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Abstract

We investigate the sample path regularity of operator scaling «-stable random fields. Such fields
were introduced in [H. Biermé, M.M. Meerschaert, H.P. Scheffler, Operator scaling stable random fields,
Stochastic Process. Appl. 117 (3) (2007) 312-332.] as anisotropic generalizations of self-similar fields and

satisfy the scaling property {X(cEx); x € ]Rd} (fid) {cHX(x); X € ]Rd} where E is a d x d real matrix

and H > 0. In the case of harmonizable operator scaling random fields, the sample paths are locally
Holderian and their Holder regularity is characterized by the eigen decomposition of R4 with respect to E.
In particular, the directional Holder regularity may vary and is given by the eigenvalues of E. In the case of
moving average operator scaling «-stable random fields, with & € (0, 2) and d > 2, the sample paths are
almost surely discontinuous.

© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider operator scaling stable random fields as introduced in [1]. More
precisely, if E is areal d x d matrix whose eigenvalues have positive real parts, a scalar-valued
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random field (X (x)), g is called operator scaling for E and H > 0 if

Ve > 0, {X(cEx); X € Rd} (29 {cHX(x); X € Rd}, (1)
where (/4D means equality of finite dimensional distributions and as usual ¢ = exp(E logc)
with exp(4) = Y 2, ‘2—:_{ the matrix exponential. These fields can be seen as anisotropic

generalizations of self-similar random fields. Let us recall that a scalar-valued random field
(X (x)),cpa 1s said to be H-self-similar with H > 0 if
Ve>0, {X(ex):xeRYYED (Hx (). x e RY).

Then a H-self-similar field is also an operator scaling field for the identity matrix £ = I; of
size d x d. Numerous natural phenomena have been shown to be self-similar. For instance, self-
similar random fields are required to model persistent phenomena in internet traffic, hydrology,
geophysics or financial markets, e.g. [2-5]. A very important class of such fields are given by
Gaussian random fields and especially by fractional Brownian fields. The fractional Brownian
field By, where H € (0, 1) is the so-called Hurst parameter, is H -self-similar and has stationary

increments, i.e. {Bg(x + h) — By (h); x € ]Rd} (4h {Bg(x);x € Rd} for any i € R4, Tt is an
isotropic generalization of the famous fractional Brownian motion, implicitly introduced in [6]
and defined in [7].

However, the isotropy property is a serious drawback for many applications in medicine [8,9],
in geophysics [10] and in hydrology [11], just to mention a few. In particular, [8,9] introduce
two classes of anisotropic Gaussian random fields for X-ray pictures of bones modeling, to
help for diagnosis of osteoporosis. More precisely, [8] proposes to use the fractional Brownian
sheet which exhibits different scaling properties in the d orthogonal directions that characterize
its anisotropy. The fractional Brownian sheet, first introduced in [12], is operator scaling for
a diagonal matrix but it does not have stationary increments, which is a natural assumption
since bones can be considered as homogeneous materials. Therefore, [9] introduces anisotropic
Brownian fields which have stationary increments. Proposition 5 of [9] shows that the directional
regularity of any Gaussian random field with stationary increments is constant except maybe
on a hyperplane of dimension at most d — 1. However, the sample path regularity of the
Brownian fields studied in [9] does not depend on any direction. The Gaussian random fields
introduced in [1] illustrate Proposition 5 of [9]. These random fields were introduced to model
sedimentary aquifers, which exhibit different scaling properties in different directions and not
necessarily orthogonal ones (see [11]). They have stationary increments, satisfy the operator
scaling property (1) and their anisotropic behavior is driven by a d x d matrix E, not necessarily
diagonal. Moreover, both Gaussian and «-stable operator scaling random fields are defined in [1].
Actually, Gaussian random fields are not convenient for some heavy tails phenomena modeling.
For this purpose, «-stable random fields have been introduced. Let us recall that a scalar-
valued random field {X (x); x € R?} is symmetric a-stable (SaS), for & € (0, 2), if any linear
combination > ;_; ax X (xx) is SaS. We address to [4] for a well understanding of such fields.
Self-similar isotropic «-stable fields with stationary increments have been extensively used to
propose alternative to Gaussian modeling (see [13,5] for instance). Then, operator scaling stable
random fields, as defined by [1], are well fitted to mimic persistent, heavy-tailed and anisotropic
phenomena.

