, when p > M, J, is not empty as soon as > _._;a;c; > p. For any

p > M and any k € N, we have the equality

Lipk= ) > S0,k

Jc{1,..., t} a;,i€J
J#2 Yiegaiaizp,ai>1

i€J
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where

SJak = h([Ta])(uv)™ (N=Ja)(m+ 1)+, @i

x (uv — DIl (uo) 7l (yy) ™ Zies @iGiFD=kYicine g s (7)

For J nonempty subset in {1,...,t}, we set

!
Sypk = E S0k

;i i€J
Yieg aiaiZp,og>1
Thus L, p 1 is the sum of the Sf]’p’k. For any J, the highest degree terms in S{I,p,k
are the terms Sy p,1 for which the number

dim T, — (N —|Ja|)(m + 1) + Z o — Zalerl )—k Z ci0y

i€\ Ju icJ i€Jn{2,...,t}

is maximal. In particular, for J = {1}, the highest degree term of Sf]’p’k does not
depend on k.

(i) By hypothesis, the image by 7y, ¢ of any irreducible component of maximal
dimension of 7,1 (S) is dense in F;. Therefore, for J # {1}, the degree of

([0 (E7) Nt (S)])

is strictly smaller than the degree of the same expression with J = {1}. As a
consequence, when J # {1}, for a = (a;)ics € (N*)I/I, the degree of h([T,]) is
strictly smaller than the degree of

h([m o (E1y) N (S)]).

Hence by Lemma 26 and relation (7), when p is big enough, the highest degree
term of I, p ;. is the highest degree term of Sf{1},p,k- In particular, it does not
depend on k. B

(ii) Denote by S the union of irreducible components of S whose image by W,‘fw

is dense in X. By hypothesis, Sisa nonempty set. We set

Soosmp = {¥ € (7% ) () | Fx(v) = p}

Topi = h([ LkFz®) duv(z/))
Secomn

for k > 0. It suffices to prove that the highest degree terms of I, , » and Tmypyk
are the same for p big enough. Indeed, if so, we obtain the expected result with
k=0in I, ,% and I, , 5. By (i), the highest degree term of L, , » does not
depend on k for p big enough. In addition, by hypothesis, the highest degree term
of I, p,x does not depend on £ for p big enough. Fix p big enough such that the

and

highest degree terms of both Tm,p,k and I, do not depend on k. As S and S
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are K-invariant, the function Fyz(v) is positive for any v in Seo.m.p\Seo.m.p Since
K has finitely many orbits in X. So we get

lim h( / L~kFz() duv(y)) =0.
k*FFOO Sx,m,p\goo,m,,p

Hence for k£ big enough, the highest degree terms of I, and Tm%k are the
same. [

Let m,p be in N with p > m + 1, and let S be a constructible subset of
Jm (V). In view of Proposition 28, we wish to investigate the highest degree term
of hopy (Sse,m.p)- For ¢ in NU {oc} and ¢ > n, we denote by 7, the canonical
morphism from J,(X) to J,(X). The following lemma is easy and helpful for

Lemma 30.

Lemma 29.
(i) If v € Jy(X) for g € NU{oo}, then W;{n(l/) = 71X (v) for any n < q.

q,n
(ii) For v € Joo(V) and g € N*, ©¥ .1 (v) € Jo—1(X) if and only if Fx(v) 2 q.
We suppose that S satisfies the following conditions:
(1) S is contained in J,, (X);
(2) the image by ),  of S is dense in X; and
(3) for any v € S, the fibre (mX ; ,,,)~!(v) is a nonempty set.
Denote by S the union of irreducible components of S whose image by W,‘fw is

dense in X. By conditions (1) and (2), S is a nonempty constructible subset of
Jm(X). Let d and d be the dimensions of S and S respectively, and let ¢ and
¢ be the number of irreducible components of maximal dimensions of S and S
respectively.

Denote by X,z the smooth part of X. Notice that when S is contained in Xig,
condition (3) is automatically satisfied.

Lemma 30.

(i) Let T be an irreducible component of S whose image by ﬂ,‘fw is dense in X.
Then (m*y ,,)”"(T) has dimension dimT + (N —r)(p — 1 —m).
(ii) The highest degree term of ho piy(Seo.m.p) is E(uv)&_(N_T)(m“)_p".
(iii) The degree of ho v (Soo,m,p) s at least d — (N —r)(m + 1) — pr.
(iv) Suppose that the highest degree term of ho v (Seo,m,p) 18

E(uv)cif(Nfr)(mﬁd)fpr.

Then d = d and ¢ = ¢.

Proof. (i) By hypothesis, the preimage of TN (7% o) ™! (Xreg) by 51, is a locally
trivial fibration over T'N (7% ;)71 (Xyeg) with fibre AN=)P=1=m) " whence (i).

m,0

(ii) Denote by S®=1 and S®=1) the preimage by T of S and S re-

spectively. Using Lemma 29, we can readily check that the relation §m7m,p =
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(¥ p1) ~1(§(=1)holds, since S is contained in J,,(X). Hence, by Proposition
25(1), we have
ho v (Soom.p) = h([SP™]) (uv) =P, (8)
By definition of S , the subsets
(M p-) 1 (S®Y) and (7)1 (S)

are stable sets with respect to ux at levels p — 1 and m, respectively. Then, by
Proposition 25(1), applied to px, we get

hoMX((WC)fOp 1 (S(p 1))) ([S(p 1)])( )_(N—’!‘)p,
hoMX(( (S)) h([S ])(U’U)_(N_T)("”""l).

