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Fractional Brownian fields Hurst parameter
Kolmogorov (1940), Mandelbrot et Van Ness (1968) e H=Hurst parameter linked with
For H € (0, 1), the fractional Brownian motio®;; = {BH (x);x € Rd} of Hurst paramete is the only —self-similarity order
Gaussian centered field that vanishes a.8. at —Holder regularity of sample paths [ Numerous estimators df.
e with stationary incrementstz, € R, {BH(ZC +x0) — B(zp); x € Rd} Jad {BH(ZE) — By(0);z € Rd} ; —fractal dimension of graph

The law Is characterized by the variograim;) = Var (B — 21
o self-similar of order: for all A > 0, {BH()\CC); T € Rd} Jdd \H {BH<37)337 c Rd} ; ° y gran) (Br(2)) = cpallz|

e Spectral representationv(z) = [pa [e ¥ — 1]2 lw|| =27 —dq¢ O spectral density= ||wl||~2# 1.

e isotropic: for all rotationZ, {BH<RSC); T € Rd} Jdd {BH(:U); T € Rd} .
Restriction along straight lines: for all directiond € S9! 1D Estimation
{Bu(zo+1t0) — By(zg);t € R} = fractional Brownian motion of ordef{ . Generalizedjuadratic variations (Istas, Lang, 97)
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matlab code orhtt p: //ciel.ccsd.cnrs. fr

Fast and exact simulation of fractional Brownian surfaéeL. _
0 E(V,) = cyr2Mu?H,

Stein, 2002
H = 210; ) log (%) N H a.s.+ asymptotic normality.
Anisotropic fractional Brownian fields Holder reqularity
Bonami and Estrade, 2003 Restriction along straight lines

An anisotropic fractional Brownian field = {X(x); T € Rd} is a Gaussian centered field that vanishe
a.s. at) with stationary increments and variogram for all directiond € S9! { X (zy + t0);t € R} has the

same Hblder regularity given by

. %
v(z) = Var(X(z)) = / e—w—1‘ f(w)dw, with f(w) = ||lw|| M)~ H = minh(6).
Rd
whereh is a Hurst parameter which depends on the directienarg(w).
—2h1—2 Projections along hyperplanes
Example: AFBH A, ho) with f(w) = WH_ o i fuwa] < o] : J TYPEIP
w2272, else. [

for all directiond € S~ the processiy X obtained by

projection of X on (#) along(6)- has Hlder regularity given by
d—1
h(f) + “5=.
hi=hy=0.3 hi = 0.5, hy = 0.3 hi=0.7,hy=0.3 e :
Methodology Anisotropy Tests
e \We consider animag&n, m) as arealization of an AFBfh |, ko) onagrid:{ X (%, 2) ;0 <n,m <r — 1} First test: Ho : hy = ho (isotropy) against Second test: Hg : hy = ho = H (isotropy)
b e _ . 2l ST . _ .
e Oriented fractal analysis: Quadratic variationd f m) hgy — H and of[(n,.) hgo — H 711 ' Ah 17 _h2 .(anl.sotropy). Statistial” = agal_ns.tHAl £ H of hZ 7 H (anEotr/cipy) '
L . hY — h5|. Rejection interval at the level = 5%: Statistic 0¥ = |max(hY, h5) — min(hgy, hg2)|.
e Projections of the image 1 ST 172
| [, RY = {d" > 1.965"} with ¢ empirical standard Rejection interval at the leven = 5%:
—on the horizontal directiof®(n) = — Z I(n,m) ~ / X (—, y) dy deviation ofd” underH, RY ={0¥ > ¢} with ¢ empirically determined
" 0 " underH,
—on the vertical directioiRy(m) = — Z Inm)~ | X (y, —) dy R =A{d’ > 0.16} R ={0"> 0.2}
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e Quadratic variations of subsamplgs; (2”n)) and(R2(2"m))

hAly — hy andffgy — ho a.s. + asymptotic normalily

Application to mammograms

Analysis of ROI Oriented Fractal analysis Anisotropy of mammograms Anisotropy test

Distribution of the minimal Hurst index Comparison of HO1 and HO2 values

r r T T T T T T . - Comparison of H1 and H2 values Comparison of minimal and maximal Hurst indices
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H = min(hg, hge) = 0.31 £ 0.05 (A1, h3) (H, max(h, h3)) D _ 7070 £ 29 2o 5
(58 cases, 116 images) _ _ _ _
Heine et al, 20027 < [0.33,0.42] 43% Anisotropic 60% Anisotropic
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