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Abstract We study generalized random fields which arise as rescaling limits of spa-
tial configurations of uniformly scattered random balls as the mean radius of the balls
tends to O or infinity. Assuming that the radius distribution has a power-law behavior,
we prove that the centered and renormalized random balls field admits a limit with
self-similarity properties. Our main result states that all self-similar, translation- and
rotation-invariant Gaussian fields can be obtained through a unified zooming proce-
dure starting from a random balls model. This approach has to be understood as a
microscopic description of macroscopic properties. Under specific assumptions, we
also get a Poisson-type asymptotic field. In addition to investigating stationarity and
self-similarity properties, we give L>-representations of the asymptotic generalized
random fields viewed as continuous random linear functionals.
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Introduction

In this work we construct essentially all Gaussian, translation- and rotation-invariant,
H -self-similar generalized random fields on R? in a unified manner as scaling limits
of a random balls model. The self-similarity index H ranges over all of R \ Z and
the random balls model is of germ-grain type. It arises by aggregation of spherical
grains attached to uniformly scattered germs given by a Poisson point process in
d-dimensional space. By a similar scaling procedure, we obtain also non-Gaussian
random fields with interesting properties, in particular a model of the type “fractional
Poisson field.” Its covariance functional coincides with that of the Gaussian H -self-
similar field, so that it fulfills a second-order self-similarity property. Although not
self-similar in law, this Poisson field presents a property of “aggregate similarity”
which takes into account both Poisson structure and self-similarity.

We observe two distinctly separate behaviors depending on whether the self-
similarity index H belongs to an interval of type (m, m+1/2) or of type [m —1/2, m)
for some integer m. In the first case, the scaling limit applies to random balls models
with balls of arbitrarily small radii. In the opposite case, the corresponding germ-
grain models have arbitrarily large spherical grains.

The scaling procedure which acts on the random balls model is based on the as-
sumption that the grains have random radius, independent and identically distributed,
with a distribution having a power-law behavior either in zero or at infinity. The re-
sulting configuration of mass, obtained by counting the number of balls that cover any
given point in space, suitably centered and normalized, exhibits limit distributions un-
der scaling. For the case of the random balls radius distribution being heavy-tailed at
infinity, the corresponding scaling operation amounts to zooming out over larger areas
of space while renormalizing the mass. In the opposite case, when the radius of balls
is given by an intensity with prescribed power-law behavior close to zero, the scaling
which is applied entails zooming in successively smaller regions of space. Infinites-
imally small microballs will emerge and eventually shape the resulting limit fields.
In particular, our results unify and extend in some directions the previous works on
similar topics in Kaj et al. [15] (case H € (—d/2,0)) and Biermé and Estrade [4]
(case H € (0, 1/2)). Preliminary and less general versions of some of the results pre-
sented here have appeared in Biermé et al. [5] (case H € (—d/2,0) U (0, 1/2)). Let
us emphasize that the main novelty of this paper is the extension to any noninteger
values of H and the complete description of the asymptotic fields.

Dobrushin [9] characterized the stationary self-similar Gaussian generalized ran-
dom fields in their spectral form. In this work we obtain the subclass of such random
fields that are isotropic, since the random balls models under consideration are rota-
tionally symmetric. In order to obtain the whole range of self-similarity behavior, it
is necessary to work not only with stationary random fields but with the wider class
of generalized random fields with stationary increments or stationary nth increments.
In this sense our approach also links to the line of work initiated by Matheron [18].

The paper is organized as follows. After having introduced the modeling frame-
work and the setting of the investigation, we discuss in Sect. 2 some principles for
scaling limit analysis and state two main results, which cover a Gaussian limit regime
and a Poisson limit regime. Section 3 is devoted to the properties of the limiting ran-
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dom fields: stationarity and self- or aggregate-similarity. The main results, in partic-
ular Theorem 4.7, are presented in Sect. 4 with the study of all self-similar isotropic
stationary generalized random fields. In particular we prove that all such Gaussian
fields arise as scaling limits of the random balls model. In Sect. 5 we give a pointwise
representation of the generalized self-similar fields with positive self-similarity index
H > 0 and discuss a few explicit examples.

1 Setting

We present first a unified framework which includes and extends both of the distinct
modeling scenarios studied in [15] and [4], respectively. Let B(x, r) denote the ball
in R? with center at x and radius » and consider a family of grains X j+B(O,R;)in
R? generated by a Poisson point process (X j»Rj)jin R? x R*. Equivalently, we let
N (dx, dr) be a Poisson random measure on R x Rt and associate with each random
point (x,r) € R? x R* the random ball B(x, r). We assume that the intensity measure
of N is given by « dx F(dr), where « is a positive constant and F is a nonnegative
measure on R, o-finite on (0, +00). Moreover, we assume throughout the paper
that the ball radius intensity F(dr) is such that

/ rd F(dr) < +o0. (1)
R+

Note that if F is a probability measure, this assumption implies that the expected
volume of a ball is finite.

For measurable sets A C R? x RT, we let N(A) = [, N(dx, dr) denote the num-
ber of balls with random location and radius (x, ) contained in A and view the values
of A N(A) as integer-valued random variables on a probability space (<2, A, IP).
We recall the basic facts (see [17], Chap. 10 for instance) that N (A) is Poisson distrib-
uted with mean | 4 ke dx F(dr) (if the integral diverges, then N (A) is countably infi-
nite with probability one) and that if Ay, ..., A, are disjoint, then N(A1), ..., N(Ap)
are independent. We also recall that for measurable functions & : RY x RT — R, the
stochastic integral [ k(x, r) N(dx, dr) of k with respect to N exists P-a.s. if and only
if

/ min(|k(x, r)|, 1)dx F(dr) < oo. 2)
R xR+

1.1 Power-law Assumption

For B # d, we introduce the following asymptotic power-law assumption for the be-
havior of F near O or at infinity:

AB): F(dr)= f(r)dr with f(r)~r P Vasr— 047 P,

where by convention 0 =0 if @ > 0 and 0% = +o0 if &« < 0.

The range of parameter values under consideration will be d — 1 < 8 < 2d. Then,
according to (1), under assumption A(f), it is natural to consider the asymptotic
behavior of F near 0 ford — 1 < B < d and at infinity ford < 8 < 2d.
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1.2 Random Field

We consider random fields defined on a space of measures, in the same spirit as the
random functionals of [15] or the generalized random fields of [3]. Let M denote the
space of signed measures ;& on R? with finite total variation

el == [l (RY) < oo, 3)

where |u| is the total variation measure of w, and || - || is a norm on M (see, e.g.,
[21], p. 161). For any u € M, u(B(x,r)) is a measurable function on R? x R for
which

/ |W(B(x,r))|dx F(dr) < vd|,u|(Rd)/ r?F(dr) < 400, )
RI xR+ Rt

in view of (1), where vy is the Lebesgue measure of the unit ball in RY. In particular,
(2) applies with k(x, r) = w(B(x, r)). We may hence introduce a generalized random
field X defined on M by

X(,u,):/ w(B(x,r))N(dx,dr), pneM. ©)
R4 xR+

Condition (4) is even sufficient and necessary for X (i) to have finite expected value,
and in this case

IEX(/L):/ ,u(B(x,r))deF(dr):deu(Rd)/ rdF(dr).
Rd xR+ R+

Let us also note that the random field X is linear on each vectorial subspace of M in
the sense that for all uq,..., u, € Manday, ..., a, € R, almost surely,

X(aipy + - +apuy) =a1 X (1) + -+ a X (1n).

Furthermore the characteristic function of X (1) is given by (see [17], Lemma 10.2)

E(e"*™) = exp (f (e BE) 1) dx F(dr)), teR. (6)
Rd xR+
Our first proposition adds to this a simple topological structure.

Proposition 1.1 The random field X : (M, || - |) — (L*(2, A, P), || - |I2) is a con-
tinuous random linear functional, where || - || is given by (3), and || - |2 is the usual
normon L*(Q2, A, P).