As (ﬂgg,p_l)’l(g(pfl)) and (73 m)’l(g) coincide, we deduce
B D) = A((8]) (o) ¥ 1

But the highest degree term of h([S]) is c(uv) whence (ii) by relation (8).
(iii) Analogously to (ii), we can write

ho 1y (Socmp) = RSP D)) (uv) V. (9)

Let T be an irreducible component of S of dimension d. As S satisfies condition
(3), we have wf 1.m (( f 1.m) (T)) = T. So there is an irreducible component
T" of (w1 ,,)~H(T') whose image by 7 ; ,, is dense in T'. As the generic fibre of
Ty 4m © Jp-1(X) — J(X) has dimension (N —7)(p — 1 — m), the dimension
of T” is at least d + (N — r)(p — 1 — m). Hence, by relation (9), the degree of
houy (Seo,m.p) is at least d — (N —r)(m + 1) —

(iv) By relation (9), the hypothesis of (iv) means that the highest degree term of
h([S®D)]) is é(uv)d+N=r)e=1=m) Iy particular, S~ has dimension d + (N —
7)(p—1—m) and the number of its irreducible components of maximal dimension
is ¢&. If d > d, then (iii) gives a contradiction. Hence d = d. So any irreducible
component of maximal dimension of S is an irreducible component of maximal
dimension of S. Hence, ¢ > ¢. It remains to prove ¢ < ¢. Let T1,...,T, be the
irreducible components of .S. Then

SEY = () ) THT) U U (g ) T (T

p—1,m p—1,m

By condition (3), 7\ ,,, (731 ,,) " (T3)) = T; forany i = 1,...,q. Consequently,

7-‘-;z)z(;l,m(j—zi) g Trz))il,m(Tj)?

for any 1 < 4,7 < ¢ with ¢ # j. Therefore there is an injection from the set
of irreducible components of S into the set of irreducible components of S®~1).
Moreover, by (i), any irreducible component of S whose image by ’/TX%O is dense
in X provides an irreducible component of S®~1) of maximal dimension, since

d=d. So¢> ¢, since ¢ is the number of the irreducible components of maximal
dimension of S®~1. O
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3.4. Key proposition

We keep the notations of the previous subsection. We explicitly construct in this
subsection a sequence of subsets in J,,,(X) for m > 1, to which we apply the
results of Subsection 3.3. Here, for ¢ in NU {co} and ¢ > m, 7y, refers to the
canonical projection from Jy (V) to J,,(V). As V is a vector space, there is a
canonical injection from J,, (V) into Jp41(V). Furthermore, this injection is a
closed immersion. The first projection from V' x V to V is denoted by w;. Let T’
be a closed bicone of X x V satisfying the following two conditions:

(1) T is K-invariant under the diagonal action of K in V' x V; and
(2) for any (z,y) in T, y is a tangent vector of X at .

We define by induction on m a subset C,, of J,, (V).

For m = 1, we denote by C the image of T by the map (x,y) — Vg y1-

Let us suppose that the subset Cy, of J,,(V) is defined for some m > 1. Let
C;.4+1 be the image of Cy, by the canonical injection from J,, (V') into Jp11(V).
For any p > m + 1, we set

Céo,m«kl,p = {V € W;ol,m—&-l(cranrl) | FX(V) 2 p}

Then we set

- /
Crmt1 := ﬂ 7T00,m+1(coo,m+1,p)’
p>m+1

where C' denotes the closure of the subset C' in Jm+1(V). Thus, Cy,41 is a closed
subset of Jp,41(V).
For m > 1, we set

Dy = {(z,y) € X XV | Vg ym € O}

Lemma 31. Let m be in N*.

(i) If m > 2, then Cy, is the closure of Toom(Clomp) i Jm (V) for p big
enough.

(i) The subset Cy, is the image of D, by the map (z,y) — Vgym. Moreover,
Cyn is contained in Jp,(X).

(iii) If m > 2, then for p =2 m + 1 and for v € oo m(CL ), the fibre at v of
the canonical morphism from Jp_1(X) to Jn(X) is a nonempty set.

(iv) The set Cyp, is invariant under the action of K in Jp, (V).

(v) If wi(T) is equal to X, then the image by mmo of Cpy is equal to X.

Proof. (i) By definition, the sequence

Wooam(céo,m,m)’ 77007m(c<l>o,m,m+1)a e

is weakly decreasing. Therefore, by Noetherianity, the weakly decreasing sequence

ﬂOO,m(C{)o,m,m)’ 7r0<>777l(c’éo,m,m+1)’ s

of closed subsets in J,, (V') is stationary. Hence, for p big enough, C,, is the closure
of Moo, m(C ) in Jpn (V).

oo, m,p
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(ii) It suffices to prove that C, is contained in the image of D,, by the map
(z,y) — Vgym and that C,, belongs to J,,(X). We prove the statements by
induction on m. By definition, C; is the image of T' by the map (z,y) — vz ,4.1 SO
C is contained in J;(X) by condition (2). So D; is equal to T', whence the two
statements for m = 1. Let us suppose that C,, is the image of D,, by the map
(x,y) ¥ Vgy,m and let us suppose that C,, is contained in J,,,(X) for some m > 1.
Then Cj, . ; is the image of Dy, by the map (x,y) — V4 y m41. By definition, (z,y)
belongs to Dy,41 if and only if vy 4 m1 belongs to Cpq1. As Cy, 1 is contained
in C},,, we deduce that Cy, 1 is contained in the image of D,,41 by the map

(z,y) = Vaym+1. In addition, for p > m + 2, moo m4+1(Ch 141 ,) 18 contained in

Jm+1(X), by definition of C ., ,. Hence, Cy,11 is contained in Jy,41(X) since
Jm+1(X) is closed in Jy,41(V).
(iii) Let v be in oo m(Cl ). Then, there is v' in C,, , such that

Too,m(V') = v. As V' belongs to C7 ,, ,, we have Fx(v') > p. Hence, by Lemma

29(ii), Too,p—1(¥") belongs to J,—1(X). In addition, since m > 2, Moo m(Cl 1)
is contained in Cp,. So, by (ii), v belongs to J,(X). Therefore, by Lemma 29(i),
Too,p—1(') is in the fibre at v of the canonical morphism from J,_;(X) to J,(X).

(iv) We prove the statement by induction on m. As T is K-invariant by con-
dition (1), Cy is K-invariant. We suppose m > 2 and we suppose that Cp, is
K-invariant. Then C;, ; is K-invariant. So, W;I’m+1(C;n+1) is K-invariant. As X
is K-invariant, the function Fx is K-invariant. So for any p > m+1, Cl 1, is
K-invariant. Hence, ﬂoo,m+1(C(’>o,m+17p) and Cp, 11 are K-invariant.

(v) We suppose that w1 (T) is equal to X. Then, for any = in X, (z,0) belongs
to T since T is a closed bicone. As a consequence, for any m € N*, (), contains

Vg,0,m- Hence, Ty, o(Cp,) is equal to X. O

Proposition 32.

