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Abstract

In this paper we study modulus of continuity and rate of convergence of series of condition-
ally sub-Gaussian random fields. This framework includes both classical series representations of
Gaussian fields and LePage series representations of stable fields. We enlighten their anisotropic
properties by using an adapted quasi-metric instead of the classical Euclidean norm. We specify our
assumptions in the case of shot noise series where arrival times of a Poisson process are involved.
This allows us to state unified results for harmonizable (multi)operator scaling stable random fields
through their LePage series representation, as well as to study sample path properties of their
multistable analogous.
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1 Introduction

In recent years, lots of new random fields have been defined to propose new models for rough real
data. To cite a few of them let us mention the (multi)fractional Brownian fields (see e.g. [6]), the
linear and harmonizable (multi)fractional stable processes [36, 12] and some anisotropic fields such as
the (multi)fractional Brownian and stable sheets [3, 4] and the (multi)operator scaling Gaussian and
stable fields [9, 8]. In the Gaussian setting, sample path regularity relies on mean square regularity.
To study finer properties such as modulus of continuity, a powerful technique consists in considering a
representation of the field as a series of random fields, using for instance Karhunen Loeve decomposition
(see [1] Chapter 3), Fourier or wavelet series (as in [17, 5]). This also allows generalizations to non-
Gaussian framework using for instance LePage series [26, 25] for stable distributions (see e.g. [20]).
Actually, following previous works of LePage [25] and Marcus and Pisier [29], Kéno and Maejima proved
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in [21] that, for a € (0,2), an isotropic complex-valued a-stable random variable may be represented
as a convergent shot noise series of the form

+oo
> T VeX,, (1)
n=1

with (7},)n>1 the sequence of arrival times of a Poisson process of intensity 1, and (X,,),>1 a sequence
of independent identically distributed (i.i.d.) isotropic complex-valued random variables, which is
assumed to be independent of (77,),>1 and such that E(|X|*) < +00. When X,, = V,,g,, with (gn)n>1
a sequence of i.i.d. Gaussian random variables independent of (V;,, T},),>1, the series may be considered
as a conditional Gaussian series. This is one of the main argument used in [20, 12, 7, 8] to study the
sample path regularity of some stable random fields. Another classical representation consists in
choosing X;,, = Vy&p, with (£,)n>1 a sequence of i.i.d. Rademacher random variables i.e. such that
P(e, = 1) = P(e, = —1) = 1/2. Both g, and &, are sub-Gaussian random variables. Sub-Gaussian
random variables have first been introduced in [17] for the study of random Fourier series. Their main
property is that their tail distributions behave like the Gaussian ones and then sample path properties
of sub-Gaussian fields may be set as for Gaussian ones (see Theorem 12.16 of [24] for instance). In
particular they also rely on their mean square regularity.

In this paper we study the sample path regularity of the complex-valued series of conditionally
sub-Gaussian fields defined as

+oo
S(x) = Wn(x)gn, for z € K4 C R, (2)
n=1

with (gn),~; a sequence of independent symmetric sub-Gaussian complex random variables, which
is assumed independent of (Wn),>1- In this setting we give sufficient assumptions on the sequence
(Wpn)n>1 to get an upper bound of the modulus of continuity of S as well as a uniform rate of conver-
gence. Then, we focus on shot noises series

+oo
S(a,u) = ZTn_l/O‘Vn(a,u)gn, z=(a,u) € Kgy1 C (0,2) x RY,

n=1

with (T7,),,~, the sequence of arrival times of a Poisson process. Assuming the independence of (1},),,,
(Vi) and (gn),,>1, We state some more convenient conditions based on moments of V;, to ensure that
the main assumptions of this paper are fulfilled. In particular when V,,(o,u) := X,, is a symmetric
random variable, one of our main result gives a uniform rate of convergence of the shot noise series (1)
in o on any compact K = [a,b] C (0,2), which improves the results obtained in [11] on the convergence
of such series. In the framework of LePage random series, which are particular examples of shot noise
series, we also establish that to improve the upper bound of the modulus of continuity of S, one
has the opportunity to use an other series representation of S. On the one hand, our framework
allows to include in a general setting some sample path regularity results already obtained in [7, 8]
for harmonizable (multi)-operator scaling stable random fields. On the other hand, considering « as a
function of u € R?, we also investigate sample path properties of multistable random fields that have
been introduced in [14]. To illustrate our results, we focus on harmonizable random fields.

The paper falls into the following parts. In Section 2 we recall definition and properties of sub-
Gaussian random variables and state our first assumption needed to ensure that the random field S
is well-defined by (2). We also introduce a notion of anisotropic local regularity, which is obtained by
replacing the isotropic Euclidean norm of R¢ by a quasi-metric that can reveal the anisotropy of the
random fields. Section 3 is devoted to our main results concerning both local modulus of continuity of
the random field S defined by the series (2) and rate of convergence of this series. Section 4 deals with
the particular setting of shot noise series, the case of LePage series being treated in Subsection 4.3.
Then Section 5 is devoted to the study of the sample path regularity of stable or even multistable
random fields. Technical proofs are postponed to Appendix for reader convenience.



2 Preliminaries

2.1 Sub-Gaussian random variables

Real-valued sub-Gaussian random variables have been defined by [17]. The structure of the class of
these random variables and some conditions for continuity of real-valued sub-Gaussian random fields
have been studied in [10]. In this paper we focus on conditionally complex-valued sub-Gaussian random
fields, where a complex sub-Gaussian random variable is defined as follows.

Definition 2.1. A complex-valued random variable Z is sub-Gaussian if there exists s € [0, +00) such
that

32|z\2

Vz € C,E(eéﬁ@z)) <e 2 . (3)

Remark 2.1. This definition coincides also with complex sub-Gaussian random variables as defined
in [15] in the more general setting of random variables with values in a Banach space. Moreover, for
a real-valued random variable Z, it also coincides with the definition in [17]. Kahane [17] called the
smallest s such that (3) holds the Gaussian shift of the sub-Gaussian variable Z. In this paper, if (3)
18 fulfilled, we say that Z is sub-Gaussian with parameter s.

Remark 2.2. A complex-valued random variable Z is sub-Gaussian if and only if R(Z) and I(Z) are
real sub-Gaussian random variables. Note that if Z is sub-Gaussian with parameter s then E(R(Z)) =
E(3(Z)) = 0 and E(R(Z)?) < s? as well as E(I(2)?) < 52

The main property of sub-Gaussian random variables is that their tail distributions decrease expo-
nentially as the Gaussian ones (see Lemma A.1). Moreover, considering convergent series of indepen-
dent symmetric sub-Gaussian random variables, a uniform rate of decrease is available and the limit
remains a sub-Gaussian random variable. This result, stated below, is one of the main tool we use to
study sample path properties of conditionally sub-Gaussian random fields.

Proposition 2.1. Let (gy),~; be a sequence of independent symmetric sub-Gaussian random variables
with parameter s = 1. Let us consider a complex-valued sequence a = (ap)p>1 such that

“+o00

2 2
lal?, = > lanl? < +o0.

n=1

Z Gndn

1. Then, for any t € (0,+00), P| sup
Nen\{o} |4

> t||a|| ) < 8e_§.

+oo
2. Moreover, the series Zangn converges almost surely, and its limit Zangn is a sub-Gaussian
n=1
random variable with parameter ||a|]182
Proof. See Appendix, Section A. O

Remark 2.3. In the previous proposition, assuming that the parameter s = 1 is not restrictive since
ap can be replaced by ans, and g, by gn/sn when g, is sub-Gaussian with parameter s, > 0.

2.2 Conditionally sub-Gaussian series
In the whole paper, for d > 1, K; = H?zl[aj, b;] € R? is a compact d-dimensional interval and for
each integer N € N, we consider

N
Sn(@) =Y Wa()gn, =€ Ky (4)

n=1

where 22:1 = 0 by convention and where the sequence (W,,, gn)n>1 satisfies the following assumption.



Assumption 1. Let (gn),>; and (Wy),~; be independent sequences of random variables.

1. (gn),>q is a sequence of independent symmetric complez-valued sub-Gaussian random variables
with parameter s = 1.

2. (Whp),>q is a sequence of complex-valued continuous random fields defined on Kq and such that

+oo
Vo € Kq, almost surely Z (W (z)]* < 400.

n=1

Under Assumption 1, conditionally on (Wy),~, each Sy is a sub-Gaussian random field defined
on K;. Moreover, for each x, Proposition 2.1 and Fubini Theorem lead to the almost sure convergence
of Sy(x) as N — +oo. The limit field S defined by

+oo
S(z) =) Wa(z)gn, € KqCRY, (5)
n=1

is then a conditionally sub-Gaussian random field. In the sequel, we study almost sure uniform con-
vergence and rate of uniform convergence of (Sy)ycy as well as the sample path properties of S.

Assume first that each g, is a Gaussian random variable and that each W, is a deterministic
random field, which implies that S is a Gaussian centered random field. Then, it is well-known that
its sample path properties are given by the behavior of

+o0 1/2
S(IE,y) = <Z ’Wn(x) - Wn(y>‘2> y LY € K, (6>
n=1

since s? is proportional to the variogram (x,y) — v(z,y) := E [|S($) - S(y)ﬂ . In the following, we see

that under Assumption 1, the behavior of S is still linked with the behavior of the parameter s. In this
more general framework, a key tool is to remark that conditionally on (W,,),~, S is a sub-Gaussian
random field and the random variable S(x) — S(y) is sub-Gaussian with parameter s(z,y).

We are particularly interested in anisotropic random fields S (and then anisotropic parameters s).
Therefore, next section deals with an anisotropic generalization of the classical Hélder regularity, that
is with a notion of regularity which takes into account the anisotropy of the fields under study.

2.3 Anisotropic local regularity

Let us first recall the notion of quasi-metric (see e.g. [32]), which is more adapted to our framework.

Definition 2.2. A continuous function p : R x RY — [0, +00) is called a quasi-metric on R? if
1. p is faithful i.e. p(z,y) =0 iff x = y;
2. p is symmetric i.e. p(x,y) = p(y,x);
3. p satisfies a quasi-triangle inequality: there exists a constant k > 1 such that

Vz,y,z € RY, p(z,2) < k (p(z,y) + p(y, 2)) -

Observe that a continuous function p is a metric on R if and only if p is a quasi-metric on R? which
satisfies Assertion 3. with k = 1. In particular, the Fuclidean distance is an isotropic quasi-metric and
its following anisotropic generalization

d 1/p
(z,y) — p(z,y) = (Z |z; — y,;\p/“i> where p > 0 and aq,...,aq > 0,
i=1

is also a quasi-metric. Such quasi-metrics are particular cases of the following general example.



Example 2.1. Let us consider E a real d X d matriz whose eigenvalues have positive real parts and
7. : RY = RT a continuous even function such that

i) for all x #0, 1,(x) > 0;
i) for allr >0 and all z € RY, 7, (rPx) = r1,(x) with ¥ = exp ((In7r)E).

The classical example of such a function is the radial part of polar coordinates with respect to E
introduced in Chapter 6 of [31]. Other examples have been given in [9)].
Let us consider the continuous function p,, defined on R? x R? by

pE(x?y) = TE(x - y)

Then, by definition of T, p, is faithful and symmetric. Moreover, by Lemma 2.2 of [9], p, also satisfies
a quasi-triangle inequality. Hence, p, is a quasi-metric on R? and it is adapted to study operator scaling
random fields (see [9, 7] for example).