Proof Let i € M. The random variable X (u) is in L*>(2, A, P), and so X can be
considered as a linear functional X : M — LZ(Q, A, P). Moreover, for any u € M,
by Fubini’s theorem,

Var(X () = /

R4 xR

w(B(x,r))? k dx F(dr)
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<l / W (BCx, 1)) dx F(dr) ™
R4 x R4

<Kvg (/ rd F(dr)) llull* < oco.
R+

Similarly, |E(X (n))| <k vg (f0+°° rdF(dr))||u||. Therefore, according to (1), one
can find a positive constant ¢4 > 0 such that

X ()2 = \/Var(X (1) +E(X (1))? = calliell,

which shows the continuity of X. g

The random linear functional X — [E(X) is also a continuous linear functional
from (M, || - ||) to (L>(2, A, P), || - |l2). The corresponding subordinated norm of
X —E(X) is given by

X —EX)l = sup [ X(n) —EX@)l2= sup /Var(X(w)).

i<l lll<1

For u = &g, the Dirac mass at the origin of RY, we get Var(X () =
K vg( fR+ r? F(dr)) and may conclude in view of (7) that

X —EEI = \/(K vd /R+ r"F(dr)) (®)

2 Scaling Limit
2.1 Scaled Random Fields

Let us introduce now the notion of “scaling,” by which we indicate an action: a change
of scale acts on the size of the grains. The scaling procedure performed in [15] acts
on grains of volume v changed by shrinking into grains of volume p v with small
parameter p (“small scaling” behavior). The same is performed in [4] in the context
of a homogenization, but the scaling acts in the opposite way: the radii r of grains are
changed into r /¢ (which is a “large scaling” behavior). To cover both mechanisms we
introduce the random field which is obtained by applying the rescaling of measures
w— P, where u?(B) = u(pB) for p > 0 and measurable subsets B of R¢. Let us
denote by F,(dr) the image measure of F(dr) by the change of scale r — pr and
remark that

X(;ﬂ)=/RdXWM(B(x,r))N(dp—lx,dp—lr), Yu e M,

where the intensity measure of N(d,o_lx, d,o_lr) is K ,o_ddx F,(dr). It is natural

from this viewpoint to have u representing an observation window and interpret lim-
its p — 0 as zoom-out and limits p — oo as zoom-in of the random configurations of
balls in space.
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Let us multiply the intensity measure by A/« (A > 0) and consider the associated
random field on M given by

/ u(B(x, )Ny p(dx,dr),
R4 xR+

where N, ,(dx,dr) is the Poisson random measure with intensity measure
Adx Fy(dr) and u € M. Choosing A = kp~?, this random field has the same law
as {X(u”); u € Mj}. Results are expected concerning the asymptotic behavior of
this scaled random balls model under hypothesis A(8) as p — 0 or p — +00. We
choose p as the basic model parameter, consider A = A(p) as a function of p, and
define on M the random field

Xp () =/RMR+ p(B(x, 7)) Ni(p),p(dx, dr). C))

Then, we are looking for a normalization term n(p) such that the centered field con-
verges in distribution,

Xp() —E(X,(.) fdd
n(p)

and we are interested in the nature of the limit field W. The convergence (10) holds
whenever

WQ), (10)

E<exp<i Xp(p) —E(X, (1))
n(p)

for all i in a convenient subspace of M. A scaling analysis of power law tails reveals
that under A (8) we expect

)) — E(exp(iW(w)))

Var(X, (1)) ~ A(p)pP Var(X (), p— 0774,

which suggests the asymptotic relation n(p)* ~ r(p) pP to obtain the conver-
gence of (10) in (L2(2, A, P), |I-l2). However, in view of (8), the norm of (Xp —
E(X,))/n(p) as a continuous linear functional from (M, ||-||) to (L*(Q, A, P),

[I-1l2) is given by
d
H: \/(vd/ rdF(dr))\/Mp)pz. (11)
R+ n(p)

In particular, (11) is not bounded for n(p)? = r(p)p? as p — 0~¢ and the Banach—
Steinhaus theorem states that there exists a dense subset of M on which the rescaled
process (X, () — E(Xp(u)))/,/k(p)pﬂ cannot converge in (L3R, A, P), - l2).
Therefore, we study in the sequel the convergence (10) on strict subspaces of M.
This will allow us to get in the limit a continuous linear functional taking values
in (L2, A,P), |- 12, despite the fact that the convergence holds only for finite-
dimensional distributions.

|
n(p)
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2.2 Gaussian Limit Regime

For B # d, let us define the space of measures

Mﬂz{ue/\/l: dast.a<pB<dord<pB<a

and / |z — 2197 ul(d2) |l(dZ)) < +00}’
Rd x R4

where |z| denotes the Euclidean norm of z € R¥, and || is the total variation measure
of © € M. We remark that the integral assumption is a finite Riesz energy assumption
for B > d and that M# = {0} when B > 2d. In both cases d — 1 < 8 <d and d <
B < 2d,if u € M satisfies

/ e I@) ) < oo
R4 x R4

for some o (¢ < 8 <d and d < B < «, respectively), then the same holds for any y
between 8 and «. In particular, for any u € M#,

/Rd y |z — 21 7P|l(d2) |l (dz) < +o0.
X

We also introduce the subspace of finite signed measures of vanishing total mass,

M= {MEM:/ ,u(dz)zO},
R4

and consider the subspaces

~ p for d 2d

My = M ord < <2d, (12)
MPAM; ford—1<pB<d.

Theorem 2.1 Letd — 1 < 8 < 2d with B #d. Let F be a nonnegative measure on
R which satisfies A(B). For all positive functions A such that 1(p)p? —5) , 00,

p—0P~

the limit
X,(n) —E(Xp(n)  fdd
—

VA(p)pP p—08—d

holds for all 1 € Mg, in the sense of finite-dimensional distributions of the random
functionals. Here Wg is the centered Gaussian random linear functional on Mg with
covariance functional

Wg(w)

Cov(Wg(n), Wp(v)) =E(Wp()Wp(v)) =cp /

o lz—2/197P u(dz)v(dz) (13)
X

for a constant cg only depending on f.
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Remark 2.2 Equation (13) defines a covariance function, called generalized covari-
ance function in [18]. The value of the constant cg is given by (19) below.

Proof We begin with two lemmas. The first lemma describes the covariance function
and is based on some technical estimates for the intersection volume of two balls.
The second one, inspired by Lemma 1 of [15], stands for Lebesgue’s theorem with
assumptions that are well adapted to the present setting.

Lemma 2.3 Let d — 1 < B < 2d with B # d. There exists a real constant cg such
that for all n € Mg,

0< / (B, ) r P drdx =cp / Iz — 2|7 P u(dz)n(dz) < +oo.
R4 xR+ R

d Rd
Proof Let us introduce the function y defined on [0, co) by
y (1) = Lebesgue measure of B(0, 1) N B(ue, 1) (14)

for any unit vector e € R?. The function y is decreasing, supported on [0, 2], bounded
by ¥ (0) = vy, continuous on [0, 2], and smooth on (0, 2). Define yg as

yw)—y(©), d-1<p<d,

yﬂ(u)z{y(u), d<pB<2d.

