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ABSTRACT. A generalized Kummer surface X of order 3 is the minimal
resolution of the quotient of an abelian surface A by an order 3 sym-
plectic automorphism. We study a generalization of a problem of Shioda
for classical Kummer surfaces, which is to understand how much X is
determined by A and conversely. The surface X posses a big and nef
divisor L x such that LE( = 0 or 2 mod 6. We show that for surfaces with
L% = 6k with k # 0,6 mod 9, the surface X determines the transcen-
dental lattice T'(A) of A and the Hodge structure on T(A). Conversely
if A and B are Fourier-Mukai partners (i.e. if the Hodge structures
of their transcendental lattices are isomorphic) and Y is the general-
ized Kummer surface which is the minimal resolution of the quotient
of B by an order 3 symplectic automorphism, we obtain that X and Y
are isomorphic. These results are also know to hold for surfaces with
L% = 2mod6 from a previous work. When k = 0 or 6 mod 9, we show
that X determines T'(A) and its Hodge structure, but the converse does
not hold in general.

1. INTRODUCTION

An (algebraic and complex) generalized Kummer surface X = Kmg(A)
of order 3 is a K3 surface which is the minimal resolution of the quotient
A/G 4 of an abelian surface A by an order 3 symplectic automorphism group
Ga. In |11, 6, 10] we study when there exists another Abelian surface B
and order 3 automorphism group Gp such that (B,Gp) is not isomorphic
to (A,G4) but the generalized Kummer surfaces Kms(A) and Kms(B) are.
That question is a natural extension to generalized Kummer surfaces of a
problem of Shioda on classical Kummer surfaces.

Recall that the quotient surface A/G4 has 9 cups singularities, each of
these being resolved by two (—2)-curves on X. For a very general abelian
surface A, the K3 surface X has Picard number 19. The positive generator
Lx of the orthogonal complement in the Néron-Severi group NS(X) of the 18
exceptional curves of the resolution X — A/G 4 satisfies L% = 0 or 2mod 6.

Let us also recall that for an abelian surface (respectively a K3 surface) Y,
a Fourier-Mukai partner of Y is an abelian surface (respectively K3 surface)
Y’ such that there is an isomorphism of Hodge structures

(T(Y),Cwy) ~ (T(Y"), Cwy).
1
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Here the transcendental lattice T(Y') is the orthogonal complement in H?(Y, Z)
of the Néron-Severi lattice NS(Y) € H?(Y,Z) and wy is a generator of the
space of holomorphic 2-forms.

Let (A,G4) and (B,Gp) be two abelian surfaces with an order 3 sym-
plectic automorphism group. Suppose that X = Kmg(A) is a generalized
Kummer surface with Picard number 19. Consider the following two asser-
tions:

(I) The surface B is a Fourier—Mukai partner of A.

(IT) The surfaces Kmg(B) and Kms(A) are isomorphic.

As shown in [11], for generalized Kummer surfaces X with L3 = 2mod 6,
the assertions (I) and (II) are equivalent. The aim of this paper is to prove
the following result:

Theorem 1. Let X be a generalized Kummer surface such that L§( = 6k,
for k € N*.

a) Suppose that k # 0 and 6 mod9. Then (I) is equivalent to (II).

b) Suppose k = 0 or 6mod9. Then (II) implies (I), but (I) does not im-
plies (II) in general: there exist abelian surfaces with order 3 symplectic
automorphisms that are Fourier-Mukai partners and such that the associated
generalized Kummer surfaces are not isomorphic.

By [5], since X = Kmg3(A) has Picard number 19 > 2 + ¢ (here £ is the
length of the discriminant group of NS(X), which is also the length of T'(X),
and therefore is < 3), if a K3 surface is a Fourier-Mukai partner of Kmg(A),
then it is isomorphic to Kmgs(A). The assertion (II) is therefore equivalent
to :

(II') The surfaces Kmg(A) and Km3(B) are Fourier-Mukai partners, i.e.
there exists a Hodge isometry

(T'(Kmg(A)), Cwgmy(ay) = (T(Km3z(B)), Cwkmy(B))-

In case L3 = 2mod 3, the equivalence between (I) and (II’) (and therefore
with (II)) is much simpler. Indeed, it is easy to compare the Hodge struc-
tures, since in that case T'(Kms(A)) is isometric to T'(A)(3), (where the 3
means that the quadratic intersection form of the lattice is multiplied by 3).
In case L% = 0mod 6, one only knows that 7'(Kmg(A)) contains an index
3 sub-lattice isometric to T'(A)(3) and that subtlety makes the proof much
more involved.

A generalized Kummer structure on the generalized Kummer surface X is
an isomorphism class of pairs (B, Gp) such that the associated generalized
Kummer surface Kmg(B) is isomorphic to X = Kmg(A). The generalized
problem of Shioda can be rephrased as the problem to understand if there is
a unique generalized Kummer structure. Theorem 1 shows that a generalized
Kummer structure {(B, Gp)} on X is such that B is a Fourier-Mukai partner
of A, for X such that Lg( # 0,6 mod9. Theorem 1 is a key-result in order
to compute the number of generalized Kummer structures in [10] according
to the value of Lg(, for Lg( # 0,6mod 9.
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In [4, 5], Hosono, Lian, Oguiso and Yau study the analogous problem
for the classical Kummer surfaces (and compute the number of Kummer
structures of some Kummer surfaces). For these surfaces, one always has
T(Km(A)) =T(A)(2), and the equivalence between the analog of (I) and (II)
for Kummer surfaces is immediate. The fact that for generalized Kummer
surfaces (I) does not imply (II) is all the more noteworthy.

The paper is structured as follows: In Section 2, we give preliminaries and
notations on lattice theory. In Section 3, we explain how we proceed to prove
Theorem 1. One wants in particular to know the over-lattices of 7'(A)(3)
which are isomorphic to T'(X). Sections 4 and 5 are devoted to compute
these over-lattices. Section 6 is a proof of Theorem 1 when k # 0,6 mod 9,
and section 7 deals with the remaining cases.