Two different classes of such fields are defined in [1], using a moving average representation
as well as an harmonizable one. In the Gaussian case ¢ = 2, according to [1] there exist
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modifications of these fields which are almost surely Holder-continuous of certain indices. We
give similar results here in the stable case o € (0, 2) for harmonizable operator scaling stable
random fields. Actually, we obtain their critical global and directional Holder exponents, which
are given by the eigenvalues of E. In general, such fields are anisotropic and their sample path
properties varies with the direction. In particular, in the case where E is diagonalizable, for
any eigenvector 6; associated with the real eigenvalue A ;, harmonizable operator scaling stable
random fields admit H; = 1/A; as critical Holder exponent in direction ;. Let us point out
that we establish an accurate upper bound for the modulus of continuity. Such upper bound has
already been given in the case of real harmonizable fractional stable motions (d = 1) in [14] and
in the case of some Gaussian random processes in [15]. Then, in this paper, we generalize these
results to any dimension d and any harmonizable operator scaling stable fields. We also obtain
such an upper bound in the case of Gaussian operator scaling random fields, which improves the
sample path properties established in [1].

Furthermore, whereas in the Gaussian case @ = 2, moving average and harmonizable fields
have the same kind of sample path regularity properties, this is no more true in the case & € (0, 2).
In particular, we show that for d > 2, a moving average operator scaling stable random field
does not admit any continuous modification. Remark that if d = 1, the sample path regularity
properties are already known since the processes studied are self-similar moving average stable
processes, see for example [4,14,16].

One of the main tools for the study of sample paths of operator scaling random fields is the
change of polar coordinates with respect to the matrix E introduced in [17]. If X is a Gaussian
operator scaling random field with stationary increments, using (1), we can write its variogram
as

() =E (X2 (0) = % 0 E (X2 (Le ()

where 7 (x) is the radial part of x with respect to E and £ (x) is its polar part. Therefore, in
the Gaussian case, the sample path regularity depends on the behavior of the polar coordinates
(g (x), £g (x)) around x = 0. Such property also holds in the stable case o € (0, 2). The
Holder sample path regularity properties follow from estimates of tg (x) compared to ||x||. These
estimates are given in Section 3 and their proofs are postponed to the Appendix.

Furthermore, the other main tool we use to study the sample paths of harmonizable operator
scaling a-stable random fields is a series representation. Representations in series of infinitely
divisible laws have been studied in [18-21]. As in [14], our study is based on a LePage series
representation. Actually, the main idea is to choose a representation which is a conditionally
Gaussian series.

In Section 2, we recall the definition of harmonizable operator scaling random fields. Then,
Sections 3 and 4 are devoted to the main tools we need for the study of their sample path
regularity. More precisely, Section 3 deals with the polar coordinates with respect to a matrix
E and Section 4 gives the LePage series representation. In Section 5, the sample path properties
of harmonizable operator scaling random fields and the Hausdorff dimension of their graph are
given. Section 6 is concerned with moving average operator scaling random fields.

2. Harmonizable representation

Let us recall the definition of harmonizable operator scaling stable random fields, introduced
by [1]. Let us stress that the parametrization used in this paper is not the same one as in [1], see
Remark 2.1.
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Let E be areal d xd matrix. Let A1, ..., Ay be the complex eigenvalues of E anda; =R (A j)
foreach j =1, ..., d. We assume that

1. 2

11<lell<'ld aj > ( )

Let ¥ : R? — [0, 0o) be a continuous, E?-homogeneous function, which means according to
Definition 2.6 of [1] that

1//(cEtx) =cy¥(x) forallc >0andx € RY,

Moreover, we assume that ¥ (x) # 0 for x # 0. Such functions were studied in detail in [17],
Chapter 5 and various examples are given in Theorem 2.11 and Corollary 2.12 of [1].