We notice that for d — 1 < 8 < d, |yg(u)| < y(0) and |yg(u)| < sup,. ly'(v)| u.
Hence, for some constant C > 0, |yg(u)| < Cu?= for any 0 <d — o <1, that is,
any « in [d — 1,d]. For d < B < 2d, one can find C > 0 such that |yg(u)| < Cul—
for any o > B. In particular, we may take « such that d — 1 < o < 8 for the case
d—1<pB <dand « such that 8 < o < 2d for d < 8 < 2d, and for both cases, we
have a C > 0 with

Yu>0, |yp(u)|<Cui™. (15)

Step 1. For u € M,g, let us prove that f]Rdx]R+ u(B(x, N2 Pl drdx < 400. We
introduce the function ¢ defined by

(p(r)=/du(B(x,r))2dx, r>0. (16)
R

Using successively Fubini’s theorem, homogeneity, and (14), we get
@(r) =/ (/ 13(z,r>(x)13(z/,r)(X)dx)u(dz)u(dz’)
R? xR4 \JRd
=rd / y(lz = 2|/r)u(d2)pnd).
R4 xR4
Therefore ¢(r) < ¥ (0) |u|(R?)? r?. Moreover, since u € M B>

() =t /R s =), (17)
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and we can choose & such that [pa, g |z — 2/|47%|1](dz)|p](dz’) < +oo and (15)
holds. Then

w(V)SCr“/ |z — 2177wl (d2) |l ().
R4 xRd
Finally, one can find C > 0 such that

¢(r) < Cmin(rd, r*) (18)
and

+00
/ oryr P ldr =f w(B(x,r)?r Pl drdx < +00.
0 RI xR+

Step 2. We prove the equality stated in the lemma, which is

“+o00
/ o(ryr Pl dr =cp / lz — 2197 P u(dz)p(dz),
0 R4 xR

using the previous notation. To this end we wish to replace ¢ by (17) in the left-hand
side integral. Using estimates (15) on |yg|, one can show that the integral

Ig(u) ::/ ylg(u/r)rd_ﬂ_ldr
R+

is well defined for all u € R, . Furthermore, Iz is homogeneous of order d — 8 so
that

Vu>0, Ig(u)=Ig(Hu'=P.

This proves that

+00
/ e(r)r P dr = I5(1) / lz = 21" P u(dn)u(d2),
0 R4 xR4
which completes the proof of the lemma with

cp =Ig(l)=/+y/3(1/r)rd_ﬂ_ldr. (19)
R O

Now let us state a second lemma, which is the main tool to establish our scaling
limit results.

Lemma 2.4 Let F be a nonnegative measure on R satisfying A(B) for B #d.

(i) Assume that g is a continuous function on R™ such that for some 0 < p < B < q,
there exists C > 0 such that

lg(r)| < Cmin(rq, r”).
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Then
/ gr)Fy(dr) ~ pﬂ/ g(r)r_ﬁ_1 dr asp— 0f—4.
Rt Rt
(ii) Let g, be a family of continuous functions on R*. Assume that

lim pﬂgp(r) =0 and pﬂ|gp(r)| < Cmin(rp, rq)
p—08—d
forsome O <p < B <qand C > 0. Then

p_l)l(I)}’Slid - gp(r)Fy(dr) =0.

Proof (i) Let us assume, for instance, that 8 < d (the proof of the case § > d is

similar and can be found in [15]). Let ¢ > 0. Since F satisfies A(B), there exists
& > 0 such that

r<s = |for)y—rF <Pl (20)

Let us remark that the assumptions on g ensure that
“+o00
/ |g(r)|r_ﬂ_1 dr < 4o0.
0

On the one hand, since f(fp g(rF,(dr) = f(fp g f(%) %r, we get by (20)

Sp Sp
‘ / g(r)Fy(dr) — pf / gryr P 1ar
0 0

<epf / lg(r)Ir P dr.
R+

On the other hand, for §p > 1, since |g(r)| < Cr?,

/ oog(r)F,;(dlr) —pP f wg(r)r—ﬂ—ldr

p 8p

PP pp,

C
<CCi1(8)p” +
B—rp

where C1(8) = [, rP F(dr) <8P~ o, r¢ F(dr) < cc. Since p < f, we obtain (i).
(i1) We follow the same lines as for (i) and can assume similarly that 8 < d. Since

F satisfies A(8), there exists § > 0 such that
r<8 = |f(rm<2r 1 (21)

The assumptions on g, ensure that for all p > 0,
400 00
/ oPlg,(r P~ tdr < 400 with lim f oPlg,(mr P 1dr =0,
0 p—>+00 0

by Lebesgue’s theorem. Since f(;sp gp(r)F,(dr) = f(fp g f(%) %’, we get by (21)

sp 00 1
‘/o gp(r)Fp(dr) 52/0 pPlg,(r)Ir P dr.
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Therefore,
sp

li F,(dr)=0. 22
Jim [ o) Fy(dr) (22)

Moreover, for 8p > 1, since C1(8) = (5 - rP F(dr) < 400 and lgp(r)| < Cp~ Brp,

o o
/ gp(NF,(dr)| < Cp~? [ rPFp(dr) <CCi1(3)p~ 7P (23)
Sp Sp

We conclude the proof using (22) and (23), since p < . O

We start now with the proof of Theorem 2.1. Let us denote

n(p) :=+/r(p)p#

and define the function ¢, on R by
n(B(x,r))
oo = [ (MO
RY n(p)

) =eV—1—iv. (24)

where

According to (6), the characteristic function of the normalized field (X,(.) —
E(X,(.)))/n(p) is given by

]E<exp< X, (1) — E(X,;(/L)))) :exp(/ A(p)wp(r)Fp(dr))
n(p) R+

By assumption, n(p) tends to +00 as p — 06~ so that lI/(%) behaves like

(M(B(X )
n(p)

)2. Therefore, we write

1
/?»(P)wp(r)Fp(dr)=—§/ ¢(V))»(p)n(p)72Fp(dr)+/ Ap(r)Fy(dr),
R+ R+ R+

(25)
where the function ¢ is introduced in (16), and

1
Ap(r) = 1(p)@p(r) + Ek(p)n(p)_zw(r) (26)

2
o ((252) () s

Since u € /\7,3, the function ¢ is continuous on R™ and satisfies (18). Thus,
by Lemma 2.4(i), the first term of the right-hand side of (25) converges to
—% fR+ o(r)r~#=1dr. Moreover, by Lemma 2.3, we obtain

lim P(IMPIn(P) 2 F,y(dr) =cg / 1z — 2197 P u(dz)u(d).
p—08=d Jr+ R x R4
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For the second term, let us verify that A, given by (26) satisfies the assumptions
of Lemma 2.4(ii). First, let us remark that the function A, is continuous on R since

3
u € M. Because |¥ (v) — (_%2” < % and

/ IM(B(x,r))|3dx§||u||2/ (B e, P dx < vg )3,
R4 R4
we also check that
_ 1 _
12(p) ‘n(p)zAp<r)|sgvd Il n(p)~"r.

Finally, since [¥ (v)| < #, by (18) there exists C > 0 such that
11(0) " 'n(p)? A (r)] < Cr*

for some o with (o« — 8)(8 — d) > 0. Therefore, fR+ A, (r)F,(dr) tends to 0 accord-
ing to Lemma 2.4(ii), and so

lim E(exp(i Xp () —E(X, (1) ))

p—08—d n(p)

1
=exp( —>cp / |z = 2|7P p(dz)n(dz) ).
2" Jrdxrd

Hence (X, (1) —E(X,(1)))/n(p) converges in distribution to the centered Gaussian
random variable W (1) whose variance is equal to

E(W(n)?) = cﬂ/

Rd x

|z — 217 () u(da).
R4
By linearity, the covariance of W satisfies (13). O

With similar arguments, we can state a further scaling result leading to a non-
Gaussian limit.

2.3 Poisson Limit Regime

In this section we keep the notation introduced in Sect. 2.2 for the Gaussian limit
regime.

Theorem 2.5 Let d — 1 < B < 2d with B # d. Let F be a nonnegative measure

on R satisfying A(B). For all positive functions A such that A(p)pP —ﬁ) . a?=P
p—0P~
for some a > 0, we have, in the sense of finite-dimensional distributions of random

functionals, the scaling limit

X, (1) — EX,(0) % T4 (0)

@ Springer



1122 J Theor Probab (2010) 23: 1110-1141

forall n e M g Here Jg is the centered random linear functional on M g defined as
Jp(w) = / W(B(x, r)Npg(dx, dr),
R4 xR+

where 1’\7;3 is a compensated Poisson random measure with intensity dx r—#=1dr, and
W is defined by 1, (A) = u(a='A).