Let us remark that since pg define a quasi-metric for £/ whatever § > 0 is, we may restrict our
study to matrix E whose eigenvalues have real parts greater than one. Then, by Proposition 3.5 of [8],
there exist 0 < H < H <1 and two constants ¢, ,,c,, € (0,00) such that for all z,y € RY,

ey, min(flz =yl lz — ylI) < pp(2,) < ey max(flz — |7, o — ylI*),

where || - || is the Euclidean norm on R? In [8, 7], this comparison is one of the main tool in the
study of the regularity of some stable anisotropic random fields. Therefore, throughout the paper, we
consider a quasi-metric p such that there exist 0 < H < H < 1 and two constants Cy1yCyy € (0,00)
such that for all z,y € RY, with ||z — y|| < 1,

0271”3: - yHH < p(x,y) < Cz,QHx - yHﬂ (7)

Before we introduce the anisotropic regularity used in the following, let us briefly comment this as-
sumption.

Remark 2.4.

1. The upper bound is needed in the sequel to construct a particular 27 net for p, whose cardinality
can be estimated using the lower bound.

2. Using the quasi-triangle inequality satisfied by p and its continuity, one deduces from (7) that
for any non-empty compact set K5 = H?Zl[aj, bj] C R?, there exist two finite positive constants
c,1(Kq) and c, ,(Kq) such that for all x,y € Kg,

o (Kl =y < pla,y) < ey, (Ka)llz =yl (8)

3. It is not restrictive to assume that H < 1 since for any ¢ > 0, p¢ is also a quasi-metric.

We will consider the following anisotropic local and uniform regularity property.

Definition 2.3. Let 3 € (0,1] andn € R. Let zo € Kq with Ky C R%. A real-valued function f defined
on Kg belongs to H, i,(xo,3,1n) if there exist v € (0,1) and C € (0,+00) such that

f() — f(y)] < C plz,y)?|log(p(z, y))|"

for all x,y € B(xo,v) N Kq = {2 € Kg; |z — 20| < ~v}. Moreover f belongs to H,(Kq,B,n) if there
exists C € (0,400) such that

Va,y € Kq, |f(x) — f(y)| < C p(z,y) [log(1 + p(z,y)~H)]".



Remark 2.5.

1. If f € H,k,(x0,8,m), then f is continuous at xy. Moreover, since hB [log(l +h_1)]77 ~hs04
hP|log(h)|" and since p satisfies Equation (7), f € H, k,(z0, 8,m) if and only if for some v > 0,
f € HP(B(:EUa ’Y) N Kda B, 77)

2. If f € Hy(Kq,B,n), then f € H,x,(x0,B,n) for all xg € Kq. The converse is also true since
Ky is a compact. This follows from the Lebesgue’s number lemma and the boundedness of the
continuous function f on the compact set K4 (see Lemma B.2 stated in the appendiz for an idea

of the proof).

3. A function in H,(Kq,3,0) may be view as a Lipschitz function on an homogeneous space [28].
Note also that when p is the Euclidean distance, for any f < 1 andn < 0, the set H,(Kq, B,n) (re-
spectively H, i, (o, B,m)) is included in the set of Holder functions of order 8 on Kq (respectively
around x).

4. Assuming B <1 is not restrictive since, for any ¢ > 0, p€ is also a quasi-metric.

The introduction of the logarithmic term appears naturally when considering Gaussian random
fields. Actually, [6] proves that for all 8 € (0,1], a large class of elliptic Gaussian random fields Xz,
including the famous fractional Brownian fields, belongs a.s. to H, k,(xo, 5,1/2) with p the Euclidean
distance (see Theorem 1.3 in [6]). Moreover, Xiao [38] also gives some anisotropic examples of Gaussian
fields belonging a.s. to H, i ,(xo, 1,1/2) for some anisotropic quasi-distance p = p, associated with E
a diagonal matrix (see Theorem 4.2 of [37]). Finally, in [8], we construct stable and Gaussian random
fields belonging a.s. to H,, k,(zo,1 —¢,0) for some convenient p;, (see Theorem 4.6 in [8]).

3 Main results on conditionally sub-Gaussian series

3.1 Local modulus of continuity

In this section, we first give an upper bound of the local modulus of continuity of S defined by (4)
under the following local assumption on the conditional parameter (6).

Assumption 2. Let zg € K4 with Kg = H?Zl[aj,bj] C Re. Let us consider p a quasi-metric on RY
satisfying Equation (7). Assume that there exist an almost sure event Q' and some random variables
v>0, € (0,1, n € R and C € (0,+00) such that on

VCB, Yy e B($07 ’7) N Kd7 S(.’L‘, y) < Cp(.il?, y)ﬁ| IOg(p(xv y))|77’
where we recall that the conditional parameter s is given by (6).

Note that the event ', the random variables ~, 8,7, C and the quasi-metric p may depend on x.

Let us now state the main result of this section on the modulus of continuity. The main difference
with [21, 7, 8] is that we do not only consider the limit random field S but obtain a uniform upper
bound in N for the modulus of continuity of Sy .

Theorem 3.1. Assume that Assumptions 1 and 2 are fulfilled. Then, almost surely, there exist v* €
(0,7) and C € (0,400) such that for all x,y € B(xo,v*) N Kg,

sup |Sy () — Sn(y)| < Cp(x,y)?|log p(x, y)|"H/2.
(S

Moreover, almost surely (Sn)nen converges uniformly on B(zg,v*) N Kq to S and the limit S belongs
to Hp K, (z0, 8,n+1/2). In particular, almost surely S is continuous at g.



Proof. See Appendix, Section B.1. d

Strengthening Assumption 2, the uniform convergence and the upper bound for the modulus of
continuity are obtained on deterministic set. Next corollary is obtained using some covering argument.

Corollary 3.2. Assume that Assumptions 1 is fulfilled.

1. Assume that Assumption 2 holds for any xg € Ky with the same almost sure event Y, the same
random wvariables B and n, and the same quasi-metric p. Then Theorem 3.1 holds replacing
B(zo,7*) N Kq4 by all the set K4 and almost surely S belongs to H,(Kq, 5,1+ 1/2).

2. Assume now that Assumption 2 holds with a deterministic vy. Then Theorem 3.1 holds replacing
B(zg,7*) N Kq by B(xo,7v) N Kq and almost surely S belongs to H,(B(xo,v) N Kq, B,1m+1/2).

Proof. See Appendix, Section B.1. O

When considering S an operator scaling Gaussian random field, note that [27] proves that the upper
bound obtained by Corollary 3.2 is optimal. Moreover for some Gaussian anisotropic random fields,
[37] also obtains a sample path regularity in the stronger LP-sense on whole the compact Ky. This
follows from an extension of the Garsia-Rodemich-Rumsey continuity lemma [16] or the minorization
metric method of [22]. This would be interesting to study if these results still hold when considering a
quasi-metric p (and not a metric) and if they can be applied to obtain the sample path regularity of S
in the stronger LP-sense on whole the compact K, strenghtening the assumption on the parameter s.

3.2 Rate of almost sure uniform convergence

This section is concerned with the rate of uniform convergence of the series (Sn)yey defined by (4).
Under Assumption 1, this series converges to S and, for any integer N, we consider the rest

+oo
Ry(z)=S(z) — Sn(x) = > Wa(z)gn, =€ KqCR™
n=N-+1

Then, conditionally on (Wy,),,>1, Bn(2) — Rn(y) is a sub-Gaussian random variable with parameter

. 1/2
TN(%@/)Z( > IWn(w)—Wn(y)l2> , @,y € Ky (9)

n=N-+1

Observe that Ryp = S and that ro(z,y) = s(x,y). To obtain a rate of uniform convergence for the
sequence (Sn)yen the general assumption relies on a rate of convergence for the sequence () yen-

Assumption 3. Let g € Ky with Kg = H;l:l[aj,bj] C R and let p be a quasi-metric on RY satis-
fying (7). Assume that there exist an almost sure event ), some random variables v > 0, 8 € (0,1],
n € R and a positive random sequence (b(N))nen such that on €,

VN €N, Va,y € B(zo,7) N Ka, rx(2,y) < b(N)p(z,y)|log(p(z, y)|". (10)

Note that €', p and the random variables v, 3,7 and b(N) may depend on zy. Note also that since
Assumption 3 implies Assumption 2, according to Theorem 3.1, almost surely, there exists v* € (0,7)
such that Ry = S — Sy is continuous on B(zg,~v*). The following theorem precises the modulus of
continuity of Ry with respect to N and a rate of uniform convergence.

Theorem 3.3. Assume that Assumptions 1 and 3 are fulfilled.



1. Then, almost surely, there exists v* € (0,7) and C € (0,+00) such that for
R () = Rx(y)| < Co(N)iog(N + 2)p(x )" [log (e, y) " 1/2

for all N € N and all z,y € B(xzo,v*) N Ky.

2. Moreover, if almost surely, for all N € N,

|Bn (z0)] < b(N)v/log(N +2), (11)
then, almost surely, there exists v* € (0,7) and C € (0,4+00) such that

|Ry(z)] < Cb(N)+/log(N +2)
for all N € N and all x € B(zo,v") N Kg4.

Proof. See Appendix, Section B.2. O

An analogous of Corollary 3.2 holds for strengthening the previous local theorem to get uniform
results on Ky or on B(xg,7) N Ky when 7 is deterministic.

Corollary 3.4. Assume that Assumptions 1 is fulfilled.

1. Assume that Assumption 3 holds for any xo € K4 with the same almost sure event V', the same
random variables § and n, the same sequence (b(N))nen and the same quasi-metric p. Then
Assertion 1. of Theorem 3.3 holds replacing B(xo,v*) N K4 by all the set K4. If moreover,
Equation (11) is fulfilled for some xoy € Kg, then

| By ()]

sup sup < +o0 almost surely.
NeNzeky b(N)4/log(N + 2)

2. Assume now that Assumption 3 holds with a deterministic . Then Theorem 3.3 holds replacing
B(zo,7*) N Kq by B(zo,v) N Kq.

4 Shot noise series

4.1 Preliminaries

In this section, we consider the sequence of shot noise series defined by
N
YN €N, Va € Ky = [a,b] C (0,2), Sx(a) =Y T,/°X,,
n=1

where for all n > 1, the random variable T, is the nth arrival time of a Poisson process with inten-
sity 1 and (X,,)n>1 is a sequence of i.i.d. symmetric random variables, which is assumed independent
of (Ty,)n>1. Let us first recall that S3 (o) converges almost surely to S*(«) an a-stable random variable
as soon as X, € L% (see [35] for instance). Under a strengthened assumption on the integrability of
X, rate of pointwise almost sure convergence and rate of absolute convergence have also been given
in Theorems 2.1 and 2.2 of [11].

Since (X,),,~; may not be a sequence of sub-Gaussian random variables, we cannot apply Section 3
to the sequence_(S}kV)NeN. However, due to symmetry of (Xy),>,

(@) (

(Xn)nzl = Xngn)nzl



with (gn),>; a Rademacher sequence independent of (Xy,T5),,>; and Section 3 allows to study

N
SN(Q) = Z Wn(a)gn with Wn(a> = T;l/aXn

n=1

Moreover, in Theorems 3.1 and 3.3, Sy (respectively Ry = S—Sn) can be replaced by S, (respectively
Ry = S* — S%), see the proof of next theorem for details. Then, assuming that X, is sufficiently
integrable, we obtain the uniform convergence of S} on a deterministic compact interval Ky = [a, ] C
(0,2) and a rate of uniform convergence. These results, stated in the following theorem, strengthen
Theorem 2.1 of [11] which deals with the pointwise rate of convergence.

Theorem 4.1. For any integer n > 1, let T;, be the nth arrival time of a Poisson process with inten-
sity 1. Let (Xp)n>1 be a sequence of i.i.d. symmetric random variables, which is assumed independent
of (Ty)n>1. Furthermore assume that E(|X1|*?) < 400 for some p > 0.

1. Then, almost surely, for all b € (0, min(2,2p)) and for all a € (0,b], the sequence of partial sums
(SN) nen converges uniformly on [a, b].

