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0 Two models of geometric random trees (d = 2)
e What about their semi-infinite branches?

@ Sketch of the proof
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Model 1
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.

X € N: Cyl(X,p) := ([0; X] ® B(O,p)) N B(O, |X]) .

S(O,IX])
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.

X € N: Cyl(X,p) := ([0; X] ® B(O,p)) n B(O, |X]) . . \

@ If Cyl(X,p) N N = 0 then A(X) := O. Q
B(O,p) /
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.

X e N: Cyl(X,p) :=([O; X]® B(O,p)) N B(O,|X])
o If Cyl(X,p) N N = 0 then A(X) := O.

@ Otherwise
A(X) :=argmax{|Y], Y € Cyl(X,p) N N}.
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A(X) is the ancestor of X. It is a.s. unique.
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N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.

X e N: Cyl(X,p) :=([O; X]® B(O,p)) N B(O,|X])

@ If Cyl(X,p) N N = 0 then A(X) := O.
@ Otherwise .
A(X) := argmax{|Y|, Y € Cyl(X,p) N N}. S(e.1x)

B(0.p)

A(X) is the ancestor of X. It is a.s. unique.
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The Radial Poisson Tree 7,

N is a homogeneous Poisson Point Process in R? with intensity 1.
p > 0 is a parameter.
Assume N N B(O,p) = 0.

X e N: Cyl(X,p) :=([O; X]® B(O,p)) N B(O,|X])

@ If Cyl(X,p) N N = 0 then A(X) := O. X
@ Otherwise B(0.p)
A(X) := argmax{|Y|, Y € Cyl(X,p) N N}. S(0.1XI)

A(X) is the ancestor of X. It is a.s. unique.

David Coupier Sublinearity of semi-infinite branches



Two simulations of the RPT 7,
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Built on the same PPP N, the RPT with p = 1 (to the left)
and p = 3 (to the right).
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Remarks about the RPT 7,

@ Closely related (in some sense) to a directed forest introduced by
Ferrari, Landim & Thorisson in '04.
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Remarks about the RPT 7,

@ Closely related (in some sense) to a directed forest introduced by
Ferrari, Landim & Thorisson in '04.

@ lts graph structure is local.
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Remarks about the RPT 7,

@ Closely related (in some sense) to a directed forest introduced by
Ferrari, Landim & Thorisson in '04.

@ lts graph structure is local.

@ VYp > 0, its branches do not cross.
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Remarks about the RPT 7,

@ Closely related (in some sense) to a directed forest introduced by
Ferrari, Landim & Thorisson in '04.

@ lts graph structure is local.
@ VYp > 0, its branches do not cross.

® Yp>0and VX e NU{O},{Y e N,A(Y) = X} is a.s. finite.

= 1 at least one semi-infinite branch in 7,.
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Model 2
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The Euclidean FPP Tree 7,

N is a homogeneous PPP in R? with intensity 1.
a > 0 is a parameter.

XO is the closest point of A to O.

David Coupier

Sublinearity of semi-infinite branches



The Euclidean FPP Tree 7,

N is a homogeneous PPP in R? with intensity 1.
a > 0 is a parameter.
XO is the closest point of A to O.

Any X € N is linked to X© by its geodesic yx:

. X1 =X, Xo, ..., Xp_1, X = X
L - g a ) D ) )
yx = argihim {0<;_1 X = Xial ™ e points of N and n > 2
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The Euclidean FPP Tree 7,

N is a homogeneous PPP in R? with intensity 1.
a > 0 is a parameter.
XO is the closest point of A to O.

Any X € N is linked to X© by its geodesic yx:

o o Xi=XO Xo,. . Xnot, Xn = X
yx = argmin {0<;_1 Xi= Xial®s g points of N and n > 2 '

A(X): the ancestor of X A(X)
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Remarks about the Euclidean FPP Tree 7,

@ Ya > 0and ¥X € N, existence and uniqueness a.s. of yx.

= 7, is a tree rooted at X©.