Proof Let us recall that a compensated Poisson measure N of intensity n is such
that N + n is a Poisson measure of intensity n. Therefore, the stochastic integral
f k(x,r) N (dx, dr) of a measurable function k : R? x R — R with respect to a
compensated Poisson measure N of intensity n exists P-a.s. if and only if

/ min(Jk(x, r)|, k(x, 7)) n(dx, dr) < oo 27)
R4 xR+

(see [17], Theorem 10.15 for instance).
__By Lemma 2.3, using once again the function ¢ introduced in (16), for all u €
Mg, we have

//M(B(X,V))Zr_ﬂ_ldrdx:/ o(r)r P ldr < +o0.
R4 JR+ R+

Hence, in view of (27) with n(dx, dr) = dx r~#~'dr and k(x,r) = u(B(x,r)), the
random field Jg is well defined on M g, with characteristic function

E(exp(i Jg (1)) =exp( /R e P HBG r)))dxrﬂ‘dr>, (28)

X

where ¥ is given by (24).
On the other hand, the characteristic function for the centered Poisson random
balls model equals

E(exp(i (X, (1) —E(X, (1)) = exp (/R+ LY (u(Bx, ) dx A(p) Fp (dr)>.

xR

Define for r > 0,
g(r) ZA;{d‘P(M(B(x,r)))dX-
For u € Mﬁ, using [¥ (v)| < |v|?/2 and (18), we get that there exists C > 0 such that
18(r)| < € min(r?, r*)

for some « with (¢« — B)(8 — d) > 0. Thus, by Lemma 2.4(i),

—

fk(p)a(r)Fp(dr) ~ ad_ﬂ/ goryr P lar,
Rt p—08—d 0
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and hence,
lim E(exp(i(xpw)—E(xp(m»):exp(ad‘ﬂ / g(r) r—f“dr>.
p—>0P—d R+

Finally, it is sufficient to remark that

ad_ﬁ/ G(r)r_ﬁ_ldrzad/ P trr P tar
R+ R+

with

le

(a_lr)zad/ W(M(B(x,a_lr)))dxzf Y (g (B(x,r)))dx,
R R4

N

to obtain

li(%d E(exp(i (X, (1) — E(X, (1)) = E(exp(i Jg (14a)))-
pP—>

Lemma 2.3 and (13) yield the following remark.

Remark 2.6 The covariance function of Jg is given for all u,v € M g by

Cov(Jg(n), Jg(v)) = /d w(B(x,r))v(B(x, V))dxr_ﬁ_ldr
RE xR+

xR

=cp / |z = 2/|7P u(dz)v(dz)),
R4 xR

and so Jg and Wpg have the same covariance function on M B-

3 Properties of the Limiting Random Generalized Fields

In this section we discuss some of the main properties of the fields we obtain as scal-
ing limits. The limits inherit from the random balls model a stationarity property and
acquire, due to the nature of the performed scaling, certain self-similarity properties.

3.1 Stationarity

Following the same ideas as in [9] or [18], we define a notion of stationarity which
characterizes the translation invariance of a random linear functional over a subset
of signed measures. We say as usual that a subspace S C M is closed for trans-
lations if, for any u € S and any s € R?, we have T, un €S, where T, is defined
by 73 (A) = (A — s), for any Borel set A. To provide a more general framework
for stationary random fields, we introduce the following subspaces of measures with
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vanishing moments. For any n € N \ {0}, denote by M,, the subspace of measures
€ M such that [pa 121"~ 1|1l (dz) < 400 which satisfy

/Rd zju(dz)szd "ok --~zj}’u(dz) =0 (29)

forall j = (j1,...,Jjd) € N with 0 < Jj1+ -+ ja <n (see [18], where similar
spaces of measures are introduced). Here, the class M was already used for the
setting of Theorem 2.1. For convenience, we also put Mo = M. A simple but tedious
computation shows that when u € M,, satisfies fRd 12122 | (dz) < +o0 forn > 1,
then

Aéd y Iz — 21" u(d)p(dz) =0, 0<k<n.
X

In particular, the subspaces M,, defined by (29) are closed under translations for any
neN.

Definition 3.1 Let n € N. Let X be a random field defined on a subspace S C M,
closed for translations. The field X is translation invariant if

ViueS, VseRY, X(r0) L x (). (30)

More precisely, one says that X is stationary when n = 0 and has stationary nth
increments when n > 0.

It follows that if X has stationary nth increments on a subspace S C M,,, then its
restriction on S N M, 11 C M4 has stationary (n + 1)th increments. This termi-
nology comes from [9], where S =S (R9) is the Schwartz space. In this setting the
generalized field X has stationary nth increments if all its partial derivatives of order
n are stationary.

By the translation invariance of the Lebesgue measure, for any p > 0, the random
field X, defined by (9) is stationary on M. The fields Wy and Jg obtained as limit
fields on Mg in Theorem 2.1 and Theorem 2.5 are not defined on the full space M.
But Mg is closed for translations. Therefore, when considering the limiting random
fields on Mg, one has the following property.

Proposition 3.2 Let d — 1 < B < 2d with B # d. Then Wg and Jp are translation
invariant on Mg.

In other words, from (12), Wg and Jg defined on M g are both stationary if d <
B < 2d, and they have stationary first increments if d — 1 < 8 <d.

3.2 Self-similarity
Let a > 0 and denote by u, the dilated measure defined by s (A) = u(a=' A) for
any Borel set A. A subspace S C M is said to be closed for dilations if, for any

n € S and any a > 0, we have u, € S. The following definition extends the standard
definition of self-similarity for pointwise defined random fields.
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Definition 3.3 Let H € R. A random field X, defined on a subspace S of M which
is closed for dilations, is said to be self-similar with index H if

VieS, Va>0, X(ua) ot x(w).

Once noticed that M g is closed for dilations and observing the consequence of
dilation on the covariance of Wg, the following property is straightforward.

Proposition 3.4 The field Wg, defined on M g is self-similar with index H = #
that runs over (—d /2, 1/2) \ {0}.

In contrast to the Gaussian field Wg, the Poisson limit field Jg is not self-similar.
A similarity property which applies in great generality to long-range dependent
processes is discussed in [14]. The following is a version for spatial random fields.

Definition 3.5 A random field X with EX = 0, defined on a subspace S of M which
is closed for dilations, is said to be aggregate-similar if there exists a sequence of
positive real numbers (a;;)m>1 such that

m
VieS Vm=1, X(ua) S X (),
i=1

where (X%);>; are i.i.d. copies of X.

Thus, a random field is aggregate-similar if the path g, — X (uq,, ), as we trace
along the sequence of dilations given by a,, passes all aggregates > ;" ; X' of X, in
the distributional sense. We may write, equivalently,

m
VueS Ym=1, X 'E > X (u, 1.

i=1

which immediately shows that an aggregate-similar random field is infinitely divisi-
ble.

Any self-similar zero-mean Gaussian random field is aggregate-similar. Indeed,
if Xy is Gaussian with EXy = 0 and self-similar with index H, then letting a,, =
m!/2H e have

m
fdd fdd i
Xp(a,) = m'PXp() =Y Xy, m=1. 31)
i=1

In particular, Wg is aggregate-similar on M g with respect to the sequence a, =
m!/@=PF) Ford —1 < B <d, we have a,,' — 0, and hence j,,, represents a zoom-
in of Wg as m — oo. This is in contrast to the case d < B < 2d, for which anjl — 0.
Consequently, the succession of aggregates » ;- | Wb () of Wg(u) appears as the
sequence of measures j,, performs a zoom-out, in the limit m — oo.