2. Moreover, almost surely, for all b € (0,min(2,2p)) and for all a € (0,b), for all p’ > 0 with
1/p' € (0,1/b— 1/ min(2p,2)),

+00
sup sup NV Z Tn_l/o‘Xn < +o00.
NeN agla,b] n=N+1
Proof. See Appendix, Section C.1. O

4.2 Modulus of continuity and rate of convergence of shot noise series

In this section, we focus on some shot noise series, which are particular examples of conditionally
sub-Gaussian series. For this purpose we assume that the following assumption is fulfilled.

Assumption 4. Let (T,),~1, (Va),>1 and (gn),~, be independent sequences satisfying the following
conditions.

1. (gn),>1 s a sequence of independent complez-valued symmetric sub-Gaussian random variables
with parameter s = 1.

2. T, is the nth arrival time of a Poisson process with intensity 1.
3. (Va),>y s a sequence of i.i.d. complez-valued random fields defined on Kqy1 C (0,2) X RY.
4. For any (a,u) € Kqi1, Vo(a,u) € L«
For any integer n > 1, we consider the complex-valued random field W,, defined by
Wo(a,u) == TV (o, u), (onu) € Kgpp C (0,2) x RY (12)

Since |Vy(a,u)|* € L*? and «/2 € (0,1), according to Theorem 1.4.5 of [35],
+oo +oo
Z (W (a,u)|* = ZT{Q/O‘WTL(Q,U)F < 400 almost surely.
n=1 n=1

Therefore the independent sequences (Wp,),,~; and (gn),,>; satisfy Assumption 1. Then, S and (Sy)nen

are well-defined on K4, C (0,2) x R? ¢ R¥! by (5) and (4). Before we study, the modulus of
continuity of S and the rate of convergence of (Sy)nen, let us state some remarks.



Remark 4.1. Assume that Conditions 1-3 of Assumption 4 are fulfilled with (g5),~, @ sequence of
i.i.d. random variables. Then Remark 2.6 of [34] proves that Condition 4 is a necessary and sufficient
condition for the almost sure convergence of (Sn(a,u))yey for each (o,u) € Kqyy1. Note that by
It6-Nisio Theorem (see e.g. Theorem 6.1 of [24]), it is also a necessary and sufficient condition for
the convergence in distribution of the sequence (Sn(a,u))ycy. Then, Condition 4 is not a strong
assumption and is clearly essential to ensure that S(a,w) is well-defined.

Remark 4.2. Assume that Assumption 4 is fulfilled with (gn),,~, @ sequence of i.i.d. random variables.
Then, it is well-known that for each o € (0,2), S(a,-) is an a-stable symmetric random field, as field in
variable u. In Section 5.1, we will focus on a-stable random fields defined through a stochastic integral
and see that, up to a multiplicative constant, such a random field X, has the same finite distributions
as S(a,-) for a suitable choice of (gn, Vn)n>1. The sample path regularity of S in its variable o is not
needed to obtain an upper bound of the modulus of continuity of X,. Nevertheless, this reqularity is
useful to deal with multistable random fields (see Section 5.2).

The sequel of this section is devoted to simple criteria, based on some moments of V,,, which ensure
that Assumption 3 (and then Assumption 2) is fulfilled. More precisely, the results given below help
us to give simple conditions in order to get Assumption 3 and (11) satisfied with b(N) = (N + 1)~ /7'
for some convenient p’ > 0. Then, all the results of Section 3 hold.

Theorem 4.2. Assume that Assumption 4 is fulfilled with Kq11 = [a,b] % H?zl[aj,bj] c (0,2) x R4
and let p be a quasi-metric on R™ satisfying Equation (7). Assume also that for some xo € Kq,1,
there exist r € (0,400), B € (0,1], n € R and p € (b/2,+00) such that E(|V1(:v0)|2p) < 400 and

2p

B sup M(aﬁr)—Vl(y)l ;
eyeKar P(2,y)P|log p(, y)|

o<lz—yll<r

< 00. (13)

Let us recall that S and Sy are defined by (5) and (4) with Wy, given by (12).

1. Then, almost surely (Sn) ey converges uniformly on Kqi1 and its limit S belongs almost surely
to HP(Kd-‘rla Bv max (77’ O) =+ 1/2)

2. Moreover, when p’ > 0 is such that 1/p’ € (0,1/b—1/min(2p,2)), almost surely

sup N7 sup |S(z) — Sy (x)] < +oo.
NeN xGKd+1

Proof. See Appendix, Section C.2. O

Example 4.1. Assume that V is a fractional Brownian field on R? with Hurst parameter H. Then (13)
is satisfied for all p > 0 with p(x,y) = ||lx —y|, B = H and n=1/2 (see e.q. Theorem 1.3 of [6]).

Let us now present a method (similar to those used in [20, 7, 8] to bound some conditional variance)
to establish (13).

Proposition 4.3. Let 29 = (ap,uo) € Kg41 with Kq41 = [a,b] X H;l:l[aj, bj] C (0,2) x R Let V; be a

complez-valued random field defined on Kqi1. Assume that there exists a random field (G(h))yeqo 1o0)
with values in [0,00) and such that

(i). there exists p a quasi-metric on R satisfying Equation (7) such that almost surely,

Vr,y € Kap, [Vi(z) — Vi(y)| < G(p(z,9));
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(7). there exists ho € (0,1] such that almost surely, the function h — G(h) is monotonic on [0, ho|;

(iii). there exist p > b/2 and some constants B € (0,1], n € R and C' € (0,00) such that for some ¢ > 0
and for h > 0 small enough,

I(h) — E(g(h)2p) < C’h2p6\logh]2p(n_1/2p_€)- (14)

Then, Equation (13) holds for r > 0 small enough.
Proof. See Appendix, Section C.2. d

Remark 4.3. If (V,) n>1 18 a sequence of independent symmetric random variables, Theorem 4.2 still
holds replacing Sy (c,u) (respectively S(a,u)) by

Sy (o, u) ZT_I/C“V (o,u)  (respectively by S*(a, u) ZT_I/O‘V (o, u)).

n=1 n=1

In particular, following Example 4.1, when Assumption 4 is fulfilled with V1 a fractional Brownian field
on R with Hurst parameter H, Assumptions of Theorem 4.2 are fulfilled with pyi1 the Buclidean dis-
tance on R 3 = H andn = 1/2, on any compact (d+1)-dimensional interval Kgy1. Especially, this
leads to an upper bound of the modulus of continuity of S* on any compact (d+1)-dimensional interval
Kay1. Then for any fived ag € (0,2), we also obtain that the ag-stable random field (S* (o, w)),cpa 5
in Hp,(Kq, H,1) for pq the Euclidean distance on R? and for any compact set Kq C R,

4.3 LePage random series representation

Representations in random series of infinitely divisible laws have been studied in [26, 25]. Such repre-
sentations have been successfully used to study sample path properties of some symmetric ag-stable
random processes (d = 1) and fields (see e.g. [20, 7, 8, 12]).

Let us be more precise on the assumptions on the LePage series under study.

Assumption 5. Let (15,),5, and (gn),>; be as in Assumption 4. Let (§,),51 be a sequence of i.i.d.
random variables with common law

pu(d€) = m(§)v(ds)
equivalent to a o-finite measure v on (R, B(R?)) (that is such that m(&) > 0 for v-almost every €).
This sequence is independent from (gn7Tn)n21‘ Moreover we consider

Vila, ) == f, (u, &)m(&) ",

where for any o € K1 C (0,2), f, : Kg x RY — C is a deterministic function such that

Vu € K4 € RY, /Rd | £, (u, &)|*v(dE) < +o0.

Under this assumption, Assumption 4 is fulfilled with K;11 = K; x K4. Then, emphasizing the
dependence on the function m, Sy, v and S, are well-defined on K4y by (4) and (5) with W), given
by (12). In particular,

+oo
Smlonu) =Y T (u,&)m(€n)  gn,  (a,u) € Kgyr = Ky x Kq C (0,2) x R™. (15)

Under appropriate assumptions on f, and m, the previous sections state the uniform convergence of
the series, give a rate of convergence and some results on regularity for S,,. Precise results on regularity
of S;, may be obtained using the following proposition, which states that the finite distributions of S,
does not depend on the choice of the v-density m.

11



Proposition 4.4. Assume that Assumption 5 is fulfilled and let Sy, be defined by (15). Let (£,)n>1

be a sequence of i.i.d. random variables with common law fi(d§) = m(§)v(d€) equivalent to v. Assume
that the sequences (§n)n>1, (9n)p>1 and (Tn),>, are independent.

1. Then, Sp, [dd Sr, where 14 eans equality of finite distributions. In other words,

o, (10, (18)0(6)
n=1

(a,u)eEK i1

2. Assume moreover that for v-almost every & € RY, the map (o, u) = fo(u, &) is continuous on the
compact set Kgp1 C (0,2) x R%. Let us consider p a quasi-metric on R, 3 € (0,1] and n € R.
Then, Sy, belongs almost surely in H,(Kqy1,3,m) if and only if Sy, does.

Proof. See Appendix, Section C.3. O

In particular, when studying the sample path properties of S,,, this result allows us to replace m
by an other function m so that the regularity of S,, may be deduced from the regularity of S;. For
example, replacing m by mg, depending on z( this may lead to a more precised bound for the modulus
of continuity of S, around z¢ (see e.g. Example 5.3).

5 Applications

5.1 a-stable isotropic random fields

Let us fix @ = a9 € (0,2) and assume that Assumption 5 is fulfilled with g, some isotropic complex
random variables. Then, the proof of Proposition 4.4 (see Section C.3) allows to compute the charac-

teristic function of the isotropic ag-stable random field Sy, (v, ) = (Sm (a0, 1)), cx,, Which leads to

Su(00.) @ oy ([ foywMan(a))

ueKy

with M,, a complex isotropic ap-stable random measure on R? with control measure v and

N 1 21 —1/e +00 3 2 1/ao
oy = () (5 [Tleosoyma) ([T Do) (16)

When v is a finite measure (respectively the Lebesgue measure), this stochastic integral representation
of Sy (o, ) has been provided in [35, 29] (respectively [20, 7]).

Let us note that assumptions of Theorem 4.2 and Proposition 4.3 can be stated in term of the
deterministic kernel f, = to obtain an upper bound of the modulus of continuity of Sy,. In general,
well-choosing m,,, and applying Proposition 4.4, we obtain a more precise upper bound of the modulus
of continuity of S, (ay,-) around wug, which also holds for a modification of the random field

Xoo = ([ o wOManfa)) (1)

ueKy

To illustrate how the previous sections can be applied to study the field X,,, which is defined through
a stochastic integral and not a series, let us focus on the case of harmonizable stable random fields.
More precisely, we consider

Fug (0:6) = (€19 = 1) g (€),  V(u,€) € RY x RY, (18)
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with 94, : R? = C a borelian function such that

/Rd min(L, [[€])[aq (§)|*¥(d€) < +o00.

Note that, since this assumption does not depend on u, the random field X,, may be defined on the
whole space R?. For the sake of simplicity, in the sequel, we consider the case where v is the Lebesgue
measure and first focus on a random field X, which behaves as operator scaling random fields studied
in [9].

Proposition 5.1. Let ag € (0,2) and let X,, be defined by (17) with v the Lebesque measure on RY.
Let E be a real matriz of size d X d whose eigenvalues have positive real parts. Let 7, and 7., be
functions as introduced in Example 2.1 and let us set q(E) = trace(E) and a; = minyegp(gy R(A) with
Sp(E) the spectrum of E, that is the set of the eigenvalues of E. Assume that there exist some finite
positive constants cy,, A and B € (0,a1) such that

[Vao ()] < ey, (5)_6_‘1(E)/°‘0, for almost every ||&|| > A. (19)

Then, there exists a modification X7, = of X, such that almost surely, for any e > 0, for any non-empty
compact set Ky C R?,

sup {ij (u) — X3&, (U)‘
uzide 7 (u— v)ﬁ {log (1 + 7 (u— U)il)]

e+1/24+1/ap

Remark 5.1. The quasi-metric (x,y) — 7,(x —y) may not fulfill Equation (7) since the eigenvalues
of E may not be greater than 1. Nevertheless, the quasi-metric (z,y) T /oy (x —y) does and the
conclusion with 7, in the previous proposition then follows from the comparison

d
VEERT, 7, ()" <7y, (6) < 67()™
with c¢1, co two finite positive constants.

