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d a positive integer

T c R? a bounded rectangle
veR?

®© ©6 6 6 o o

N(v)=#{te T : X'(t)=v}

X : Q xR? — R a stationary, Gaussian random field.

Almost every realization of X is of class C?.

€ LY(Q)

N(0): number of stationary points of X in T

Problem: | N(v) € [3(Q) ?

o r : t+— Cov(X(t), X(0)) : covariance function of X
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Former results
d=1
o Cramér and Leadbetter, [1], 1967: if there exists § > 0 such that :

3 H9)(0) - r9(t)
L=

dt < +o0,

then N(0) € L?(Q2) (Geman condition).
o Geman, [2], 1972: this condition is also necessary.

o Kratz and Ledn, [4], 2006: the same condition is also necessary and
sufficient for N(v) to belong to L?(), for any level v € R.

o Elizarov, [3], 1985: a sufficient condition for N(0) to belong to L2(Q).

o Estrade and Ledn, [6] 2015: if X is an isotropic field of class C3, then
for any v € RY, N(v) € L2(Q).
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A sufficient condition

Theorem

Suppose X : Q x RY — R a stationary, Gaussian random field satisfying
assumption (H) and that its covariance function r satisfies the following
condition:

Ir®(0) — r® (1))

G 36 >0
(©) / el <6 ]9

dt < +o0,

then for any v € RY, N(v) € L2(Q).

Almost every realization of X is of class C°,

()Y vt £ 0, Cov (X/(0), X/(8). (X)) a<r<s<a). (XN (Drcrsa))

is of full rank.

WLOG, we assume that r(0) =1 and r”’(0) = — /4.
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Sketch of the proof

Rice Formulas

First moment : E[N(v)] = /TE[| det X" ()] / X'(t) = v] px:(r)(v) dt

- / E [| det X"/(£)[] pxo () ot
= | T| |[det(X"(0))| px:(0)(v),

where | T| is the Lebesgue measure of T.

Second factorial moment : E[N(v)(N(v) —1)]

:/ 1T (T = £)] F(v.t) pxooy.xr(oy (v v) .
To

where | F(v, t) = E[|det X”(0) det X" (t)| / X'(0) = X'(t) = v] ; v,t € R?

To={t—t, (t,t') € T?}.
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Sketch of the proof

E[N(v)(N(v) = 1)] = /T [TN(T =) F(v,t) pxi(o), x(5)(vv) dt

<clle=¢

F(v,t) =E [|det X"(0) det X"(t)| / X'(0) = X'(t) = v]

F(t,v) < (G(v,t) G(v, —t))*/?

where | G(v, t) :=E [det X"(0)2 ) X'(0) = X'(t) = v].

Notation: If g : RY — R,

ge ' lltldt) © 3>0: [

1ej<o 1801 ¢~ dt < +o0.

Lemma
If X satisfies (H),  G(v,-) € LY(Vo, ||t]|~9dt) = N(v) € L2(Q).
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Sketch of the proof

Gaussian regression

d(d+1)

(X”(O)"J)lf"vffd — (X//(O))lgigjgd vector Of size K = >

X"(0) = A(t) X'(0) + B(t) X'(t) + Z(t),
with
t), B(t) matrices of size K x d depending on r(3)(0) and r”(t)

o A
o Z(t) Gaussian centered vector of size K |ndependent of
(X’(0), X'(t)), its covariance depends on r”(t), r®)(0) and r(3)(t) .

X"(0)/ (X'(0) = X'(t)=v) ~ N ((A®)+B(e)v, T¥(t))
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Sketch of the proof

Study of G(v,t) and relationship with G(0, t)

G(v,t) :=E [det X”(0)*/ X'(0) = X'(t) = v]

QWQ:EPa“Mﬂ+BMW+me]

A(t) + B(t) = O(|lt]]) and TZ(t)= O(1)as t — 0.
So G(v, t) =E [det Z(t)] + o(||t]).

Lemma

Let us assume that X fulfills condition (H) and let V € RY be a compact
set. Then

(i) forany v € V, G(v,t) = G(0,t) + o(]|t]|) as t — O;

(i) there exists a homogeneous polynomial Q4 of degree d, that does not
depend on X, such that G(0,t) = Q4)(I“(t)).
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Sketch of the proof
An auxiliary function t — 7(t)

For t # 0, let us introduce (t) := (7(t)k,)1<k<k the covariance matrix of
1<ISK

X"(0) / (X'(0) = X"(0)t =0) |

A property of symmetric positive matrices:

det (X"(0)?) < <x”(0)2|§|| : |§H> det(S) = ||| =2 (X"(0)¢, X" (0)t) det(S).

So 0=E [det X"(0)*/X'(0) = X"(0)t = 0] = Q(a)(+(t)).

G(0,t) = E [det X”(0)* / X'(0) = X'(t) = 0] = Q(ay(T*(t))
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Sketch of the proof

Conclusion

G(v, 1) = Qua)(M(t)) + o(llt]]) = Qua) (T (£))— Qe (+(t)) + o(lIt]])

We deduce from Taylor expansions that

t s (9(0) — r9(t) € LX(Vo, [|t]| ")
2 (t) = 7(t) € LY(Vo, ||t ~?dt)

G(v,.) € L*(Vo, [|t]|~?dt)

N(v) € L*(Q).

(G)

L
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Sketch of the proof

Open questions

o Is the Geman condition a necessary condition for N(v) to belong to
L2(Q) in dimension d > 1 too?

o If ¢ : RY - RY what about the second moment of the random
variable

N(g):={te T : X(t) = o(t)}?
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Sketch of the proof
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