Acknowledgements. The authors thank Simon Brandhorst and Igor
Reider for useful conversations.

2. PRELIMINARIES ON LATTICES AND NOTATIONS

The following section gives preliminaries and notations on lattice theory,
a standard reference is [8, Section 1]. The part on torsion quadratic modules
of the form () is well-known, but we couldn’t find a proper reference.

2.1. The discriminant group of a lattice as a torsion quadratic mod-
ule. Let L be an even lattice ; the intersection of two elements v,v’ € L is
denoted by vv’ € Z. The bilinear pairing extends to L ® Q, and the dual of
Lis

L:={veL®Q|VYwe L, vw e Z}.

The discriminant group of L is a torsion quadratic module, denoted by Ap:
its subjacent group is the finite abelian group L/L, and its quadratic form
qr : L/L — Q/2Z is defined for Lw € L (for n € Z,n # 0 and w € L such
that 1w € L) by
1 1
qL(gw) = gw mod 2Z.
If v € L, one has

1 1 1
(—w+v)? = —2w2 + 2—wv 4 v2.
n n n

Since %w € Iv/, 2%1011 is an even integer and since L is even, one has v? € 27,
thus the quadratic form g, is a well defined function on the finite group L/L.

Let L be the lattice Z™ with Gram matrix G for the canonical basis. The
columns cy,...,c, of G~ considered as elements of Q"/Z" generate the
group Ay, moreover the quadratic form g, on these generators is given by
the matrix G~ = (*¢;Gcj)1<i j<n, where the diagonal entries of G~ are
taken modulo 27Z, and the other entries are taken modulo Z (and respecting
the symmetry).
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2.2. Genus of lattice, discriminant group and over-lattices. By def-
inition, two lattices L1, Lo are in the same genus if L1 ® Q, ~ L ® Q, for
all primes p and L1 ® R ~ Lo ® R. One has

Theorem 2. ([8, Corollary 1.9.4]) The lattices L1, Ly are in the same genus
if and only if they have the same signature and have isometric discriminant
groups.

Any over-lattice Ly of L is (up to isometry) the pull-back Ly = 7~ '(H)
by the quotient map = : L — L /L of an isotropic subgroup H contained in
A =L/L.

An isometry g € O(L) induces an isometry g of Ay. If H; C Ap is an
isotropic sub-group, so is He = g(H;) and g induces an isometry between
the over-lattices Ly, and Ly, preserving the lattice L. More generally, two
over-lattices ¢1 : L < L1,19 : L < Lo are said isomorphic if there exists an
isometry g of L extending to an isometry g between L1 and Lo. Then the
following diagram

L 3 I
lg lg
L 3 I,

is commutative. Let Hy, Hy be the isotropic sub-groups of Ay, corresponding
to over-lattices L1, Ls. One has:

Proposition 3. ([8, Proposition 1.4.3|). The over-lattices 11 : L < Ly, 2 :
L < Lo are isomorphic if and only if there exist an isometry g of L such
g(Hy) = H».

Let M be a lattice containing L with finite index, let Hy, ..., H, be the set
of all isotropic sub-groups of the (finite) group Ay, such that their associated
over-lattices Ly, ..., L, are isometric to M. Let ¢; : L < L; be the inclusion
of L in L;. Suppose that the over-lattices ¢; : L < L;, j = 1,...,n are
isomorphic. Then:

Corollary 4. Up to isometries of L and M, there exists a unique embedding
of L in M.

Proof. Let v : L — M, : L — M be two embeddings, let H, H' be the
two isotropic sub-groups of L corresponding to these over-lattices. There
exists two indices s,t € {1,...,n} such that (up to isometries) ¢ : L < M
is isomorphic to ts : L < Lg and ¢/ : L < M is isomorphic to ¢; : L < Ly,
the over-lattices L, L; corresponding to Hg; and H; respectively. Since by
hypothesis ts : L < Lg and ¢y : L — L; are isomorphic, the over-lattices
t: L < M,/ :L < M are isomorphic, thus there exists an isometry g of
M such that tog="1". O

2.3. Examples of quadratic torsion modules. In this section, we give
some examples of quadratic torsion modules which we will later use to com-
pute the discriminant groups of various lattices.
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Consider ¥ € Q\ {0} with u,v coprime such that either u or v is even.

Let us denote by () the torsion quadratic module (Z/vZ, q) with quadratic

form q : Z/vZ — Q/27 defined by

2
1
g(z) = 22 ¢ (52)/2L C Q/2L.
If 2/ = x + tv with ¢t € Z, one has

2 2,2 2 2
2xt t
x° + 2xtv + U):g—i—u(th—i—tzv):%:q(x),
v v

(o) = 4

thus ¢ is well-defined; here we use that u or v is even at the third equality (if
both were odd, the form ¢ would be well-defined only modulo Z). For u,
coprime to v, one has

v

(5= (%)

v v
if and only if © = v/ mod 2v.

Suppose that v = ab with a,b coprime integers, and let s,t¢ € Z such
that as + bt = 1. If s/, ¢ is another Bézout pair, one has s’ = s + mb and
t' =t —ma for m € Z.

e Suppose that u is even, (thus a and b are odd). Then, since u is even,
one has us = us’ mod 2b, ut = ut' mod 2a and the torsion quadratic modules

us

2, ()

are independent of the choice of the Bézout pair (s,t).

e Suppose that u is odd and a, say, is even, b is odd. The relation as+bt =
1 implies that ¢ is odd. Moreover, since b is odd, up to changing s by s +mb
for m € Z, one can choose s to be even, and in fact one must do it in order
for the quadratic form of (%) to have values in Z/2Z. That choice of s is
unique modulo 2b. The choice of ¢ is then unique modulo 2a, and in the
notations: (%), (), it is always implicitly supposed that s is even.

