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Abstract

In this paper, we define and study a new class of random fields called harmonizable multi-operator
scaling stable random fields. These fields satisfy a local asymptotic operator scaling property which
generalizes both the local asymptotic self-similarity property and the operator scaling property. Actually,
they locally look like operator scaling random fields, whose order is allowed to vary along the sample paths.
We also give an upper bound of their modulus of continuity. Their pointwise Holder exponents may also
vary with the position x and their anisotropic behavior is driven by a matrix which may also depend on x.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

Self-similar random processes and fields are required to model numerous natural phenomena,
e.g., in internet traffic, hydrology, geophysics or financial markets; see for instance [27,18,1]. A
very important class of such fields is given by fractional stable random fields (see [25]). In partic-
ular, the well-known fractional Brownian field By is a Gaussian H -self-similar random field with
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stationary increments. It is an isotropic generalization of the famous fractional Brownian motion
[19,12]. Self-similar isotropic «-stable fields have been extensively used to propose an alternative
to Gaussian modeling (see [21,27] for instance) to mimic heavy-tailed persistent phenomena.

However, isotropy property is a serious drawback for many applications in medicine [8],
geophysics [22,9] and hydrology [5], just to mention a few. Recently, an important class of
anisotropic random fields has been studied in [7]. These fields are anisotropic generalizations
of self-similar stable random fields. They satisfy an operator scaling property which generalizes
the classical self-similarity property. More precisely, for E, a real d x d matrix whose eigenvalues
have positive real parts, a scalar valued random field (X (x)),ge is called operator scaling of
order E and H > 0 if, for every ¢ > O,

(fdd)

(X (cFx); x e RY} ("X (x); x e RY, (1

where 4D means equality of finite dimensional distributions and as usual cf = exp(E logc).
Let us recall that the self-similarity property corresponds to the case where E is the identity
matrix. Let us also remark that up to considering the matrix £/H, we may and will assume,
without loss of generality, that H = 1. The anisotropic behavior of operator scaling random fields
with stationary increments is then driven by a matrix. In particular, when 6; is an eigenvector
of E associated with the eigenvalue A ;, any operator scaling random field for E is 1/ ;-self-
similar in direction 6;. Furthermore, the critical global and directional Holder exponents of
harmonizable operator scaling stable random fields are given by the eigenvalues of E (see [7,6]).
Let us emphasize that these exponents and the directions of self-similarity do not vary according
to the position.

Moreover, the self-similarity is a global property which can be too restrictive for applications.
Actually, numerous phenomena exhibit scale invariance that may vary according to the scale
or to the position and are usually called multifractal (see [10,24,22] for examples). To allow
more flexibility, [4] has introduced the local asymptotic self-similarity property. This property
characterizes random fields that locally seem self-similar but whose local regularity properties
evolve. Since then, many examples of locally asymptotically self-similar random fields have been
introduced and studied, e.g., in [4,23,3,2,15,26].

In this paper, we introduce the local asymptotic operator scaling property which generalizes
both the local asymptotic self-similarity property and the operator scaling property. A scalar
valued random field X is locally asymptotically operator scaling at point x of order A(x) if

. X(x 4+ 4™y — X (x) (fdd)
lim ( TED (Ze () yer - @)
e—0Tt &

uecRd

with Z, a non degenerate random field. Let us first remark that the local asymptotic self-
similarity property of exponent /(x) corresponds to the local asymptotic operator self-similarity
of order A(x) = I;/h(x) with I; the identity matrix of order d. Moreover, operator scaling
random fields of order E are locally asymptotically operator scaling at point O of order E. Of
course, if they also have stationary increments, they are locally asymptotically operator scaling at
any point x. In addition, if (2) is fulfilled, the random field Z, is operator scaling of order A(x).
In other words, a local asymptotic multi-operator random field locally looks like an operator
scaling random field, whose order is allowed to vary along the sample paths.

Then, we focus on harmonizable multi-operator scaling stable random fields, which generalize
harmonizable operator scaling stable random fields. A harmonizable multi-operator scaling
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stable random field X satisfies the local asymptotic self-similarity property (2) with Z,, a
harmonizable operator scaling stable random field of order A(x). Moreover, its local sample
path properties at point x are the same as those of Z,, which have been established in [7,6].
Hence, its local regularity varies with the position x and its anisotropic behavior is driven by a
matrix that depends on x. In particular, for any eigenvector 6 (x) of A(x) associated with the real
eigenvalue A ;(x), the random field X admits H;(x) = 1/1;(x) as pointwise Holder exponent
in direction 6; (x) at point x. Let us point out that we establish an accurate upper bound for the
modulus of continuity. Such upper bound has already been given for real harmonizable fractional
stable motions in [14], for some Gaussian random processes in [13] and for harmonizable
operator scaling stable random fields in [6]. Then, in this paper, we generalize these results to
harmonizable multi-operator scaling stable random fields. To study the sample paths in the case
of «-stable random fields with « € (0, 2), we use a LePage series representation (see [17,16] for
details on such series), which is chosen to be conditionally Gaussian as in [14,6].

Harmonizable multi-operator scaling stable random fields are defined in Section 2. In this
section, we also state all the assumptions we need and present many examples that fulfill them.
Section 3 is devoted to the properties of the polar coordinates: these coordinates are one of
the main tools we use to study the sample paths as in [7,6]. In Section 4, we state the sample
path properties of the class of random fields under study (modulus of continuity and pointwise
directional Holder exponents). Section 5 is devoted to the local asymptotic operator self-similar
property. Some technical proofs are postponed to the Appendix.

Throughout this paper, B(x, ) denotes the closed Euclidean ball of center x and radius y.

2. Harmonizable representation

Harmonizable stable random fields are defined as stochastic integrals of deterministic kernels
with respect to a stable random measure. In this paper, we always assume that the following
assumption holds.

Assumption 1. Let « € (0, 2] and W, be a complex isotropic «-stable random measure with
Lebesgue control measure (see [25] p. 281 for details on such measures). Note that W, is an
isotropic complex Gaussian random measure.

Let us recall (see [25]) that the stochastic integral
Wo (f) = /I?M 1 (&) Wq (d§)

is well-defined if and only if f € L* (R?). Furthermore, for f € L% (RY), W, (f) is a stable
complex-valued random variable whose characteristic function is given by

vz € C, E (exp (iRe TWq (f)))) = exp (—sqo |Wa ()G 121%)
where

1/0( 1 2
IWa ()l = ( / If @) ds) and s = — / jcos (£)[* dé
R4 27 Jo

Note that if @ = 2, for each square integrable function f, the stochastic integral W (f) is a
centered Gaussian random variable.
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According to [7], a harmonizable operator scaling stable random field X = (X (x)) g« is
defined by

X() = Re [ (e09 = 1)) w, ), 3
Rd

with Eg a d x d real matrix whose eigenvalues have real parts greater than 1 and : R¢ — [0, 00)
a continuous Eg-homogeneous function, that is ¥ (cf0&) = cy () forall ¢ > 0 and x € RY,
such that

VEA£O0, ¥ (§)#0.

In order to obtain a field whose local behavior is given by a harmonizable operator scaling stable
random field, we replace in (3) the matrix Eg (respectively the function ) by a matrix E(x)
(respectively a function ¥, ), which depends on the position x. In this approach, the function ¥,
is E(x)-homogeneous. This leads us to consider

Xasg() = Re [ (106) = 1)y )1t E0/e w, g,
R

This approach has already been used to define the multifractional Brownian field in [4,23]. To
ensure that the field X, y is well-defined, we only have to assume that (E(x), ) satisfies the
assumptions of [7] for all x. Before we state these assumptions, let us introduce several notations
we use throughout the paper.

Notation. We denote by M >0 (Rd) the space of all d x d real matrices, whose eigenvalues have
positive real parts. In the following, for any x € R?, E (x) € M>? (R?). The eigenvalues of
E(x) are denoted by A1 (x),...,Aq (x). Foreach j =1,...,d and each x € R?, we set

1
a; (x) =Re(r; (x)), Hi(x) = ——,
i () (%) () i) a;(x) I<i<d
H(x) = min H;(x). “4)
1<i=<d
The multi-operator scaling random field X, y is well-defined as soon as the following two
assumptions are fulfilled. These assumptions come from [7] when E and ¥ do not vary with the
position x.

Assumption 2. Assume that

vx € R, min aj(x) >1
I<j=<d

with a; defined by (4).
Assumption 3. For every x € R4, let wx:Rd — [0, +00) be a continuous function, E(x)-
homogeneous which means, according to Definition 2.6 of [7], that
Yo (cEWE) = ey () foralle >0 and & € RY.
Let us also assume that ¥, (§) # 0 for & # 0.

Following ideas of [2], let us now define generalized multi-operator scaling stable random
fields. These fields will be useful in the study of the sample paths of harmonizable multi-operator
scaling stable random fields.
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Theorem 2.1. Assume that Assumptions 1-3 are fulfilled. Then, the random field

Fay (r.0) =Re [ (9 = 1) 0O Wo@e). wy.ze B )
R

where

Bu(z) =1+ %Z) with q(z) = trace(E(z)) Q)

is well-defined on the non empty set

U= {(x, ¥,2) €R¥:0 <14 (q() —q() Ja < 1gl]iIS1dRe () = —H—](y) } :

The random field Y, y is called generalized multi-operator scaling stable random field.

Proof. Letx, y,z € R? and H = 1 + (¢(z) — ¢(y)) /a. Since By (z) = H + q(y)/«, according
to Theorem 4.1 of [7] (applied with ¥ = ), the random variable Y, y (x, y, z) is well-defined
as soon as

1
0 < H < min Re(A; = —_—,
1<j<d (5 0)) H (y)

which holds for any (x, y,z) e U. O

We now introduce the class of harmonizable multi-operator scaling random fields, which will
be studied in this paper.

Definition 2.1. Assume that Assumptions 1-3 are fulfilled. Then, the random field

X () = Yoy (o) = Re [ (09— 1) @ P OWo@) . ve R ()
R4

with B, defined by (6), is well-defined and is called harmonizable multi-operator scaling stable
random field.