David Coupier Sublinearity of semi-infinite branches



Remarks about the Euclidean FPP Tree 7,

@ Ya > 0and ¥X € N, existence and uniqueness a.s. of yx.

= 7, is a tree rooted at X©.

@ Introduced by Howard & Newman in '97 and '01.
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Remarks about the Euclidean FPP Tree 7,

@ Ya > 0and ¥X € N, existence and uniqueness a.s. of yx.

= 7, is a tree rooted at X©.
@ Introduced by Howard & Newman in ’97 and '01.

@ lts graph structure is global.
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Remarks about the Euclidean FPP Tree 7,

@ Ya > 0and ¥X € N, existence and uniqueness a.s. of yx.

= T, is a tree rooted at X©.
@ Introduced by Howard & Newman in '97 and '01.
@ lts graph structure is global.
@ Ya > 2, its branches do not cross.

@ Ya>1and VX e N,{Y e N,A(Y) = X} is a.s. finite.

= 1 at least one semi-infinite branch in 7.
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e What about their semi-infinite branches?
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Straight trees

Howard & Newman in '01 have developed an efficient method describing
the semi-infinite branches of straight trees...
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Straight trees

Howard & Newman in ‘01 have developed an efficient method describing
the semi-infinite branches of straight trees...
Let 7~ be a geometric random tree in R2.

@ For any vertex X, 73" is the subtree of 7~ rooted at X.

@ XeR%?ande>0,C(X,e) :=1{Y e R% ang(X,Y) < &}.

Definition

T is straight if 3f : R4 — R with lim,_,. f(¢) = 0 such that a.s. for all but
finitely many vertices X, 73" c C(X, f(1X])).

%ﬂn
/\/\X. ~_
root
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Straight trees

Howard & Newman in '01 have developed an efficient method describing
the semi-infinite branches of straight trees...

Let 7~ be a geometric random tree in R2.
@ For any vertex X, 73" is the subtree of 7~ rooted at X.
@ XeR%?ande>0,C(X,e) :=1{Y e R% ang(X,Y) < &}.

Definition
T is straight if 3f : R4 — R with lim,_,. f(¢) = 0 such that a.s. for all but
finitely many vertices X, 73" c C(X, f(1X])).

root
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Result of Howard & Newman '01

(Xn)nen has an asymptotic direction 6 € [0; 27) if limj_ e % = e".
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Result of Howard & Newman '01

(Xn)nen has an asymptotic direction 6 € [0; 27) if limj_ e % = e".

Theorem (Howard & Newman ’01)

Let T be a straight geometric random tree in R? built on a PPP N'. Then:
(1) a.s. every semi-infinite branch of 7~ has an asymptotic direction;

(2) a.s. for every 6 € [0; 2n), there is at least one semi-infinite branch of
T with asymptotic direction 6;
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Result of Howard & Newman '01

(Xn)nen has an asymptotic direction 6 € [0; 27) if limj_ e % = e".

Theorem (Howard & Newman ’01)

Let T be a straight geometric random tree in R? built on a PPP N'. Then:
(1) a.s. every semi-infinite branch of 7~ has an asymptotic direction;

(2) a.s. for every 6 € [0; 2n), there is at least one semi-infinite branch of
T with asymptotic direction 6;

o (C.'14) ¥p > 0, T, is straight with f(¢) = £-2+¢ and 0 < & < 1.
@ (Howard & Newman '01) Ve > 1, T is straight with f(¢£) = ¢-3+¢ and

1
0<8<Z'
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Sublinearity of semi-infinite branches of 7~ = 7, or 7,

Xr : number of semi-infinite branches of 7~
crossing S(O, r).
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Sublinearity of semi-infinite branches of 7~ = 7, or 7,

Xr : number of semi-infinite branches of 7~
crossing S(O, r).