Let0 < o < 2 and W, (d§) be a complex isotropic «-stable random measure on R? with
Lebesgue control measure (see [4] p.281). If « = 2, W, (d§) is a complex isotropic Gaussian
random measure. Let g = trace (E).

Definition 2.1. The random field

Xuw =9 [ (08 < 1)y WL, xR, 3
is called harmonizable operator scaling stable random field.

Remark 2.1. As already mentioned, (3) is not exactly the representation used in [1] to define an
harmonizable operator scaling stable random field. However, the class of random fields defined
by (3) and the class of harmonizable operator scaling stable random fields defined in [1] are
the same. More precisely, let Ebeareal d x d matrix, ¢ = trE and 1/7 CRY [0, +o0[ a
E! -homogeneous function. For some convenient H > 0, let us consider

X ) = m/ D I© W, @), xR, @)

an harmonizable operator scaling stable random field as defined in [1]. Let ¢ = Vad
E=E/H.Then, ¢y isa E ’—homogeneous function and

Xj ) = m/ ) Y& W (@) = X (1)

with X, defined by (3). Furthermore, v/, E and H satisfy the assumptions of Theorem 4.1 of [1]
if and only if ¢ and E satisfy our assumptions.

Remark 2.2. For notational sake of simplicity we denote the kernel function by
f8) = (09— 1)y @77 g eRY\o) 5)

Let us remark that, since (2) is fulfilled, f (x, -) € L*(R?) for any x € R?, which is a necessary
and sufficient condition for X, to be well-defined by (3). Moreover, from Corollary 4.2 of [1],
X, has stationary increments and satisfies the following operator scaling property

Ve >0, [Xo(ePnx e R VE fexy (ox e RY). (©6)

Note that, for any H > 0, since X, = XII/I/H is also defined by (4),
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Ve > 0, {Xa(céx);x € Rd} (fid) {

CHXa(x);x eRd}, @)
with E = HE, according to Corollary 4.2 of [1]. Actually, (7) is simply obtained from (6)
choosing ¢ = ¢!/# . This is related Remark 4.4 of [1].

Now, let us give some examples of operator scaling harmonizable stable random fields.

Example 2.1. Let I; be the identity matrix of size d x d, H € (0,1), E = I;/H and
¥ (x) = ||lx||¥ with || - || the Euclidean norm. Then the random field X,, defined by (3) is a real
harmonizable stable random field (see [4] for details on such fields). In this case, X satisfies (6)
for E = I;/H and (7) for E = 1;, which means that

Ve >0, {Xy(cx);x e Rd} (/4D (" Xqx);x € Rd},

i.e. Xy is self-similar with exponent H. Let us quote that, if « = 2, X, is a fractional Brownian
field and its critical Holder exponent is given by its Hurst index H (see Theorem 8.3.2 of [22]
for instance).

Example 2.2. Assume that E is diagonalizable and that all its eigenvalues are real, denoted
by (a j)l <j<d’ Let (8j)1<j<q be a basis of some corresponding eigenvectors and consider the
function v defined by

d 1/2
v(x) = (Z |(x,9,->|2/“f') , xeR
j=1

The function v is clearly continuous and non-negative on R?. Moreover, since
t .
(" x,0)) = (x,cB0;) = ¢ (x, 6),

Y is also E’-homogeneous. Finally, ¥ (x) = 0 if and only if x = 0, since (0j)1<j<a is a basis
of R?. Then we can define X, by (3). Forall j = 1,...,d, the operator scaling property (6),
applied with & = ¢!/% implies that

Ve > 0, {Xa (cth) = R} (4 {cl/“/'Xa (te.i) = R} ,
since (c!/ “f)E 0; = (c/9)" 6; = c;. Therefore, the random field X, is self-similar with
exponent H; = 1/a; in the direction 6;. In particular, in the Gaussian case (o = 2), the

process (X2 (26;)), g is a fractional Brownian motion with Hurst index H and its critical Holder
exponent is equal to Hj.