Remark 2.1. If o = 2, X y is a real-valued centered Gaussian random field.
Let us emphasize that to study the sample paths of X, y, we need the functions v and E to

be sufficiently regular. We introduce now all the assumptions we will use in sequel.

Assumption 4. Let 7 = ]_[f-l:l[bi, d;] with b; < d; for 1 < i < d. Let us assume that the
function (x, &) +— ¥ (&) is locally Lipschitz on T x R? \ {0}, that is for every compact set
K c T x R?\ {0}, there exists a finite positive constant ¢2.1 = ¢2,1 (K) such that

[V, (E1) — ¥y (E2)| < €21 (X1 — x2]l + 1161 — &)
for every (x1, &1), (x2, &) € K.

Assumption 5. Let T = ]_[?zl[b,', d;] with b; < d; for 1 <i < d. Let us assume that the map
E :x — E (x) is aLipschitz function on T': there exists a finite positive constant ¢y » = ¢3,2 (T)
such that, for x;, x, € T

IE(x1) — E()|l < c22 lx1 — x2l
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Assumption 6. Let T = ]_[f-l:l[bi, di] with b; < d; for 1 < i < d. Let us assume that for any
x,y €T, E(x)and E(y) are commuting matrices:

E(x)E(y) = E(Y)E(x).

We now conclude this section by several examples. First, we give two straightforward classes
of examples. The first one is given by harmonizable operator scaling stable random fields. The
second one includes the classical multifractional Brownian field as defined in [4].

Example 2.1 (Operator Scaling Random Fields). Let Ey be a d x d real matrix, whose
eigenvalues have real parts greater than 1. Let us consider a function ¥ : R? — [0, oo)Eg-
homogeneous, locally Lipschitz on R4 \ {0} and such that

VE£0, ¢ (&) #0.
For all x, & € R, let

E(x)=Ey and v, =v.

Then, Assumptions 2—6 are fulfilled and under Assumption 1, X y is a harmonizable operator
scaling stable random field for E(’) with stationary increments; see [7]. In particular, X, y satisfies
the operator-scaling property (1) for Ef) (and H = 1).

Example 2.2 (Multifractional Operator Scaling Random Fields). Let Ey and i be as in
Example 2.1 and let #:R? — (0, 1) be a locally Lipschitz function. For all x € R?, let us
define

E() = —F d = yht
(x) I (o) £ and Y =97

Then, Assumptions 2—-6 are fulfilled and under Assumption 1, the random field X, y given by (7)
is well-defined. In particular, if Eg = I is the identity matrix and ¢ = ||-|| is the Euclidean norm
on RY, then Xy, 1s a multifractional harmonizable stable random field, called multifractional
Brownian field if o = 2 (see [4]).

Remark 2.2. Let us focus on the special case d = 1. If we assume that 1, is an even function
for any x € R, Assumption 3 implies that there exists a positive function ¢ such that

V() = clgl"™,  foranyx,§ € RY,
where h = 1/E. Hence, if d = 1, under Assumptions 1-3, the random process Xy y is a
multifractional harmonizable stable random motion, up to a deterministic multiplicative function.
Example 2.3. For every 1 < j < d, assume that H; is a locally Lipschitz function on R? with

values in (0, 1). Assume also that

inf min Hj(x) > 0.
xeRd 1<j<d

Consider the map

E = diag (1/Hy, ..., 1/Hy)
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defined on R? with values in the space of diagonal matrices. Let p € (0, inf, cga min| < j<d Hj(x)]
and

Hi Hy) \ P
1ﬁx(é?)=(|§1| I R o [ 1 ) )

for every x,& € R“. Then, Assumptions 2—6 are fulfilled such that, under Assumption 1, the
random field X y given by (7) is well-defined.

Example 2.4. Let E and ¥, be as in Example 2.3. Let P € GL,;(R) be an invertible matrix.
Then the map
x> P'E x)P
satisfies Assumptions 2, 5 and 6. Moreover, the function
@ (x,8) > Yx(P§)
satisfies Assumptions 3 and 4. Then, the harmonizable multi-operator scaling stable random field

Xy, 18 well-defined by (7).

Example 2.5. Let d = 2. Let us consider the map

. cos(f(x)) sin(f(x))
x> E() =ax) (- sin(0 (x)) cos(e(x))>

where a and 6 are locally Lipschitz functions on R¢. Assume that
vx e RY,  a(x)cos (B(x)) > 1.
For every x € R? and £ € R, let

Y (&) = [|&||!/ (@) cos@CO),

Then Assumptions 2-6 are fulfilled such that, under Assumption 1, the random field X, y given
by (7) is well-defined.

Example 2.6. Let E; : R — M>O(R?) satisfying Assumption 2 for i € {1,2} and let y®
satisfying Assumption 3 with respect to E; fori € {1, 2}. Consider the map

E = E\ljg 110 + E2lpa o, 13¢
and for any x € R, the function

Y (&) = v ()10 10 (0) + Y P E)ga 0,10 ().

Then i satisfies Assumption 3 with respect to E. The random fields X a, s X PRV and X y
are well-defined by (7) and

Xa,w = Xa,¢<1>1[0,1]d + Xa,gb(z)le\[O,l]d'

The approach proposed in this example allows us to define harmonizable stable random fields
which are piecewise operator scaling fields.

In the next section, we recall one of the main tools needed to study operator scaling random
fields, in particular, a change of variables formula with respect to adapted polar coordinates.
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3. Polar coordinates

Let us recall the main properties of polar coordinates adapted to a single matrix as introduced
in [20]. Let M € M>? (R?). As in Chapter 6 of [20], let us consider the norm || - || defined by

Yiow | d d
||x||M=/ x| &, ve e r ®)
0 t
where | - || is the Euclidean norm on R, Then, according to Chapter 6 of [20], || - || iS a norm
on R? such that the map

p: (0, 400) x Sy —> RY\ {0}
(r, 0) — Mo

is a homeomorphism, where

Su =& R Ellm = 1) ©)
is the unit sphere for || - ||3;. Hence we can write any & € R? \ {0} uniquely as
E=m@®Yen ) (10)

with 77 (§) > Oand £y (§) € Sy . Here, forany § € R4 \ {0}, tar (§) should be interpreted as the
radial part of & with respect to M and £, (§) € Sy as its directional part with respect to M.
Let us now recall the formula of integration in polar coordinates established in [7].

Proposition 3.1. There exists a unique finite Radon measure oy on the unit sphere Sy defined
by (9) such that for all f € L'(R?, dg),

+00
Rd 0 SM

The main difficulty in our setting is that we do not consider a single matrix but a family
(E(x)),cre of matrices. Hence we need uniform controls on the polar coordinates. These will
follow from the next lemmas.

Lemma 3.2. Let T = ]_[le (b, di1 withb; < d; for 1 <i <d.Assumethat E: T — M>°(R%)
is continuous on T and satisfies Assumption 6 on T. Then the map

P: [0,400) x T —> M(Rd)

(, x) —  EW
is continuous on [0, +00) x T (with convention 0™ = ().

Proof. According to Proposition 2.2.11 of [20], since E: T — M?>? (R?) is continuous on T,
the map P is continuous on (0, 4+00) x T. Therefore, the main problem is to prove that P is
continuous at (0, x) forany x € T.

Let us fix x € T. Then, let § > 0 such that the real parts of all the eigenvalues of E(x) are
greater than 24. It follows from Theorem 2.2.4 of [20] that

sup 12|~ EWg| — 0.
lol=1 =400
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Then, by continuity of ¢ — t~E®@ on [1, +o0[, one can find a finite positive constant cs such
that

Ve € [1,4+00), [t7E®@ | == sup [|t7EWG| < st
[18]=1

Now, since E is continuous on T, there exists rs € (0, +00) such that
Vy e B(x,rs) NT, [[E(x)—EWI <4,
where B(x, rs) is the closed Euclidean ball centered at point x with radius rs.
Therefore for any s € (0, 1] and any y € B(x, rs) N T, according to Assumption 6

”SE(y)” — ”SE(y)—E(x)sE(x)” < ”SE(y)—E(x)””sE(x)” < CBS—HE()’)—E(X)IISZS_

Hence, forany s € (0, 1]and any y € B(x,rs) N T,

E(y)| 8

Ils | <css°,

which also holds for s = 0 by convention and concludes the proof. [

Let us remark that one can establish the continuity of P on [0, +0c0) x T without
Assumption 6. However, without Assumption 6, the proof is very long and this assumption will
be needed in sequel.

Lemma 3.2 leads to a uniform control of HtE(x) H with respect to the eigenvalues of E (x),
stated in the next lemma, whose proof is postponed to the Appendix.

Lemma 3.3. Let T = ]—[;lzl[b,-, dil with b; < d; for 1 < i < d. Let H and H be defined
by (4). Assume that E: T — M>ORY) is continuous on T and satisfies Assumption 6. Then,
for any 6 > 0 and ro > 0, there exist some finite constants ¢z, = c3,1(T,8,r9) > 0 and
c3p =c32(T, 6, o) such that forany x € T,

@) forallt € [0, rol,

O < O < e 1 /HOD,

@ii) for all t € [rg, +00),

(/H@) < 1tED| < 63’2t1/§(x)+6.

Moreover, Lemma 3.2 leads also to an uniform control of |- || £(x) with respect to the Euclidean
norm, stated in the next lemma, whose proof is again postponed to the Appendix.

Lemma 34. Let T = ]_[f-l:l[bi, di1withb; < d; for 1 <i <d.Assume that E: T — M>°(R?)
is continuous on T and satisfies Assumption 6. Then there exist two finite positive constants
¢33 =c33(T)and c3.4 = ¢34 (T) such that

VxeT,VE eRY, ¢33 IEN ey < IIEN < c3.4 118l £y
and such that
VxeT, ¢33<0kw (SEw) <34

with o () the measure introduced in Proposition 3.1.



H. Biermé et al. / Stochastic Processes and their Applications 121 (2011) 2642-2677 2651

Using Lemmas 3.3 and 3.4, we can compare uniformly the radial parts with the Euclidean
norm. The following proposition, whose proof is postponed to the Appendix, is one of the main
tools to obtain Holder regularity of multi-operator scaling stable random fields.