Proof. See Appendix, Section D.1. O

An upper bound for the modulus of continuity of such harmonizable random fields is also obtained
in [38]. This upper bound is given in term of the Euclidean norm and then does not take into account
the anisotropic behavior of X,,. Even when 7, is the Euclidean norm, our result is a little more precise
that the one of [38]. The difference is only in the power of the logarithmic term.

Let us now give some examples. We keep the notation of the previous proposition and the eigen-
values of the matrix F have always positive real parts.

Example 5.1. (Operator scaling random fields [9]) Let ¢ : RY — [0,00) be an E*-homogenecous
function, which means that

Ve € (0, +00), V€ € RY, w<cEt€) = cp(§)

where P = exp (Et log c). Let us assume that 1 is a continuous function such that (§) # 0 for
€ #0. Then we consider the function 1, : RY — [0, 4+00] defined by

Yoo (€) = (&)~ HA-1B)/e0,

The random field X,,, associated with o, by (17) and (18), is well-defined and is stochastically
continuous if and only if H € (0,a1). Then, let us now fir H € (0,ay). Since 14, is E'-homogeneous,
one easily checks that there exists cy, € (0,+00) such that

VE € RY, 4o (€) < ey, (&) HalE) a0,
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Then, the assumptions of Proposition 5.1 are fulfilled with 8 = H. The corresponding conclusion was
stated in Theorem 5.1 of [7] when H =1 and a1 > 1, which is enough to cover the general case using

Remark 2.1 of [7].
Example 5.2. (Anisotropic Riesz-Bessel a-stable random fields) Let us consider

1
ag = ’ Rd .
Vel = e (1 ey MY

with two real numbers B1 and PBy. Assuming that

E
(](2)<ﬁ1+52 and B1<?+ 5

the random field X, is well-defined by (17). When 7, is the Buclidean norm, this random field has

been introduced in [38] to generalize the Gaussian fractional Riesz-Bessel motion [2].
We distinguish two cases. If 81 + P2 < LQE) + 2% Proposition 5.1 can be applied with =

2(B1+B2)—q(E)

@Q

Q(E) Qpay

. Otherwise, Proposition 5.1 can be applied for any B € (0,a1).

Random fields defined by (17) have stationary increments so that their regularity on K, does not
depend on the compact set Ky. To avoid this feature one can consider non-stationary generalizations
by substituting v, by a function that also depends on u € K. More precisely, we can consider

Xop= ( /R (€ 1) (0, )Mo, (d&))ueKd (20)

with M,, a complex isotropic ap-stable random measure with Lebesgue control measure and ,, a
borelian function such that, for all u € Ky,

J.

Under some conditions on 1),,, when considering the local behavior of X, around a point u¢ one can
conveniently choose a Lebesgue density m,,, to obtain an upper bound of the modulus of continuity of
the shot noise series Sy, («o, ) given by (15) with

. ag a
8 — 1| haq (1, )| dE < +oc.

Fug (1:€) = (9 = 1) oy (1,).

For the sake of conciseness, let us illustrate this with multi-operator random fields, which have already
been studied in [8].

Example 5.3. (Multi-operator scaling a-stable random fields) In [8], we consider E a function
defined on R® with values in the set of real matriz of size d x d whose eigenvalues have real parts
greater than 1 and ¢ : R4 x R? — [0, +00) a continuous function such that for any u € R, ¥(u,-) is
homogeneous with respect to E(u)! i.e.

W(u, '€ = ey (u, €), V€ € RY, Ve > 0.

Under convenient regularity assumptions on ¢ and E, the ag-stable random field X, is well-defined
by (20) setting
Vo (1, ) = ¥(u, &) WED/ with g(E(u)) = trace(B(u)).
Let Ky = H;l:l[aj, b;] C RY and ug € Kq. Let us set Kgi1 = {ag} x Kq and consider the quasi-metric
p defined on R by
p((ay), (o)) = o — /| + 7, (u— )
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for all (o, u), (o/,v) € R x R, which clearly satisfies Equation (7). Then, under assumptions of [8],
there exists a Lebesque density my, > 0 a.e. such that Assumption 2 holds for Sy, on Kqp1 with
n =0 and all B € (0,1), adapting similar arguments as in Proposition 5.1 (see Lemma 4.7 of [8]).
Therefore, following a part of the proof of Proposition 5.1, there exists a modification X, of Xa, such
that almost surely,

b Xl = X5,

1—
r{0 u,vEB(uOﬂ”)ﬂKd TE(uO) (U - U) ¢
uFv

< +00

for any e € (0,1). This is Theorem 4.6 of [8].

For the sake of conciseness, we do not develop other examples. Nevertheless, let us mention that
our results can also be applied to harmonizable fractional a-stable sheets or even to operator stable
sheets. In particular, this improves the result stated in [30] for fractional a-stable sheets. Note that
we can also deal with real symmetric measure W,.

5.2 Multistable random fields

Multistable random fields have first been introduced in [14] and then studied in [13]. Each marginal
X (u) of such a random field is a stable random variable but its stability index is allowed to depend on
the position u.

Generalizing the class of multistable random fields introduced in [23], we consider a multistable
random field defined by a LePage series. More precisely, under Assumption 5, we consider

Zﬁ”ﬂwnwusmmgrww%,ueKd (21)

where a : Kg — (0,2) is a function. Then since Sy, (u) = Sy (a(u),u) with Sy, defined by (15), we
deduce from Section 4 an upper bound for the modulus of continuity of S. In particular, assuming
that « is smooth enough, we obtain the following theorem.

Proposition 5.2. Let K; = H;l:l[aj, bj] C R, Let us choose ug € Kq. Let p be a quasi-metric on R?
satisfying Equation (7) and let o : Kq — (0,2) belongs to Hz(Kq,1,0). Let us set

a=mina, b =maxa and K; = la,b] C (0,2)
Ky Ky

and consider the quasi-metric p defined on R x R% by
(o), (o,0)) = | — /| + u,v).

Assume that Assumption 5 is fulfilled and that Equation (13) holds on Kgi1 = [a,b] x K4 for some
p>b/2, B€(0,1] and n € R. Assume also that

E(\Vl(a(uo),uo)|2p> = /Rd

Let Sy, n be defined by (4) with Wy (o, u) = Tn_l/afa (u, &)m(&n) Y and let S (1) = S (a(u), u).

2p - o Uy
Fouy (10,6)| (€)'t < o,

1. Then, almost surely, (gm,N)NGN converges uniformly on Ky to Sy, and almost surely the limit
Sm belongs to Hz(Kq, 5, max (n,0) +1/2).

2. Moreover, for all p' > 0 such that 1/p" € (0,1/b— 1/ min(2p,2)),

sup NP sup S, (1) — Sy v (1) | < +o00.
NeN ueKy
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Proof. See Appendix, Section D.2. O

Remark 5.2. Let us recall that Sy, € H;(Kq, B, max (n,0)4+1/2) if and only if S, € Hs(Kq, B, max (n,0)+
1/2), with m an other v-density equivalent to v, by Proposition 4.4.

To illustrate the previous proposition, we only focus on multistable random fields obtained replacing
in a LePage series representation of an harmonizable operator scaling stable random field the index «
by a function. Many other examples can be given, such as multistable anisotropic Riesz-Bessel random
fields or the class of linear multistable random fields defined in [13].

Corollary 5.3 (Multistable versions of harmonizable operator scaling random fields). Let
E be a real matriz of size d x d such that minyespr R(X) > 1. Let us consider p, and 7, as defined in
Ezample 2.1. Let us also consider v : RY — [0,00) a continuous, E'-homogeneous function such that

@0(5) 7& 0 for ¢ ?’é 0. Then we set
folu,§) = <ei<“’5> - 1>¢(5)—1—q(E)/a

with q(E) = trace(E). Let m be a Lebesque density a.e. positive on R, (&,, T, gn),>1 be as in
Assumption 5 with v the Lebesque measure and consider a function o : R® — (0,2). Therefore,
the multistable random field Sy, is well-defined by (21) on the whole space RY.  Moreover if a €
Hop, (Rd, 1, O), then for any ug € R and € > 0, there exists v € (0,1] such that almost surely

Sm(u) - Sm(v)

Ta(uo)F1/24e < T0°

sup
uweB(ug,r) Ty (U — v)[log 7, (u — v))|

uF v

Proof. See Appendix, Section D.2. O

Remark 5.3. In particular, when E =1d, 1, is the Euclidean norm and we obtain an upper bound of
the modulus of continuity of multistable versions of fractional harmonizable stable fields.

A Proof of Proposition 2.1

The proof of Proposition 2.1 is based on the following lemma.

Lemma A.1. If Z is a complez-valued sub-Gaussian random variable with parameter s € (0,+00),
t2

then for allt € (0,4+00), P(|Z] > t) < 4e 552,
Proof. Let t € (0,+00). Since Z is sub-Gaussian with parameter s, R(Z) and J(Z) are real-valued

sub-Gaussian random variables with parameter s. Then applying Proposition 4 of [17],

t t t2
< — 2% — | < -
P(|Z] > t) < IP(|§R(Z)| > 2) +IP’<|\$(Z)\ > 2> < 4exp< 8s2>’
which concludes the proof t

Let us now prove Proposition 2.1.

Proof of Proposition 2.1. Let t € (0,+00). Since Proposition 2.1 is straightforward if a = 0, we assume
that a # 0. Since the sequence (gn),,>; is symmetric, by the Lévy inequalities (see Proposition 2.3 in
[24]), for any M € N\{0},

P M
P| su a > tlla < 2P a > tlla .
(KPEM 5 g > 1 ||42> (g uga| > 1] ||42>
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We now prove that Zﬁ/[: 1 Gngn is sub-Gaussian. By independence of the random variables g,, and since
each g, is sub-Gaussian with parameter s = 1,

Vz eC, E(e%(EZn 1 angn ) H E( R(Zangn) )

IN

M it _ I 122
H I\I | 2M (22)

1/2
with sy = (ZM_ \an\Z) < HaHﬂ. Hence, for any M € N\{0}, Y  a,g, is sub-Gaussian with

n=1

parameter sps. Since a # 0, for M large enough, sp; # 0 and then applying Lemma A.1,

2 2

t=lall 2

02 2

>t||a\| <8exp [ ——— <8 F.
8s%y

Let us now prove Assertion 2. If there exists N € N\{0}, such that

P

Z angn

n=1

vVt > 0, IP’( sup
1<P<M

Assertion 1. follows letting M — +oc.

VYn >N, a, =0,
then, Assertion 2. is fulfilled since Zn 1 Angn = 25:1 angn 18 a sub-Gaussian random variable with
/
parameter sy = (Zﬁ;l lan| ) = ||la|| 2. Therefore to prove Assertion 2., we now assume that

VN € N\{0},3n > N, a,, #0,

so that :ioN \an]2 # 0 for any integer N > 1. Then, applying Assertion 1. replacing a, by a,1,>n,
we have

P -
Ve >0, VN € N\{0}, P( sup Z angn| > ¢ | < 8e =l lenl®
P>N | =%
Since HaHfQ = 377 |an|* < 400, this implies that (Z,]yzl angn)N is a Cauchy sequence in probability.