One of the main tool in the study of operator scaling random fields is the change of coordinates
in a kind of polar coordinates with respect to the matrix E. Then, before we study the sample
path regularity of X, we recall in the next section the definition of these coordinates and give
some estimates of the radial part.

3. Polar coordinates

According to Chapter 6 of [17], since E is areal d x d matrix whose eigenvalues have positive
real parts, there exists anorm | - ||g on R4 such that the map

Up: (0,00) x Sg —> R4\{0}
r,6) > rko
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is a homeomorphism, where
d.
Sg={xeR" ! |lx]lg =1} 3)
is the unit sphere for || - || g. Hence we can write any x € R?\{0} uniquely as

x =150 E() )

with tg(x) > 0 and £g(x) € Sg. Here, for any x € Rd\{O}, 7g (x) should be interpreted
as the radial part of x and £g(x) € Sg as its directional part. Moreover, x — 7g(x) and
Xx > £g(x) are continuous maps. We also know that tg(x) — oo as x — oo and 7g(x) — 0
as x — 0. Hence we can extend tg continuously by setting t¢(0) = 0. Finally, we can observe
that Sp = {x € RY : tp(x) = 1} is a compact set and define

mg =min ||x|| and Mg = max |x|. (10)
SE SE
Let us now recall the formula of integration in polar coordinates established in [1].

Proposition 3.1. There exists a unique finite Radon measure og on the unit sphere Sg defined
by (8) such that for all f € L'(R?, dx),

/ f(x)dx:/oo/ FrEo)op@o)ri~dr.
Rd 0 SE

As already mentioned in the introduction, the Holder sample path regularity properties of X,
follow from estimates of tg (x) compared to ||x| around x = 0, i.e. from the Holder regularity
of g around 0, see [1]. Then, in order to get an upper bound for the modulus of continuity (for
any o), we need some precise estimates of Tg (x).

As done in [23] for the study of operator-self-similar Gaussian random fields we use the
Jordan decomposition of the matrix E to get estimates of tg. From the Jordan decomposition’s
theorem (see [24] p. 129 for instance), there exists a real invertible d x d matrix P such that
D = P~'EP is of the real canonical form, which means that D is composed of diagonal blocks
which are either Jordan cell matrix of the form

A0 L. 0
)

P 0
0 ... 1 &

with A a real eigenvalue of E or blocks of the form

A 0 ... ... 0
L A .
o oot wina=(y )aman=(g Y). an
S
0 ... 0 L 4

where the complex numbers a =+ ib (b # 0) are complex conjugated eigenvalues of E.
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Let us denote by || - || the subordinated norm of the Euclidean norm on the matrix space.
Precise estimates of Tz follow from the next lemma.

Lemma 3.2. Let J be either a Jordan cell matrix of size | or a block of the form (11) of size 21
associated with the eigenvalue A € C. Then, for any t € (0, e‘l] U [e, +00)

19 < [|t?]] < V2ler® |log ]!~
witha = R (A).
Proof. See the Appendix. [

Let us be more precise on the Jordan decomposition of E.

Notation. Let us recall that the eigenvalues of E are denoted by A;, j = 1,...,d and that
aj = %(Aj) > lfor j=1,...,d. There exist Ji, ..., Jp, where each J; is either a Jordan cell
matrix or a block of the form (11), and P areal d x d invertible matrix such that
Ji 0 ... 0
E=p|® 2 0 Pl
: . .0
o ... 0 J,

We can assume that each J; is associated with the eigenvalue A ; of E and that
l<a <---<ap.

We also set H; = aj_l and have

0<H,<---<H <l (12)

If A; € R, J; is a Jordan cell matrix of size [; = I; € N\{0}. If »; € C\R, J; is a block of the
form (11) of size l} = 2[; € 2N\{0}. Then for any ¢ > 0,

0 ... 0
Ja
Eop| 0 70 p!
0
0 0
We denote by (eq, ..., eg) the canonical basis of R? and set fj = Pejforevery j =1,...,d.
Hence, (f1, ..., fg) is a basis of RY. For all j=1,...,p,let
i1 Jo
Wj=span| fi: Y Li+1<k=<) [;]. (13)
i=1 i=1
Then, each W; is a E-invariant set and RY = le W;.