Proposition 3.5. Let T = ]_[flzl[b,', dil with b; < d; for 1 <i < d. Let H and H be defined
by (4). Assume that E: T — M>O(RY) is continuous on T and satisfies Assumption 6. Then,
for any § € (0, minycr H(x)), there exist two finite positive constants c3 5 = c3,5(T,8) and
c36 = c3,6(T, 8) such that forall x € T and ||&|| < 1,

3 sIENTOF < 15 (€) < 3 6llEITEV7, (11)

and, for all || & > 1,

35 IENEO™ < g (§) < capllE ||, (12)

Let us mention that for any fixed x € R?, the inequality (11), respectively (12), holds true with
|Tog(||€])|¢ instead of ||&]| 7%, respectively, instead of ||£]|®, with constants ¢3,5, 3,6 depending
on x (see [6] for a proof).

We end this section by comparing the radial parts Tg(y)(§) and Tg(y)(§), uniformly in &, if x
and y are closed enough. This result will be useful to obtain an upper bound for the modulus of
continuity of multi-operator scaling stable random fields. Its proof is postponed to the Appendix.

Proposition 3.6. Let T = ]_[flzl[b,', dil with b; < d; for 1 < i < d. Assume that E: T —
M>ORY) is continuous on T and satisfies Assumption 6. Then, for any € € (0, 1), there exists
y > 0 such that forall x,y € T with ||x — y|| <y,

37TE() ()T < TE (€) < c38TE(E)' T, VIIE <1 (13)
and,

c37TE() (E)'7F < ) () < 38T ()T, Vg > 1 (14)
where c3 7 = ¢3,7(T) and c3.3 = c3 8(T) are two finite positive constants that only depend on T .

Let us emphasize that all these results depend only on the eigenvalues of the matrices.
Therefore, they also hold when the map E is replaced by E':x — E(x)’, where E(x) is the
transpose matrix of E (x).

4. Sample path regularity of multi-operator scaling stable random fields
4.1. Preliminary result on the scale parameter

In order to study the regularity of the sample paths of X, y defined by (7), we consider the
increments
Xy () = Xay (V) = Yoy (u, 1, 1) — Yoy (v,0,0), Vu,veR?
with Y, y defined by (5). Observe that

XO!,I// (u) — on,l/f W) = Y00 U, V) + Y2 0,0 (U, V) + Y3 4, (1, v),



2652 H. Biermé et al. / Stochastic Processes and their Applications 121 (2011) 2642-2677
with

Yiax W, v) = Yom// (x, u,u) — YO(,I// (x,u,v),
Y200 (U, 0) = Yo u (x,u,0) — Yoy (x,0,0),
Y3ax (,0) = Yoy (U, x,x) — Yoy (v, x,%).

By Theorem 2.1, the random variables Y1 o x (4, v) and Y2 o x (¢, v) are well-defined as soon as
x € R? and

lg (v) —q )| <amin(1/H () —1,1/H (v) — 1,1). (15)

Note that for every x,u,v € RY, Y3 4. x (u,v) is also well-defined and is an increment of a
harmonizable operator scaling stable random field with exponent E = E (x)' and kernel function

V(&) = Yx(§) (see [7]).

In this section, we compare the scale parameter

| Xy ) = Xay )]+

with 7y (u — v) uniformly in u, v. In order to obtain our estimates, we study the scale
parameters of Y1 o x (4, v), Y24« (, v) and Y3 4 x (4, v). The controls of these parameters are
stated in the three following lemmas, whose proofs are postponed to the Appendix.

Lemma 4.1. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of RY.
Then, for y > 0 small enough, there exists ca,1 = c4.1 (K, T, y) a finite positive constant such
that, for every x € K, u,v € T with |lu — vl <y, Y1 4.x (u, v) is well-defined and

HYl,a,x (u, U)Hz < 4,1 I — v”a .

Lemma 4.2. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of RE.
Then, for y > 0 small enough, there exists cay = ca2 (K, T, y) a finite positive constant such
that, for every x € K, u,v € T with |lu —v| <y, Y2,q.x (4, v) is well-defined and

[Y2.0.x (w, v)|| < canllu—v]*.

Lemma 4.3. Assume that Assumptions 1-6 are fulfilled and let K C R? be a compact set of R.
Then, there exist two finite positive constants c43 = c4,3 (K) and c4,4 = ca,4 (K) such that for
every x € K and every u, v € R4,

o
C43TE(yy (U — v)* < ” Y3 45 (u,v) ”a < CaaTpy (4 — v)“

From the three previous lemmas, an uniform control of the scale parameter of
Xo,y W) — Xoy (v)

can be stated. The local behavior of this scale parameter is closely linked to the Holder regularity
of the sample paths of the multi-operator stable random field X y. Actually, in the Gaussian
case the Holder regularity is characterized by the local behavior of this scale parameter; in the
«-stable case (o < 2), the next theorem leads to an upper bound for the Holder regularity.
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Theorem 4.4. Assume that Assumptions 1-6 are fulfilled. Then, for v > 0 small enough there
exist two finite positive constants c45 = c4,5 (T, y) and cas = ca6 (T, y) such that

_ a | = C4 5 max (TE(U)t (M — U), TE (u)! (M — U))a
”XWP("‘) Xﬂhkb(v)”a {5 4,6 Min (TE(U)t (u—v), Ty (u — v))a ,

foreveryu,v € T such that |u —v|| < y.

Proof of Theorem 4.4. Let u,v € T such that |lu —v|| < y with y € (0, 1). Then, for y
small enough, by Lemmas 4.1 and 4.2, Y| o ,, (u, v) and Y2 4, (1, v) are well-defined. Note that
Y3,0,0 (u, v) is also well-defined. Then, we can write

Xot,w (u) — X(x,w (v) = Yl,a,u (u,v) + YZ,a,u (u,v) + Y3,a,v (u,v).
Hence, for y small enough,

222 Yy 0 [0~ Wi @0 = Vo 00
=22 (|71 0 0+ [V G0+ [P @0 )

By applying Lemmas 4.1-4.3, for y small enough,

| Xay () = Xy ) ]2

-2
> 2" ey 3Ty (U —v)* — (can +ca2) lu—vl|*

X - X *
[ X v @), < 2% (caaTpqy 0 —0)* + (a1 +ca2) lu —vl|%).

Since max.c7 H (z) < 1, we can choose § € (0, minger H (z)) such that

VyeT, H()+68< maTxﬁ(z)—i—S <1.
€

By Proposition 3.5, there exists a finite constant ¢35 = ¢3,5(7, §), such that

_ a(1—max H (z)—8)
lu —vl* < 3§ llu—vll ="

Tpy (U —v)”
Then, one can choose y small enough such that
(can+cap) lu—vl* <272 ey 310y (4 — v)*

for every u, v € T such that |y — v|| < y. Therefore, we can choose c45 = 2’2"’104,3 and
C46 = 220‘64,4 + 2720‘716‘4’3. U

From the previous theorem, we easily deduce the stochastic continuity of a harmonizable
multi-operator scaling stable random field.

Corollary 4.5. Assume that Assumptions 1-6 are fulfilled. Then the harmonizable multi-operator
scaling stable random field X o y defined by (7) is stochastically continuous on T.

Proof. By Theorem 4.4, there exists y € (0, 1) and a finite positive constant c4 ¢ such that

[ Xy () = Xay )| < casTpy (0 — v)*

for any u, v € T satisfying ||u — v|| < y.
Let § € (0, minyer H(x)). By Proposition 3.5, there exists a finite positive constant ¢3 ¢ =
¢3.6(T, &) such that

[ Xy @) = Xy )& < ca6¢5 g llu —v]|“HOD
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for any u, v € T satisfying ||u — v|| < y. In particular, since « (ﬂ(v) — 8) > 0,
. o
YoeT, lim |[Xay @) — Xay @), =0.
which implies the stochastic continuity of X y on T (see Proposition 3.5.1 of [25]). [

Let us also mention that in a special case, when the field X y has stationary increments,
Yimin Xiao proves in Theorem 3.6 of [29] a strong local non-determinism property that enables
him to study their local times.

4.2. Modulus of continuity

In this section, we give an upper bound for the modulus of continuity of a harmonizable
multi-operator scaling stable random field X, y around the position x. Let us emphasize that we
control the behavior of an increment

Xa,y(x +u) — Xo,y(x +v)

using the polar coordinate tg(,y with respect to the matrix E(x)’, which takes into account
the anisotropic behavior of X, 4 around x. As in [14,6], one of the main tools we use is a
LePage series representation (see [17,16] for details on such series), which is a conditionally
Gaussian series. Since £ may vary with the position x, the main difference to [6] is that we
need some uniform control of the polar coordinates and an uniform comparison of the radial
parts with respect to E(x)" and E(y)’ (see Section 3). This leads to an upper bound less accurate
than the upper bound given in [6] in the case of operator scaling harmonizable stable random
fields. The difference is a log term but our upper bound is sufficient to obtain the pointwise
Holder exponents. Let us also point out that our modulus of continuity is local and not uniform
in contrast to [28].

Theorem 4.6. Assume that Assumptions 1-6 are fulfilled on T. There exists a modification X;,w
of Xa,y on T such that forall x € T, for all ¢ > 0,

. X;,w(x +u) — X;,w(x +v)
lim  sup T =0.
Y40 Jul=y vy TE) (U — V)

x+u,x+veT

Proof. Forevery k € N\ {0} and j = (ji, ..., ja) € Z9¢ we set

j .
xej=3p and D= {vjij ezt n2tr}.

Let us remark that the sequence (D), is increasing and set D = | ;2 D, which is dense in 7.

First step: In this step, we assume that o € (0, 2).
Letus fix xo € T N'D. Following [14,6], we consider a LePage series representation of X y,
which is a conditionally Gaussian series. This series depends on the position xo we have fixed.
Let (Ty)>1, (8n)n>1 and (§,),> be independent sequences of random variables.
e T, is the nth arrival time of a Poisson process with intensity 1.
® (gn)y>1 18 a sequence of i.i.d. Gaussian complex isotropic random variables so that g, @
e?g, forany 6 € R.
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o (&1),>1 1s a sequence of i.i.d. random variables whose common law is 1y, (d§) = my, (§) dé§
with
Ca,xg

TE(xg) (€)1 [log TE(xy) ()

where a > 0, g is defined by (6) and ¢4, y, > 0 is chosen such that fRd my, (§)d§ = 1.