@ Springer



1126 J Theor Probab (2010) 23: 1110-1141

Turning next to the non-Gaussian field Jg, by (28),

log E(exp(i Jp (1)) = a’~F log E(exp(i Jp (1))
Thus, Jg is aggregate-similar with respect to a,, given by ai_ﬂ = m. This property
provides an interpretation of the dilation parameter a in Theorem 2.5. If we assume

B

in the theorem that A(p)p? — afff =m as pP~4 — 0 for arbitrary m > 1, then

X () = E(X,p (1) 5 T () =3 T,
i=1

The guiding asymptotic quantity Ap? may be interpreted as the expected number of
very large (8 > d) or very small (8 < d) balls which cover a point asymptotically.
Thus, the more of such extreme grains are allowed asymptotically, the larger number
of i.i.d. copies of the basic field Jg4 appears in the limit.

We may continue this line of reasoning by providing a limit result for Jg(ii,,,) as
m — oo. In view of Theorems 2.5 and 2.1, this result is not at all surprising.

Proposition 3.6 As a?~# — oo, for all ju in /ﬁ;;,
1 J fdd

Proof Consider the subsequence a,, = m'/“@=P) 1t follows immediately from
aggregate-similarity and the central limit theorem that

1 fdd 1 o~ ;. fdd
Wfﬁ(uam) = ﬁz-]ﬁ(ﬂ) — Wg(n), m— oo,
m i=1

since Jg(u) and Wg(u) have the same variance. A standard argument completes the
proof of convergence in distribution along an arbitrary sequence. g

4 Self-similar Random Fields of Arbitrary Order

We consider in this section an extension of our methods in order to obtain random
fields with the self-similarity property for any index H € R \ Z. To state our main
results, Theorems 4.7 and 4.8, a preliminary study of self-similar random fields of
arbitrary order is required.

4.1 Dobrushin’s Characterization of Self-similar Random Fields

Dobrushin [9] gives a complete description of Gaussian translation-invariant self-
similar generalized random fields on R?. For this purpose, he considers continuous

random linear functionals of S(R?)’, where S(R?) is the topological dual of the
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Schwartz space S(R?) of all infinitely differentiable rapidly decreasing real func-
tions on R? (see, e.g., [10, 11]). As usual, S(R?) is equipped with the topology that
corresponds to the following notion of convergence: ¢, — ¢ if and only if for all
NeNand j e N?,

sup (14 12DV | D/ (¢n — ) (2)| = 0,

zeR4
where D/gp(z) = %w(z) denotes the partial derivative of order j =
7y -9z

(J1s---5 ja). Then, a linear functional X : S(Rd) — L?(Q, A, P) is continuous if
and only if ¢, — 0 in S(R?) implies that

E(X (¢n)?) — 0.

To each function ¢ € S(RY) ¢ L'(R?), one can uniquely associate a signed mea-
sure @ € M defined by ¢ (dz) = ¢(z) dz. For notational simplicity, we identify any
function ¢ € L' (R?) with its image ¢ in M, so that L! (R?) ¢ M. Therefore any
random linear functional on M, when restricted to S (Rd ), can be viewed as a linear
functional on S(R?).

Proposition 4.1 Let p > 0. The random field X , induces a continuous random linear
functional on S(RY).

Proof By (11), the random field X, is a continuous random linear functional on
(M, [I-1). Then, to prove the continuity of X, on S@®Y), it is sufficient, using
Lebesgue’s theorem, to notice that the previous identification implies that if p, =
@n — 0in S(RY), then ||yl = [ga l@n(2)]dz — 0. O

Now, put
Si(RY) =SR)NM,, n=o0.
In particular, So(R?) = S (Ri). We obtain the continuity properties of Wg and Jg
by observing that S(RY) N Mg = S(RY) when d < B < 2d, while S(RY) N My =
SRHNM; =8 (RY) ford —1 < B <d.
Proposition 4.2 Let d — 1 < B < 2d with B # d. The random fields Wg and Jg
induce continuous random linear functionals on S,(R?) foranyn > 1ifd —1 < B <

dandanyn>01if d < B <2d.

Proof Note that by (13) and Remark 2.6, for any u € M B

E(Ws()?) = E(Jp(1)?) < lcgl /R poF T @@, 3
X
A straightforward use of Lebesgue’s theorem concludes the proof. O
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Then, restricted to S, (R9), the Gaussian field Wg is a translation-invariant self-
similar generalized field. We refer to [19] for a synthesis using orthonormal basis of
Lz(Rd) in the case d < B < 2d and to [6] for other examples of self-similar gen-
eralized fields obtained by random wavelet expansions in the general case. In [9]
Dobrushin focuses on the spectral representation of such Gaussian fields. Since the
law of a centered Gaussian field is characterized by its covariance function, let us
introduce a second-order self-similarity property. For H € R, we say that a random
linear functional X on S, (Rd) is a second-order self-similar field of order H if, for
alla>0and ¢, ¥ € Sn(]Rd),

Cov(X (¢a), X (¥a)) =a* Cov(X (), X (),  where ¢, (x) =a ‘g (a""x).
(33)
We denote by §(€) = [pa e "“*¢(z) dz the Fourier transform of ¢ € S(RY) and re-
call that ¢ is infinitely differentiable rapidly decreasing on R? with complex values.
Moreover, for n > 1, the spaces S, (Rd ) are obtained as

Si(RY) = {p € S(R?): D/§(0) =0, ]| <n}. (34)
Then Theorem 3.2 of [9] can be reformulated as follows.

Theorem 4.3 Let n > 0, and let X be a continuous random linear functional on
Sn(RY). Then X is translation-invariant and second-order self-similar field of order
H e R ifand only if for all ¢, ¥ € S, (RY),

Cov(X(p), X(¥)) = / / o)y (ro)r 211 dr do (9)
sd—1 JR+

+ Y Ajej (@), (35)

Ljl=lk|=n

where o is a finite positive measure on the unit sphere S, aj(p)= fRd p(x)x/dx =
i'DIG0) for j = (j1,....ja) € N with |j| = j1 + -+ ja=n, and A =
(Aj k)| jl=Ik|=n Is a symmetric positive definite real matrix. Moreover, if H < n, then
A=0;if H=n,theno =0;and if H > n, then A=0and o =0.

We make the further comment that generalized random fields defined on S, (RY)
for some n > 0 roughly correspond to suitable derivatives of random fields defined on
S (Rd). More precisely, since the Schwartz class is closed under differentiation, if X
is a continuous random linear functional on S(R¢), one can define for any j € N9 the
partial derivative of X of order j as the continuous random linear functional defined
by

Vo e S(RY), DIX(p)=(—DHVIX(DIg).

Moreover, [9] states the following property (see Lemma 1.2.1 on p. 23 of [3] for a
proof).

Proposition 4.4 Foranyn €N, S,(RY) = Span{D/¢ : ¢ € S(R?), j e N, | j| =n}.
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Therefore, the knowledge of a generalized random field X on S, (R9) is equivalent
to the knowledge of all its partial derivatives D/ X of order j with |j| = n. Further-
more, X has stationary nth increments if and only if its partial derivatives D/ X of
order j with | j| = n are stationary.

Note that Wg and Jg share the same covariance function by Remark 2.6, so that
they are both second-order self-similar fields of order d%ﬁ. Moreover, due to the
isotropy of balls and the rotation invariance of Lebesgue measure, it is straightforward
to conclude that Wg and Jg are isotropic random fields. We obtain the following
result, which is of Plancherel’s type and gives the covariance function of Wg and Jg

in spectral form.