In both cases u even or odd, the relation

ut
a

u tu su

ab  a b

implies that (%) decomposes as a direct sum
U tu

(=) =(—

v a

sSU

)+ ()

where we use the canonical isomorphism 2 mod ab — (x mod a,z mod b) be-
tween Z/abZ and 7Z/aZ @ Z/bZ (we recall that a,b are coprime integers).
For v = ab with ab coprime, we denote by (%), = (%) the restriction of (%)
to Z/aZ. Since s is even, in Z/2aZ one has bt = 1, thus we sometimes write
b

($)a = ().

The decomposition (&) = (%) + (%) implies that if v = p{*...pp* is
the factorization of v into a product of distinct primes, the torsion quadratic
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module (%) is isometric to a direct sum

)+...+(

(ﬂ

71
Py

U )
Py

for some integers wu; coprime to p; and such that u; or p; is even. More
generally, using that a finite abelian group is the direct sum of its p-sub-
groups, a torsion quadratic module M is a direct sum M = @} prime M) of
p-sub-groups. For p > 3, M, is a direct sum of torsion quadratic modules of
the form (1%) (for u even, coprime to p and n € N*). For p = 2, the situation
is more complicated, see [3].

Let be w € Z such that w € Z/vZ is a unit. For any n € Z, one has

2

u(w + nw)? = vw? + 2nuwv + un*v? = ww? mod 2,

(where in the last equality we use that u or v is even), thus group of units

2
uw? )

v

(Z/vZ)* acts on the set of torsion quadratic modules (%) by w.(%) = (
One has
2
Vo € Z/VZ, oy E(wac)Z,
v v

therefore the automorphism of Z/vZ defined by x — wx is an isometry
between the torsion quadratic modules w.(%) and (). Conversely, if there
is an isometry between (%) and (%), the subjacent automorphism 1) of Z/vZ
being of the form z — wx for some w € (Z/vZ)*, one has v’ = uw? mod 2v,
thus v/ = uw? modv and u/u’ € (Z/vZ)* is a square.

Suppose that v is an odd prime. The set S, of square elements in (Z/vZ)*
is a sub-group of index 2. Let mg : Z/vZ — 27/Z2vZ be the map defined
by = + vZ — 2x + 2vZ; it is a bijection. Let F be the set

E = ma((Z/v2)).

The set E is in bijection with the set of quadratic torsion modules by the
map u € £ — (). There is a natural faithful action of S; on E given by

(s,u) € Sy x E — ma(m; ' (u)s) € E.

That action has two orbits, corresponding to the invertible square, and in-
vertible non-square in S,. Thus there are only two isometry classes among
the torsion quadratic modules (%), v € E. For example, the only torsion

quadratic modules on Z/3%Z up to isometry are (&) and (55) (for a > 1).

3. FOURIER-MUKAI PARTNERS IN CASE L% = 0mod 6

Suppose that the generalized Kummer surface X = Kmg(A) satisfies
L% = 6k. Then (see [10, Theorem 7]), there exists a basis of T/(A) with
Gram matrix
—2k

0
0

w N O
S W O



GENERALIZED KUMMER SURFACES AND FOURIER-MUKAI PARTNERS 7

therefore T'(A)(3) has a basis with Gram matrix

—6k 0 0
(3.1) 0 6 9
0 9 18

Let T'(X) be the transcendental lattice of X: this is the orthogonal comple-
ment of NS(X) in H*(X,Z).

Proposition 5. The lattice T(X) has a basis with Gram matrix

—6k 0 0
0 6 3
0 3 2

It is unique in its genus. The discriminant group Ap(xy is generated by

(g7,0,0), (0,2,-1) and is isomorphic to Z/6kZ x Z/3Z.

Proof. See [10, Section 2.4] for the first two assertions; the last one follows
from a direct computation. O

One has

Proposition 6. There exists a morphism mwas : T(A)(3) — T(X) such that
TAx is an isometry onto its image and wa(T(A)) has index 3 in T(X).

Proof. The morphism 74, is defined in [11, Section 2.3|, where it is shown
that the lattice ma.(T'(A)) is isometric to T'(A)(3). For the assertion on the
index, it is sufficient to compare the discriminant of the two lattices. O

Suppose that there exists in 7'(A)(3)®Q a unique over-lattice 7" of T'(A)(3)
such that 7" is isometric to T'(X ), where X = Kmg(A). Let us suppose more-
over that T" contains a unique sub-lattice isometric to 7'(A)(3). Let (B, GR)
be another abelian surface B with an order 3 symplectic automorphism group
Gp.

Theorem 7. Under the above hypothesis, there exists a Hodge isometry
(3.2) (T(A), Cwa) = (T(B), Cwop)
if and only if there exists a Hodge isometry

(T(Kms(A)), Cwkmy(a)) = (T(Kms(B)), Cwkm,(s))-

Proof. By Proposition 5, the lattice T'(X) is uniquely determined by the
lattice T'(A) and conversely, in particular, the lattice T'(X) is isometric
to T(X') (where X’ = Kmg(B)) if and only T(A) is isometric to T(B).
Suppose that one has an isomorphism of Hodge structures (7'(A), Cwy) ~
(T'(B),Cwp), then T(A) ~ T(B) and from the hypothesis, there exists in
T(B)(3) ® Q a unique over-lattice 7" isomorphic to T'(X’). The Hodge
structure (T'(X), Cwx) is then uniquely determined by (7',Cw4): necessar-
ily (T'(X),Cwx) ~ (T,Cwa), and also (T(X'), Cwyxs) ~ (T’,Cwy), therefore
the Hodge structures (T'(X), Cwx) and (T(X’), Cwy-) are isomorphic.
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Conversely, suppose that there exists an isomorphism
¢+ (T(X),Cwx) = (T(X'), Cwx)

of Hodge structures. Since T’ contains a unique sub-lattice isometric to
T(A)(3) and T(X) ~ T ~ T(X'), the sub-lattice T(A)(3) is sent by ¢ to
T'(B)(3) and there is a Hodge isomorphism (T(A), Cwa) ~ (T'(B),Cwg). O