My, &)=

|]+a’

Let
2w 1/a 400 o —1/a
da = E ([Re (g0)]*) (L f |cos(x>|“dx) ( / sm(x)dx)
2w 0 0 x¢
and
fat.§) = (9 = 1)y @700 g e R (16)

According to Proposition 4.1 of [6], for every x € RY

+00
Z (x) = daRe (Z Ty GV fo (6. 80) gn) ,

n=1

dd .. .
converges almost surely and Z (20 Xq,y - Then, conditionally to (T, &,),,, Zo () — Zy (v) is

a real centered Gaussian random variable with variance
dZ +00 2
_2/a _
vy (@ v) (T ) = ZE(18112) D T/ ma (6)7°
n=1

X | fu(tt, &) — fulv, E)I%. (17)

Second step: Let us now assume that o € (0, 2] and set Z, = X» . Following the idea of [6],
let us consider (vx);>; an increasing sequence of integers such that for k large enough and any
xeT,Dyisa 2% net of T for TE(x)» that is such that for any y € T, there exists u € Dy,
satisfying tg oy (y — u) < 27k Here, using Proposition 3.5, we can choose v; = [k/a;] where
a1 € (0, minger H(z)) and [¢] denotes the integer part of ¢ € R.

For k € N\ {0} and (i, j) € Z?, we consider the set

{01]Za (xui) = Za (xu..))
= Vo \\Xvg,is Xug,j | (T, Sn)n) % (TE(X())[ (ka,i - -ka,j))}
ifa € (0,2)
1| Zs (xup.i) = Z2 (x|
>.f|| Z ();vk,i) = 22 (xuej) |5 @ (teGoy (ouei = xu )}
ifao =

E{sz {

where, as in [13],

1
(p(t):,/ZAdlog;, te 1]

with A > 0 chosen latter. Then, for every (k, i, j),

P(EF;) =P (NI > ¢ (tp0or (fui = %u.1))
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where N is a real centered Gaussian random variable with variance 1. Let us choose 6 € (0, 1)
and set for k € N\ {0}, 8 =2~(1=9% and

2
Iy = {(i, Jj) € (Zd N 2”kT) STE(x)! (ka,,' _ka,j) < (Sk} .

For every (i, j) € I, since ¢ is a decreasing function

e ¢’ (3)/2 2~ A(1-8)kd

[2
P(EX.) <P(IN 8 = = :
(Ely) < PN =9 60 < T G  JAnd(1-0)klog2

Let us fix ap > mingr H. Then, using Proposition 3.5, one checks that card [} <
CT,ay 2kd2/a—(1-8)/2) Wwith ¢t a finite positive constant which only depends on T and a». Hence,
choosing A > 2/a; — 1/a; and § small enough,

400 +o0
Z Z P(Efj) < CT.a p—kd(A+1/a)(1=8)=2/a1) _ 4~
= e ' VAmd (1 —8)log?2 =

Therefore, by the Borel-Cantelli Lemma, almost surely there exists an integer k* (w) such that
for every k > k* (w),

1Zo ) = Zo ) < vo (0, 0) | (T, 60)) @ (TEG)y (4 — 0)) (18)

as soon as u, v € D, with Tg(y,y (u — v) < .

Third step: We now give an upper bound of the conditional variance v, when o € (0, 2) and of
the variogram of Z;. For the sake of clearness, the proof of the following lemma is postponed to
the Appendix.

Lemma 4.7. Let € € (0, 1).

() If a € (0,2), almost surely, there exists 1y, = 7y (€,w) > 0, such that for all u,v €
B(XO, rx()) m Tr

Vo (1, 0) | (Tns ) < Ty (0 — ) 7€
(2) If o =2, there exists ry, = rx,(€) > 0 such that for all u, v € B(xg, ry,) N T,

1 Z2(u) — Zo()ll2 < Tr(ey (u — v)' €.

Let ¢ € (0, 1). Combining the previous lemma applied with € = ¢/2 and (18), almost surely,
there exists ry, = ry, (¢, @) € (0, 1) and k*(w) such that for all k > k*(w),

|Za () = Za (0)] < Ty (= 0)' 2 9 (Tp gy (u =)

as soon as u, v € Dy, N B(xq, rxy) With Tg(y,) (4 — v) < 8. Let us now choose z, such that
Vi e 0,1, "7 p@) <17F

and k*(w) = k*(w, €) such that §z«(,) <, and
TE(xo) (§) = Skx(w) = 51l < 1y

Then, for k > k*(w),

|Zo () — Zoy (V)] < Ty (4 — )¢
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for u, v € D,, satisfying max (tg(x,y (4 — X0) , TE(xgy (V= X0)) < Sp#(w) and Ty (U — v) <
8k. Then, let

+00
%= 1 UN () e 0= Xy 0] < gy -0}
£€QN(0,1) n=1k>nu,veDy ,
with
Din = {u, v € Dy, Tp(xgy (u — v) < 8, max (tg(xgy (U — X0) , TE(yy (v —%0)) < 84} -

Since X4,y and Z, have the same finite dimensional margins, we have proved that P (ijo) =1.
Therefore, P (£2*) = 1 with 2* = ﬂxOGD 2%

Since D = |J;~ Dy, similar arguments as in Step 4 of [6] and Proposition 3.5 lead to the
existence of a finite positive constant C = C(T) > 0 such that for w € 2%, for all xo € D, for
all e € QN (0, 1), there exists yx, = yx,(@, &) > 0 such that for all u, v € D N B (x0, ¥x, )

| Xa,y () — Xay ()] < Crpgyy w—v)' ¢ (19)

Fourth step: We now define a modification of X . First, if w ¢ 2%, we set X;,w (@) =0
forall y € T. Let us now fix w € §2*. Then, we set

Xoy ) (@) =Xey (@, VyeDNT.

Lety € T and ¢ € QN (0, 1). Then, there exists xo € D such thaty € B(xo, yx,/2) and y® e D
such that lim,,_, 4+ y(") = y. In view of (19), for all n, m such that y("), y(’") €B (xo, ny),

1—e

%20 (5) @ = X5y () @)] = Crpagy (¥ =y™)

such that (X; v (y(”)) (a))) is a Cauchy sequence and hence converges. We set
’ n

Xiy M@= lim X5, (v")@.

Remark that this limit does not depend on the choice of (y(")), nor on the choice of xo € D and
nor on the choice of ¢ € Q N (0, 1). Observe also that X;’v/ (*) (w) is then well-defined on T'.
Moreover, by (19) and continuity of Ty

Vv € B, 70/2) [ Xy (0 @) = Xy ) @) = Crep@ =)™ @0)
Let us now fix x € T'. Then, there exists xo € D and y, = yx (&, x) € (0, 1) such that

B(x, yx/2) C B(x0, ¥x/2)-
Hence, by Eq. (20) and Proposition 3.6, up to change yy,

Vu,v e B(x,yx/2). |X5, @) (@) = X5, (v) ()] < Cesgtppy w—v)' 7%

where ¢3 g does not depend on (i, v). This also holds for w ¢ 2* (for any choice of y, (¢, ®)).
To conclude the proof, let us emphasize that Xj ,, is a modification of Xg,y since Xo,y is
stochastically continuous (by Corollary 4.5). O
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4.3. Holder exponents

In this section, we are interested in the global and directional Holder regularity of the sample
paths of a harmonizable multi-operator scaling stable random field X y . We first prove that X y
admits a modification whose sample paths are “globally” Holder on T. This is a consequence of
Theorem 4.6 and of the comparison of the radial part g,y with the Euclidean norm.

Corollary 4.8. Assume that Assumptions 1-6 are fulfilled and let X y be the harmonizable
multi-operator scaling stable random field defined by (7). Then, there exists a modification of
Xy, which has H-Holder sample paths on the compact set T for any H € (0, minye7 H(Y)).

Proof. Let us consider the modification X; v introduced in Theorem 4.6. Let us now fix w € {2
and € € (0, 1). By Theorem 4.6, for any x € T, there exists y, = y(x, &, ) € (0, 1/2) such that

X2 4 0@ = X3y 0)@)] < Tpay =)'~

for any u, v € T such that ||[x — u|l < yx and ||x — v|| < ys.
Then, by Proposition 3.5, for any § € (0, minye7 H (v)), there exists a finite positive constant
c3,6 = c3,6 (T, 8) such that

X2, @)@ = X2y @) < e3¢ lu = LD

for any u, v € T such that ||x — u|| < y, and ||x — v|| < yy.
Therefore, for any u, v € T such that ||x — u| < y, and ||x — v|| < yx,
. . (min H (y)~8)(1—¢)
X2 (@) = X5, @) = 56w — v F

since ||lu — v|| < 1. Since this holds for any x € T, the function z — X;kl,w(z)(a)) is Holderian
of order (minyer H(y) — §)(1 — ¢€) on the compact set 7. This leads to the conclusion. [

As already mentioned, the Holder sample path regularity of a continuous modification of
Xy, may vary both with the position and with the direction. At position x, the dependence on
the directions is characterized by the Jordan decomposition of E(x).

Notation. Let x € R?. Let us consider the Jordan decomposition of E(x) as in [6]. Hence,

Jix) 0O ... 0
E =Pm"|? Sx) 0 P(). @1
: . .0
0 0 Jp)
We can assume that each J;(x) is associated with a;(x) = 1/H;(x), the real part of the

eigenvalue A (x). Observe that

g(x)=lmin Hj(x) and ﬁ(x):lmax Hj(x).

=J=Px <J=<Px

We denote by (eq, ..., eq) the canonical basis of RY and set filx) = P(x)’lej for every
j=1,...,d.Hence, (fi(x), ..., fa(x)) is a basis of R¥. For all j =1,..., py, let

Jj—1 J
Wj(x) = span (fk(x)§ dodi+1<k< Zm) (22)
i=1 i=l1
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where d; is the size of J;(x). Then, R¢ = fi] W;(x). Moreover each W;(x) is an E(y)-
invariant set when y € R is such that EX)E(y) = E()E(x).