(i) For m big enough, we have
Dp,={(z,y) €T |z+tyc X, Vt € C}.

(ii) We suppose that the image by wy of any irreducible component of mazximal
dimension of T is equal to X. Then, for m > 1, the image by wy of any
irreducible component of maximal dimension of D, is dense in X.

Proof. (i) Let m be in N* such that m — 1 is strictly bigger than the degree of
any element of a generating family of the ideal of definition of X in the algebra of
polynomial functions on V. Let (z,y) be in T'. If +ty belongs to X for any ¢ in C,
then Fx(vg,y) is equal to co. In particular, C,, contains vy, and Dy, contains
(z,y). Conversely, let us suppose that D,, contains (x,y). Then T contains (z,y)
since T contains D; for any ¢ € N*. Moreover, for any ¢ in the ideal of definition of
X, the function t — ¢(x + ty) is divisible by t™. So, by the choice of m, p(x + ty)
is equal to 0, for any ¢ € C. In other words, = + ty belongs to X for any t € C.
(ii) By Lemma 31(ii), the statement is equivalent to the following statement:

For any m € N*, the image by m,, 0 of any irreducible component of mazimal
dimension of Cy, is dense in X.
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We prove this statement by induction on m. It is true for m = 1 by hypothesis
and by definition of C;. Suppose m > 2 and suppose the statement true for m — 1.
Let Cy, be the union of irreducible components of C,, whose image by m,, o is
dense in X. By Lemma 31(v), Cy, is not empty. Let d and d be the dimensions
of C,, and 5m respectively, and let ¢ and ¢ be the number of their irreducible
components of maximal dimension. It is enough to prove the equalities d = d and
¢ = ¢. Infact, in this case, any irreducible component of maximal dimension of C,,
is an irreducible component of Cy,. By Lemma 31(ii), (iii) and (iv), the conditions
of Lemma 30 are satisfied.

For p > m+ 1, we set

5oo,m,p ={ve 7Tc:ol,m(ém) | Fx(v) = p}- (10)

The image by 7, 0 of any irreducible component of 5m is dense in X. Hence, by
Proposition 28(i), the highest degree term of the element

Lopk i= h< /~ L—+Fz W) duv(y))
Coo,m,p

of Z[u,v][[u=t,v7!]] does not depend on k, for p big enough. On the other hand,
by induction hypothesis, the image by 7o m—1 of any irreducible component of
maximal dimension of Cy,—1 is dense in X, so the image by 7o m of any irreducible
component of maximal dimension of C/, is dense in X. Hence, by Proposition 28(i),
the highest degree term of the element

Lopk = h</ Lokt dﬂV(V))

oo, m,p

of Z[u,v][[u™t,v™1]] does not depend on k, for p big enough. Finally, applying be-
sides Lemma 31(i), we may choose p big enough such that the following conditions
hold:

(1) Cp, is the closure of Teo m (C ); and

oo, m,p

(2) the highest degree terms of I,,, , x and I, , x do not depend on k.

Using condition (1), we can easily check that the relation

Céo,m,p = {V € 7To_ol,m(77007m(0cl>o,m,p)) | FX(V) > p} (11>
holds. By Lemma 31(v), 7, 0(Cy,) is equal to X. So, by condition (1), the image
of Too,m(Clo,m.p) DY Tm,0 is dense in X. Then, since condition (2) holds, it results

from Proposition 28(ii), that the highest degree term of I, , 5 only depends on

the irreducible components of 7o m(Ch 1, ) Whose image by 7, ¢ is dense in X.

In other words, the highest degree terms of I, ;, » and Tm,p,k are the same.

By condition (2) with £ = 0 in Tmypyk and Lemma 30(ii), we deduce that
the highest degree term of Tm,p,k is E(uv)g_(N_’“)("H‘l)_p’". So the highest de-
gree term of I, 1 is 5(uv)‘i_(N_’“)(7”+1)_p’", too. Hence, by condition (2) with
k = 0 in I,, %, we deduce that the highest degree term of h o py (CY ) is

~ m7m’ip
E(un)d=N=r)m+)=pr  Then, by Lemma 30(iv), the two equalities d = d and

c=c¢hold. O
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4. Dimension of the nilpotent bicone via motivic integration

In this section we prove the main result of this paper. As in Section 2, we
suppose that g is simple and we adopt the notations of the previous sections. The
aim of this section is the following theorem.

Theorem 33.

(i) The principal bicone of g is a reduced complete intersection of dimension
3(bg —rkg+1).

(ii) The subscheme Y4 is a reduced complete intersection of dimension
3(bg —1rkg) +2. Moreover, any irreducible component of Vg is the inter-
section of Vg with an irreducible component of X.

(i) The subscheme Zy is a reduced complete intersection of dimension
3(bg —rkg) + 1.

(iv) The nilpotent bicone Ny is a complete intersection of dimension
3(bg —rkg).

Let us give a brief description of our approach to prove Theorem 33. We plan
to apply Corollary 23. Namely, we intend to prove that any irreducible component
of maximal dimension of X satisfies conditions (1) and (2) of Corollary 23. Then
we will deduce Theorem 33(i), from Lemma 18(i). Next, the statements (ii), (iii)
and (iv) of Theorem 33 will be mostly consequences of statement (i). The main
point is therefore to study the images by w; and ws of the irreducible components
of maximal dimension of Xy, Vg, Z4 and Ny. To process, we consider jet schemes
of Xy and Ny and we use the results of Section 3 about motivic integration. In
fact, we remark that an element (z,y) € g x g belongs to Xy or N if and only
if the arc t — x + ty is an element of Joo(Xy) or Joo(My) respectively. Thus A
and N can be identified to subsets of Jo(%4) and J(Mg) respectively. As X
and 9y are strictly contained in g, the motivic measure with respect to g of the
so obtained subsets is zero by Proposition 25(2). So we cannot expect to obtain
any information from these measures. That is why we are instead going to make
use of the subtler construction as described in Subsection 3.4. We will obtain in
this way subsets whose Hodge realization of the motivic measure with respect to
g provide all the information we need about the varieties Xy and Nj.