Let us therefore study the over-lattices T of T'(A)(3) such that T'(A)(3) has
index 3 in T". We can suppose that these lattices are contained in 7'(A)(3)®Q.
The quadratic form on the discriminant group Ap(4)3) is given by

1
I
R O
0 -3 3

(0707770)
1 11 1 2
Z.0:2).(0.=.2:2y (0. =. 2. 14
(737 ’3)7(73a373)7(a3a373)a
1 1 1 1 2
3.3 =,0,0; —2k), (5,0, =; —2k), (5,0, =; — 2k
( ) (37 » 3 )’(37 73a 3 ))(35 537 3 )
11 111 112
7)7705_2k 2) 77777;_2]6 27 7)757;_2]{; Ha
(33 3+3)(333 3+3)(333 h+5)
1 2 9 3 121 9 9 1 2 2 9 3
(§7§70;_3k+3)7(57375;_§k+§)7(§7§7§;_§k+§)7

are the 13 generators
v = (a1,a2,a3) € Apays)

of the 13 order 3 sub-groups H, of Aqay3) = Z/6kZx7Z/3ZXZL/9Z, and their
square s, = vQ ‘v € Q/2Z. We denote by T, the pull-back in T'(A)(3) ® Q
of the group H, C Ap(a)3). We remark that the groups generated by the
elements
L2 11, 12 4y

(07 3707 3)? (07 3’3’ 3)7 (07 3733 )
in list 3.3 are not isotropic sub-groups, thus their pull-back to T'(4)(3) ® Q
are not over-lattices of T'(A)(3). For any k, the case vy = (0,0, %) gives an
index 3 over-lattice isometric to T'(X).

Let N°"" be the number of over-lattices of T(A)(3) in T'(A4)(3) ® Q that
are isomorphic to 7(X). From the above discussion on case vy = (0,0, ),
we get that N°*" > 1. The aim of the next two Sections is to prove the
following result:

Theorem 8. We have
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k=1or2mod3 | k=0mod9 | k=3mod9 | Kk =6mod9
Nover 1 3 1 2
(07071) 1
0,0, z
w (O>O’%) (l707i) (0703%) (1 3)
SN (5,0,0)
(§70’§)

where in the last line are the elements w such that T, is isometric to T'(X).

For k = 2mod 3, we remark that the element v = (0,0, %) in list (3.3) is
the only possibility in order for T, to be an over-lattice of T(A)(3). Let us
check the possibilities from the list (3.3) according to the remaining cases
k =0 or 1 mod 3.

4. CASE k£ =0mod3

Let us prove Theorem 8 when & = Omod 3. In this case k = 3k for k' € Z,
the possibilities different from vy = (0,0, 3;0) are

(%707 07 _%k)a (%707 %7 _% )7 (%7 07 %a _%k)
4.1. Case k =3k’ and v = (3,0,0). Let us study the case
1
v=1(3,0,0) € Ar(a)3)-

We have that v? = —%k, and this is 0 in Q/2Z since k = 3k’ by assumption.
Then the Gram matrix in some basis of the over-lattice T, associated to H,
is

-2k 0 0
0 6 9
0 9 18

The lattice T;, has discriminant group isomorphic to Z2k'Z x 7./37 x 7./9Z,
generated by the columns of the matrix

1
L0 o0
&2 o
53
0 -3 3

Proposition 9. The lattice T, is isometric to T(X) if and only if k =
6 mod9.
Proof. The elements
1
(S
generate Ar, ~ Z/2k'ZxZ/3ZxZ/97Z and have intersection matrix Diag(— 7, 2, 2).
The lattice T'(X) has discriminant group isomorphic to

ZJ6KZ x 7,)3L = 1) 18K'Z x /3L,
thus if 3|k’, T, is not isometric to T'(X). If 3 Jk/, then
Arex) ~ ZJ2KT x Z/3Z x TJ9Z ~ Ar,

0, 0)’ (Ov %7 _%)’ (07 0, %)
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and we must compare the quadratic forms. The quadratic form on T'(X) is
Diag(— g7, 3)- Since 3 [k, one has

(~35) = (~5) + (~3)

where u € (Z/2K'Z)* is such that 9u = 1mod 2k’ and v € (Z/97Z)* is such
that 2kv = 1mod9. Since 9u = 1 mod 2k', there exists v’ € (Z/2k'Z)* such
that u? = u, thus (—5%) is isometric to (— 5k ). Suppose that &' = 1mod 3,
then —(2k)™! = 1,40r 7mod9, and since 4 = 22mod9, 7 = 52mod9,
we obtain that (—Z) = (3). Suppose that &’ = 2mod 3, then —(2k')~1 =
2,50r 8mod 9, and since 5 = 2-5°mod 9, 8 = 2-22mod9, we obtain that
(=) = (). Therefore, the quadratic form on Aq(x) is isometric to

(o) + (3) + (3) if K’ = 1mod 3
(4.1) (_;{;)+(§)+(§) if k' = 2mod 3.