When v varies in W (x), [6] proved that the behavior of the radial part T () (v) around v = 0
is characterized by H;(x). Then, if we only consider X ;k“/j on a straight line driven by u € W (x),
Corollary 4.8 can be strengthened.

Corollary 4.9. Let x € RY. Assume that Assumptions 1-6 are fulfilled with T = [x —n, x+1] =
H?zl[x]‘ —n,xj +nlforn > 0. Let u € Wj(x) \ {0} where W;(x) is defined by (22) and
1 < j < px. Then, there exists a modification X;‘“// of Xa,y on T such that the random process
(X;,w(x + z‘u))te]R has H-Holder sample paths in a (deterministic) neighborhood of t = 0O for
any H € (0, H;(x)).

Proof. Let us consider the modification X* o introduced in Theorem 4.6. Let us choose y €
(0, n) such that Eq. (13) holds (see Pr0p051t10n 3.6). Let us now fix ty € (—y/|lull, y/llu|) and
w € 2. It is sufficient to prove that, for H € (0, H;(x)), the function t = X7 (x + tou + tu)
is H Holder on (—r;(w), 1y, (@)) for some rq(w) > 0. Let e € (0,1). By Theorem 4.6 and
Proposition 3.6, there exists y;, = y (fo, x, &, w) € (0, 1/4) such that

1-2¢

X:';J//(x + tou + tu) — X(”;,w(x + tou + su)‘ < ey (0 — $)u)

forany 1,5 € (—yy/ llull, vio/ llul).
Then by Corollary 3.4 of [6], applied to E(x)" and r = 1/2, there exists a finite positive
constant ¢ = c¢(x) and /; = /;(x) € N* such that

Xziw(x + tu) — X;’w(x + su)

<c ||M||(1—25)Hj(x) |t _ s|(1—2€)Hj(X) |]0g (lt _ S| ”u||)|(l_/—1)(1—28)H_1'()C)

for any s, € R such that [t —#| < y;/llull and |[s — 19| < y4/ llull. Then, for § >

0 small enough, (X:; w(x +tu)) R has (Hj(x) — 2eHj(x) — §)-Holder sample paths on
’ te

(=y/ llull, y/ llull), which concludes the proof. [

We now focus on Holder directional and global pointwise exponents. Let us first define these
exponents.

Definition 4.1. Let x € RY, (X (") yerd be a real-valued random field and S?~! be the

Euclidean unit sphere of R?. Assume that X* is a modification of X which has continuous sample
paths in a neighborhood of x.

(1) The Holder pointwise exponent of X at point x is

X* _X*
HX(x):sup{H>0,lim (x+y)H (x):o},
y=0 Iyl

(2) Moreover, the directional Holder pointwise exponent Hy (x, u) of the random field X at
point x in direction u € S?~! is the Holder pointwise exponent at point 0 of the process
(X (x + tu));cr, thatis

Hx (x,u) = sup {H > 0, lim

t—0

X*(x +tu) — X*(x)
UE :O}'
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Note that Corollaries 4.8 and 4.9 give lower bounds of these exponents. Moreover, since the
harmonizable random field X, y is a stable random field, an upper bound can be deduced from
the behavior of the scale parameter

[ Xay @) = Xay )],
when u and v are close to x. More precisely, we use the lower bound stated in Theorem 4.4 and

the comparison of the radial part g () with the Euclidean norm.

Corollary 4.10. Let x € R?. Assume that Assumptions 1-6 are fulfilled with T = [x—n, x+n] =
]—[‘;Zl[xj —n,xj +nlforn > 0. Let us consider X;J// a continuous modification of Xy onT.

(1) Letu € Wj(x) N S9! where W;(x) is defined by (22), 1 < j < px. Then the directional
pointwise Holder exponent of the random field X y at point x in direction u is almost surely
Hj(x), that is

Hx,, (x,u) = Hj(x) almost surely.

(2) Moreover, the pointwise Holder exponent of the random field X  at point x is almost surely
H(x), that is

Hy,, (x) = H(x) = min H;(x) almost surely.
' I<j=d

Proof. Let X7 , be a modification of X,y which has continuous sample paths on T (see
Theorem 4.6).

() Letx e Tandu € W;(x) N Se-1, By Corollary 4.9, it is clear that
Hx, , (x,u) = Hj(x).

By Theorem 4.4, there exists y € (0, 1) and c4,1 = c4,1(7, y) a finite positive constant such
that

o
canTEy () < || Xay (x + 1u) = Xop (05 = HX?;J/,(x +1u) — X;,I/I(X)HO[

for any ¢ € R such that [¢| < y. Hence, by Corollary 3.4 of [6], for any H > H;(x), there
exists a finite positive constant ¢ such that

o

clel*H < HX;)I/,(x +ru) — Xf;’w(x)Ha
for any ¢ € R such that |¢| < y. Therefore, for any H > H;(x),
X5, O+ 1) = X5, 00 |° B

- +OO,

lim
t—0

o

L . Xy etu)=X3  (x) . . .
which implies that ‘“”‘[—H‘“” is almost surely unbounded as t — 0 since X7, , is an

a-stable random field. This leads to
Hx,, (x,u) = Hj(x) almost surely.
(2) Let x € T. By Corollary 4.8 and continuity of H, it is clear that

Hy,, () = H(x) = min H;(x).
' l<j=d
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Moreover, by definition of the directional exponents H. Yoy (x,u),u € sd-1

Hx,, (x) < uelé]df—l Hx,, (x,u).

Then, since forany 1 < j < p,, W; N S=1 £ ¢, assertion (1) implies

Hy,, (x) < min H;(x) = H(x)
' 1<j<p«

almost surely, which concludes the proof. [l

Let us now illustrate the previous results.

Example 4.1. Let Eo be a matrix of size d x d whose eigenvalues have real parts greater than

1. We denote by Hl(o), ..., H ;O) the inverse of the real parts of the eigenvalues of Ey. Let
Wi, ..., W, be the subspaces associated to the Jordan’s decomposition of Eq as (22) and let
h, E and v be as in Example 2.2. Observe that for any x € R¢,

Wj (x) = Wj

since E(x) = Eo/h(x). Then, according to Corollary 4.10, if u € W; N S4=1 forall x € RY,
Hy, , (x,u) = h(x)H;O) almost surely.
Similarly, for all x € R¢,

Hy,, (x) =h(x) min H O almost surely.
‘ I<jzd /7

Example 4.2. Assume that for every 1 < j < d, H; is a locally Lipschitz function on RY with
values in (0, 1). We assume moreover that inf, c.ps H (x) > 0. Let us consider
E = P diag (1/H;,...,1/Hy) P,

with P € GL4(R) an invertible matrix, and X, , as in Example 2.4. Let (e;)1<j<q be the
canonical basis of R? and fi= P le jforall 1 < j <d. Then, according to Corollary 4.10, for
all1 < j <d, forall x € RY,

Hx,, (x. fi/Ifjl) = Hj(x) almost surely.

Similarly, for all x € R4, almost surely H X5, (x) = H(x).

Example 4.3. Let d = 2. Let us consider as in Example 2.5 the map

cos(0(x)) sin(9(x))>

x> E(x) =a(x) (_ sin(0(x))  cos(6(x))

where a and 6 are locally Lipschitz functions on R? such that Vx € R, a(x)cos (6(x)) > 1,
and X, y the associated random field. Then, for all x € R? and u € S¢~1, almost surely
1
H ,u)=H =
Yoy (6 1) = Hxoy () = s 00)

Remark 4.1. One can also be interested in directional and global local Holder exponents. Then,
Corollary 4.10 and the previous examples hold true replacing pointwise Holder exponents by
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local ones. Moreover, assumptions of Corollary 3.15 of [11] are satisfied by each example in the
Gaussian case (@ = 2), such that one can exchange for all x and almost surely. In other words,
if @ = 2, in the previous examples, there exists an almost sure event {2*, which does not depend
on x, and on which the local Holder exponents are known.

5. Local operator scaling property

In general, harmonizable multi-operator scaling random fields are not operator scaling: they
do not satisfy the global property (1) for any fix matrix E. However, they satisfy a weak property
we call local asymptotic operator scaling property, which we introduce in the next definition.

Definition 5.1. Let x € R? and A(x) be a d x d real matrix. A random field (X (") yerd is
locally asymptotically operator scaling of order A(x) at point x if

. (X(x ) X(x)) (fdd)
lim =
ueRd

e—0T e = (Zx(W)yepd » (23)

with Z, a non degenerate random field. Moreover a random field X which satisfies (23) is called
multi-operator random field of order A.

As mentioned in the Introduction, the local asymptotic operator scaling property generalizes
both the operator scaling property and the local asymptotic self-similarity property. On the one
hand, an operator scaling random field X with stationary increments is locally asymptotically
operator scaling at any point x. On the other hand, a locally asymptotically self-similar random
field at point x with order h(x) is locally asymptotically operator scaling at point x of order
1i/ h(x).

Note also that the local asymptotic self-similarity property cannot capture the operator scaling
property since it only reveals local self-similarity, which is not sufficient to characterize the
anisotropy. Actually, let X be an operator scaling random field of order E(y. Assume that the
Jordan’s decomposition of E¢ is given by (21) with H = mini<j<, H; = Hp such that
J1 = Hllld1 and Hy > miny<;<, Hj. Let W} be the corresponding eigenvector space (see (22)).
Then, writing for u € RY = ?:1 Wi, u =ui + v withu; € Wy, itis clear that, for any ¢ > 0,
el/Hiy = gbo (y; + g!'/H1=Eoy) with

gl/Hi—Eoy, 5
e—>04

since v € @5":2 W;, with miny<;<, H; > Hj. Then, by operator scaling property, if X is
stochastically continuous,

. X (eu) (fdd)
lim <8T1>ueRd = (X(ﬂwlu))ueRd

=07t

with sy, the projection on Wj. In other words, if X is non degenerated on Wi, X is locally
asymptotically self-similar of order H; at point 0 with tangent field (X (rw, u))ueR,,.

The following remark gives some properties of the random field Z,, which are immediate
consequences of (23).