Proposition 4.5 Fixd — 1 < 8 < 2d with B # d. There exists kg > 0 such that, for
any ¢,y € SRY) ifd < B < 2d and for any ¢,y € S;(RY) ifd — 1 < B <d, we
have

Cov(Wg (), Wg(i)) = Cov(Jp(p), Jg(¥))

o [, =@ e
R4 xR4

=kp / PEV () 151P > de.
R4

Proof By combining Propositions 3.2, 3.4, and 4.2 it follows that Wpg is a continuous
random linear functional on S(RY) if d < B <2d and on S| (RY) ifd — 1 < B <d,
which is translation-invariant and second-order self-similar of order H = # By
Theorem 4.3 its covariance function is given by (35). The measure o is invariant
under rotation by isotropy of Wz and hence, up to a constant, equals to the Lebesgue
measure on the sphere. O

4.2 Arbitrary-order Self-similar Random Fields as Scaling Limits

To exploit Dobrushin’s characterization theorem (Theorem 4.3) further, we next con-
sider a general class of Gaussian random fields which are self-similar with arbitrary
index H € R\ Z. For such an index H, let us introduce the parameter

,Bsz—2<H—[H+%}> € (d—1,d+ 1]\ {d} (36)
and write
__JIH]I+1, H=>0,
rHh_{o, H <0,

where [H] is the integer part of H. Let By be a continuous random field defined on
SrH1,» which is centered, Gaussian and isotropic, and whose covariance functional
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is given by

Cov(Bp (¢), Bu(¥)) = kg, fR ) PEVE) 157 dE, o, ¥ € Stu, (RY),

(37)
where the constant kg,, corresponds to the constant kg introduced in Proposition 4.5
with 8 = By as in (36).

In what follows we will see that for H such that [H + %] < H or equivalently
such that By < d, the field By may be explicitly constructed as the scaling limit
of a random germ-grain model where the radius of grains accumulates at zero. In
the opposite case where [H + %] > H or equivalently By > d, the field By may be
explicitly constructed as the scaling limit of a random germ-grain model where grains
have a heavy-tailed radius distribution at infinity. This is the purpose of Theorem 4.7
below.

Inthe case d =1 and 0 < H < 1 with H # %, then either By < 1 or By > 1,
corresponding to 0 < H < % or % < H < 1, and the Gaussian field By is obtained
either as a zoom-in or as a zoom-out procedure. These two different microscopic
descriptions lead to two different macroscopic dependence behaviors. It has to be
compared with the usual fractional Brownian motion, which is negatively correlated
for0 < H < % and positively correlated for % < H < 1.In [7, 8] similar ideas are
developed using the vocabulary of antipersistent and persistent fractional Brownian
motion.

In order to link the Dobrushin fields By and the limit fields Wg we obtained in
the previous section, we will use fractional integration and differentiation. In [19] a
similar procedure is used to synthesize Gaussian self-similar random fields with H €
(—d/2,0). To introduce the method, we consider for ¢ € S (Rd ) the usual Laplacian
operator

and recall that for any £ € R?,

Ap(&) = —I£1%9(5).

Next, for any m € Z, we may define formally the operator (—A)™ 7 by the relation

(D)) = |E]"GE). & <R

In order to give a precise meaning to this operator, let us denote by F the Fourier
transform on S(R?) and recall that F is injective on S(R). We introduce the inter-
section space

Soo(RY) = () Su(RY).

Thus, Seo (R?) # @ since this space contains any function ¢ € S (R4) such that ¢ van-
ishes in a neighborhood of 0. Then, let us consider F(Sx (RY)) = {@; ¢ € Soc(RY)},
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equipped with the usual topology of the Schwartz space of complex-valued func-
tions. Therefore, F is a linear homeomorphism from Seo (R?) to F(Sao(RY)). We
can define on F(Sao (RY)) the operator T, by

Tuy &) = 61"y (€). &R’ Y € F(Sw(R)).

Proposition 4.6 For any m € Z, the operator T,, is a linear homeomorphism on
F(Soo(RY)). Moreover, (—A) ™™/ := F~1 6 T, o F is a linear homeomorphism on
Soo(RY).

Proof Letm € Z.Forany n > 1,
Su(RY) =g € S(RY); D/G(0) =0, 1] <n}.

Therefore, if ¥ € F(Seo (]Rd )), T is a smooth function, rapidly decreasing, with
partial derivatives of any order vanishing at 0. Moreover, ¥ (§) = ¥ (—£) such that
Ty (&) =T (=€), forany & € R4, Hence Tnwyr € F (S0 (R)). Tt is then clear that
T;, is a linear homeomorphism on F(Sx (R?)). The proof is completed by using the
fact that F is a linear homeomorphism from Ss. (RY) onto F(Seo (RY)). O

Theorem 4.7 LetHERwithHgé%Zford:lanngéZfordzZ. Set m =
[H + 1and By =d — 2(H — m). Then

B (9) L s, (—8) 7 29), ¢ e Sx(RY).

Moreover, let F be a o-finite nonnegative measure on RT satisfying A(By). For all
positive functions \ such that »(p)pPH — . 400, the limit

p—>0m=

Xp(=8)"%9) —EX,(-8)"F¢) g

VA(p)pPi p—on=tt

holds for all ¢ € Soo(R?), in the sense of finite-dimensional distributions of the ran-
dom functionals.
For the case H > —d /2, the covariance functional of By has the representation

Bu ()

Cov(Br(9), Bu(¥)) = C(H) / lz— P o)y () dzdZ,
R4 x R4
¢7 I// € SOO (Rd)’
with a constant C(H) prescribed by (40) below.
Proof According to Proposition 4.5, since fg € (d — 1,d + 1) C (d — 1, 2d) for
d=land g e(d—1,d+1]C(d—1,2d)ford > 2 with By # d, the random field
Wg,, is well defined on S (R%). Moreover, for any ¢, ¥ € Seo (R?), we have

Cov(Wgy, ((=8)7"%¢), W, ((=8)™"%y))
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=cpy f Iz — 2|97 PH (=AY T2 () (= A) TPy () dzdZ (38)
R4 x R4

kg [ BT D)@ P . (39)
By (39) and (37), we get
Cov(Wpy ((=8)7"¢), Wy (=8)7"¥)) = kg fR GG

= Cov(By (¢), By (¥)).

Since the two random fields Wg,, and By are Gaussian, it is enough to conclude that

B () & Wg,, (—A)"2).

Then, Theorem 2.1 provides the finite-dimensional-distribution limit.
Next, let us consider the covariance functional for H > —d /2. By rewriting (38),

Cov(Bu (¢). Bu(¥)) = cpy /R TP (=8 g (- )Ty ) (1) de
with

(=) "2 (=0) Y (2) = /ﬂ; [T @ = (=) () de
Using Fourier transforms,

(=8 "2 (=0) Py (D) = (=8) " (@ Y (),
so that
Cov(Br (¢), Bu(¥)) = cp, /R TP () (g Y (@) dz.
Here, since A|z|* =2HQ2(H — 1) +d)|z|* =2 for z # 0, one can find a constant
CH.m such that |z|d—PH = |7|2H-2m — CH’mA’”|z|2H for any m > 0 and z # 0. Then,
since H > —d /2, integrating by parts, we obtain
/R TP =) T Y (@) de = e /R JJPHA™((=8) " (g v () de.
Thus,

Cov(Bi(¢), Br(¥)) = C(H) / 2= 2 PH o)y () dzdz’
R4 xR4

with
CH)=(=D"cumepy- (40)
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Under the same parameter assumptions, as in the previous theorem, we may define
analogously a continuous generalized random field Py on Sy (R?) by

Pu (@) = Jg, (=0)7%9), ¢ Sx(RY). (41)

The effect of a dilation by a > 0 is given by

Ipa ((=2)7"29) ) = I, (a" (=) () = a" Pr (ga).

This allows us to extend Theorem 2.5 to the case of a general index H. By Proposi-
tion 4.5, the covariance functional of Py coincides with that of By, so that Py can
be extended to a continuous linear functional on Srg, (RY).

Theorem 4.8 Take a real number H, H & %Zfor d=1,H ¢€Zford=>?2.As above,
let m =[H + %] and By =d — 2(H — m). Let F be a nonnegative measure on
Rt which satisfies A(By). For all positive functions % such that A(p)pPH —

p_,()m—H
a?B=m for some a > 0, we have in the sense of finite-dimensional distributions of
random functionals the scaling limit

X,((=A) "% 9) —E(X,((—=A) %)) % a" Py (9a)

p— m—H

forall ¢ € Spo(RY).