S(0,r)
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Sublinearity of semi-infinite branches of 7~ = 7, or 7,

Xr : number of semi-infinite branches of 7~ o
crossing S(O, r).
xr(6,¢) : number of semi-infinite branches of 7~
crossing the arc of S(O, r) centered
at re'” and with length c. s0.1)
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Sublinearity of semi-infinite branches of 7~ = 7, or 7,

Xr : number of semi-infinite branches of 7~
crossing S(O, r).
xr(6,¢) : number of semi-infinite branches of 7~
crossing the arc of S(O, r) centered
at re'” and with length c. s0.1)

Rmk: ® y; = co.
e The mean number of edges of 7~ crossing S(O, r) is of order r.
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Sublinearity of semi-infinite branches of 7~ = 7, or 7,

Xr : number of semi-infinite branches of 7~
crossing S(O, r).
xr(6,¢) : number of semi-infinite branches of 7~

crossing the arc of S(O, r) centered

at re'” and with length c. s0.1)

Rmk: ® y; = co.
e The mean number of edges of 7~ crossing S(O, r) is of order r.

Theorem (C. '14)

For7 =7, withp>0or7T =7, witha > 2:

lim EXC =0 and xr(6,¢) — 0 inL" but not a.s.

r—oo r
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@ Sketch of the proof
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A robust proof

Our proof is based on a general method which should apply to straight
trees:
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Our proof is based on a general method which should apply to straight
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@ whose graph structure is local as

@ the RPT 7, for p > 0;
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A robust proof

Our proof is based on a general method which should apply to straight
trees:
@ whose graph structure is local as

@ the RPT 7, for p > 0;
@ the Radial Spanning Tree of Baccelli & Bordenave in ’07;
© the Navigation Trees of Bonichon & Marckert in '11;

@ whose graph structure is global as

@ the Euclidean FPP Tree 7, for @ > 2;
@ the directed LPP model on N? (with i.i.d. exponential times);
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A robust proof

Our proof is based on a general method which should apply to straight
trees:

@ whose graph structure is local as

@ the RPT 7, for p > 0;
@ the Radial Spanning Tree of Baccelli & Bordenave in ’07;
© the Navigation Trees of Bonichon & Marckert in '11;

@ whose graph structure is global as

@ the Euclidean FPP Tree 7, for @ > 2;
@ the directed LPP model on N2 (with i.i.d. exponential times);
© Shortest-path Tree on the Delaunay triangulation of Hirsch et al in ’14.
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Step 1: By istropy and a uniform moment condition, it is sufficient
to prove that IP(y,(0,27) > 1) » 0 as r — oo.
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Step 1: By istropy and a uniform moment condition, it is sufficient
to prove that IP(y,(0,27) > 1) » 0 as r — oo.

Step 2: Local approximation by a directed
forest F.

For any local function F,
dTv(F((r, 0),7.), F(O,T)) — 0.
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Step 1: By istropy and a uniform moment condition, it is sufficient
to prove that IP(y,(0,27) > 1) » 0 as r — oo.

Step 2: Local approximation by a directed
forest F.

For any local function F,
dTv(F((r, 0),7.), F(O,T)) — 0.

* ¥ is of different nature according to 7" is the RPT 7, or the Euclidean
FPP Tree 7.
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Step 1: By istropy and a uniform moment condition, it is sufficient
to prove that IP(y,(0,27) > 1) » 0 as r — oo.

Step 2: Local approximation by a directed
forest F.

For any local function F,
dTv(F((r, 0),7.), F(O,T)) — 0.

* ¥ is of different nature according to 7" is the RPT 7, or the Euclidean
FPP Tree 7.

Step 3: The directed forest F a.s. has only on topological end.
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Step 1: By istropy and a uniform moment condition, it is sufficient
to prove that IP(y,(0,27) > 1) » 0 as r — oo.

Step 2: Local approximation by a directed
forest F.

For any local function F,
dTv(F((r, 0),7.), F(O,T)) — 0.

* ¥ is of different nature according to 7" is the RPT 7, or the Euclidean
FPP Tree 7.

Step 3: The directed forest F a.s. has only on topological end.

Step 4: Conclusion.
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