4.1. Two lemmas

In this subsection we give two lemmas useful for Subsection 4.2. We denote by 6
the map
Cxgxg—gxg  (Lzy) — (z,y+iz)

Lemma 34. Let X be a G-invariant irreducible closed bicone of gxg. Suppose that
w1 (X) = X4 and that 6(C x X) is contained in X. If X1 and Xy are two irreducible
components of the nullvariety of p1.11 in X such that wi(X1) = wi(Xe) = X,
then Xl = XQ.

Proof. By hypothesis, we can suppose that A7 and X5 have codimension 1 in X
since X is irreducible. If (z,y) belongs to the nullvariety of py 1 in X, with
x semisimple, then py1,1(z,x +y) # 0, since (x,z) # 0 by Lemma 15(i). By
hypothesis, for i = 1,2, 8(C x A&;) is an irreducible constructible subset of X which
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strictly contains X;. Hence for i = 1,2, §(C x X;) contains a dense open subset
of X. As a result, for any (¢,z,y) in a certain dense open subset of C x Xy, x is
semisimple and there exists (t',2',y") in C x Xy such that (¢, 2',y") = 6(¢, z,y).
From this equality we deduce the equalities

¥ =z, vy —y=(t—1t)z.

But (xz,z) # 0 since z is a semisimple element of X;. On the other hand,
(x,y) = {(x,y') =0. Sot' =t and (z,y) = (2/,y"). As a consequence, X; = X>. O

Let TXy be the total tangent space of Xy and let T9l; be the total tangent
space of M. They are closed subsets of g x g. Let T'X be the nullvariety of p1 1,1
in TX4 and let T”X, be the nullvariety of p1 g2 in T'X,.

Lemma 35.

(i) The subsets TXy and TNy are G-invariant closed irreducible bicones, their
images by @y are equal to Xy and Ny respectively, and they have dimension
4(bg —rkg) + 2 and 4(bg — rkg) respectively.

(i) The intersection of wy (M) and T'Xy is equal to TN,.

(ili) The subset T'Xy is irreducible of dimension 4(by —rkg) + 1. Moreover,
w1 (T'Xy,) is equal to X,.
(iv) The image of any irreducible component of T"Xy by w1 is equal to Xq.

Proof. (i) As X4 and My are G-invariant closed cones, TX,; and TN, are G-
invariant closed bicones. By Theorem 24 and Remark 7, TX; is irreducible and
has dimension 4(bg —rkg) + 2. Likewise, by Theorem 24 and Remark 7, T0Ny is
irreducible and has dimension 4(bg — rkg).

(ii) For z in G.e and y in g, (z,y) belongs to TN, if and only if y belongs to
[x,g]. In particular, for any z in G.e and any y in g such that (z,y) belongs to
TN, (z,y) belongs to T'Xy since « is orthogonal to [z, g]. By (i), the intersection
of TN, and w; '(G.e) is dense in TM,;. So TN, C w;  (My) N T'X,. Let us
prove the other inclusion. As X; is the nullvariety in g of go,...,¢wg, for any
x in X4, the subspace of elements y of g such that (z,y) belongs to TX4 is the
intersection of the kernels of the differentials at = of ¢a, ..., ¢rkg. By definition of
the ¢; (see Subsection 2.1), for any x in Mg, the subset of elements y of g such
that (z,y) belongs to TX, is the intersection of the kernels of the differentials at
x of pa, ..., prkg. Therefore, the intersection of T'%, and wfl(‘ﬁg) is contained in
T, since Ny is the nullvariety of p1,...,pig in g.

(ili) As X4 is a cone, TX, contains the diagonal of X5 x X5. So TX, strictly
contains T'X;. Then, by (i), T'%, has dimension 4(bgy —rk g) + 1. Moreover, T'%,
is an equidimensional G- invariant closed bicone, since pi 1,1 is bihomogeneous
and G-invariant. Hence, by (ii) and Lemma 3, the image by w; of any irreducible
component of T'X, is equal to X4. As ¥4 is a cone, for any ¢ in C and any (z,y)
in TXg, (z,y + tz) belongs to TXy. Therefore, by Lemma 34, T'X is irreducible.

(iv) By (iii), T” %4 is equidimensional of dimension at least 4(by —rk g). More-
over, since p1 .2 is bihomogeneous and G-invariant, T”X, is a G- invariant closed
bicone. As (e, h) belongs to T'Xy, T"X, is strictly contained in T'Xy and T"X,
is equidimensional of dimension 4(by — rkg). In addition, as (e, h) belongs to
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TNNT"X, we deduce, from (ii) and Lemma 15(i), that the intersection of T” X,
and w; (M) is equidimensional of dimension 4(by — rk g) — 1. Hence, by Lemma
3, the image of any irreducible component of T" X, is equal to X4. O

4.2. Proof of Theorem 33

In this subsection we apply Proposition 32 to suitable V, X, T and K in order to
prove Theorem 33.

Proposition 36.

(i) Let X be an irreducible component of mazimal dimension of Xy (resp., Vg,
Zy). Then wq(X) is equal to Xg.

(ii) Let X be an irreducible component of maximal dimension of Ny, then w1 (X)
is equal to Ny.

Proof. (i) Let K be the subgroup of GL(g) generated by G and its homotheties.
By Corollary 16, X4 is a K-invariant irreducible closed normal cone and it is a
complete intersection in g with rational singularities. Moreover, K has finitely
many orbits in Xg. Let T be the bicone TX 4 (resp., T'Xy, T"Xy) of X4 x g. By
Lemma 35(i) (resp., (iii), (iv)), the image by w; of any irreducible component of
T is equal to X4. Then, by Proposition 32(i), applied to V =g, X = X4, T and
K, D,, is equal to X (resp., Vg, Z4) for m big enough. Hence, by Proposition
32(ii), w1 (X) = X4 since w1 (X) is closed by Lemma 3.

(i) Let K be the subgroup G of GL(g). The cone My is an irreducible closed
normal cone and K has finitely many orbits in 1. Moreover, it is a complete
intersection in g and by [He, Theorem A], 9 has rational singularities. Let T be
the bicone TNy of My x g. By Lemma 35(i), T is irreducible and its image by w
is equal to 915. Then, by Proposition 32(i), applied to V =g, X =y, T and K,
D,, is equal to Ny for m big enough. Hence, by Proposition 32(ii), @ (X) = Mg
since wy(X) is closed by Lemma 3. O

Let d be the dimension of Xj.