The following result gives bounds on the growth rate of ¢ (x) in terms of the real parts of the
eigenvalues of E.
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Proposition 3.3. For any 1 < k < p, let Wy be the E-invariant subspace of dimension Iy or 2l
associated with Hk_l by (13). Then, for any r € (0, 1) there exist some finite positive constant
c1, 2 > 0 such that for every 1 < jo < j < p,

—1)H;

0 < tp(x) < callx || log |lx||| Pio-s = DHi

ciflxl|™o [log L]~
holds for any x € EB‘,f:jO Wi\{O} with ||x|| < r and pj, j = maxjy<k<; k.
Proof. See the Appendix. [
Then, we easily deduce the following corollary.

Corollary 3.4. For any 1 < k < p, let Wy be the E-invariant subspace of dimension ly or 2l
associated with H,;l by (13). Then, for any r € (0, 1) there exist some finite positive constant
c1, ¢z > O such that forany x € W; \ {0}, 1 < j < p, with||x|| <r

crllx N1 log [1x )11 G D < 25 (x) < eallx |7 Nlog [lx |G DH;

and for any x € R\{0} with ||x|| < r
crllx I log [lx )l ~VH < 5 (x) < eallx ]| PP [log [|x |||V
where |l = maxi<j<pl;j.

Therefore we have precise estimates for the Holder regularity of the radial part. Let us remark
that we improve the first statement of Lemma 2.1 of [1] and that the second one can also be
improved in a similar way. From these estimates we deduce the Holder regularity of X, in
Section 5. As already mentioned, the study of the sample paths is based on a series representation.
Then, before we state regularity properties, it remains to give the LePage series representation of
harmonizable operator scaling stable random fields.

4. Representation as a LePage series

An overview on series representations of infinitely divisible distributions without Gaussian
part can be found for example in [21,25] and references therein. In particular, LePage series
representation [18,19] have been used in [26,14] to study the sample path regularity of some
self-similar ¢-stable random motions with & € (0, 2). Here, this representation is also the main
representation we use in the case a € (0, 2). Actually, in the Gaussian case @ = 2, such
representation does not hold.

Let us now introduce some notations we will use throughout the paper. Let u be an arbitrary
probability measure absolutely continuous with respect to the Lebesgue measure on R? and let
m be its Radon—Nikodym derivative that is u (d§) = m (§) d§.

Notation. Let (7;,),>1, (gn),>1 and (§,),> be independent sequences of random variables.

e T, is the nth arrival time of a Poisson process with intensity 1.

® (gn)y>1 18 a sequence of i.i.d. isotropic complex random variables so that g, D o gn for any

0 € R. We also assume that 0 < E (|g,,|%) < +o0.
o (&)1 is a sequence of i.i.d. random variables with common law p (d§) = m (§) d&.

According to Chapter 3 and Chapter 4 of [4], stochastic integrals with respect to an «-stable
random measure /A can be represented as a LePage series as soon as the control measure of A
is a finite measure. The next proposition generalizes this representation to a complex isotropic
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a-stable random measure W, with Lebesgue control measure. It is a consequence of Lemma
4.1 of [26], which is a correction of Lemma 1.4 of [27]. This proposition can also be deduced
from [21,20], which are concerned with series representations of stochastic integrals with respect
to infinitely divisible random measures.

Proposition 4.1. Let o € (0, 2). Then, for every complex-valued function h € L* (Rd), the
series

+00
—1 _
Yh =31 m )7V () g
n=1
converges almost surely. Furthermore,
@
Ca¥" = fR h (§) W (d5)

with W, (d§) a complex isotropic a-stable random measure on RY with Lebesgue control
measure and

T 1/a 400 o —1/a
ca=1E(|m<g1>|°‘)‘”“<% / |cos<x)|“dx> (/O S‘““”dx) s

xOl

Remark 4.1. According to Proposition 4.1, taking o € (0, 2), the random measure

+00
Ao (dE) = Co YTy “m (&)1 gude, (dt)
n=1

is a complex isotropic a-stable random measure with Lebesgue control measure.