Remark 5.1. Assume that (23) is fulfilled. Then Z, is operator scaling of order A(x), that is

Ve > 0, (Zx (cA(x)u)> V4D . (Zx (1)) eRrd -
ueRd
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Moreover, if § € R is an eigenvector of A(x) associated with a real eigenvalue A, then

. X(x +eth) — X(x) dd
lim el VLD (7.10))er -
el/ teR

e—0t

The main result of this section is stated in the next theorem. As expected, a harmonizable
multi-operator scaling stable random field X, y locally looks like a harmonizable operator
scaling stable random field.

Theorem 5.1. Let x € R?. Assume that Assumptions 1-6 are fulfilled on T = [x — 0, x +n] =
H?’:l [x; —n, x; +n]. Then, the random field X y is locally asymptotically operator scaling at
point x of order E(x)! in the sense that

lim (X"‘"”(x +eF W) X“"”(X)> (fdd)
ueRd

e—>0t & - (Xlﬂx (u))ue]Rd > 24)

where X, is a harmonizable a-stable operator scaling field with respect to E (x)" and r in the
sense of Theorem 4.1 in [7].

Remark 5.2. In the case where o = 2, one can prove that (24) holds in distribution on the space
of continuous functions endowed with the topology of the uniform convergence on compact sets.
Actually, in this case, one can apply the classical criterion of tightness based on second moments
of increments. However, if o € (0, 2), proving tightness is much harder and an open problem.

Proof. Let x € R? and u € RY. Then, for ¢ > 0 small enough, the random variables
ST (x 4+ eE@y, x) and Y, , .\ ko, (x + eE@'y, x) are well-defined. Then, for
& > 0 small enough, using the notation of Section 4.1, we get

Koy (x + gE(x)lu) — Xo,y(x) = Yl,a,x+aE(x>'u (x + rs\E(x)zu’ x)
+ YZ,(x,x+aE(X)’u (x + SE(x)ru’ x)
+ Y3.0.x (x + E@y, x) ) (25)

By Lemma 4.1, for ¢ > 0 small enough,

o o

E™'y

E t
” Yl,(x,x+gE(x)’u (.x + & (x) u, x) S C4’1 H

where the finite positive constant c4 1 does not depend on ¢. Therefore, by Lemma 3.3, for ¢ > 0
small enough and § > 0 small enough

o

E(x)! « o o o/Hx)—asd
H Y| wxteE@ (x +¢€ u, x)Hg <c4165 ul®e /

. . . . E t
where the finite positive constant c3,| does not depend on ¢. Since Yl’a’x FeEMy, (x + eE@ Ty, x)

is a stable random variable and since H (x) < 1, the previous inequality leads to

1
. Yl,oz,ersE(x)’u (x +ef u, x)
lim

e—0t &

=0 in probability. (26)
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Using Lemmas 3.3 and 4.2, the same arguments yield that

. Y2,01,X+EE(X)IM (.X + 8E(x)/u, X)
lim
e—01 &
Observe that the random field
(Xlﬁ\ (v))UERd = (YOZJ// (v7 X, x))UERd

is well-defined and is a harmonizable «-stable operator scaling field with respect to E(x)" and
¥, in the sense of Theorem 4.1 in [7]. Moreover,

Vo eRY, Y340 (0,%) = Xy, (V) — Xy, (x).

=0 in probability. 27

Then, by stationarity of the increments of Xy, and the operator scaling property (see Corollary
4.2 of [7]),

E@)' (fdd)
<Y3,ot,x (x + e, x))veRd = ¢ (wa (U))veRd : (28)
From Eqgs. (25)—(28), one easily deduces that

(Xa,w(x +eEW Ty — Xa,¢(x)> (fdd)
ucRd

lim
e—0t

s - (X‘/’x(u))ueRd' O

6. Proofs
6.1. Polar coordinates

Proof of Lemma 3.3. Let § > 0 and ry > 0. Let us recall that for any ¢ € [0, +00), %),
1 < j < d are eigenvalues of t£@®)_ Then, forevery j = 1, ..., d, and for every ¢ € [0, +-00),

‘tx,(x) = Re(j(0) < HIE(X)

bl

which leads to the lower bounds since 1/H (x) = maxi<j<qRe (Aj (x)) and l/ﬁ x) =

minj<;<q Re ()»j (x)). Let us now prove the upper bounds.

(1) Since § > 0 and since E is continuous on 7 and satisfies Assumption 6, the map x +>
E (x) — (1 JH (x) — 8) 1, is also continuous on 7, satisfies Assumption 6 and takes values
in M>0 (Rd). Then, by Lemma 3.2, the function

E@)—(1/H(x)—8)14

(t,x)—~>t
is continuous on [0, +00) x T and thus bounded on the compact set [0, rg] x T. Therefore,
there exists a finite constant ¢3,1 = c3,1 (T, 8, ro) > 0 which only depends on §, T and rg
such that

V(. x) €[0,r0] x T, HrEW*“/ﬁ(x)*‘”’d

=31

Since for ¢ > 0, tE@-/H®=91 = t‘s_l/ﬁ(")tE(x), the last inequality leads to

V (£, x) €10, ro] x T, HzE<x) /H@) -5

<c31t

This inequality is obviously fulfilled for = 0 since 0X*) = 0 by convention.
(i1) Since § > 0 and since E is continuous on 7 and satisfies Assumption 6, the map x
—E (x)+ (1 /H (x) + 8) 1, is also continuous on 7', satisfies Assumption 6 and takes values
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in M>0 (Rd ) Then, using the same arguments as in the proof of assertion (i), there exists a
finite constant c3 2 = ¢3,2 (T, §, rp) > 0 which only depends on 6, T and rp such that

Yu,x)el0,1/ro] x T, |u= E@+(/H®)+5)la H <c30.

Hence,

V(t,x) € [ro, +00) x T, [[¢EFO-WHO) | < )
that is

V(t,x) € [ro, +00) x T,  [[tF®| < ¢3¢/ HDFS,

The proof is then complete. [

Proof of Lemma 3.4. Since E is continuous on 7" and satisfies Assumption 6, one can easily see
that the map

N: TxRY — [0, +00)
x, 8  — lélgw -
where || - ||a is defined by (8), is continuous using Lemmas 3.2 and 3.3 and the dominated
convergence theorem. Furthermore,
§
= |I§||N<x,— .
E) &1l

Since N is continuous and positive on the compact set 7 x S¢~!, we have

Vx e T,¥E e RIN{0},  [€llpw) = lIE] H%

O0<mr= inf N (y,0) <Mr= sup N (y,0) < +oo.
T xSd-!1 T xSd—1

Hence for every x € T and every £ € R? \ {0},
1N £x)
My

This inequality is obviously fulfilled for & = 0 since ||0]| = [|0]| g(x) = O.
Let us now focus on ogy) (SE(X)). Applying Proposition 3.1, one obtains that

11 ) . (29)

<&l <

Ve e T, apSen) = [ o @) =) [ 00

E(x)
where ¢ is defined by (6). By definition of || - || g(y) (see (8)), forany y € T and § € R4,
lElEyy < 1ifand only if Ty (§) < 1,

which leads to
VxeT, ogw(SEw) =q(x) /Rd Ljg) g, <198

Then, using (29) and the continuity of the positive function g on the compact set 7', one easily
finds two positive finite constants ¢, C such that

VxeT, c< f 0E(x)(d0) = 0E() (SEw) < C.
SEw)

Therefore, Lemma 3.4 holds with ¢33 = min(1/M7, ¢) and ¢34 = max(l/mr,C). U
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Proof of Proposition 3.5. Let ry = infjg)>1 infyer TE(x) (§). First, let us prove that tg ) (§) is
uniformly bounded below for x € T and ||| > 1, thatis r9 > 0. Otherwise, for any ¢ € (0, 1),
onecouldfindx € T and £ € R4 such that €]l = 1 and

TEm () <e < 1.

Since E is continuous, H is also continuous and we can choose n > 0 such that 2n <

minyer L Then, according to Lemma 3.3 there would exist ¢3,1(7, n, 1) such that

H@)'
e &N < 31t ) < c31e”.
However, this would imply that

L= I8l = Itew )5 e @) < ez se”
according to Lemma 3.4, which is impossible for & small enough. Hence r¢ > 0.
Let x € T and € € R? such that | > 1. Let § € (0, minyer H(y)) and §; =
minycr m Using again Lemma 3.3, there exists a finite positive constant ¢z 2 =
¢32(T, &1, ro) which only depends on 7', §; and rq such that

151 = e ) F X e G < e3ne3,4TE00 (§)/EOH
where the finite positive constant ¢3 4 is given by Lemma 3.4 and only depends on 7. Therefore,
L\ VA/HM+8)
C3,203,4) ’
there exists ¢3,1 = ¢3,1(7, 62, ro_l)

the lower bound of Eq. (12) holds with ¢3 5 = minye7 (

Moreover, by Lemma 3.3, for 6, = minyer
such that

¢33 < e E) = I1Te0) ) EDEN < c3178x0) )T/ HAOT g

where the finite positive constant ¢3 3 is given by Lemma 3.4 and only depends on 7. Therefore,
1/(1/H(y)=62)

S R
H(y)(H (y)+6)

the upper bound of Eq. (12) holds with ¢3¢ = maxyer =N

€33

The proof of Eq. (11), that is the case where ||| < 1, is similar. [J

Proof of Proposition 3.6. Let ¢ € (0, 1). Then, since E is continuous on the compact set 7T,
there exists y = y (&) > 0 such that

IE(x) —EW <e (30)

forx,y e T with [|[x — y|| < y.
Let x,y € T such that ||x — y|| < y and let & € R such that 0 < ||&|| < 1. Let us write
£ =1E(xy) (é)E(y)EE(y) (&). Then, Assumption 6 implies that

E =120y V1) OOl ©),
which leads to
T €) = 50 ) TEco) (TE0 O PO DL ©)) (31

by definition of 77 (see (10)).
Let us first assume that tg(y)(§) < 1. Then

ITE() EVEPTED ey () < tp) @) TTEO=EON0p @)
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Hence, by (30) and by Lemma 3.4,

e E)EDTED ey @)l < c3.4TE((E)F

where c3 4 is a finite positive constant which only depends on 7. Note that we can assume that
¢34 > 1. Let us now choose § € (0, min,er H(v)) such that

max H(v) +8 < 1.
veT

Since ¢3,4Tg(y)(§)7° > 1 and since H(x) — 6§ < H(x)+3, using Proposition 3.5, we obtain that