Then, by Lemma 3.6 in [18], the series En 1 Gngn converges in probability. By It6-Nisio Theorem
(see [24] for instance), this series also converges almost surely, since the random variables g,, n > 1,
are independent. Moreover, since supy s s3; = ||0L||?2 < 400, Equation (22) implies the uniform

integrability of the sequence (e%(zzi\f:l “”g”))M>1 for any z € C. Then, letting M — 400 in (22), we

obtain that 7% a,g, is sub-Gaussian with parameter HaHZ?. Moreover, we conclude the proof noting

that
400 P 2
vVt >0, P E angn| > t||aH£2 <P sup E angn| > t||a|| <8 8.
P
n=1 =" In=1

B Main results on conditionally sub-Gaussian series

B.1 Local modulus of continuity

This section is devoted to the proofs of the results stated in Section 3.1.

Proof of Theorem 3.1. Let us recall that g € Kg = H;l:l[aj,bj] C R%. We assume, without loss of
generality, that
v1§j§d,aj<bj.

Actually, if some a; = b;, we may identify (Sy)ycy and its limits S as random fields defined on
Ky C R for d' < d. Note that if a;j = bj for all 1 < j < d, there is nothing to prove.
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We also assume that v(w) € (0, 1), which is not restrictive and allows us to apply Equation (7) as
soon as ||z —y|| < y(w) (with ¢, and c,, which do not depend on ).

First Step We first introduce a convenient sequence (D,, ).~ of countable sets included on dyadics,
which is linked to the quasi-metric p. It allows to follow some arguments of the proof of the Kol-
mogorov’s Lemma to obtain an upper bound for the modulus of continuity of S.
Let us first introduce some notation. For any k& € N\{0} and j € Z%, we set
J

Tri = 9k

Dy = {:U,w. s Zd} and v, = min{n € N\{0} : cmdﬂ/QQ_"ﬂ < 2_k}

with ¢, , the constant given by Equation (7). Then, choosing c, , large enough (which is not restrictive),
one checks that (v4),~, is an increasing sequence. In particular, the sequence (D,, ), is increasing
and D = ;2 Di = U{2] Do,. Moreover, D N K, is dense in Ky since a; < b; for any 1 < j < d.
Then, as done in Step 1 of the proof of Theorem 5.1 of [7], one also checks that for k large enough,
D, NKgis a 27k net of Ky for p, which means that for any = € Ky, there exists j € Z¢ such that
p(z, 1y, ;) < 27F with z,, ; = j /2% € K.

Second Step This step is inspired from Step 2 of [7, 8]. The main difference is that we use Proposi-
tion 2.1 to obtain a uniform control in N.
For k € N\{0} and (i, ;) € Z¢, we consider

Ezk,j - {w : sup ’SN(ka,i) - SN(ka,j)‘ > S(ka7i7$Vkaj> W(p(xl’k,ivxvmj))}

NeN
1
@(t) = 1/8Adlog 7 t>0, (23)

for A > 0 conveniently chosen later. We choose ¢ € (0,1) and set for k£ € N\{0},

with, following [19],

2
8 = 2~ (1=0)k, I, = {(i,j) € (Zd N 21’de) 20 (T iy oy j) < 5k} and Ej = U Eﬁj (24)
(i7j)elk

Since ¢ is a decreasing function and s > 0, for any k& € N\{0} and for any (7, j) € I}
P(El) < P<sup 1SN (0.8) = S (@ )| > 50y i T ) go(ak)).
NeN

Since (gn)n>1 is a sequence of symmetric independent sub-Gaussian random variables with parameter
s = 1, conditionning to (W), ~; and applying Assertion 1. of Proposition 2.1, one has

5 2
vk € N\{0}, ¥(i,) € I, B(B},) < go— "L _ ge—ad(1-9)klog2

by definition of s, Sy, ¢ and 6. Moreover, since K; C R? is a compact set, using Equations (8) and
the definition of vy, one easily proves that there exists a finite positive constant ¢; € (0, +00) such that

2kd 4
for any k£ € N\{0}, card I, < ¢,2 Z ¢, . Hence,

+00 —+00 +oo
YorE <Y Y p(E) <o Y e (0
k=1 k k=1

=1(i,5)€l,

2 +%‘;)kdlog2

I

< +00

choosing A > 2 — L and ¢ small enough. Then, setting

H H
+00 +o0
w-on(Un=)
k=1/4=k
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with Q' the almost sure event introduced by Assumption 2, the Borel-Cantelli Lemma leads to P(2") =
1. Moreover, by Assumption 2, for any w € Q" there exists k*(w) such that for every k > k*(w) and
for all z,y € D,, with z,y € B(zo,v(w)) N Kq4 and p(x,y) < 6 = 9~ (1=0)k

sup |Sn(x) = Sn(y)| < Cpla,y)’|log(p(w, y))|"+ 2. (25)

Third Step: In this step we prove that (25) holds, up to a multiplicative constant, for any x,y € D
closed enough to xo. This step is adapted from Step 4 of the proof of Theorem 5.1 in [7], taking care
that (25) only holds for some z,y € D,, N K, randomly closed enough of xy. Let us mention that
this step has been omitted in the proof of the main result of [8] but is not trivial. We then decide to
provide a proof here for the sake of completeness and clearness.

Let us now fix w € Q" and denote by x > 1 the constant appearing in the quasi-triangle inequality
satisfied by p. We also consider the function F' defined on (0, +00) by

F(R) := BP|log(h)|"F1/2,

Observe that F' is a random function since S and 7 are random variables. Then, we choose ky =
ko(w) € N such that the three following assertions are fulfilled:

(a) F is increasing on (0, dg,], where 0y is given by (24),
(b) for all k > ko(w), Dy, N Ky is a 27% net of Ky for p
(c) 2k0Gy 11 > 3k2.

Even if it means to choose k*(w) larger, we can assume that k*(w) > k¢ and that

L \VH
y(w) > ( O (w) ) = 27*(w) (26)

2
3r%c, ,

where H and c,, are defined in Equation (7).
Let us now consider z,y € D N K4 N B(xg,7*(w)) such that x # y. Let us first note that =,y €
B(zo,7v(w)). Moreover, since ||z — y|| < 2v*(w) < v(w) < 1, the upper bound of Equation (7) leads to

36%p(,y) < 3rcy e — Yl < pe
by definition of v*(w). Then, there exists a unique k > k*(w) such that
Spr1 < 3K°p(x,y) < O (27)

Furthermore, since x,y € DNKy, there exists n > k+1 such that x,y € D, NKgand for j =k, ... ,n—1,
there exist ) € Dy, N K4 and y(J) €Dy, NKy such that

p(x,x(j)> <277 and p(y, y(j)> <277, (28)

Let us now fix N € N and focus on Sy(x) — Sy (y). Then, setting (™ = z and y™ =y,

Sn(e)— Swlw) = (Sw(a®) —sn(y®)) + nzl (5w (#0#1) — S (20} (29)
k

The following lemma, whose proof is given below for the sake of clearness, allows to apply (25) for
each term of the right hand side of the last inequality.
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Lemma B.1. Choosing k*(w) large enough, the sequences (x(j))k<j<n and (y(j))k<j<n satisfy the three
following assertions. o o

1. 29 4y € B(zg,y(w)) for any j=Fk,...,n,
2. fOT any j = kv coyn—1, maX(p(x(J“’l)?x(]))’p(y(]‘i‘l)?y(J))) < 6j+17
3. p(a®,y®) < 6.

Therefore, even if it means to choose k*(w) larger, applying this lemma and Equations (25) and (29),
we obtain

n—1
Sn(@) = Sw) < C | F (p@®,y™)) + 23" F(3j11)
j=k
since F' is increasing on (0, dx,] and since j > ko. This implies, by definition of F' that

Sn () = Sn ()] < C(F (pa®,y®)) + 20 F(5411) ),
where N
Clw) =23 7@ (j + 1yma@)+1/20) < 4 oo
=0
since 8 > 0 and §; = 271797 with § < 1. Then, since F is increasing on (0,dp), by Assertion 3. of
Lemma B.1 and Equation (27), we get
[Sn(2) = Sn(y)] < C(1+2C)F(3x%p(z, ),

for every N € N and =,y € DN B(xg,v"(w)) N K4. Therefore, by continuity of p and each Sy and by
density of DN Ky in Ky .
[Sn(x) = Sn(y)] < C(1+2C)F(3:%p(x, 1)), (30)

for every N € N and =,y € B(xo,7*(w)) N Kjy.
Fourth Step: Uniform convergence of Sn. Let us now consider

Q=) { lim Sy(u) = S(u)} nea.

N—+
ueD o

Observe that IP’(Q) = 1. Let us now fix w € Q. Hence, by Equation (30), the sequence (Sn()(W)) yens

which converges pointwise on DN B(xg, 7*(w)) N Ky is uniformly equicontinuous on B(zg,v*(w)). Since
D N B(zo,v"(w)) N Kgq is dense in B(zg, v*(w)) N K4, by Theorem 1.26 and adapting Theorem 1.27 in
[33], (Sn(-)(w)) yey converges uniformly on B(zo,v*(w)) N K4. Therefore, its limit S is continuous on
B(zo,7*(w)) N K4. Moreover, letting N — +oc in (30) (which holds since w € ), we get

|S(2) = S(y)| < C(1+20)F(3%p(,y)), (31)
for every x,y € B(xo,7*(w)) N K4, which concludes the proof. O

Let us now prove Lemma B.1.

Proof of Lemma B.1. Let us first observe that (" = z € B(z,v(w))NKzand y™ =y € B(xg,v(w))N
Kg4. Let us now fix j € {k,...,n — 1}. The lower bound of Equation (7) leads to

p(xD), z)"H

Hx(j)—on < Haz(j)—:cH—FHx—on < Vi + ||z — xo]|.
Cap
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Since x € B(xo,v*(w)) with v* satisfying Equation (26) and since p(:v(j), z) <279 with j > k > k*(w),

, —k*(w)/H
-l 522

Then, choosing k*(w) large enough, z\) € B(zg,v(w)) for j = k,...,n — 1. The same holds for 3.
Assertion 1. is then proved.
Let us now observe that since 7 > kg and since xk > 1,

295,11 > 2M065, 11 > 3k% > 3k (32)
by definition of ko (see the third step of the proof of Theorem 3.1). Then, using the quasi-triangle
inequality fulfilled by p and (28), we obtain that

. ) , 5.
p(:r(]'H),:E(])) < 32— (+1) < JTH < it

Since the same holds for p(y(j+1),y(j)), Assertion 2. is fulfilled. Moreover, applying twice the quasi-
triangle inequality fulfilled by p and Equations (27), (28) and (32) (with j = k), we obtain

p(a®™ y®)y < k2(2V7F 4 p(z,y)) < 362p(z,y) < O,
which is Assertion 3. O

Let us now focus on Corollary 3.2. Its proof is based on the following technical lemma.

Lemma B.2. Let K; = Hle[ai,bi] C R? be a compact d-dimensional interval, 3 € (0,1), n € R and
p be a quasi-metric on R satisfying Equation (7). Let (fn)nen be sequence of functions defined on K,

and let <§($i,ri)>1<.< be a finite covering of Kq by open balls with x; € K4 and r; > 0. Assume that
<i<p
for each 1 < i < p, there exists a finite positive constant C; such that

Va,y € B(wi,ri) N Ky, sup | fu(®) — fu(y)] < Cip(z,y)” [log (1 + p(z,y)™")]".
ne
Then there exists a finite positive constant C such that

Va,y € Ky, sup () = fu(y)] < Cpla,y)’ [log (1 + p(z,y)~H)]". (33)

Proof. By the Lebesgue’s number lemma, there exists r > 0 such that
Vo € Kg,31 <i<p, B(z,r) C Bz, ).
Let us first note that since the map F), : (u,v) — p”(u,v)[log (1 + p(u,v)~1)]" is positive and contin-
uous on the compact set K = {(u,v) € K x K/ |u—v| >},
m := inf F, € (0, 400).
K
Then distinguishing the cases ||z — y|| < r and ||z — y|| > r, one easily sees that
M _
sup | fo(z) = fa(y)| < max <max Ci, ) p(a,y)” log(1 + p(z,y)~")]"
neN I<isp —m

where M = sup,,en SUp, yex, |fn(z) — fa(y)|- It remains to prove that M < +oco. Note that

sup | fn(z) — fu(y)| < ¢ max C;

z,yeKy 1<i<p

le—yll<r

where ¢ = supg, g, Iy < +00 by continuity of F, on the compact set Kq X K4. Then since Ky is a
compact convex set, using a chaining argument, one easily obtains that M < +oo, which concludes
the proof. ]
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Proof of Corollary 3.2. We only prove Assertion 1. Actually, Assertion 2. is proved using the same
arguments but replacing Ky by B(zg,~) N Ky.

