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Mobile network in Paris - Motivations
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Figure: On the left, positions of all BS in Paris. On the right, locations of
BS for one frequency band.
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Generalities on point processes
) 3 |4 P Framework

Determinantal point process

Correlation function - Papangelou intensity

Correlation function p :

+o00 1
E[ ) f(o)] =Zk,/ Fep({x, - oad)u(dx) - - p(dx)
k=0 YK

OéENY
aCo

Papangelou intensity ¢ :

E[Y  f(x,®\ {x})] = / Elc(x, ®)f (x, ®)]u(dx).

xeP Y

Aurélien VASSEUR Télécom ParisTech



Generalities on point processes
) ) |4 P Framework

Determinantal point process

Properties

o Intensity measure : A € Fy — [, p({x})p(dx).

o p({x}) = E[c(x, ®)].

o If ® is finite, then :

P = 1) = /Y c(x, O)u(dx) (|| = 0).
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Generalities on point processes
[ P Framework

Determinantal point process

Poisson point process

® PPP with intensity M(dy) = m(y)dy.
@ Correlation function : p(a) = H m(x).

XEQ

e Papangelou intensity : c(x, &) = m(x).
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Framework

Generalities on point processes
Determinantal point process

Repulsive point process

@ Point process repulsive if

¢l = c(x8) <clx )

@ Point process weakly repulsive if

c(x,€) < c(x,0).
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Generalities on point processes
[ P Framework

Determinantal point process

Determinantal point process

o Kf(x) = [y K(x,y)f(y)u(dy)
o J=(I-K) K.

o (h;, j € IN) CONB of L(Y, u; C) such that :

+00 +oo .
K(x.y) = B GR0). J0y) = D 725 bR
j=1 j=1
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Generalities on point processes
) ) Framework

Determinantal point process

Determinantal point process

Determinantal point process DPP(K, 1) :

p({X17' o 7Xk}) = dEt(K(Xf7)(j)7 1< Ia_/ < k)

e Papangelou intensity of DPP(K, 1) :

det(J(xi, x7), 0 <i,j < k)
C(X07{X1,' .. ,Xk}) - det(J(Xi;Xj)ﬁ 1 S I,_] S k)

e DPP(K, 1) is repulsive.
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Generalities on point processes
Framework
Determinantal point process

Ginibre point process

@ Ginibre point process on B(0, R) :

1
K(x,y) = e e~ 2K+ x Y1ixen(0,R) 1 {yeB(0,R)}-

@ [3-Ginibre point process on B(0, R) :

1 g2t yPR) ixy
Ks(x,y) = e A R 1xeBo,R)} liyen(o,Rr)}-
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Generalities on point processes
[ P Framework
Determinantal point process

Ginibre point process
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Figure: Ginibre point process.
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Kantorovich-Rubinstein distance

Kantorovich-Rubinstein dlstance and Steln s method
Stein's method

Kantorovich-Rubinstein d|sta nce

@ Total variation distance :

drv(v,v2) = sup  [r1(A) — r2(A)].
A€ Fy
v1(A),va(A)<oo

e F : Ny — IR is 1-Lipschitz (F € Lipy) if

|F(p1) — F(¢2)| < d7v(é1, ¢2) for all ¢1, ¢ € Ny.

@ Kantorovich-Rubinstein distance :

(P P2) = sup | [ FO)P1(do)— [ F)Pa(do)]

FeLip,
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Kantorovich-Rubinstein distance
Stein's method

Kantorovich-Rubinstein distance and Stein's method

Stein's method - Theorem

o O : finite point process on Y.
@ (y : PPP with finite control measure M(dy) = m(y)u(dy).

Then, we have :

dkr(Po, P¢,,) < / / — c(y, 9)[IPo(do)u(dy).
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n to
Applications n to thlnnlng

Superposition of weakly repulsive point processes

© ®,1,...,%,,: nindependent, finite and weakly repulsive
point processes on Y.

o ¢, = Zn: OFYS

°Rn'_fy|zpnl — m(x)|p(dx).
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Application to superposition
Application to 3-Ginibre point processes
Applications Application to thinning

Superposition of weakly repulsive point processes

Proposition

Cm : PPP with control measure M(dx) = m(x)u(dx).

ki (Po,. ) < Ry+ max [ pni(u(d)
1<i<n Jy
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Application to superposition
Application to
Applications Application to thinning

Elements of Proof

dkr(®Pn, ) < Rp + ZAn,i: where
i—1

An,i = pn,i,O/Y‘Cn,i(Xag)_pn,i(X):u(dX)

Y /Y El[cni(%, ®n5) — pni ()16, i ]1(d).

k>1

|c(x, @) = p(x)| < (L = po)e(x, D).
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Application to superposition
Application to 3-Ginibre point processes
Applications Application to thinning

[B-Ginibre point processes

@ &, : B,-Ginibre process reduced to a compact set A.

@ ( : PPP with intensity 1/7 on A.

dkr(IPo,,IP¢) < CBy.
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Applications Application to thinning

Thinned point processes

@ (fy) : dense sequence in the space of real functions with
compact support

1
° d*(Vl,VQ) = Z W‘Vl(fn) - ’/2(fn)‘

n>1

@ dyr : Kantorovich-Rubinstein distance associated to the
distance d*
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Application to superposition
tein's i Application to 3-Ginibre point processes
Applications Application to thinning

Thinned point processes

For all n € IN, let ®, be a finite point process on Y,
pn: Y — [0; 1) a measurable function and ®/, the p,-thinning of
®,. Let yps be the Cox process directed by a random finite measure
M. Suppose that :

@ (pn) tends to 0 uniformly,

o digr(IPp, TPy, 6,) tends to O.

Then, we have :

dir(Po,, Pay,) < 2E[ Y po(x)] + dir(Pu, Pp,0,).
x€¢n
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Application to superposition
Application to 3-Ginibre point processes
Applications Application to thinning
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Application to superposition
Application to 3-Ginibre point processes
Applications Application to thinning
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