Proof. Let V, = m (&) Y% h (&,) gn. Then, V,, n > 1, are i.i.d. isotropic complex random
variables. By Lemma 4.1 in [26], the series Y" converges almost surely and

VzeC, E (exp (iiR (ZYh>)) = exp (—0* |z|%)
with

sin (x)

xOl

dx.

+00
o = JE(IiR(Vl)I“)/O

Since g1 is invariant by rotation and independent with &1,

E(RVDI) =E (m ¢~ h @I*) E (9% @0I") = E(ID‘i(gl)l“)/Rd [ (€)1 dg.

Moreover, by definition of an isotropic «-stable random measure (see [4]),
VzeC,E (exp (ifﬁ (Zfd h (&) W, (d$)>>> = exp (—cg (h) Izla)
R
with ¢% (h) = (% S leos ()| dx) Ja I (£)/ d. Then,

VieC, E (exp (m (cazyh))) = exp (=2 () |2I%)

. (exp (m (z /Rd h(€) Wy (dE))))
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with C, defined by (14). This implies that

Cay" @ / h (£) We (dE),
R4

which concludes the proof. [

From the previous proposition, we deduce the following statement which is the main series
representation we use in our investigation.

Proposition 4.2. Let @ € (0, 2). For every x € RY, the series

+0o0
Yo(x) = CaR (Z T, m @n)—l/“f(x,sn)gn), (15)
n=1

where f is defined by (5) and Cy by (14), converges almost surely. Furthermore,
[Fo(y; x e R 20 [x, oy x e RY),
where X is defined by (3).

Proof. From Proposition 4.1, for any x € R?, the convergence of the series follows from the fact
that f(x,:) € L% (Rd). The equality of finite dimensional distributions between X, and Y, is
obtained by linearity of the integral and the sum, which define the fields, and Proposition4.1. [J

Using LePage representation (15) of X, and the estimates given in Section 3, we give an
upper bound for the modulus of continuity of X, and obtain the critical Holder regularity of its
sample paths in the next section.

5. Holder regularity and Hausdorff dimension

Throughout this section we fix K a non-empty compact set of R? and investigate the Holder
regularity on K of the harmonizable operator scaling stable random field X, defined by (3).

Let us recall that for the Gaussian case ¢« = 2, according to Theorem 5.4 of [1], the
Holder regularity of X, depends on the subspaces (Wj)1<j<p defined by (13) and associated
with the eigenvalues of E. More precisely, Theorem 5.4 of [1] implies that, when restricted
to the subspace W;, the Gaussian random field {Xz(x); X € Wj} admits H; as critical Holder
exponent. This follows from the fact that the regularity of X, on W; is determined by the
regularity of tg around O on W;. Here, we give an upper bound for the modulus of continuity of
X, in the general case o € (0, 2]. Then we prove that the critical Holder exponents are the same
as in the Gaussian case o = 2. Let us state our main result when « € (0, 2).

Theorem 5.1. Let o € (0,2) and X, be defined by (3). Then, there exists a modification X}, of
X on K such that, with T defined by (9), for any ¢ > 0

X*(x) — X*
lim sup ‘ a () a(Y) ’1/ ey 0 almost surely. (16)
30 xyek TE(x —y)|logTE(x — Y)|/¢ ¢

O<|lx—yll<é

This result was proved in the case of harmonizable self-similar stable processes in [14], i.e. in the
case of Example 2.1 with d = 1. The main idea is to use the LePage series representation (15)
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where g,, n > 1, are Gaussian complex isotropic random variables. It remains to choose the
density distribution m of &,. In [14], the authors choose

m (§) § € R\{0}

_ Sy
|&] [log |&]|" 7

where ¢, > 0. A straightforward generalization in higher dimension d leads to choose

m(€) = £ € R\{0}.