Assume that for any xg € K4, Assumption 2 holds with €', 8, n and the quasi-metric p independent
of xy. Following the proof of Theorem 3.1 and keeping its notation, let us quote that v* and Q do not
depend on zg. Let us now fix w € Q. From the third step of the proof of Theorem 3.1 and Lemma
B.2, we deduce that Equation (30) still hold for any x,y € K. This allows to replace B(zg,v*(w)) by
K in the fourth step of the proof of Theorem 3.1 , which leads to Assertion 1. O

B.2 Rate of almost sure uniform convergence

Proof of Theorem B.2. Let us first observe that Theorem 3.1 holds. Then, for almost w, even if it
means to choose v smaller, the sequence of continuous functions (Sy(-)(w))yey converges uniformly
on B(zp,v(w)) N K4, which implies that each Ry(-)(w) is continuous on B(zg,vy(w)) N K4. As in the
proof of Theorem 3.1, we assume without loss of generality that K; = H?Zl[aj, b;] with a; < b;.

Proof of Assertion 1. Since it is quite similar to the proof of Equation (30), we only sketch it.
For k € N\{0}, N € N and (4,5) € Z%, we consider

k, /
Ez’JN - {w : ‘RN(kai) - RN<ka,j)‘ > /log(N + Q)TN(ka7i7$Vk1j> (p<p(xl’k7i7kavj))}

with ry defined by (9) , ¢ by (23) and (k) by Step 1 of the proof of Theorem 3.1. Then, we
proceed as in Step 1 of the proof of Theorem 3.1 replacing the set £y by

—+o00
!/ k,N
B=U U =5

with I and J; defined by (24), and applying Assertion 2. of Proposition 2.1 instead of Assertion 1.
Then, choosing the constant A, which appears in the definition of ¢, and ¢ € (0,1) such that

A(l—é)—;—i—l};&>0 and A(l—9)log2>1

we obtain that
400 +00 too
ZP(EIQ) < ¢y Z 2—A(1—§)logN = ¢y Z N—A(1—6)10g2 < +00
k=1 N=2 N=2

with ¢, a finite positive constant. Then, by Borel-Cantelli Lemma, the definition of ¢ and Assumption 3,
almost surely there exists an integer k*(w) such that for every k > k*(w), for all N € N, and for all
z,y € D,, with ,y € B(xg,v(w)) N Ky and p(x,y) < & = 2717k

IRy (z) — Ry (y)] < Cb(N)y/log(N + 2)p(z,y)?|log(p(x,y))|" /2.

In addition, replacing in Step 2 of the proof of Theorem 3.1, Sy by Ry (which still be, for almost w,
continuous on B(zp,v(w)) N K4), we obtain that for almost w, there exists v* € (0,+), such that

B (x) = Ry ()| < Cb(N)log(N + 2)p(a, y)” | log(p(a, )|/ (34)

for every N € N and z,y € B(xo,7*(w)) N K4. This establishes Assertion 1.

Proof of Assertion 2. This assertion follows from Equations (34) and (11), the continuity of p on
the compact set B(zg,v(w)) N Ky and

|Bn(z)] < [Rn(z) — Rn(20)| + BN (0)]-

The proof of Theorem 3.3 is then complete. 0

22



Proof of Corollary 3.4. We only prove Assertion 1. Actually, Assertion 2. is proved using the same
arguments but replacing Ky by B(zg,~) N Ky.

Let us assume that Assumption 3 holds with ', 8, n and the quasi-metric p independent of x.
Note first that the almost sure event  under which (34) holds does not depend on xg. Then applying

Lemma B.2 to f, = R,/ (b(n) log(n + 2)), we obtain that Equation (34) still holds for =,y € Ky. If

moreover for some xg, Equation (11) is fulfilled, then following the proof of Assertion 2. of Theorem 3.3,
we also have: there exists C' a finite positive random variable such that for all N € N,

sup |Ry(z)| < Cb(N)/log (N + 2),

€Ky

which concludes the proof. O

C Shot noise series

C.1 Proof of Theorem 4.1

Let (gn),~; be a Rademacher sequence, that is a sequence of i.i.d. random variables with symmetric
Bernoulli distribution. This Rademacher sequence is assumed to be independent of (T}, X,,) n>1- Then,
by independence and also by symmetry of the sequence (X,), >, (X5ngn)n>1 has the same distribution
as (Xp),>; and is independent of the sequence (73,),>- N

Let us now set B

N
Wi(a) =T,;°X, and  Sy(e) = Wi(a)gn,
n=1

so that {S%(a), N > 1} has the same finite distribution as {Sn(«), N > 1}. Moreover, since

N N
S W) =172 X, |
n=1 n=1

with X,, € L?" (with p > 0), Assumption 1 is fulfilled on any K; = [a,b] C (0, min(2,2p)) (see e.g.
[35]).

Let us now fix a,b € (0, min(2,2p)) such that a < b, a’ € (0,a) and ¥’ € (b, min(2, 2p)).
Proof of Assertion 1. By the Mean Value Inequality, we get that for any a, o’ € [a,b] and n > 1,

< ¢l — o/ | max (Tn_l/b/,Tn_l/“/> (35)

with ¢ a finite positive constant. It follows that, almost surely, for all a, o’ € [a, b],
+o00 1/2
s(a,a’) = (Z (Wh(a) — Wn(o/)l2> < Cla—d, (36)
n=1

. +o00 —2/b 2 +o0 —2/d 2\ /2 : 2 . / /
with C' = ¢ (anl T X"+ 20T | X ) < 400 since | X, |* € LP with 2p > b/ > a' and
a',b € (0,2). Therefore, the assumptions of Assertion 1. of Corollary 3.2 hold. Let us now remark
that for all o,/ € [a, b],
{(S¥(@) = S (@), s(a, @) N = 1} = {(Sw(a) = Sn(e), s, )i N = 1}.

This allows us to replace Sy by S% in the Second Step of the proof of Theorem 3.1. Then, the third
and the fourth step of this proof still hold replacing Sy by S% and the limit S by the limit S* since
each S} is continuous (as Sy is) and since S}, converges pointwise to S*. This allows us to also replace
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(SN, S) by (Sh, S*) in the proof of Assertion 1. of Corollary 3.2. It follows that almost surely, (Sy) yen
converges uniformly on [a,b] to S*. Since this holds for any 0 < a < b < min(2,2p), Assertion 1. of
Theorem 4.1 is established.

Proof of Assertion 2. Since almost surely the sequence of continuous random fields (S%)ycy
converges uniformly on [a, b], for all N € N the rest R};, defined by

“+o00
R?\/(O‘) = Z Trjl/aXna
n=N-+1

is also continuous on [a, b]. Remark also that we have, for all o,/ € [a,b] and N € N,

(Ri() = Ri(a),rx(a,a)) £ (Rn(a) = R (), ra(a, o)),

where Ry () = ;LSNH Tn_l/aXngn = S(a) — Sy(«) and

+o0 9 1/2
TN(aao/):< o X P T =T > '

n=N-+1

As done for Sy, the previous lines allow to replace Ry by R} in the proof of Theorem 3.3. Moreover,
by Equation (35), almost surely, for all N € N, and «a, &' € [a, b],

+oo 40 1/2
ry (o, o) §c]0z—o/|< Z T2 X, 2 + Z T2/ |Xn|2> . (37)
n=N+1 n=N+1

Let us now fix p’ > 0 such that 1/p’ € (0,1/b — 1/ min(2p,2)). Choosing if necessary b’ > b smaller,
we assume without loss of generality that 1/p’ € (0,1/0 — 1/ min(2p,2)) C (0,1/a’ — 1/ min(2p,2)).
Then, by Theorem 2.2 in [11], almost surely, for all o, o’ € [a, b],

oo —+o00
sup N2/7 ( S TAMIXL P+ DD T Xn\2> < 400
NeN n=N+1 n=N-+1

since X2 € LP with p > ¥//2 > a//2 and o, ¥ € (0,2). Note also that by Theorem 2.1 in [11], for all
zo = aq € [a,b], almost surely

“+o0
sup N/7 Z TV X, | < +o0.
NeN n=N-+1

Therefore, the assumptions of Assertion 1. of Corollary 3.2 hold with b(N) = (N 4 1)~Y/?" for any p/
such that 1/p" € (0,1/b—1/min(2p,2)). And then, substituting in its proof Ry by R}, almost surely

sup sup NY7|R%(a)| < +oo,
NeN a€la,b]

which concludes the proof. O

C.2 Modulus of continuity and rate of convergence

This section is devoted to the proofs of the results stated in Section 4.2. First, let us establish
Theorem 4.2.
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Proof of Theorem 4.2. Let us fix zg = (g, up) € Kg41 = [a,b] X H?Zl[aj,bj] C (0,2) x R

Proof of Assertion 1. Let us assume that p > b/2 and consider s the conditional parameter defined
by (6). Then, for any x = (o, u) € K411 and y = (o/,v) € Kgu1,

8($7y) S 81($,y)+52($,y), (38)
where
Yoo 1/2 too ) 1/2
si(z,y) = (Z T, 2% V() — Vn(y>|2) and  sa(@,y) = (Z (Tn‘l/“ - Tt ) |Vn<y>|2> :
n=1 n=1

First, let us focus on s;. Note that for any =,y € Ky,
s1(w,y) < Cip(a,y)” log(1+ p(z,y)~")",
_ _ 1/2
with C; = (Z+°° T, 2/b|Yn\2 +3ee T, 2/CL|Yn|2) , where we have set

n=1
[ n [ n

eeKay P, y)P log(1 + p(a,y)~ 1)’
Ay

Since K is a convex compact set, applying a chaining argument and using the continuity of p, one
checks that Equation (13) implies that Y;, € L?. Then, since 2p > b > a and since the random
variables Y,,, n > 1, are i.i.d, Theorem 1.4.5 of [35] ensures that C1 < +oo almost surely.

Let us now focus on sa. Observe that |V, (y)| < X,,, with

Xn = ’Vn(‘TO)‘ + CIYn

for c1 = sup,¢k,, p(a:o,z)ﬁ‘log (1 + p(azg,z)_l)}n. Let us remark that ¢; < 400, by continuity of p
on the compact set {zg} x Kg.1. Moreover, since V,,(zg) € L%, (X,)n>1 is still a sequence of i.i.d.
variables in L? and following the same lines as for Equation (36), we obtain that, almost surely, for
any =,y € Kgy1,

sa(x,y) < Cola — o

with Cs a finite positive random variable. Let us also note that by Equation (8), there exist finite
positive constants ¢ and ¢3 such that for any z = (o, u) € K441 and any y = (o/,v) € Kg1,
o —o| < coplar, y) ™ < ezpla,y)
since H < 1. Hence, since 8 € (0, 1], almost surely, for any x,y € K41,
s(z,y) < Cp(x,y)" log(1 + p(z, y) =)™ (70)
with C' a finite positive random variable. Then Assertion 1. follows from Corollary 3.2.