Thus T'(X) is isometric to 7;, if and only if ¥ = 6 mod 9. In that case T'(X)
and T, are in the same genus, but we know from proposition 5 that 7'(X) is
unique in its genus, therefore T'(X) and T, are isometric. O
4.2. Case k = 3k’ and v = (%, 0, %) Let T, be the over-lattice associated
to v = (%, 0, %) There is basis in which the Gram matrix of T = T, is

—2k'+2 0 3
0 6 9
3 9 18

The discriminant group A7 of T has order 54k’ ; it is generated by the
columns ¢y, ¢g, c3 of

—57 0 ETes

_Qi, 2 l(i?k_ 1)
ik _gl ﬁ(f_ L)
3K 39 Iz

Making the substitution ¢y — 2co + 2k’cy, (which is possible since co has
order 3), gives the generators

1 1
T ),
(4.2 s W
w 0 5(5%%)
with intersection matrix
—1 1
% g 3
0o 2 0 |,
1 0 2(k'—1)
3K oK

thus T is isometric to

2 o
(4.3) (3> + < i 2(1?131) > .
3% oK
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We will also use the transformation c3 — c¢3 + co in Equation 4.2; then one
gets the generators eq, es, e3

1 1
—a 0 3
(4 4) 1 1 1
' Y
w 0 5(5%)
with intersection matrix
1 1
LW
0 2 2
3 3
12 204k-1)
35 3 ok’

4.2.1. Sub-case v = (,0,%) and k = Omod9. Suppose that k = 0mod9.
Let us prove

Lemma 10. The lattice T associated to v = (3,0, %) is isometric to T(X)

Proof. Let be k' € N such that k& = 3k" and let us define ¥’ by k' = 3%k”
with o > 1 and &” prime to 3. Let us study the torsion quadratic module

-1 1
Q:<2{“ Q(gﬁ_n)

3K Ok’

in Equation 4.3. Let A%3 be the subgroup of elements that have prime to
3 order in the finite abelian group Ap. We can then define vy = vy + %vl,

2
where vy, vy are the base vectors. Let P = < (1) % > be the basis change

matrix; one has

7= 0 _ -1 2
por= (3 ) =G+ )

where since we consider the sub-group A7, the form (2) is the zero form,
and the quadratic form on A7? is therefore (—ﬁ) For the 3-torsion sub-
group Ar(3), let us consider v} = v1 4+ 5=5v2 (one has 2 — 2k’ = 2mod 3).

1
Under the basis change by P’ = < 3 (1)

2—2k'

> , the quadratic form on Ap(3)

1s isometric to

(757 0t ) = (ams) (o -w)

and since we consider here the sub-group Ar(3) and £/ — 1 = —1mod 3, the

form <_71> is zero, and the quadratic form on A (3) is isometric to

207 -1)
(30— 1) = (525

We thus conclude that the quadratic form on T is

(—5) for elements in AZ>,

(2(’;,1;'1)> + (%) for elements in Ap(3).
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Now the quadratic form on T'(X) is
1 2
(—@) + (g)-
The two quadratic forms are equal if they are equal at any prime. At prime
3, they are equal if and only if
1/(2K") 2(k" — 1) /K"
(_ 3a+2 ) = ( 3a+2 )’

this is the case if and only if

2(K' = 1) /K"

—1/(2k")

is a square modulo 3**2, this is equivalent to 1 — 3%k” € 3°%2 is a square.
Let v =1-3%"/2 € Z/3°T2Z, then v? = 1 —3°k" 4 32%k" /4 and therefore,
when o > 2, v?2 = 1 — 3°k” is a square. One can check that this is also true
for @ = 1 by a direct computation. Thus we obtain that, at prime 3, the two
quadratic forms are equal.

=4(1 — 3°k")

Now for the part coprime to 3, we must compare (—53;) = (—E/T?’:) with

a+2
(—ap) = (—1/2%): these forms are isometric since they differ by a square.

We thus proved that the two lattices T, T'(X) are in the same genus. Since
the genus contains a unique element by Proposition 5, the two lattices are
isomorphic. ([

4.2.2. Sub-case v = (3,0,1) and k = 3mod9. Suppose that k = 3k’ with
k' = 1mod 3, and let us prove

Lemma 11. The lattice T associated to v = (%,0, %) is not isometric to
T(X)

Proof. Using Equation 4.2, the discriminant group is generated by the columns

of
1

1
o7 0 3
I A B
2k’ 3 /
i oi7
3k’ 3k’

(where k' = 3k” + 1) and we remark that
c3 —2k"c; = (%,0,0)

thus the discriminant group Ar is generated by the columns of

1 1
—a7 0 3
_ 1 1 0

%k’ 3
357 0 0

which shows that, when &’ = 1 mod 3, the discriminant group of T is
Ar ~ (Z/32)% x Z)2K'Z.

It is not isomorphic to Z/18k'Z x Z/37Z, therefore T is not isometric to
T(X). O
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4.2.3. Sub-case v = (%,O, %) and k = 6mod9. Suppose that k = 3k’ with
k' = 2mod 3. Let us prove

Lemma 12. The lattice T associated to v = (%,0,1) is not isometric to

303
T(X)
Proof. One can check that, as abstract groups, the discriminant groups
A7(x) and Ar are isomorphic. Let us study the 3-torsion part Ar(3) of
A7 and the quadratic form restricted to that part. Since 3 [/, from 4.4,
the generators of Ap(3) are the columns ¢y, c2, c3 of the matrix

0 0 1
0 1 i
4 3 2 /3
3 0 5(K - 1)

Since k' # 1mod 3, the element ¢ is a multiple of ¢3 and the generators of
A7(3) are ¢, c3, with intersection matrix

2 2k’
< 2:1))c’ 2k’ 3/ > :
W gy )

Then ¢ = c3 — ke is such that dyez = 0 and ¢ = 2k/(k' — 1). We obtain
that A7(3) is isometric to (2) + (%) Using that &£/ = 2,5 or 8 mod 9,
it is easy to check that in any case (W) ~ (%). We conclude that
A7 (3) is isometric to (3) + (5). But we know from Equation 4.1 that when
k' = 2mod 3, the 3-torsion part of Ap(x is (%) + (%) Therefore T is not
isometric to T'(X) when &' = 2mod 3. O
4.3. Case k = 3k’ and v = (%,0,%). Let v = (%70%) € Apays), v =
(%, 0, %) and let T),, T, be the associated over-lattices.