Proposition 37. Let X be an irreducible component of dimension d of Xy.

(i) The dimension of Vg is d — 1.
(ii) The intersection of X and Vg s irreducible and has dimension d—1. More-
over, this intersection is stable under the involution (x,y) — (y,z).
(iii) The intersection of X and Zg is an union of irreducible components of Z,
of mazimal dimension. Moreover, Zy has dimension d — 2.
(iv) The intersection of Ny and X is equidimensional of dimension d — 3.
(v) The dimension of Ny is equal to d — 3.

Proof. (i) Let X’ be an irreducible component of Y, of maximal dimension. As
Y, is contained in Xy, X’ is contained in an irreducible component X" of Aj.
Moreover, X’ is an irreducible component of the nullvariety of py 1,1 in X”. So
X’ has codimension at most 1 in X”. By Proposition 36(i), wi(X”’) is equal to
X,. Hence X’ contains (h,0) since it is a closed bicone. As X" is an irreducible
component of Xy, it is invariant under the action of GL2(C). Hence X" contains
(h, h) and so strictly contains X”’. So X’ has dimension dim X" — 1. In particular,
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dim X’ is at most d — 1. As any irreducible component of the nullvariety of p1 1,1
in X is contained in Vg, Vg has dimension d — 1.

(ii) As Yy is stable under the involution (x,y) — (y,z) and X is stable under the
action of GLy(C), their intersection is stable under the involution (z,y) — (v, z).
By (i), any irreducible component of the intersection of X and )y has dimension
d — 1. Hence by (i), Proposition 36(i) and Lemma 34, the intersection of )y and
X is irreducible since 8(C x X) is contained in X.

(iii) Let ) be the intersection of Yy and X and let Z be the intersection of X
and Zy. By definition, Z is the nullvariety of p1,2 in V. Moreover, by (ii) and
Proposition 36(i), w2(Y) is equal to X;. Hence by (i) and (ii), any irreducible
component of Z has dimension d — 2. Let 2’ be an irreducible component of Z
of maximal dimension. Then dim Z’ > d — 2. Suppose dim 2’ > d — 2. As Zj is
contained in Vg, Z’ is an irreducible component of maximal dimension of Yy by (i).
So, by Proposition 36(i), w2 (Z’) is equal to X4. This is impossible since Z’ C Z,.
So dim Z5 = d — 2 and Z is a union of irreducible components of dimension d — 2
of Z.

(iv) Let Y and Z be as in (iii). As N is contained in Z, the intersection of X
and NV is contained in Z. By (iii) and Proposition 36(1), any irreducible component
of Z is not contained in Ny and has dimension d — 2. The intersection of X and
Ny is the nullvariety of p1 20 in Z. Hence this intersection is equidimensional of
dimension d — 3.

(v) As N is contained in Zg, any irreducible component of Ny is contained
in an irreducible component of Z;. Moreover, by (iii) and Proposition 36(i), any
irreducible component of dimension d — 2 of Zj is not contained in Ny. Hence the
dimension of Ny is at most d — 3. So, by (iv), Ny has dimension d — 3. O

Corollary 38.

(i) The subscheme Xy is equidimensional of dimension 3(bg —1kg+1). More-
over, any irreducible component of Xy has a nonempty intersection with the
intersection of Qg and Z,.

(ii) The subscheme Yy is equidimensional of dimension 3(bg —rkg) + 2. More-
over, any irreducible component of Yy has a nonempty intersection with
Qq.

(iii) The subscheme Z4 is equidimensional of dimension 3(bg —rkg)+ 1. More-

over, any irreducible component of Z4 has a nonempty intersection with
Q.

Proof. (i) Let X be an irreducible component of dimension d of X;. Let Z and
N be the intersections of X with Z; and Nj respectively. By Proposition 37(iii)
and (iv), Z and N are equidimensional of dimensions d — 2 and d — 3 respectively.
Hence, by Proposition 37(v), N is a union of irreducible components of maximal
dimension of Ny. As any irreducible component of N is stable under the action
of GLy(C), the image by ws of any irreducible component of A is equal to Mg
by Proposition 36(ii). Moreover, each irreducible component of Z contains an ir-
reducible component of A since A is the nullvariety of p1 20 in Z. Hence, the
image by wy of any irreducible component of Z is equal to 9. By Proposition
37(iii), each irreducible component of Z is an irreducible component of Zy of max-
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imal dimension. Hence, by Proposition 36(i), the image by oy of any irreducible
component of Z is equal to X,. So Z satisfies conditions (1) and (2) of Corollary
23. Hence, by Corollary 23, Z has a nonempty intersection with {13 and X" has
dimension 3(bg —rkg+1). But, by Lemma 18(i), any irreducible component of X
has dimension at least 3(bg —rkg+1). Hence Xy is equidimensional of dimension
3(bg —rkg+1).

(ii) By Proposition 37(ii) and Lemma 19(ii), Jy is equidimensional of dimension
3(bg —rkg) + 2. Moreover, any irreducible component of ) is the intersection
of Yy and an irreducible component of X;. Hence by (i) and Corollary 23, any
irreducible component of )}y has a nonempty intersection with (1.

(ili) By Proposition 37(ii) and Lemma 19, Z; is equidimensional of dimension
3(bg —1rkg) + 1. Let Z be an irreducible component of Zy. By Proposition 36(i),
w1(Z2) is equal to X4. Hence, by (i) and Proposition 37(v), the nullvariety of p1,2,9
in Z is a union of irreducible components of Ny of maximal dimension. Then, by
Proposition 36(ii), wa(Z) is equal to 914 since any irreducible component of Ny is
stable under the involution (z,y) — (y,x). So, by Lemma 22, Z has a nonempty
intersection with g. [

We can now give the proof of Theorem 33.

Proof. (i) By Corollary 38(i), Lemma 18(i) and Lemma 20(ii), X, is a complete
intersection of dimension 3(by — rkg + 1) and any irreducible component of X
contains a smooth point. So Xy is generically reduced and, by [Ma, Chap. 8, §23],
the scheme A&j is reduced.

