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Fractional Brownian fields
Kolmogorov (1940), Mandelbrot et Van Ness (1968)

ForH ∈ (0, 1), the fractional Brownian motionBH =
{

BH (x) ; x ∈ R
d
}

of Hurst parameterH is the only
Gaussian centered field that vanishes a.s. at0

• with stationary increments:∀x0 ∈ R
d,

{
BH(x + x0) − BH(x0); x ∈ R

d
}

fdd
=

{
BH(x) − BH(0); x ∈ R

d
}

;

• self-similar of orderH: for all λ > 0,
{

BH(λx); x ∈ R
d
}

fdd
= λH

{
BH(x); x ∈ R

d
}

;

• isotropic: for all rotationR,
{

BH(Rx); x ∈ R
d
}

fdd
=

{
BH(x); x ∈ R

d
}

.

Restriction along straight lines: for all directionθ ∈ Sd−1

{BH(x0 + tθ) − BH(x0); t ∈ R} = fractional Brownian motion of orderH.

H = 0.3 H = 0.7

matlab code onhttp://ciel.ccsd.cnrs.fr

Fast and exact simulation of fractional Brownian surface, M. L.

Stein, 2002

Hurst parameter
•H= Hurst parameter linked with

– self-similarity order

– Hölder regularity of sample paths ➥ Numerous estimators ofH.

– fractal dimension of graph

• The law is characterized by the variogramv(x) = Var (BH(x)) = cH,d‖x‖
2H .

• Spectral representationv(x) =
∫
Rd

∣∣e−ix·ω − 1
∣∣2 ‖ω‖−2H−ddξ ➥ spectral density= ‖ω‖−2H−d.

1D Estimation
Generalizedquadratic variations (Istas, Lang, 97)

Vu :=
1

r − 2u + 1

r−2u∑

t=0

(
BH

(
t + 2u

r

)
− 2BH

(
t + u

r

)
+ BH

(
t

r

))2

➥ E(Vu) = cHr−2Hu2H .

Ĥ =
1

2 log(2)
log

(
V2

V1

)
−→

r→+∞
H a.s.+ asymptotic normality.

Anisotropic fractional Brownian fields
Bonami and Estrade, 2003

An anisotropic fractional Brownian fieldX =
{

X(x); x ∈ R
d
}

is a Gaussian centered field that vanishes
a.s. at0 with stationary increments and variogram

v(x) = Var (X(x)) =

∫

Rd

∣∣∣e−ix·ω − 1
∣∣∣
2
f (ω)dω, with f (ω) = ‖ω‖−2h(θ)−d,

whereh is a Hurst parameter which depends on the directionθ = arg(ω).

Example: AFBF(h1, h2) with f (ω) =

{
‖ω‖−2h1−2, if |ω2| < |ω1|

‖ω‖−2h2−2, else.

h1 = h2 = 0.3 h1 = 0.5, h2 = 0.3 h1 = 0.7, h2 = 0.3

Hölder regularity
Restriction along straight lines
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for all directionθ ∈ Sd−1 {X(x0 + tθ); t ∈ R} has the
same Ḧolder regularity given by

H = min
θ

h(θ).

Projections along hyperplanes
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for all directionθ ∈ Sd−1 the processRθX obtained by
projection ofX on 〈θ〉 along〈θ〉⊥ has Ḧolder regularity given by

h(θ) + d−1
2 .

Methodology
• We consider an imageI(n, m) as a realization of an AFBF(h1, h2) on a grid:

{
X

(
n
r , m

r

)
; 0 ≤ n, m ≤ r − 1

}

• Oriented fractal analysis: Quadratic variations ofI(., m) ĥ01 → H and ofI(n, .) ĥ02 → H

• Projections of the image

– on the horizontal directionR1(n) =
1

r

∑

m

I(n, m) ≈

∫ 1

0
X

(n

r
, y

)
dy

– on the vertical directionR2(m) =
1

r

∑

n

I(n, m) ≈

∫ 1

0
X

(
y,

m

r

)
dy

• Quadratic variations of subsamples(R1(2
νn)) and(R2(2

νm))

ĥ1
ν
−→ h1 andĥ2

ν
−→ h2 a.s. + asymptotic normality

Anisotropy Tests
First test: H0 : h1 = h2 (isotropy) against

H1 : h1 6= h2 (anisotropy). Statistiĉdν =∣∣∣ĥν
1 − ĥν

2

∣∣∣. Rejection interval at the levelα = 5%:

Rν = {d̂ν > 1.96σν} with σν empirical standard
deviation ofdν underH0

R0 = {d̂0 > 0.16}

Second test:H0 : h1 = h2 = H (isotropy)
againstH1 : h1 6= H or h2 6= H (anisotropy).

Statistic δ̂ν =
∣∣∣max(ĥν

1 , ĥ
ν
2) − min(ĥ01, ĥ02)

∣∣∣.
Rejection interval at the levelα = 5%:
Rν = {δ̂ν > cν} with cν empirically determined
underH0

R2 = {δ̂2 > 0.2}

Application to mammograms
Analysis of ROI
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Oriented Fractal analysis
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Distribution of the minimal Hurst index

 

 
Distribution of H01
Distribution of H02
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Comparison of H01 and H02 values

Ĥ = min(ĥ01, ĥ02) = 0.31 ± 0.05
(58 cases, 116 images)
Heine et al, 2002H ∈ [0.33, 0.42]

Anisotropy of mammograms
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Comparison of H1 and H2 values
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Comparison of minimal and maximal Hurst indices

(ĥ2
1, ĥ2

2) (Ĥ, max(ĥ2
1, ĥ

2
2))

Anisotropy test
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d̂0 = |ĥ0
1 − ĥ0

2| δ̂2 =
∣∣∣max(ĥ2

1, ĥ
2
2) − Ĥ

∣∣∣
43% Anisotropic 60% Anisotropic
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