Lemma 13. The lattices T, and T,y are isomorphic. The lattice T, is iso-
metric to T(X) if and only if k = 0mod9.

Proof. The matrix

1 0 O
(4.5) g=10 -1 =3
0 1 2
is an order 6 isometry of the lattice T'(A)(3) with Gram matrix
—6k 0 0
Qripe =1 0 6 9
0 9 18

(one has 'gQr(ay3)9 = Qr(ays)) and g(3(v1 + v3)) = 3(v1 + 3v2 + 2u3).
Its action on the discriminant group sends the group H,s generated by the
class of v/ = %(vl +v3) in Apa)3) to the group H, generated by the class
of v = %(01 + 2v3) in Ar(a)@3)- Therefore, the element g induces an isometry
between the over-lattices Ty, T,, which are the pull-back in T'(A4)(3) ® Q of
H, and H,. The lattice T}, has therefore the same properties as the lattice
T, studied in Section 4.2. O
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5. CASE k =3k +1
Let us prove Theorem 8 when £ = 1 mod 3. When k = 3k’ + 1, the cases

different from (0,0, %) are the six generators v in the following list
(17170) (17171)7(l7172)
d10.GiDALY

of the six order 3 isotropic groups H,.

Lemma 14. Let T be the over-lattice corresponding to the isotropic order 3
group H, = (v), with v in the above list. The lattice T is not isometric to

T(X).

Proof. The isometry g in Equation 4.5 acts on the discriminant group Az 4)(3)
and the above 6 elements form one orbit for that action. It is therefore
enough to study the over-lattice T' corresponding to one of these elements,
say v = (£, 1,0). The Gram matrix of the corresponding over-lattice in some

33
basis is
-2k 1 0
Qr = 1 6 9
0 9 18

the discriminant group has order 54k’ + 18 = 18k (here, k = 3k’ + 1); it is
generated by the columns ¢y, ¢, c3 of

1 _1

2%k K 2

Q' = 1 2K _ﬁ
T = 3 k k
_1  _K  4k=3

2k k 18k

In A7, one has ca = 2k'c;. Moreover, ¢; — 3¢c3 = (0,0,—%). We observe
that the column 2kcs is (0,0, %). Since 4k — 3 is coprime to 9, the group
generated by 2kcs contains (0,0, —%). We thus obtain that the discriminant
group is cyclic, generated by c3: T' cannot be isometric to T'(X). O

6. PRESERVATION OF T'(A4)(3) INTO T'(X) UNDER O(T(X)), PROOF OF
THE MAIN THEOREM IN CASE k # 0,6 mod 9

We recall that T'(X) is the lattice with Gram matrix

—6k 0 0
Q= 0 6 3
0 3 2

in basis f1 = (e1,ea,e3). Let Ty ~ T(A)(3) be the lattice generated by
e1, es,3ez. Let us show that

Proposition 15. The orthogonal group O(T (X)) preserves Tj.

Proof. Let g = (a;j)1<i j<3 € O(T(X)); one has 'gQ1g = Q1. The lattice T}
is preserved by g if and only if ge;, ges,3ges € Th. Since Th = (eq, e2, 3e3),
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this is the case if and only if the coefficients as1, age are 0 mod 3. The relation
t9Q19 = Q1 implies that mod 3, one has

* ok 2a31a33 0 0 0
tgQrg = * o+ 2a32033 =1 000 [,
* 2a§3 00 2
thus ags = 1 or 2mod 3 and a3y = aze = O0mod 3, which implies the result.
O
Let T5 be a lattice with Gram matrix
—6k 0 O
Qo = 0 6 9
0 9 18

in some basis vy, vg,vs; it is isomorphic to 77. Let ¢ : To — T(X) be an
embedding of lattices. Let us identify T with its image in T'(X) trough the
embedding ¢.

Proposition 16. Suppose that k # 0 and 6 mod 9. Then Ty = Ts, in other
words: T(X) contains a unique sub-lattice isomorphic to T(A)(3).

Proof. By Theorem 8, the hypothesis on k implies that the over-lattice T'(X)
of T, is obtained by %Ug € T(X). Then By = (v1, ve, %v;;) is a basis of T'(X).
These vectors have intersection matrix )9 equal to Q1. Let P be the base-
change matrix between these two basis, one has

Q1 =" PQyP

and since Q1 = ()2, the matrix P sending the base 1 to the base [ defines
an element of O(T'(X)). Since O(T(X)) preserves T1, the vectors v, ve, vs
are in Ty, thus T} = Ts. O

Corollary 17. When k # 0 and 6 mod 9, the hypothesis of Theorem 7 are
satisfied, and therefore it proves Theorem 1 in these cases.

7. CASES L3 = 6k WITH k =0 OR 6 mod 9

7.1. On the implication (IT) = (I) in cases k£ = 0 or 6 mod9. Suppose
that £ = 0 or 6mod9. Let v1,vs,... be the generators of the (distinct)
isotropic groups Hy, Ha,... of Ap(4)3) such that the corresponding over-
lattices 17,75, ... are isometric to T(X). Let (B,Gp) be another abelian
surface with an order 3 symplectic automorphism group.