Proof of Assertion 2. Let us choose p’ > 0 such that 1/p’ € (0,1/b—1/min(2,2p)). Then, replacing
in the previous lines s by the parameter ry and Theorem 1.4.5 of [35] by Theorem 2.2 of [11], we
obtain: there exists C' a finite positive random variable such that almost surely, for any x,y € K441,
and for any N € N,

ra(@,y) < CIN + 1) p(a, ) log(1 4 p(a,y) =m0,
Note also that by Theorem 2.1 in [11], almost surely

sup NYP'| Ry (z0)| < +o0.
NeN

Therefore, by Corollary 3.4, almost surely,

sup N7 sup |Ry(z)] < 400,
NeN 2€Kat

which concludes the proof. ]
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Let us now prove Proposition 4.3.

Proof of Proposition 4.3. Since Equation (7) is fulfilled, there exists r € (0,1) such that p(x,y) < hg
for all x,y € K441 with || — y|| < r. Then, the assumptions done imply that

X s M@V 6

eeKa P Y)Plog p(z, )" ~ pewne F(h)

0<lz—ylI<r

where F(h) := hP|logh|". We assume without loss of generality that hy = 27% with an integer
ko > 1 is such that F' is increasing on (0, ho] and Equation (14) holds for h € (0, ho]. Then, using the
monotonicity of G and F,

S s (g(fz))ngmax(zn71)zp§(gﬂ(z—k))zp.

k=ko h€(2_k_1,2_k] F(h) k=ko (27’6)
Therefore, by Equation (14) and definition of F,
+oo
E(X{?) < E(G™) < max(27, 1) Y " |klog2| ™' < 400,
k=ko
which concludes the proof. ]

C.3 Proof of Proposition 4.4

Let K411 = [a,b] x H;l:l[aj,bj] C (0,2) x R%. Proof of Assertion 1. Let us fix an integer p > 1

and consider z() = (aj,u(j)) € K411 for each integer 1 < j < p. Then, we set ¥ = (x(l), . ,x(p)).
Choosing S = {¢ € R4 m(£) > 0} we define Hz : (0,+00) x S x C — CP by

Hy(r,€,9) = (r7/o0 f, (D, ) m(€) ™™g, ... .rorf, @ ey m(e)org).  (39)

Let us note that almost surely

N
) _ MY 5 (20
T; Hw(Tnafnvgn) (Sm,N (l‘ )7 ,S (l‘ P ))

where Sy, v is defined by (4) with W, given by (12). Then this series converges almost surely to
(Sm (x(l)), e, S (:U(p))). Since g; is symmetric, applying Theorem 2.4 of [34] and using a simple
change of variables (t = rm(¢)) and v(R%\S) = 0, we obtain that
YA=(A1,...,\) € CP, ¥z €C, E(ei”(ié’:l AJ'Srn(ﬂc“’))> = exp (IzA(2))

where
Iza(z) = / (ei%(z<A’JE(t’(£’g))>) —1—iR(Z(\, Jz(t, (579))>1|%(2<A,Jf(t,(g,g))>)|gl))dtV(dé)Pg(dg)

(0,400) xR xC
with [P, the distribution of g; and

Tt (€ ) = (V00 f, (D, €) g, o, (W) €)g).

Therefore, Iz y does not depend on the function m, and then neither does the distribution of the vector
(Sm (:1:(1)), ey S (a:(p))). Since this holds for any p and &, Assertion 1. is established.
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Proof of Assertion 2. Let us now consider the space B = C(K 411, C) of complex-valued continuous
functions defined on the compact set K4,1. This space is endowed with the topology of the uniform
convergence, so that it is a Banach space.

Let us assume that Sy belongs almost surely to H,(K441,06,1n) C B. For any & = (m(l), . ,:Iz(p)) €
Kg 41, in view of its characteristic function, the vector (Sm (IL‘(l)), ey S (IL‘(p))) is infinitely divisible
and its Lévy measure is given by

Fo(4) = / 14 (0) (Hz(r, £, 9))m(€)drv(d€)Py (dg)
(0,4+00)xSxC

for any Borel set A € B(CP). We first assume that (a,u) — fo(u, &) belongs to B for all £ € R? so
that the function

H: (0,400)xSxC — B
&9 = (@)= e mie )

is well-defined. Since Hz is defined by (39), one checks that (S (z))
divisible random variable with Lévy measure defined by

w€Kyy, 188 B-valued infinitely

ey - | L0y (H(r, €, ))m(€)dri(d€)P, (dg), A € B(B).
(0,400)xSxC

Then, by Theorem 2.4 of [34], S0 | H(T,,, (€4, gn)) converges almost surely in B as N — +oco. Then,
by definition of H, the sequence (Sp,n)ycy converges in B almost surely. Therefore, its limit S, is
almost surely continuous on Kgy1.

Let us now consider D C K441 a countable dense set in K411. Then, since almost surely Sy €

Ho(Kat1,6,n) and since Sp, [dd S, we get that almost surely

[Sm (%) = Sm ()]

sup < 4.
syepp(z,y)Pllog(1+ p(z,y)~1)]"
Ay

Then, by continuity of p, by almost sure continuity of S, and by density of D on the compact set K441,

sup [Sm () = Sm(y)] < 4o

wyekanr P2, y)P[log(L + p(z,y)~1)]"

zF#Y

almost surely, that is S, belongs almost surely to H,(K441,/3,n). This establishes Assertion 2. when
(o, u) = folu, &) is continuous for all £ € RY.
Assume now that (a,u) — fo(u,€) is continuous for £ € R\N with v(N) = 0 and set

9a (1, &) := fa(u, E)1ga\n(£)-

Then, almost surely, for all z = (o, u) € (0,2) x R? and all N > 1,

N
Sm,N(:E) = Z Tn_l/aga(ua gn)m(gn)_l/agm

n=1

and the conclusion follows from the previous lines since (o, u) — go(u,§) is continuous on Ky for all
¢ € R The proof of Proposition 4.4 is then complete. O
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D Applications

D.1 Proof of Proposition 5.1

Let us first note that using Remark 5.1, we can and may assume without loss of generality that a1 = 1,
up to replace E by E/a; and 7, by /a1

E/ay

Let us choose ¢ > 0 arbitrarily small and consider the Borel function 7 defined on R¢ by

() = 1€]°°Lyg<a + 7, (€) 7P |log 7, (5)’_1_C1||§H>A~

Observe that 7 is positive on R%\{0}. Then,

0<c:/ m(§)dé =c¢, + ¢,
Rd

with
a= / Hf”aodf and € = / TEt (5)_q(E)‘log TEt (5)’_1_Cdf.
l€l<A €]1>A

Let us first observe that ¢, < oo since ap > 0. To prove that ¢, is also a finite constant, we need some
tools given in [31, 9]. As in Chapter 6 of [31], let us consider the norm |- ||, defined by

1
lall,, = [ [|o"s
B 0

According to the change of variables in polar coordinates (see [9]) there exists a finite positive Radon
measure o, on S, = {{ € RY : €] .. = 1} such that for all measurable function ¢ non-negative or in

LY (R4, d¢), o
_ Bt (E)—1
/Rd w(&)dg /0 /SEt o(r 0)o,,(d0)r dr.

Applying this change of variables, it follows that ¢, < co since ¢ > 0. Hence, m = m/c is well-defined
and pu(d§) = m(§)d¢ is a probability measure equivalent to the Lebesgue measure. Then we may
consider S, (g, u) defined by (15) for u € R? so that X, Jad Aoy Sm (g, ) with dg, given by (16).

To study the sample path regularity of Sy, (o, ) on K4 = H?Zl[aj, b;], we apply Proposition 4.3
on Kgi1 = {ap} x Kq C (0,2) x R? for

Vi(ag,u) = f,, (u, &)m(&)

do
5 Ve RY. (40)

with f, ~defined by (18). We recall that here £; is a random vector of R? with density m. Therefore
let us now check that assumptions of Proposition 4.3 are fulfilled.
For h > 0 and ¢ € R? we consider

g(h, €) = min(e,, [|W € 50, 1)ty (€)],

where ¢, > 0 is chosen such that |ei(ws) — 1| < . |7 (w)F'¢ | .- We consider the quasi-metric defined
on R4t by

p(e,u), (o, 0) = a = /| + py(u,v), V(a,u), (o/,v) € R x R,
which clearly satisfies Equation (7). By definition of Vi, g and || - ||,,, the random field G =

(9(h, 1)) pefo,+oc) Satisfies (i). and (iz). of Proposition 4.3. It remains to consider assumption (iii).
Let

10) = B(OM)?) = | ol &Pm(e)' 2/ de. (a1)
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Since 14, satisfies (19),

hE' ¢

2
1) = [ (&) min ( ,1) o (6) 2 < Ti(h) + Io(h)
R4 Bt
with

Il(h) _ C2/ag—1c2

Sy U
l€ll<A

where A is given by the condition (19), and

Iy(h) = 02/0‘0_1%/ min (cEt

Rd

2
t||f||“0‘2|wao(£>|2df,

hE' ¢

E

2
_ — 1 2/ap—1
2) 7, ()71 log 7, (&) Ve,

From Lemma 3.2 of [7] there exists a finite constant C; > 0 such that for all h € (0,e™!]
I(h) < C1h*™|log(h) ).

Moreover, using again the change of variables in polar coordinates, there exists a finite constant Cy > 0
such that for all h € (0,e7!],
Ir(h) < Cah®?|log(h)|(1+O)@/e0=1),

Since 8 < a1, one find a finite constant C3 > 0 such that
I(h) < C3h?P|log(h)[2(1+O1/@0=1/2) (42)

Hence, assumption (7). of Proposition 4.3 is also fulfilled and applying this proposition, it follows
that (13) is satisfied with 8 and n = 1/ag + ¢, for all € > 0. Then, by Theorem 4.2, almost surely
Sm € Hp(Kgi1,8,1/a0+1/2 + €). By definition of p and K41, this means that

Sm(ag,-) € H,;E(Kd,ﬁ, 1/ag+1/2+¢).

. : . . dd . :
In particular, Sp,(ap,-) is continuous on Kjy. Then, since dp,Sm (o, ) I Xao, Xa, 18 stochastically
continuous and almost surely
o | Xag (1) — Xag (v)]
C:= sup Tagt1/27e < 400,

wweDyuto T (1 — v)flog(L + 7, (u — v) )]

where D C K is a countable dense in Ky = H;l:l[aj, b;]. So let us write * this event and let us define
a modification of X, on Kjy.
First, if w & O, we set X7 (u)(w) = 0 for all u € K. Let us now fix w € Q*. Then, we set

X5, () (w) = Xop(u)(w),Yu € D.

Let us now consider u € Ky. Then, there exists u™ € D such that limy, s 400 u(™ = u. Tt follows that,
* n * m n m n m)— 1/ao+1/2+e
‘ono (“( ))(W) - Xa0 (U( )>(w)‘ < C(w)r, (u™ — ulm)B [log(l + 7 (u™ — ™)~ ,

so that (X oo (u(”))(w))n is a Cauchy sequence and hence converges. We set

X:(u)(w) = lim X7 (u(")) ().

n—-+o0o

Remark that this limit does not depend on the choice of (u(”))n and that X (-)(w) is then well-defined
on Ky. Observe also that, by stochastic continuity of X, X7 is a modification of X,,. Moreover,
by continuity of 7,

[ XG0 (1) (@) = X5, (v) (W)

C(w)= sup < 400
upeKquzo T, (u — v)P{log(1 + 7, (u — p)—1)/aotl/2te
for all w €  and X7 is continuous on Ky4. This concludes the proof. g
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D.2 Multistable random fields

This section is devoted to the proofs of the results stated in Section 5.2. Let us first establish Propo-
sition 5.2.