(ii) By Corollary 38(ii), Lemma 19(ii) and Lemma 20(ii), )y is a complete
intersection of dimension 3(bgy — rkg) + 2 and any irreducible component of Y,
contains a smooth point. So Y, is generically reduced and, by [Ma, Chap. 8,
§23], the scheme Yy is reduced. Moreover, by Proposition 37(ii), any irreducible
component of )y is the intersection of )J; and an irreducible component of Aj.

(ili) By Corollary 38(iii), Lemma 18(i) and Lemma 20(ii), Z, is a complete
intersection of dimension 3(by —rkg) + 1 and any irreducible component of Z
contains a smooth point. So Zj is generically reduced and by [Ma, Chap. 8, §23],
the scheme Z; is reduced.

(iv) As Ny is the nullvariety of by + rk g polynomial functions, any irreducible
component of Ny has dimension at least 3(by — rkg). Hence, by Corollary 38(i)
and Proposition 37(v), N is a complete intersection of dimension 3(bg —rkg). O

We deduce Theorem 2 from Theorem 33(i) and Proposition 36(i) and we deduce
the main part of Theorem 1 from Theorem 33(iv) and Proposition 36(ii). To
complete the proof of Theorem 1, it only remains to show that N is a nonreduced
scheme, which we will do in Section 6.

5. Applications to invariant theory

In this section we present various applications of previous results to invariant
theory. In this section, g is supposed to be simple again.
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5.1. Properties of the algebra of pol,S(g)?

We denote by pol, S(g)?® the subalgebra of S(g) ®c S(g) generated by the 2-order
polarizations of elements of S(g)9. Since the polynomials pi,...,pry generate
S(g)?, the polynomials p; mn n, wherei =1,...,rkg, m+n = d; generate pol, S(g)*?
as a graded algebra. Besides, the morphism o, introduced in Subsection 1.4, is the
morphism of affine varieties whose comorphism is the canonical injection from
pol, S(g)? into S(g) ®c S(g). Then, by Proposition 13, we can state:

Proposition 39. The subalgebra poly S(g)® is a polynomial algebra in by +1k g
variables.

We deduce from Proposition 39:

Theorem 40. The morphism o is faithfully flat. FEquivalently, the extension
S(g) ®c S(g) of poly S(g)? is faithfully flat.

Proof. As pol,S(g)? is generated by homogeneous functions, the fibre at 0 of
the morphism ¢ has maximal dimension. On the other hand, by Proposition 39,
pol, S(g)? is a polynomial algebra in by + rkg variables. So ¢ is an equidimen-
sional morphism and, by [Ma, Chap. 8, Theorem 21.3], ¢ is a flat morphism. In
particular, by [Ha, (Chap. III, Exer. 9.4)], it is an open morphism whose image
contains 0. So o is surjective. Hence o is faithfully flat, according to [Ma, Chap.
3, Theorem 7.2]. O

5.2. The nullcone

The nullcone V4 of the G- module gx g is the nullvariety in gx g of the augmentation
ideal of the ideal of S(g) ®c S(g) generated by (S(g) ®cS(g))?. The nullcone plays a
leading part in invariant theory. It is studied in [Ri5], [Po], [LMP], and recently in
[KrW1] and [KrW2]. By [KrW1], Vq is irreducible and has dimension 3(by —rk g).
Furthermore, Kraft and Wallach conjecture in [KrW2] that V; is an irreducible
component of NVy. Clearly, Theorem 1 confirms that conjecture. Thereby, we
claim:

Theorem 41. The nullcone Vg is an irreducible component of the nilpotent bi-
cone Ny.

Let k be in N* and let us denote by g* the kth Cartesian power of g. We extend
the previous notions to g¥. Let S(g¥) be the symmetric algebra of g* and let S(g*)®
be the subalgebra of its invariant elements under the diagonal action of G in g*.
Then we denote by Vg(,k) the nullvariety in g* of the augmentation ideal S(gk)i of
S(g*)®. For ¢ in S(g), the k-order polarizations ¢, . i, of p are defined by the
relation:

gD(t11'1+"'+tkl'k): Z t'il ...t};’“gailwyik(:cl,...,:ck),
(i1, i) ENF

for (x1,...,71) in g% and (t1,...,t) in C*. Then, we denote by pol, S(g)? the
subalgebra of S(g¥) generated by the k-order polarizations of elements in S(g)®.
Then pol;, S(g)? is a homogeneous subalgebra of S(g*) and its augmentation ideal
pol;S(g)% is generated by the k-order polarizations of the elements of S(g)f. We
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denote by Nék) the nullvariety in g* of the ideal pol,S(g)%. Obviously, Vél) =
NV =0, VP = Vg and NP = A,

The index of polarization of g, denoted by polind(g), is defined in [LMP]
as being the upper bound of & € N* such that Vék) = Nék). The inequality
pol ind(g) > 1 obviously always holds. We next wish to establish an equality.

Recall that (e, h, f) is a principal sly-triple of g.

Lemma 42. Let z be in g satisfying (adx)?(e) = 0. Then (e, [z, €]) belongs to Ny.

Proof. Since (ad x)?(e) = 0, we have exp(tad z)(e) = e+ t[z, e], for any ¢ in C. As
M, is a closed cone in g, the element se + t[z, €] belongs to M, for any (s, t) in C2.
So (e, [z, e]) belongs to Ny. O

By the Hilbert—-Mumford criterion [Kr|(Kap. II), an element (z,y) of g X g
belongs to the nullcone V; if and only if there is a one- parameter subgroup A :
C* — G such that lim; o A(t)(z,y) = 0. In particular, if (x,y) belongs to the
nullcone, then the subalgebra L generated by x and y is contained in the nilpotent
cone. Hence L is nilpotent and so contained in a Borel subalgebra of g. Conversely,
if x and y belong to the nilpotent radical of a common Borel subalgebra, then the
previous criterion applies to (z,y). To summarize, we have actually shown:

Lemma 43. The element (z,y) of g X g belongs to the nullcone Vg if and only if
x and y belong to the nilpotent radical of a common Borel subalgebra.

The following proposition has already been noticed in [LMP, Theorem 3.16].
We provide here a shorter proof.

Proposition 44. We have

. _ Joo if g is isomorphic to sly(C),
pol ind(g) = {1 otherwise.