Proposition 18. Suppose that k = 0 or 6 mod9 and that the over-lattices
T1,Ty,... of T(A)(3) are isomorphic. If there exists an isomorphism of
Hodge structures

Y (T(KII]g(A)% Cmeg(A)) - (T(Km3(B))7(CWKm3(B))
then there exists an isomorphism of Hodge structures

(T'(A),Cwy) ~ (T(B),Cwp).
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Proof. Since the over-lattices T1, T, . .. are isomorphic, by Corollary 4, there
is a unique embedding of T'(A)(3) in T'(Km3(A)) up to isometries. More-
over, by Proposition 15, any isometries of T'(Kmg(A)) preserves the image of
T'(A)(3), thus we recover uniquely (7'(A), Cwa) from (T'(Kmsz(A)), Cwimya))-
The isomorphism ¢ must send T'(A)(3) to T'(B)(3), and therefore it induces
an isomorphism of Hodge structures between (7'(A), Cw4) and (T(B), Cwpg).
O

The next sub-section shows that the over-lattices 17, T%,... of T'(A)(3)
are indeed isomorphic, so that the hypothesis of Proposition 18 are satisfied,
and that will prove the implication (II) = (I) of Theorem 1.

7.2. On the orthogonal group of 7'(A4)(3) and isomorphic over-lattices.
Recall that T(A)(3) has a basis with Gram matrix

—6k 0 0
(7.1) 0 6 9
0 9 18

Proposition 19. The lattice T(A)(3) is unique in its genus and the map
O(T(A)(3)) = O(Aray3))
18 surjective.

Proof. The discriminant group Aq4)3) is (isomorphic to) Z/9Z x Z/3Z x
Z/6kZ. For a prime p, the length ¢, of the p-torsion subgroup is ¢3 = 3,
£, =1 for p # 3 dividing k, otherwise ¢, = 0.

By [7, Chapter VIII, Lemma 7.7(1)|, the quadratic form @ is 2-regular, by
|7, Chapter VIII, Lemma 7.6(3)] @ is 3-pseudoregular, and by |7, Chapter
VIII, Lemma 7.6(1)] it is p-regular for any prime p > 5. One can therefore
apply [7, Chapter VIII, Theorem 7.5 (4)] to conclude that the genus of
T(A)(3) is {T(A)(3)} and that the natural map O(T(A)(3)) — O(Ar(ays))

O

is surjective.

If L is a torsion quadratic module, there is a decomposition L = @,L,
into p-torsion elements, and

where O is the orthogonal group i.e. the group preserving the quadratic
form. The discriminant group Arp(a)3) has quadratic form

1
& 0 0
o=( ¢ 3
1 2
0 -3 3

Let us prove the following result:

Proposition 20. Suppose that k = 6 mod9 and consider vy = (0,0, %) and
v = (%,0,0). The associated over-lattices T, Ty, are isomorphic.
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Proof. In order to prove that the over-lattices T),,7,, are isomorphic, one
must show that there exists an element O(T'(A4)(3)) that acts on Ap(q)3) by
sending vg to v1. But by Proposition 19, the map O(T'(A)(3)) — O(Aray))
is surjective, therefore it is sufficient to prove that there exists 7 € O(Ap(4)(3))
sending vy to v1. Since we supposed that & = 6 mod 9, one has (—é)3 = (%),
thus on the 3-torsion part, the quadratic form is

2.0 0
22 1
Sl WO
0 -3 3§
The matrix
0 —6 1
=0 1 0
1 6 0
defines an automorphism of the (3-torsion part of the) group Ay =
0 1 0
Z)9Z x Z)3Z x ZJ6kZ and satisfies '7Q37 — Q3 = [ 1 12 —1 |, thus
0 -1 0

this is an element of the orthogonal group of Ap(4)@3). The transformation
exchanges (§,0,0) and (0,0, 3), thus it also exchanges v; = (3,0,0) and
Vo = (Oa 07 %) g

Proposition 21. Suppose that k = 0mod9. Let be vy = (0,0,%), wyp =
(%,0, %) and wy = (%,0, %), the elements of Apcays). The associated over-
lattices Ty, T, , Tw, are isomorphic.

Proof. The isometry in Equation (4.5) of T'(A)(3) sends w; to wy. By Propo-
sition 19, the map O(T'(A)(3)) — O(Arp(a)(3)) is onto, therefore, in order to
prove that the over-lattices T, , Ty, , Tw, are isomorphic, it is sufficient to find
an element 7 € O(Ap(4)(3)) sending vo to an element in {w1, 2w1, wa, 2wa}.
The group A7 (4)(3) is isomorphic to

7./6kZ x 7./37 x 7.]9Z.
a b ¢

through the map (g, 3,5) — (a,b,¢) and we will often identify (gf, %, )

with (a, b, c). The discriminant group Az(4)3) has quadratic form

1
—& 0 0

where k = 3%, for a > 2, t coprime to 3 and u is even such that u(—2t) =
1mod 3%t!. The torsion quadratic module (3(1%) is isometric to (?ﬂ%) or
(3;%), and the isometry sends the order 3 element element (3%,0,0) to
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(w3%,0,0) with w € {1,2}. It remains therefore to study the following two
possibilities:
e Suppose that ©u = 2 and @ > 3. The matrix
2-3071 -1 —14.3* g§.37!
Ta = 0 —4 1
7 —48 11

define an endomorphism of the group
Ar(ay@) = Z/3" L x L/3Z x Z/IZ

(for example, the (3,2) entry is the well-defined map Z/3Z — Z/9Z, = —
—48z). The matrix

2.30-1_1 _—14.3% 7.30°1
3 —~10 2
20 —87 17

also define an endomorphism and one can check that its product with 7, acts
by the identity on Ap(4)), thus 7, is an automorphism of Ap(4)). One
computes that

1048-3°73  —56-(3"241) 32375 413
bra@37a—Q3 = | —56- (3272 41) 392(3% 1 +1)+2 —224-3972 -89
32-3973 413 —224-3%72 -89  128-3973 +20

therefore if @ > 3, the entries of the above matrix are integers and the di-
agonal entries are even numbers, so that 7, preserves the quadratic form of
Ap(ays): it is an element of O(Ap(4y(3)). One has 7,(0,0,3) = (8-3%,3,33) =
(2-3%,0,6), therefore the image by 7, of the isotropic group generated by
vo = (0,0, 3) is the isotropic group generated by w; = (3%,0,3): that implies
that the two associated over-lattices are isomorphic.

