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Random balls models
Slice by slice construction

Slice numberj ∈ Z:
a family of grainsXn

j + B(0, Rn
j ) in R

d built up from a Poisson point

process(Xn
j , Rn

j )n in R
d × (2−j−1, 2−j).

EQUIV: a Poisson random measureNj on R
d × R

+ with inten-
sity measuredx ⊗ r−β−1

1(2−j−1,2−j)(r)dr.

Random point(x, r) ∈ R
d × R

+
y random ballB(x, r)
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Associated shot-noise random field
We define the slice random fieldTj onR

d by

Tj(y) =
∑

n

1B(Xn
j ,Rn

j )(y)

= # grains containingy ∈ R
d

=

∫

Rd×R+

1B(x,r)(y)Nj(dx, dr).

d = 1 → numbers of connections to a server at timey

d = 2 → discretized gray level at pointy in a picture
d = 3 → mass density of a 3D granular media iny

We also define the centered piling up random field

Fjmin,jmax
(y) =

jmax
∑

j=jmin

(

Tj(y) − Tj(0)
)

, (jmin, jmax) ∈ Z
2 .

Simulation on [0, 1]d

We propose to simulate our field on[0, 1]d. Note that forj ∈ Z balls with centers not in[−1−2−j, 2+2−j]d

do not contribute to
{

Tj(y); y ∈ [0, 1]d
}

. Moreover,

#
{

(Xn
j , Rn

j ); Xn
j ∈ [−1 − 2−j, 2 + 2−j]d

}

∼ P(2−jβcβdj),

with cβ = (2β − 1)β−1 anddj = (3 + 2−j+1)d.

We consider
• (νj) a family of independent Poisson rv with parameter2−jβcβdj;

• (Xn
j ) a family of independent rv with uniform law on[−1 − 2−j, 2 + 2−j]d;

• (Rn
j ) a family of independent rv with law2jβc−1

β r−β−1
1(αj+1, αj](r) dr , simulated with the pseudo-

inverse method:Rn
j = 2−j(2β − (2β − 1)U [0, 1])−1/β).

Then

{

Fjmin,jmax
(y) ; y ∈ [0, 1]d

}

fdd
=







jmax
∑

j=jmin





νj
∑

n=1

(

(1B(Xn
j , Rn

j )(y) − 1B(Xn
j , Rn

j )(0)
)



 ; y ∈ [0, 1]d







.
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Fractional Poisson Field
Letting jmin, jmax going to−∞, +∞ we get

Fjmin,jmax
(y) −→ F (y) =

∑

j∈Z

(

Tj(y) − Tj(0)
)

where the field{F (y); y ∈ R
d} may be expressed as

F (y) =

∫

Rd×R+

(

1B(x,r)(y) − 1B(x,r)(0)
)

N(dx, dr) (1)

with N a Poisson random measure of intensitydx ⊗ r−β−1 dr.

F is clearly not Gaussian but shares the same covariance function as the Fractional Brownian Field

cov(F (y), F (y′)) = 1/2
(

||y||d−β + ||y′||d−β − ||y − y′||d−β
)

(2)

(1) and (2) yield callingF asFractional Poisson Field

Normal convergence

Let
(

F k
jmin,jmax

)

k
iid copies ofFjmin,jmax

. According to the central limit theorem







1√
K

K
∑

k=1

F k
jmin,jmax(y) ; y ∈ R

d







fdd−→
K→+∞

{

Wjmin,jmax
(y) ; y ∈ R

d
}

,

whereWjmin,jmax
is a centered Gaussian process with stationary increments and covariance function

Cov
(

Wjmin,jmax
(y), Wjmin,jmax

(y′)
)

=
1

2

(

vjmin,jmax
(y) + vjmin,jmax

(y′) − vjmin,jmax
(y − y′)

)

, with vjmin,jmax
(y) =

∫

Rd×(2−jmax−1,2−jmin)
1B(y,r)∆B(0,r)(x)r−β−1dxdr.

In particular forβ ∈ (d − 1, d), we getv−∞,+∞(y) = cβ‖y‖d−β such thatW−∞,+∞ is the famous fractional Brownian field with Hurst parameterd−β
2 .
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