Proof. Suppose first dimg = 3. The elements x in g such that the subspace ge-
nerated by = and e is contained in the nilpotent cone of g are collinear to e. Hence
VE(,Q) = N, and Nj is irreducible. Then for k > 2 and 21, ...,z in g, the subspace
generated by x1,...,2; is contained in Ny if and only if its dimension is smaller
than 1. So V) is equal to V™ for any k.

Suppose now dimg > 3. As di,...,dwg is a weakly increasing sequence,
—2(dykg — 1) is the smallest eigenvalue of adh. Let v be a nonzero eigenvec-
tor of ad h of eigenvalue —2(d,xy — 1) and set vy = [v,¢e]. Then (adv)?(e) is an
eigenvector of ad h of eigenvalue —4(dykg — 1) + 2. As g is simple and dimg > 3,
we have dycg > 2 and —4(dyg — 1) +2 < —2(dykg — 1). So (adv)?(e) is equal to
0. Hence, by Lemma 42, (e, vg) belongs to Ng. As vy is an eigenvector of ad h of
negative eigenvalue, b does not contain vg. Since b is the unique Borel subalgebra
which contains e, we deduce from Lemma 43 that (e,v) does not belong to V.

So Vg is strictly contained in Ny. As a result, for k > 2, Vék) is strictly contained
in Nék) since Vg x {Ogr—2} and Ny x {Og4x-2} are the intersections of Vék) and ./\/'ék)
with g x g x {Ogs-2} respectively. [
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Remark 8. The nullcone has a natural structure of scheme. This scheme is irre-
ducible. Furthermore, it is reduced if and only if g has dimension 3. If dimg = 3,
pol, S(g)? is equal to (S(g) ®c S(g))? and the ideal in S(g) ®c S(g) generated by
the augmentation ideal in S(g)? is prime. Suppose dim g > 3. If this scheme were
reduced, the extension S(g) ®c S(g) of (S(g) ®c S(g))? would be flat by arguments
used in [Kos2]. But this extension is not equidimensional since the G-orbit in g x g
in general position has dimension 2by —rkg and 2bg —rkg > 3(by — rkg).

6. Additional properties of the nilpotent bicone

In this section we give additional results about the nilpotent bicone Ny. We
assert in the first subsection that A is not reduced. Next, we discuss in the second
subsection the number of its irreducible components. As before, we fix a principal
sly-triple (e, h, f) in g and we use the notations of the Introduction, Subsection 0.3.

6.1. Nonreducibility of N

According to [Ma, §23], a Noetherian ring A is reduced if and only if A satisfies
conditions (Rp) and (S1). By Theorem 33, the subscheme N of g x g defined
by the ideal pol,S(g)} is a complete intersection in g x g. Therefore the quotient
ring (S(g) ®c S(g))/polyS(g)Y is Cohen-Macaulay, according to [Ma, (Chap. 8,
Theorem 21.3]. It is natural to ask if (S(g) ®c S(g))/polyS(g)} is reduced. The
following theorem answers this question negatively.

Theorem 45. The scheme Ny is not reduced.

Proof. In view of the preceding remarks, it suffices to find an irreducible compo-
nent of Ay which does not contain any smooth point of AMVy. Hence, according
to Proposition 13, Lemma 20(ii) and Theorem 41, it is enough to prove that the
nullcone V, has an empty intersection with the open subset €1;. We suppose that
this intersection is not empty and we expect a contradiction. Let (z,y) be in the
intersection of Vy and Q5. By Lemma 43, we can suppose that x and y belong
to u. By Lemma 7(ii), for any (a,b) in C3{(0,0)}, the centralizer of ax + by is
contained in u. Therefore, it results from Lemma 4 that the subspace U’ (z,y) is
contained in u. Moreover, by Lemma 8(iii), U’(x,y) is equal to U(x,y). But by
Lemma 8(i), U(x, y) has dimension by > dimu, since (z, y) belongs to 4, whence
the expected contradiction. [

The proof of Theorem 1 is now completed by Theorem 45.

6.2. Irreducible components of N,

Denote by ® the map

Gxgxg—gxg, (9,7,9) = (9(z),9(v)).

For a subset X of g x g, the closure in g x g of the image of G x X by ® is denoted
by X®. For Y a subset of g x g and z in g, we denote by Y, the subset of elements
y in g such that (x,y) belongs to Y.
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Lemma 46. LetY be a G-invariant closed bicone of gx g and let xg be a nilpotent
element of g. Suppose that the image of any irreducible component of Y by wi is
equal to the closure in g of G.xg. Suppose besides that there exists a subvariety T
of G such that the map g — g(xo) is an isomorphism from T to an open subset of
G.xg containing xg.

(i) The subset Y is equal to ({xg} x Yy, )®.

(i) If Z is an irreducible component of Y, then Z,, is irreducible.

(iii) The map X — ({xo} x X)® is a bijection from the set of irreducible com-

ponents of Yy, to the set of irreducible components of Y.

Proof. (i) By our hypothesis, for any irreducible component Z of Y, w1 (Z) is the
closure of G.zg. So G.zg is a dense open subset in ©w1(Z). Then the subset Y’ of
elements of Y whose first component is in G.z¢ is a dense open subset in Y. As Y
is a G-invariant bicone, Y, is a cone and Y’ is the image by ® of G x {z¢} x Yy,.
So Y is equal to ({wo} x Yz,)®.

(ii) Let Z be an irreducible component of Y. Then Z is a G-invariant closed
bicone. We denote by € the image of T' by the map ¢ — g(z¢) and we denote by
Z the subset of elements (z,y) in Z such that = belongs to Q. By our hypothesis,
Zis a nonempty open subset of Z. In particular, it is irreducible. Let 7 be the
inverse map of the map g — g(xo) from T to Q. Then the map

Z—TxZsy, (2,9)— (7(2),7(x) " (1)),

is an isomorphism. So Z,, is irreducible.

(iii) Let X be an irreducible component of Y,,. Then ({zg} x X)?® is irreducible
as the closure of the image of an irreducible variety by a regular map. If Z is an
irreducible component of Y which contains ({zo} x X)?® then Z,, contains X. So,
by (ii), X is equal to Z,, and Z is equal to ({zo} x X)?® since ®(G x {zo} x X)
is open in Z. We then deduce that the map Z — Z,, is the inverse of the map
X = ({zo} x X)®. O

Let us recall that B_ is the normalizer in G of the Borel subalgebrab_ =H du_.