Proof of Proposition 5.2. Since p satisfies Equation (7), so does p. Then, Assumptions of Theorem 4.2

are fulfilled, which implies that (Sy, n) ycy converges uniformly to Sp, on Kqy1 = [a, b] x K4. Therefore,

(gm’N>N , converges uniformly to Sy, on K since Sy, v (1) = Sy (a(w), w) and Sy, (u) = S (a(u), u)
€

and « is continuous.
Moreover, by Theorem 4.2 there exists a finite positive random variable C such that for any u,v € Ky,

‘S’”(“) ~ Sn(v)| < Coplau),a(v))” [log (1 + pla(u), z(v)) )] mex(n 0y 1/2

where z(w) = (a(w), w). Moreover, by definition of p and since o € H;(Kq, 1,0), there exists a finite
positive constant ¢y such that

Vu,v € Kq, p(x(u), z(v)) < c1p(u,v).

Let us now recall that since p is continuous on the compact set Kq X Kq, M = sup,, ,ck, p(u,v) < +o00.
Then, up to change C, for all u,v € Kg,
~ ~ max (n,0)+1/2
Sn(w) = Sn(0)] < Cp(u,0)° [log (1+ p(u, 0) ")

since h — hPlog(1 + h~1)max(m0)+1/2 ig increasing around 0 and bounded on [0, M]. Assertion 1. is
then proved. Moreover, Assertion 2. is a direct consequence of Assertion 2. of Theorem 4.2. The proof
is then complete. O

Let us conclude this paper by the proof of Corollary 5.3.

Proof of Corollary 5.3. Let Kg = H;lzl[aj, bj] C R? and up € K4. Let us set

a=mino, b=maxa and Ky = [a,b] x K4 C (0,2) x R?
Ky Ky

Let us first note that Assumption 5 is fulfilled with K| = [a,b] and then S, is well-defined. Let us
now consider p, and 7,, as defined in Example 2.1. Then we set

~ _ C¢
@ g, (O

-
with ¢ > 0 a parameter chosen arbitrarily small. Therefore, let us consider

- ~N\ _ /> \ L/

Vn(a> u) = fa (u, fn)m (gn)
where (&,)n>1 is a sequence of i.i.d. random variables with common distribution f(d§) = m(€)d§.

The sequence (§,)n>1 is assumed to be independent from (7,, g ),,~;. Then, Assumption 4 is fulfilled.
Moreover, a

Vo, u) — Vi (o/,v)’ <

Vi (o, 1) — Vn(a,v)) +

Vi, v) =V, (o, ) ’

Let us set
‘f/l(a,u)—f/l(a,v)‘ ’ffl(a,u)—vl(a’,u)‘
Ci= sup sup 7 and Cy= sup sup ;
u,wEKy aclab] Pe (ua U) |10g Pr (uv v)’ .0’ €lab) uEKy |a -G |
0<|lu—v]|<r a#a!
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where r > 0 and the choice of n € R is given below. Then, for any x = (a,u) € Kgi1 and any
y = (d/,v) € K441 such that ||z —y|| <,

Vi(z) = Vi(y)

IA

(C1 + C2) (py (u,v)[log p,, (u, v)|" + | — o)

< c1(C1+ Co)p(x, y)[log p(z,y)|"

where ¢; € (0, +00) is a finite constant and p(z,y) = p,(u,v) + |a — &/[. Then, to apply Assertion 1.
of Proposition 5.2 with g = p, and 8 = 1, it suffices to establish that C1,Cy and Vi(a(ug),uo) € L?
(since b < 2).

Let us first deal with Vi(a(ug),ug). Using polar coordinates associated with E* (see [31]),

E((Vl(a(uo),uo)f) < C2/O+oomm(HtEt

with ¢z € (0, +00). Hence, Lemma 2.1 of [9] proves that Vi (a(ug),ug) € L? for any choice of (.
Let us now consider the random variable C;. By homogeneity and continuity of 1, there exists a
finite positive constant cs such that for any u,v € Ky,

, 1)2t—3ylog 2 o)1 gy

sup ’f/l(a,u) — f/l(oz,v)‘ < c3
a€la,b

ilu—vér) _ 1‘ 7

with =\ 1 =\ |(1+0)/a =\ |(1+0)/b
Zy =1, <§1) max (‘log Tt <§1)’ ,|log 7, <£1)‘ )

Combining the proofs of Propositions 4.3 and 5.1, we obtain that for any € > 0, choosing r small
enough,

2

eitu—vé&) _ 1|z,
E sup < +00.
vk p (u,0)[log g (u,v)|
<|lu—v|<r

This implies that for any € > 0, C; € L? for n = 1/a + ¢ and ¢ well-chosen.
Let us now study Cs. Since K; is a compact set, using polar coordinates and the Mean Value
Theorem, we have

sup | Vi(a,v) = Vi (o, v)| < cafa— o] 23

veEKy

. . Et
with Zs = min (‘ 7. (&n)
polar coordinates, one checks that Z, € L?, which implies that Cy € L?.

Therefore, for any € > 0, Assumptions of Assertion~1. of Proposition 5.2 are fulfilled for a well-
chosen (. This implies that almost surely, for any e > 0, Sp, € H,, (K4,1,1/a+ 1/¢) with a = ming, o.
Hence, for any € > 0, S, € Hp, Buo.r) (W0, 1,1/a(ug) +1/2+ 1/e) for r small enough. This concludes
the proof. O

,1>Zl‘log 7. (&n) + 05‘ and c4 and c5 two finite positive constants. Using

References

[1] R. J. Adler. The Geometry of Random Fields. John Wiley & Sons, 1981.

[2] V. V. Anh, J. M. Angulo, and M. D. Ruiz-Medina. Possible long-range dependence in fractional
random fields. J. Statist. Plann. Inference, 80(1-2):95-110, 1999.

[3] A. Ayache and S. Leger. Fractional and multifractional Brownian sheet. Preprint, 2010.

31



[4]

[10]

[11]

[12]

[14]

[15]

[16]

A. Ayache, F. Roueff, and Y. Xiao. Linear fractional stable sheets: wavelet expansion and sample
path properties. Stoch. Proc. Appl., 119(4):1168-1197, 20009.

A. Ayache and Y. Xiao. Asymptotic properties and Hausdorff dimensions of fractional Brownian
sheets. J. Fourier Anal. Appl., 11(4):407-439, 2005.

A. Benassi, S. Jaffard, and D. Roux. Gaussian processes and Pseudodifferential Elliptic operators.
Revista Mathematica Iberoamericana, 13(1):19-89, 1997.

H. Biermé and C. Lacaux. Holder regularity for operator scaling stable random fields. Stoch.
Proc. Appl., 119(7):2222-2248, 2009.

H. Biermé, C. Lacaux, and H.P. Scheffler. Multi-operator scaling random fields. Stoch. Proc.
Appl., 121:2642-2677, 2011.

H. Biermé, M. M. Meerschaert, and H. P. Scheffler. Operator scaling stable random fields. Stoch.
Proc. Appl., 117(3):312-332, 2007.

V. V. Buldygin and Ju. V. Kozacenko. Sub-Gaussian random variables. Ukrain. Mat. Zh.,
32(6):723-730, 1980.

S. Cohen, C. Lacaux, and M. Ledoux. A general framework for simulation of fractional fields.
Stoch. Proc. Appl., 118(9):1489-1517, 2008.

M. Dozzi and G. Shevchenko. Real harmonizable multifractional stable process and its local
properties. Stoch. Proc. Appl., 121(7):1509-1523, 2011.

K. J. Falconer, R. Le Guével, and J. Lévy Véhel. Localizable moving average symmetric stable
and multistable processes. Stoch. Models, 25(4):648-672, 2009.

K. J. Falconer and J. Lévy Véhel. Multifractional, multistable, and other processes with prescribed
local form. J. Theoret. Probab., 22(2):375-401, 20009.

R. Fukuda. Exponential integrability of sub-Gaussian vectors. Probab. Theory Related Fields,
85(4):505-521, 1990.

A.M. Garsia, E. Rodemich, and Jr. Rumsey. A real variable lemma and the continuity of paths
of some Gaussian processes. Indiana Univ. Math. J., 20:565-578, 1970.

J.P. Kahane. Local properties of functions in terms of random Fourier series. Stud. Math., 19:1-25,
1960.

O. Kallenberg. Foundations of modern probability. Probability and its Applications (New York).
Springer-Verlag, New York, second edition, 2002.

N. K6no. On the modulus of continuity of sample functions of Gaussian processes. J. Math. Kyoto
Univ., 10:493-536, 1970.

N. Kéno and M. Maejima. Holder continuity of sample paths of some self-similar stable processes.
Tokyo J. Math., 14(1), 1991.

N. Kono and M. Maejima. Self-similar stable processes with stationary increments. In Stable
processes and related topics (Ithaca, NY, 1990), volume 25 of Progr. Probab., pages 275-295.
Birkh&auser Boston, Boston, MA, 1991.

S. Kwapien and J. Ronsinski. Sample Holder continuity of stochastic processes and majorizing
measures. In Seminar on Stochastic Analysis, Random Fields and Applications IV, volume 58 of
Progr. Probab, pages 155—163. Birkhauser, Basel, 2004.

32



[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[37]

[38]

R. Le Guével and J. Lévy Véhel. A Ferguson - Klass - LePage series representation of multistable
multifractional processes and related processes. Bernoulli, 2012. to appear.

M. Ledoux and M. Talagrand. Probability in Banach spaces, volume 23 of Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, 1991. Isoperimetry and processes.

R. LePage. Multidimensional infinitely divisible variables and processes. II. In Probability in
Banach spaces, 111 (Medford, Mass., 1980), volume 860 of Lecture Notes in Math., pages 279-284.
Springer, Berlin, 1981.

R. LePage. Conditional moments for coordinates of stable vectors. In Probability theory on vector
spaces, IV (Lancut, 1987), volume 1391 of Lecture Notes in Math., pages 148-163. Springer,
Berlin, 1989.

Y. Li, W. Wang, and Y. Xiao. Exact moduli of continuity for Operator-Scaling Gaussian random
fields. Preprint, 2013.

R. A. Macias and C. Segovia. Lipschitz functions on spaces of homogeneous type. Adv. in Math.,
33(3):257-270, 1979.

M. B. Marcus and G. Pisier. Characterizations of almost surely continuous p-stable random
Fourier series and strongly stationary processes. Acta Math., 152(3-4):245-301, 1984.

J. D. Mason and Y. Xiao. Sample path properties of operator-self-similar Gaussian random fields.
Teor. Veroyatnost. i Primenen., 46(1):94-116, 2001.

M. M. Meerschaert and H. P. Scheffler. Limit distributions for sums of independent random
vectors. Wiley Series in Probability and Statistics: Probability and Statistics. John Wiley & Sons
Inc., New York, 2001. Heavy tails in theory and practice.

M. Paluszynski and K. Stempak. On quasi-metric and metric spaces. Proc. Amer. Math. Soc.,
137(12):4307-4312, 20009.

M. Reed and B. Simon. Methods of modern mathematical physics. I. Functional analysis. Academic
Press, New York, 1972.

J. Rosiniski. On series representations of infinitely divisible random vectors. Ann. Probab.,
18(1):405-430, 1990.

G. Samorodnitsky and M. S. Taqqu. Stable non-Gaussian random processes. Stochastic Modeling.
Chapman & Hall, New York, 1994. Stochastic models with infinite variance.

S. Stoev and M. S. Taqqu. Stochastic properties of the linear multifractional stable motion. Aduv.
in Appl. Probab., 36(4):1085-1115, 2004.

Y. Xiao. Sample path properties of anisotropic Gaussian random fields. In A minicourse on
stochastic partial differential equations, volume 1962 of Lecture Notes in Math., pages 145-212.
Springer, Berlin, 2009.

Y. Xiao. Uniform modulus of continuity of random fields. Monatsh. Math, 159:163-184, 2010.

33