5 —18 3
In case a = 2, it is not difficult to check that the matrix » = 2 —-10 2
17 —69 14

gives an isometry of Ap(q)(3) with the same properties as above when a > 3.
e Suppose that v =4 and a > 3. The matrix

4.30-1_1 —14.3* g8.32¢°1
6, = 1 —~10 2
13 —78 16

define an automorphism of the group Ap(4)3). One has

26 +64-3973  —224.3972 - 144 128373 + 30
t0,Q30,—Q5 = | —224-3%72 —144 784-3%"1 1898 —448-3%"2 185
12839734+ 30 —448-3%72 - 185 38+ 2563973
so that 0, is an element of O(Az(4y3)) when a > 3. Since
0,(0,0,3) = (8-3%,6,48) = (2-3%,0,3),
the image by 6, of the isotropic group generated by vg = (0,0,3) is the
isotropic group generated by 2ws = (2 -3%,0,3): that implies that the two
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associated over-lattices are isomorphic.

2 —126 24
When a = 2, it is not difficult to check that the matrixf, = | 0 —4 1

5 —66 14
gives an isometry with the same properties as above. ([l

Corollary 22. Suppose that k = 3k', with k' = 0 or 2mod 3. Suppose that
there is an isomorphism of Hodge structures

(T(Kms(A)), Cwimy(a)) = (T(Kms(B)), Cwimy(p))-
Then there is an isomorphism of Hodge structures
(T(A),Cwy) ~ (T(B),Cwp).

Proof. In this cases, all the over-lattices that are isometric to T'(X) are
isomorphic, thus we can apply Proposition 18. U

7.3. About the implication (I) = (II). Suppose that k¥ = 0 or 6 mod 9.
Let v1,vg,... be generators of the isotropic groups Hy, Ha,... of Ap(ay3)
such that the corresponding over-lattices T, T3, ... of T'(A)(3) are isometric
to T'(X). We know from Propositions 20 and 21 that these lattices 17,15, . . .
are isomorphic.

Proposition 23. Let be ¢ # j and let w defining a Hodge structure on
T ®Q = T; ® Q. The Hodge structures (T;, Cw) and (T}, Cw) are not
isomorphic for a general period w.

Proof. Let us recall some facts about integral Hodge structures of K3 type,
for which a reference is [12, Section 7.2.3]. A Hodge structure on a rank 3
lattice T' of signature (2,1) is the data of a point w € P(T ® C) such that
w? =0 and ww > 0, for w € w = Cw. Then the space T ® C decomposes as

T®C =Cuwa® Cta Cw,

where Ct is the orthogonal complement of the space Cw & Cw; this is a
real subspace: Ct = Ct. The set of Hodge structures is an (euclidian)
open subset in the smooth quadric Q7 ~ P! defined by w? = 0. In fact,
this is the complement of the real axis in C C P! = Qp, in particular, it is
biholomorphic to HUH, where H is the complex upper-plane (see |1, Section
2.3]). Two Hodge structures w,w’ on T are isomorphic if and only if there
exists an isometry g € O(T') such that
go(w) = w',

where gc is the complexification of g (an isometry of T acts as an homography
on HUH C Qr).

The fixed point set of a projective automorphism ¢ acting on P(7T ® C)
is a union of linear subspaces, thus the stabilizer group (in the projective
automorphism group) of the smooth quadric Qp acts faithfully on Q7.

Since we suppose that the over-lattices 7T; and T} are isomorphic, there
exist isometries h) € O(T(A)(3)) and h : T; — T} such that the following
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diagram is commutative

T(A)E) o T,

Lh lh.

T(A)B) — T
We consider T; and Tj contained in T'(A)(3) ® C. The complexification hc of
the lattice isometry h preserves the quadric Q = {w? =0} C P(T(A4)(3)®C)
containing the Hodge structures. That quadric is the same for T'(A)(3),T;
and T;. For w € @Q, the isometry h induces an isomorphism between the
Hodge structures (7;,w) and (T}, he(w)).

Suppose that for a general period w € @, the Hodge structures (7;,w) and
(Tj,w) are isomorphic. Then (7}, w) and (T}, hc(w)) are isomorphic: there
exists an isometry g € O(T}) such that gc(w) = hc(w). Since O(T}) is a
countable set, there exists a g € O(T}) such that for an infinite number of w,
one has gc(w) = he(w), and therefore, in fact, gc(w) = he(w) for all w, thus
Yw € Q, h(El gc(w) = w. Since the projective automorphism group preserving
@ acts faithfully on @ , this implies that h = ¢, and h is an isometry of T}.
This is a contradiction, therefore for general w € @, the Hodge structures
(Tj,w) and (Tj, hc(w)) are not isomorphic, and we conclude that (7},w),
(T;,w) are not isomorphic. O

Recall that for £ = 0 or 6 mod 9, we denote by 11,75, ... the over-lattices
of T(A)(3) that are isometric to T'(X). Let us fix a period w. The Hodge
structure (T'(A)(3),w) induces Hodge structures

(,Ivj)w)aj = ]-a 25

and by Proposition 23, these Hodge structures are not isomorphic for general
w. One has

Corollary 24. By the subjectivity of the Period map, there exist generalized
Kummer surfaces surfaces X1, Xo,... such that (T(X;), Cwx,) ~ (Ts, Cw)
for s = 1,2,..., with Xy = Km(As, Gs), such that Ay, Asg, ... are Fourier-
Mukai partners but such that X1, Xo,... are not isomorphic.

Remark 25. We remark that one has an isomorphism of Q-Hodge structures
(T(X;) ®Q,Cw) ~ (T'(X;) ®Q,Cw), and according to [9] it is algebraic, i.e.
is induced by a correspondence between X; and Xj;.
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