Lemma 47. Let U be the unipotent radical of the normalizer of b in G. Then
there exists a closed subset Z of U such that the map

B_x Z — G.e, (g9,k) — gk(e),

s an isomorphism onto an open subset V of G.e containing e.

Proof. As B_U is an open subset of G, its image by the map g — g(e) from G to
G.e is an open subset V' containing e. Moreover, the map

B_xUe—YV, (g,x)»—>g(x),

is an isomorphism since U contains the stabilizer of e in G and B_ NU = {14}.
By [Pu, Chap. I, Part II, §3], there exists a complement m of g(e) in u and a basis
V1, .., Uy of m such that the map

C™ — U.e, (t1y. . tm) — exp(tiadvy) - - - exp(tmad vy, )(e),
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is an isomorphism. Then the map
Cc" - U, (t1,... tm) — exp(tradvy) - - exp(tm ad v,),
is proper and its image Z is closed in U. Moreover, the map
B_xZ—=V,  (gk)— gk(e),

is an isomorphism. [

Let N e be the subset of elements y of g such that (e, y) is in V. From Theorem
1, Lemma 46(iii) and Lemma 47, we deduce the following result.

Corollary 48. The map X — ({e} x X)® is a bijection from the set of irreducible
components of Ng . onto the set of irreducible components of Ny.

According to Subsection 2.3, N . has a natural structure of scheme. The fol-
lowing result is also a corollary of Theorem 1.

Corollary 49. The subset Ny is a complete intersection of dimension by —rkg.

Proof. As Ny is the nullvariety in g of by polynomial functions, the dimension
of any irreducible component of NV . is at least by —rkg. Let Y be an irreducible
component of NVyj. By Theorem 1, since G.e is an open dense subset of Mg, Y.
has dimension by — rkg. On the other hand, by Corollary 48, Y. is an irreducible
component of Vg . and any irreducible component of N . is obtained in this way,
whence the corollary. [

Let p = [, @ u, be a parabolic subalgebra of g containing b, where [, is the
h-stable Levi subalgebra of p and where 1, is the nilpotent radical of p. We denote
by wi, and w,, the projections from p to [, and u, respectively.

Lemma 50. The map Y — Y 4 u, is a one-to-one correspondence between the
set of irreducible components of Nlp,wxv(e) and the set of irreducible components
of Ng,e contained in p.

Proof. Let Y be an irreducible component of ./\/[p,mp(e). Then the set Y 4+ u, is
contained in the intersection of Ny . and p. As e is a regular nilpotent element of
g, @i, (e) is a regular nilpotent element of [,. So by Corollary 49, Y has dimension
by, —rkg. Then Y + uy, has dimension

by, —rkg+dimu, = by —1kg.

P

According to Corollary 49, we deduce that Y 4 u, is an irreducible component of
Ng,e. Thus, the above map is well defined. It is clearly injective. Prove now that
it is surjective.

Let Z be an irreducible component of N, contained in p. Then w,(Z) is
contained in an irreducible component of Mngw (e)- Let Y be such an irreducible
component. Then Y + u, is an irreducible subset of N . which contains Z. So, Z
isequal to Y +u,. 0O

Let Ny be the set of irreducible components of Ny .. We denote by Ty the
set of proper parabolic subalgebras strictly containing b. Let N s; be the subset of
irreducible components of N . which are not contained in any element of 1.
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Lemma 51. Ifdimg = 3, then [Ny| = 0. Otherwise, |[Ng| > 1.

Proof. The set T4 is nonempty if and only if dimg > 3. Suppose now dimg > 3.
Let a# be the highest root of Ry. By Lemma 42, Ny . contains [e,g’o‘#]. So

it suffices to prove that [e,g*a#] is not contained in p for any p in T4. For o in
R, we fix a nonzero element x, in g%. The elements z, may be chosen so that
€ =3 ,cm Ta- Suppose that there is p in Yy such that [z_,%, e] belongs to p. We
can suppose that p is a maximal element of T, corresponding to a simple root .
A short discussion shows that g satisfies the following two conditions:

(1) for all « in II\{B}, ¥ — a is not a root; and
(2) a# — 3 is a root and ng = 1, where ng is the coordinate at 3 of a# in the
basis II.

A quick look at the classification of root systems shows that there is no simple
root satisfying both conditions (1) and (2). As we obtain a contradiction, the
result follows. [

Proposition 52. The number of irreducible components of Ny is equal to |Ng]
and |Ng| satisfies the following recursive relation:

|Ngl = |Ng| + < SOOI |N;|> +1.

pEYy [ simple factor
of Iy, p)

Proof. By Corollary 48, the number of irreducible components of Ny is |Ng|. If
dimg = 3, then N is the line generated by e, T4 = @, |N£;| =0 and |Ng| = 1,
whence the expected relation. Suppose now dimg > 3. We can write

Ny =N, U ( U Né”’) U {u},

peTy
where, for p in Tg, Nép) is the set of irreducible components of N . contained in

p and not contained in any element of T4 strictly contained in p. Thus the terms
of the above union are pairwise disjoint and we have

INgl = [Nyl + D INGP |+ 1.

peTy
It remains to prove the equality
p 7
v =TT Il (12)
[ simple factor
of [lp, lp]

for any p in Yy4. Let p be in Ty. By Lemma 50, the map ¥ — Y + u, is a
bijection from Ni, to the subset of irreducible components of Ny . contained in p.

Moreover, Y 4u, belongs to Nép) if and only if Y belongs to Ny . So [N{ | = |Nép)|.
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Let [1,..., L, be the simple factors of [, and let Y be in N,. As remarked in
Subsection 0.3, Y = Y7 x - -+ x Y;,, where Y] is an irreducible component of NV, ,, if

e; is the component of @, (e) on [; for i = 1,...,m. Then, Y € N[’p if and only if,
for any ¢ € {1,...,m}, Y; is not contained in any element of Ty, that is, ¥; € N[’F.
Hence,

Y

m
N = T
i=1

and the proposition follows, by relation (12). O

Remark 9. Considering the formula established in Proposition 52, we see that the
number |Ng| becomes considerably bigger while the dimension of g grows up. For
example, we have

|Ns[2| = ]-a |Ns[3| = 23 |Ns[4| = 4a |N5[5| = 77 |N5[6| > 127
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