5 Pointwise Representation of the Random Fields By and Py

In this section we discuss the case of a positive self-similarity index and assume
henceforth H > 0. For H ¢ N, note that [H] = [H], where [H] =[H] + 1, and
recall that the Gaussian field By is defined on Sz (Rd). By Proposition 4.4,

S (RY) =Span{D’p: 9 e S(RY), jeN, |j| =[HT}.

A natural question that arises in this context is whether it is possible to find a contin-
uous random linear functional ¥ on S(R?) such that

VoeS([RY), DY(p)=(-DVBy(D/g), jeNwith|j|=TH].

The same question applies to the Poisson field Py defined by (41). We will use the
representation of generalized random fields as defined by Matheron [18], to provide
an answer (see also the links between “generalized random fields” and “punctual
random fields” in [3]). This will allow us to extend By and Py as continuous random
linear functionals on the whole space S (RY).
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5.1 Representation of Generalized Random Fields

Let X be a continuous rangom linear functional on a subset S of S(RY). We say
that a continuous function X : RY — Lz(Q, A, P) is a representation of X if, for any
pesS,

2 ~
X(g) AP / X()e() dr.
]Rd

In order to obtain representations B g (t) of By and FH (t) of Py, foranyt e Rd, we
will consider an approximation in Sy (RY) of the Dirac mass &, at ¢.

Following the ideas of [18], let 8 € S (R?) be a positive even function such that
its Fourier transform @ satisfies 5(0) = fRd 0(z)dz = 1. Let n € N with n # 0 and
set 0, (z) = n%0(nz). For t € RY, let 1,0, = 6,(z — ). Write [! =1;!---1,! for | =
,....1y) € N4 Then, consider the functions defined by

1l
O =t — Y %#019,,, teRY.
<ra "

On the one hand, since 6 € S(R?), which is closed under dilations and differentia-
tions, ) € S (Rd). On the other hand, let us remark that, for & € R,

[H]-1

1, . ~(EN( _i. (—it - £)k
) ﬁ’l<—’5>’>=9<;)(e - T)

O (&) =07(5)<e—“'f -
[|<[H] " k=0
(42)

using the fact
1 —it - &)k
S Licig = ELE ke,
Al k!
|l|=k

which is a generalization of the binomial theorem. But for any k € N and j € N¢, we

get
D,-((—it-é)")/ :{(—i)frf if1j1 =k,
k! £=0 0 else.

Then by Leibnitz formula we obtain that D/ (:)? (0) =0 forany j € N such that | j| <
[H1. According to (34), ®} belongs to Spa (R?). Therefore we can consider the
sequences of random functions defined by (By (©!)),>1 and (P (©®)),>1, where
Bp(®") :t — B (®}) for all n > 1 and similarly for Py (®").

Theorem 5.1 Let H > 0 with H ¢ %Nfor d=1and H ¢ N for d > 2. The finite-

dimegiional distributions of (Bu(®")),>1 converge in L*(Q, A P)ta representa-
tion By of By on Spwn (Rd) with the covariance function

—it-£)k
FH(taS):kﬁH \/Rd<e—it-$_ Z %)

0<k<[H]
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x (et 3 CEE ik i ae

0<k<[H]

N
=C(H)<|t—s|2H— > %(SIDMZHH’DIWH)), 43)

[l|<THT

where the constants kg, and C(H) have been introduced in Proposition 4.5 and
Theorem 4.7, respectively.

Similarly, the finite- dlmenszonal distributions of (Pu(©®")),>1 converge in
L3*(Q, A, P) to a representation PH of Py on Srm (RY) with the same covariance
function as By.

Proof Letn € N~ {0} and t € RY. By the choice of § we have & € Srm (RY). Let
n,m € N\ {0} and define the covariance

Lo (t,s) :=Cov(By (0}'), By (O)) = Cov(Py (O]), Pu(OF)), t.seR9.
By (37) this covariance can be written as

Cum(t,s)=kgy, /Rdé\;l(g)@;gn(g)lg|72[17dd§.

Then, according to (42), Lebesgue’s theorem implies that the limit in
P ) =% [y (t,s) is given by
n,m—-—+00

it . )k
Lyt s) =kgy /I;d<e—iz.g_ Z %)

k<[H1

X <e—is-{-'_ Z ( lsk E) )|%-| —2H— ddé-

k<[H]

Therefore, the finite-dimensional dlStI‘lbuthl’lS of (Bg(©™)),>1 converge in L3(2,
A,P) to a centered random field BH The finite-dimensional distributions of
(Pu(©™)),>1 converge similarly to a limit PH. Both limit fields have the covari-
ance function I'y.

Let us prove the that BH is a representation of By on Sy (Rd) The covanance
function I'y of BH is continuous with respect to each variable, and so Br R4
L2(§2 A,P) is continuous. Then, the random linear functional X : ¢ € S(RY) >
fRd BH (t)(t)(dr) is well defined since

Var(X () = f f Cov(Br (1), Br ()@ () (s) dt ds < +o0,
Rd JRRE

using the fact that Var(]?&)(t) < C|t|*. Finally, for any ¢ € St (RY), we have
Var(X (¢)) = Var(Bgy(¢)) by (37), since fRd tlgp(t)(dt) =0 for |l| < [HT, which
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proves that Br H is a representation of By on Spp (Rd ). The same arguments hold
to prove that PH is a representation of Py on Spa (Rd ).
It remains to establish (43). By Theorem 4.7, for all n, m € N\ {0},

Pom(t,5) = C(H) / 2= 2 PHOr (O () dz d7'.
RI x R4

For any 7/ € R, the function fr@=lz—-7 |2# admits continuous derivatives of
order [ on R for any |/| < [H1. Therefore, for any z’ € R¢,

1]
/Rdlz—z/lw@t"(z)dz = fert- Y1 11.) 'D' f.1.0,(0)

[l]<[H
—_Dl
_ I2H _ =D" 1 pH
n_>—+>oo|t 7| Z m t' D777
[l|<TH

By Lebesgue’s theorem, as n — 400,

I
> ( ll) 1'D'|z |2”>@;”(z’)dz’.

[I|<TH]T

lim Fn,m(t,s)=C(H)/ <|t— |21
n—-4o00 R4
As previously, we obtain

—_n
_ J12H gym / _ <2H _ (=D Il 2H
/Rd|t 21770 (z')dz m::oolt S| E i s'DMt]*,

[1<TH]
while
/ D'ZPMer(yd — DYs|Pt.
R4 m——+00
Therefore 'y (¢, 5) = limy, j— 400 [n.m (2, §) is also equal to (43). Il

Remark 5.2 In the case H < 0, one cannot find any representation of either By or
Py on S(R?). This is due to the fact that the variance of a random field which is
second-order self-similar of order H < 0 is not bounded around 0.

Since By is Gaussian, l?; is also Gaussian as a limit in LZ(Q, A, P) of a Gaussian
functional. The spectral representation of By is given by

Br()E kg, /R d(e‘”'g -y l; o )|s|—” PWde),  (@44)

k<[HT

where W is the complex Brownian measure. This field is called elliptic Gaussian
self-similar random field in [2].
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Specializing to the case d = 1, the covariance function I'yy in (43) equals

1 1
conorr- o) 2o ().
I<[H]

where (%) = (2H)---(2H — (I — 1))/1!. Therefore, By is up to a multiplicative
constant an [ H Jth-order fractional Brownian motion as defined in [20].

5.2 Properties of the Pointwise Representation

One can define the [ Hth increments of By with lag h € RY, which correspond to
the discrete differentiation of order [ H, by

g .
A,EmBH(z):Z( )(—1)fH1PBH(t+ph).
p=0 P
Then
[H]
[H] 5 . [H] H1—
Ay, BH(t>=ngglooBH<2%( , )(—1)( 1 "mphen),
p:

and the stationarity of By implies that 1/971 has stationary [H]th increments in the
wide sense: forall 7, s, h, h’ € R4, the covariances COV(A}EH] By (s), A;f” Bp(s+1))
do not depend on s (see [24] or [12] for instance).