N _exH(x)+6
5 (TE() E) ED TED L (8)) < e36 (c3.aTE() (E) )T

where c3 ¢ is a finite positive constant which only depends on 7' and 8. Then, since H (x)+68 < 1
and since ¢3 4TE(y)(§) 7% > 1,

e (TEw )PP D) (6)) < c3.6¢3.47E() ()"
Hence, by Eq. (31),
TE@) (§) < €3,6¢3,4TE() (E)' 5.
Let us now assume that tg(y)(§) > 1. Since [|§]| < 1 and 7g(y) (5)1_8 > 1,
TEw) () < €36 < 3.6TE(y) ()75
Therefore, for any x, y € T such that |[x — y|| < y,forany £ € R4 such that 0 < ||€]| < 1,
TE) (6) < ¢38TE(y) (E)'F

where the finite positive constant c¢3 § = max(c3,6¢3,4, €3,6) = €3,6¢3,4 doesnotdependon x, y €
T, nor on ¢, y. Note that the last inequality also holds for & = 0 since tg(x)(0) = Tg(y)(0) = 0.
Moreover, by symmetry in Tg(y)(§) and tg(y)(§), one can easily find a finite positive constant
¢3,7 which only depends on T such that

37T E)'F < T (€)

for any x, y € T such that ||x — y|| < y, forany & € R such that ||£]| < 1. The proof of (13) is
then complete. The proof of (14) is similar. [

6.2. Results on the scale parameter

This section is devoted to the proof of Lemmas 4.1-4.3. We begin with two auxiliary lemmas.

Lemma 6.1. Let T = ]_[le[bi,di] with bj < d; for 1 < i < d. Assume that E: T —
M>ORY) is continuous on T and satisfies Assumptions 2 and 6. Let « € (0, 2]. Then, for
all € € (0, minweT(l/ﬁ(w) — 1)) there exist two finite positive constants y1 = y1(T, €) and
c6,1 = ce6,1 (T, &) such that

f min (|€]1%, 1) Tpw) (&)@ d& < ¢y ™M
TEw (€)=<n

foreveryn € (0,1]andu € T.
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Proof. Let ¢ € (0, minweT(l/ﬁ(w) —1),u €T andn € (0, 1]. We set
o= [ min (g1 1) rp (6“0 d
TEw ()=<n

By definition of 7g,) (see (10)) and of B, (see (6)), Proposition 3.1 (applied with M = E(u))
leads to

n o
Le(n, u) 5/ / HrE(”)QH rme+O=15p ) (d6) dr.
0 SE(u)

Letd € (0, minweT(l/ﬁ(u}) — 1) —¢). Applying Lemma 3.3 (with rp = 1) and Lemma 3.4, one
obtains that forany w € T, any r € (0, n] and any 6 € Sg(w),

HVE(w)Q H < HrE(w) ‘ 1/Hw)—8 1/ﬁ(w)ﬂs’

101l < c31¢3,4 10 gy T = (3,103 47

where the finite positive constants ¢3,1 = ¢3,1(7T, ) and ¢34 = c¢3,4(T) do not depend on
(w, r, 0). Therefore,

n _
Ic(n,u) < (63,163,4)a OE(u) (SE(u))/ pol/HE=1=e=0)=14;
0

Since § < minwer(l/ﬁ(w) — 1) —e¢andsinceu € T, we get l/ﬁ (u) —1—e—356 > 0. Then,
applying again Lemma 3.4, one easily sees that

a o+1 _a(l/H@u)—1—e—38)
€3163,4 1

s

Ic(m,u) < — .
(. u) < a(1I/H@)—1—¢—29)

Since n € (0, 1],

I:(n, u) < ce,1n*"

with
¢ vt
c6,1 = - 1 34 € (0, +00)
amin(l/H (w) —1—¢—9§)
weT
and

y1 =min(1/H (w) — 1 — & — 8) € (0, +00).
weT
Note that cg,; and y; are well-defined by continuity of H on the compact set 7. [J
Lemma 6.2. Let T = ]_[?zl[b,-, dilwithb; < d; for1 <i <d.Assume that E: T — M>O(R?)

is continuous on T and satisfies Assumptions 2 and 6. Let o € (0, 2]. Then, for all ¢ € (0, 1)
there exist two finite positive constants y» = y2(¢) and ce2 = ce6,.2 (T, €) such that

/ min (€19 . 1) T (€)= g < g, A=
TEw) (§)>A

forevery A>landu e T.
Proof. Let A € [1,00),u € T, e € (0, 1) and

Io(A,u) = / min (1%, 1) Teq) (€)%« d.
TEw) (§)>A
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Let us first observe that
Z‘(As u) =< / TEu) (5)‘“/%(“)-{-018 ds
TE(LI)(§)>A

Then, applying as in the proof of Lemma 6.1, Proposition 3.1 with M = E(u) and Lemma 3.4,
one obtains that

oo
R
A

with ¢3 4 = ¢3.4(T), a finite positive constant which only depends on 7. Then since ¢ < 1,

< O34 p-a-e)

which concludes the proof. [

Proof of Lemma 4.1. Since Assumption 5 is fulfilled, ¢ and H are uniformly continuous on the
compact set 7. Then we can consider ¢ € (0, min (minweT 1/H(w) — 1, 1)) and there exists
y = y(e) € (0, 1) such that

lg) —q)| < ae,

for any u, v € T with ||u — v|| < y. Henceforth, by continuity of H on the compact set T, for
any u, v € T with |lu — v|| <y, (15) holds and then Y1 o » (#, v) is well-defined for any x € RY.
Let us now consider x € K and u, v € T such that ||lu — v|| < y. Then,

Yl,oc,x (u, U) =Re /[‘Rd fl,oz,x (u, v, g) Wy (dg)
where

Fria @, 0,8) = (8 = 1) (v, @7 — gy, )W), (32)

Therefore, by definition of || - ||,

Y100 0[5 = / | frax (u, v, 6)|" d&. (33)
Rd

Moreover, for any & € R \ {0}, by Assumption 3, ¥, (§) # 0 and then by the Mean Value
Theorem,

[V (&) 7P —y, (&) P =y, (&) P | By () — Bo (W)

x Y (&) 7P llog v, (€)] (34)
for some |B¢ ,v| € [0, | By (v) — By (u)|]. Furthermore, since B, =1 + g/«

}ﬁa(w) - ,Boz(w/)‘ <é&

for any w, w’ € T with Hw —w' H < y. Then, since T is a compact set, one can easily find a
finite positive constant ¢; = ¢1(T, y (¢)) such that

[ € e log Yy @] = e max (v @7 v ©) (35)

for any £ € R \ {0} and any w, w’ € T with Jw—w] <.
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Moreover, for any w € T, since ¥, is E(w)-homogeneous,

VE e RIN{O}, v (€) = TE(w) () Yw (L) (6)) -

By Assumptions 3 and 4, the function v is positive and continuous on the compact set
{w.0) e T xR 0] 5 =1}
Then, there exist two finite positive constants ¢ = ¢2(7T') and ¢3 = ¢3(T') such that

Vw e T,VE e RU\{0}, 2t (€) < Yo (§) < c3Tr) (€). (36)

Let us also remark that since K is a compact set, there exists a finite positive constant c4 = c4(K)
such that

Vy € K,VE e R?,

eil8) _ 1] < cymin(|&] . 1). (37)

Therefore, by (32) and (34)—(37), for any £ € R? \ {0}
| Flox 0, 8)] < e51Bal) — Bo (W) min(|€ ], DTge )P
x max(tga (&), T (§))° (38)

where the finite positive constant c5 does not depend on (x, u, v, ).
Then, by (33),

1Y 1ax 0[5 < € 1Bau) = Bu(v)| /R L min(IE )%, DTEa )7

x max(te ) (&)L, TEw) (£))*CdE.

Since £ < min(minyer l/ﬁ(w) — 1, 1), Lemma 6.1 applied with = 1 and Lemma 6.2 applied
with A = 1 lead to

Y 1ax @, 0) |5 < ¢ (o1 + c6.2) 1Ba () — Bu ()|

where ce,1 and cg2 do not depend on (x,u,v). One easily concludes the proof since, by
Assumption 5, g and then 8, = 1 4+ ¢/« is Lipschitz on the compact set 7. [J

Proof of Lemma 4.2. As in the beginning of the proof of Lemma 4.1, we can choose y small
enough such that (15) holds for any u, v € T with |[u —v|| < y. Hence, Y2 o x (4, v) is well-
defined for any x € R?, and u, v € T with [[u — v|| < y.

Let us now consider x € K and u, v € T with |lu — v|| < y. Then,

Y2,a,x (u,v) =Re A&d f2,a,x (u,v,&) Wy (d§),
where

Pra @ 0,8) = (08 = 1) (i )7 =y, ©) ). (39)

Therefore, by definition of || - |4,

H Y2,0.x (4, ) Hz = / |f2,a,x (u, v, %_)|Ot dg.
Rd
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Let £ # 0 and let us split

Gt 0, 8) = [ (§) o) =, (&) Fe®
= GlanU, v, &) + 8209, v, §)

with

81, 0, 8) = (Leygy @ <n + Lepoy©)>1/n) 8o (W, v, )
and

82, 0, 8) = ly<rp,&)<1/n 8a (U, v, §),

where n € (0, 1).

First step: Study of g1,a,y and choice of n
By Assumption 5, 8, = 1 + g/« is continuous on T and we can consider

Bo = max B (w) € (1, +00).
weT

Let us choose ¢ = &(a, T) > 0 such that ¢ < min(minye7 1/H (w) — 1, 1). Then, according
to Proposition 3.6, up to change y, we can assume y = y(¢) € (0, 1) and for all £ # 0 and
w, w’ € T such that |w —w'|| <y,

TEw) &) = €37TEw) (€) min(Tew) )", TEw) )P,

where the finite positive constant ¢3,7 = ¢3,7(T, ¢) does not depend on w, w’ and &. Then, by
(36) (see the proof of Lemma 4.1) and continuity of B, there exists a finite positive constant
C1 = C1(T, ¢), which does not depend on (x, u, v, &), such that

gl,a,n(uv v, ";'_) < Cl (ITE(U)(E)<7] + lrE(v)($)>l/n) TE(U)(%_)_'B(I(U)
x max(tew) (§)” TEw (§))° (40)

Then, combining Eqs. (37) and (40), according to Lemmas 6.1 and 6.2, there exist two finite
positive constants v = v(7T, ¢) and C» = C2(K, T, €), which do not depend on (u, v, x), such
that for all n € (0, 1] one has

Il,oz,n(xy u,v) = /
Rd

Choosing n = 1 (¢, u, v) = |lu — v

. o
eitrd) _ 1‘ Sl (, v, £)4dE < Con®”.

/v one gets that Iy o, (x, u, v) < Callu — v||%.

Second step: Study of g2.a.n
Now let us focus on g3 4,5 for this particular choice of n. By homogeneity of ¥, and v,

gz"’"”(u’ v, §) = IUSTE(u)(E)Sl/n TE(v) (f)_ﬂ”(v)

Vi (Te@ © 75 tp0) ©F Lew ©) — Y (e &) V).

—Be (V)
* )

By Lemma 3.4, there exist two finite positive constants ¢33 = ¢3,3(T) and ¢34 = ¢3 4(T) such
that

YweT, ¢33 =<|[teu®| <c34
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Then, since £ #0andv € T,
HEE(U) &) — @ &) EFW 10y O)F e («?)H

< a3 |1 = ) @75 5 ©)F

By Assumption 6, E(u) E(v) = E(v) E(u) and then

|7 = e @7 a0 @5

1~ e @E0Ew

Therefore,

|1 = e @FO-E®

< IE (v) — E )]l [log te@) (€)]

. IE@—E@
X max (‘L’E(U) &) TEw) (5))

)

since ||eM — M’ ” < ||M — M’” e”M“H'M,”,forany M, M e M(Rd) suchthat MM' = M'M.
Then, since n < tew) (§) < 1/n,

|1 = ) ©FOED| < |IE @) = E @)l llog |y 1EO-EWI,

Hence, according to Assumption 5, there exists c2 2 = ¢2,2(T) such that

‘I — TEQ) (%-)E(v)—E(u) ’ <o llu—vl |10gn|n—cz’2||u—v||

since n < 1. Finally, since n = [lu — v||'/", one can choose y small enough such that

=

’

_ 3,3
1= 2o ©FOFW| < o

N =

which implies that

_ 33 €34
|5 © = 0 ©FOTEO 1y )] < 52 < S0
Then,
€33 _ 3c34
22 < [0 ©FOEW g ©)] < S

Using the Mean Value Theorem for ¢ > r~P«(®) the continuity of B, and Assumption 4 with

€33 3c3,4
/C=Tx{yeRd;7§||y||s > }

one can find two finite positive constants C3 and C4 that only depend on T and y such that

—Ba (V) —By(v
‘wu (v ©FOED £py @) T = v (Cp €)Y

= G| (e @O 7EW x4 ©) = b (¢e) ©)))

= C4llu — vl (1 + |log TEw) ()| max (g (€)', rE(v)(S))"“”“_“”) .



H. Biermé et al. / Stochastic Processes and their Applications 121 (2011) 2642-2677 2673

To conclude, let us recall that we have chosen & € (0, min(miny,e7 1/H(w) — 1, 1)). Up to
choosing y smaller we may assume that c2 2y < €. Then, one can find a finite positive constant
Cs = C5(T, &) such that

82,0,(t, v, €) < Cs [lu — vl tp ) ()W max(re ) (§) ", tew) (§))°,

forall £ # 0 and u, v € T such that ||u — v|| < y. Then, by Lemmas 6.1 and 6.2 and (37), there
exists a finite positive constant C¢ = C¢(T, K, ) such that

12,05,17()57 u,v) = /

Rd
forall x € K and all u, v € T such that ||u — v|| < y. The conclusion follows from

i,g) 4| o e
e 1| g0y, v,8)%dE < Cellu —v||¥,

[YV2.00 0[5 = Doy (. u, ) + D (x,u,v). O

Proof of Lemma 4.3. Let x € R?. Then, the random field

(X, ), s = Yooy @, %, 2)),

is well-defined and is a harmonizable operator scaling «-stable random field in the sense of
Theorem 4.1 of [7] with respect to E (x)’. Moreover,

Y300 (u,0) = Xy, () = Xy, ().

Then, by stationarity of increments of Xy, and the operator scaling property (see Corollary 4.2
of [7]), when u # v

Y3,<x,x (Mv v)”z - TE(x)’ (M - v)Dl JO( ()C, EE(x)t (M - U))
where

Vo € SE(X)tv Ja (x, 9) = / ei(9v§> -1
Rd

P (£)de.

‘Ot
Since Jy is positive and continuous on the compact set

{(y,@) e R? x Rd;y €K, and 6 € SE(},)r},

there exist c43 = c4,3(K) and c4.4 = c4,4(K) two finite positive constants such that
Vy € K,V0 € Sp(yyr,  ca3 < Jo (x,0) < ca4,

which concludes the proof. [
6.3. Modulus of continuity

Proof of Lemma 4.7. If « = 2, assertion (2) is a direct consequence of Theorem 4.4 and
Proposition 3.6. Let us now assume that & € (0, 2). Then, according to (17)

> _d; 2\ NN -2/a “2a >
02 (@ v) | (T ) = 2B (18112) D Ty (607 | e, ) — fuv. 60)]
n=1

where f;, is defined by (16). Similarly to the proof of Theorem 4.4 we write
o, §1) — fa(0, &) = fliau (U, 0, 80) + f2.0u (U, 0, 80) + f300 (U, v, &)
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where f1 o, is defined by (32), f2.q.4 by (39) and

Py (0, 0,8) = (18 — 081) g ) )
We then denote for j € {1, 2},

_dfl 2 S —2/a —2/a 2
0 (0 0) | (T 600) = S E (11) Y0 T /sy 607 | fu (. 0. 8|
and

v (@) (T 0),) = (|g1|2) S Ty ()2 | P 0,00

n=1
Hence,

3

vg ((u,v) | (T, &0),) < Z (@, 0) | (T, 80)) -

Let & € (0, min (minyer 1/H(w) — 1, 1)).
First step: Study of v1,q

Using (38), Proposition 3.6 and the Lipschitz property of S, on T, one can find y = y (¢1) €
(0, 1) and a finite positive constant c; = ¢1(7, €1) such that

| Fria (0,8 < et llu — vl min (JE]], 1) Taeg) (§) P00
X MaX(TE () (€)™, TE(p (§))°1

forany & € R4\ {0} and any u, v € T such that ||u — x¢|| < y and ||lv — xp|| < y. Hence, almost
surely

U%,a ((uv ) | (Tn, %-n)n) <llu— U||2 w
where

+00

W=cy. 7,72, (41)

n=1

with & = my (62) =/ min (16411, 1) T (§n) 00 max (v xy) () ™" TG ()
One easily checks that ¢,, n € N\ {0} are i.i.d. integrable random variables and then that
W < oo almost surely (since 7,,/n — 1 almost surely and 2/ > 1).

)261/3

Second step: Study of v2,«
Following the proof of Lemma 4.2, one can choose two finite positive constants v = v (1)
and ¢y = ¢(7T, €1) such that for n small enough,

2 -2
[ (U1 ey e120 + L) 0 €200

x max (te o € T €)= e “2)

Moreover, following the proof of Lemma 4.2 and using Proposition 3.6, choosing y = y (e1)
smaller if necessary, one can also find a finite positive constant ¢3 = ¢3 (7, 1) such that for
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lu —xoll <y/2and [lv—xoll =y/2,
2 2 2
030 (@) | (T 60),) < 03 (=02 W+ o3 (lu = w]))

where W is defined by (41) and for all 2 > 0,

+00
-2 _ .
GZZ(h) = 2 :T" /amXO (&n) 2/% min (”‘;&"”2’ 1) <le(xo>($n)<h'/” + 1tE<x0)(§n)>h“/”)
n=1

X fE(xo)(én)izﬂa(XO) max(Tg (xq) (é)*] , TE(xo)(s))zglﬁ.

Let us recall that the density function of &, is m,. Then, using the definition of m,,, of B, and
B2, one can easily find a finite positive constant c4 = c4(7, €1) such that for # > 0 small enough,

+00 )
E (o3 0I(Tn) < casa? 31,72
n=1

with

2 _ . 2
QM)_:éfmn@ﬂ|J)Ow%ﬁkmp+lmwgbwm>
X TE(xg) (8) 2200 max(Te gy (€)' Ta (g (€))7 dE.

Then, (42) leads to the existence of a finite positive constant c5 = c5(¢1) such that almost surely
for h > 0 small enough,

+00
E (o3 MI(Tn) < esh® Y 1,0
n=1

Then, since h — (722 (h) is monotone, almost surely

2
h
lim 2% _ g
h—0 h2—¢

for any ¢ € (0, 1) (see for instance [6]).

Third step: Study of v3
Using Proposition 3.6, there exist y = y(e1) € (0,1) and a finite positive constant
c6 = c6(T, €1) such that for any ||lu — x| < y/2 and ||lv — xo|| < y/2,

U%,(x ((u, v) | (Ty, En)n) = 66032(TE()¢0)‘ (u —v)),
where, for all 4 > 0,
+00 ’
03’2(h) = Z 1, Z/meo (En)—Z/ot min <HhE(x0)En H s 1> TE(xo)(En)_zﬂa(xO)
n=1
X Max (T (xy) (), TE(x) ()17,

Following the proof of Lemma 5.2 of [6], one obtains that

400
E(o3WI(Tn) < ek Y 1,7,

n=1
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where the finite positive constant c; = c7(e1) does not depend on i. Therefore, almost surely

2
oi(h
im 3%
h—0 h278
forall € € (0, &1).
Proposition 3.5, Steps 1-3 lead to the conclusion. [J
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