Proposition 5.3 Let H > 0 with H ¢ N. Then the Gaussian random field 13’71 has
stationary [ H\th increments. Moreover, this field admits continuous partial deriva-
tives of order 1 € N in mean square for any |l| < [ H| such that DZE/I has stationary
(TH1 — |l|) increments, is self-similar of order H — |l|, and satisfies Dll§71(0) =0
almost surely.

Proof Recall that 'y denotes the covariance function of E?; Since [H] > 1, it is
straightforward to see that I'y; admits symmetric partial derivatives of order / € N¢

for any |/| < [HT, with gil,l;ﬁ (s, t) given by
. k . k
—itE (it-§) Zisk (s -8\ o —a—2m
ku /Rd (e T | G Dl i Ll a.
k<[H1-|l| k<[H1-|l]

By Theorem 2.2.2 of [1], this means that Z?; admits a continuous partial derivative
of order / in mean square, D’BH, which is a Gaussian random field with covari-

ance given by Cov(DlgI(t), Dlg;l(s)) = %(s, t). A straightforward change of
variables yields, for all a > 0,

Cov(D'Bp (at), D' By (as)) = a* ™~ Cov(D!' By (1), D' By (s)).
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Since D! f?; is Gaussian, this implies that D! B; is self-similar of order H — |/|, that
is,

{D'Br(ar),r e R} L a1 D' By (1), 1 e R} foralla > 0.

Moreover, forall 7, s, h, k' € R,
Cov(A D B (s), AT D! By (s + 1)

zkﬁy/ efitf(efih-é _ I)FH'|*U|(eih’.g’: _ l)mp\z%zz's',zfl,d d,
R4

and D' By has stationary ([H1 — |/|)th increments. Finally, Var(D! B (0)) = 0 im-
plies that D! By (0) = 0 almost surely. d

Remark 5.4

(a) One can prove that I?;I is the only Gaussian random field with stationary [ H |th
increments, which is self-similar of order H and isotropic.

(b) The representation Py of Py obtained in Theorem 5.1 is not Gaussian but shares
the same covariance function as E/l Therefore it satisfies the same second-order
properties: stationary [ H]th increments, self-similarity of order H, and isotropy.

5.3 Fractional Brownian Field and Fractional Poisson Field

For 0 < H < 1, the random field 2?7{ corresponds to the well-known fractional
Brownian field with Hurst parameter equal to H, and (44) is known as the harmo-
nizable representation of the fractional Brownian field (see [13] for a review).

We consider the special case 0 < H < 1/2 for whichd — 1 < g =d —2H <d.
For this range of parameters, [H] = 1, and

M5H=MﬂH nMy, M1={,u€/\/l:/[u(dz)=0},
R(

It follows that all pointwise increment measures 6, — &g, X € Rd, belong to M B
and are hence admissible for evaluating the limit fields Wg, and Jg,. Using the

representations B’; and ﬁ;; in Theorem 5.1, it is verified that 7971 (x) fad Wgy (8x —80)

~  fdd
and Py (x) = Jg, (8x —80).
To analyze the properties of Py, we observe, using (28),

log E(exp(i Pp (x))) = f

R+ xR

(W G(B(y, ) = 8o(B(y, 1)) dyr=Pu=ldr, (45)

where ¥ is given by (24). Here,

L lx=yl<r<lyl
Sx(B(y,r)) —80(B(y,r))=1-1, Iyl<r<l|x—yl,
0, otherwise
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and hence we may recast (45) into

log E(exp(i § Py (x))) = lJ/(Q)/ Ljx—y<r<pypdyr o~ dr
Rt xR4

+ lp(—e))f Ljyj<r<ju—ypy dy r P~ 1 dr
R+ xR4

= (—cp) X1 (W (6) + ¥ (=6)).

This is the logarithmic characteristic functional of the difference of two independent
random variables, both having a Poisson distribution with intensity (—cg, ) |x|2H
Hence, PH (x), x € R?, defines a mean zero integer-valued symmetrized Poisson-
distributed random field such that for any x, x’ € Rd,

Cov(P(x), Pr(x") = (—cp,) (IxPPH 4 1x/PH — |x — x'|PH).

By analogy with fractional Brownian field, this makes it natural to view Py as a
fractional Poisson field. .

By adding random weights to the model we obtain a relation between Py and so-
called Chentsov random fields, in particular Takenaka fields, see [23], [22], Chap. 8.
By (45),

fdd ~
Prr () & / Lser ) — Lsor () Ng, (. dr),
R4 xR+

where N gy 1s a compensated Poisson random measure with intensity r —Bu=1dr dy.
Fix a parameter 1 < o < 2 and consider the Poisson measure Ng, (dy, dr, dw) with
intensity measure |w|~ U+ r=Pu—1dr dy. The random field

YW= [ | Auen) = Laon 0w, @r.dndw)
R xR+ xR
is a variation of Py where random weights w are applied symmetrically with inten-

sity |w| =179 to the original Poisson points (y, ). Consequently,

fdd
Y(x) = / (B () —1B0.r) (¥)) Mo (dy, dr),
RY xR+

where M, is a symmetric «-stable random measure with associated measure pro-
portional to » ~## =1 dr dy [22, Theorem 3.12.2]. By properties of stochastic integrals
with respect to symmetric «-stable measures we have, for some positive constant C,

g B(Exp (. 0¥ (0D = _C/ 1017 Lo (9 = Lo )1 dyr P~ dr

R+t xR
= —C|9|a/ 1ax.ryaBo.n () dy r=Pa=1dr,
Rt xRt

where A denotes the symmetric set difference. Hence,

fdd
Y ()& / st 8500 (Y) Ma(dy, dr),
R xR+
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which defines a symmetric «-stable random field which is self-similar with index
H' = (d — By)/a € (0,1/a), known as an («, H')-Takenaka field, see [22], Defini-
tion 8.4.1 (the parameter 8 of the reference corresponds to d — B in our notation). It
is noticed in [22] that, moreover, 1/9\;1 is a (2, H)-Takenaka field. Randomly weighted
random balls models also arise in applications such as teletraffic modeling. For the
one-dimensional case with parameter values d =1 < By < o <2 and M,, as above,
the process

Z() =/ 0,01 (v, y + 1) Moy dr), 10,
RxR+

has been called a Telecom process. It arises as a scaling limit of a random intervals
model with one-sided weights, see Kaj and Taqqu [16].

The fractional Poisson field ﬁ;l shares with I§71 and with («a, H)-Takenaka fields
[22, Theorem 8.6.3] the well-known interesting invariance property under restriction
to lower-dimensional hyperplanes. For example, any cut along a line through a planar
fractional field in R? generates a one-dimensional fractional process of the same kind.
To see this, let Hy be a k-dimensional hyperplane in R?. We consider R? = H; & H kJ-
and write x; for the restriction to Hj of x /ﬂk + (x — ﬁ_’i), eR?. To emphasize the

dimensional dependence, we write here By 4(x) and Py 4(x), respectively, if the
fractional fields are defined on RY.

Proposition 5.5 Given H € (0,1/2), let B}, = By —d + k € (k — 1,k). Then the
measure 8z, — 8o belongs to Mﬂ}, , and we have

—_—~— _ fdd —_~— _

By,q(ix) = By (X)
and

—_~— _ fdd —_—~— _

Py q(xXk) = Prr i (Xk)

forH’zﬂzd_ﬁ:H.

2 2
Proof 1t is enough to consider hyperplanes of the form x = (x,...,xt,0,...,0).
Then, clearly, |%x|9PH = |5 |F—Pu, which carries over to showing that the covari-
ances of the pair of relevant random fields coincide. O
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