L B
I [log I& (11"

Remark that in this case (i.e. Example 2.1) the matrix E = I;/H = E' and that we can choose
Il gr = |I-]l. Then, using classical polar coordinates, we obtain that for all x # 0,

X
(tpr (X), Lpr (x) = (nan : —)
flx|]
and therefore that

m(§) =

Cn
g (§)7 log Tgr (§)['1
since g = trace (E) = d/H. Note that by this way m only depends on the radial part tg:.

Proof of Theorem 5.1. We can assume without loss of generality that K = [0, 1]¢. According
to Proposition 4.2, for every x € R¢

+o0
Yo (x) = Cu® (Z Ty m (&)Y f (x. &) gn>
n=1

dd .
converges almost surely and Yy (4 X« As already mentioned, we assume that g,, n > 1 are

Gaussian complex isotropic random variables. Moreover, we choose as density distribution of &,
n
T (§)7 llog Tpr ()]
where 75 (§) is given by (9), n > 0 and ¢;; > 0 is such that fRd m(§)dé = 1.
As in the proof of the Kolmogorov—Centsov Theorem (see [28]), we exhibit (xx), a countable

dense sequence of elements of K and a finite positive constant C such that for tg (xx — xx/)
small enough,

m (&) = £ € RU\{0}, (17)

Yo (k) — Yo ()| < Cg(xx — xp) [log T (xg — xpr) |/ 1/2Fe

almost surely. Then, X,, satisfies the same property. Finally, we give a modification X} of X,
for which (16) holds. In the first step, we construct the sequence (xi); and state some useful
properties of this sequence.

Step 1. Letr € (0, 1). By Corollary 3.4, there exist a finite positive constant ¢c; and [ € N\ {0}
such that

e (x) < eallx]| "7 [log [lx ||~ DFr (18)
for any x € R?\{0} with ||x|| < . Up to change c5 in (18), we can assume that
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For any k € N\{0}, let us choose v, € N\{0} the smallest positive integer such that
crd /227 p (1, 10g 2) (= DHy < 27K, (20)

This implies that limg_, y o vk = 400. Moreover, the definition of v; and (19) imply that vy > 1
for every k € N\{0}. Therefore, for every k € N\{0}, since 1 < vy — 1 < v, the definition of vy
leads to

Cdep/22—(Uk—l)Hp ((vx — 1) log 2)(l—l)Hp < 2k
Hence,

H,

2k (2«/3)_H” ! < (2*% (e 1og2)1*1)H” <ok (ﬁ)_ eyt 1)

Then, since limg_, 4 Vk = +00, considering the logarithm of each member of (21), one easily
proves that

lim — = H,.
k——+00 Vi

Hence, there exist two positive finite constants c3, ¢4 such that
Yk € N\{0}, 328/ Hrgl=l < 2% < ¢ 2f/ Hpg!=1, (22)
For every k € N\{0} and j = (ji, ..., ja) € Z¢ we set
= and D= {1 ezt nfo,24]"}.
2Vk

Let us remark that the sequence (Dy); is increasing and set D = UZ”:OT Dx.

Let us now prove that for k large enough, Dy is a 27% net of K for 7 in the sense that for
any x € K one can find x ; € Dy such that Tg(x — x; ;) < 27k Letus fix x € K and choose
ji such that j; < 2%x; < j; 4+ 1for 1 <i < d. Without loss of generality, we can assume that
x & Dg. Then, 0 < Hx — Xk, j || < 27%.4/d and since limy_, 1 5, vy = 400, for k large enough,

[x — x| =27%vd <.

Hence, since 7 +—> tHr |10g(t)|(l*1)HP is an increasing function on (0, e'~1, (18) and (20) imply
that

TE (x — xk,j) < 27k

for k large enough. Then, for k large enough, Dy is a 2% net of K for 7.
Step 2. Almost surely, for any x, y € D

+00
Yo () = Yo () = CaR (Z T m &) (f (g — f O, sn»gn) :
n=1

where C,, is defined by (14) and f by (5). Let us consider the random variable

+00
RGx,y) = Y T m &)™V (f (. 80) — £ (7. 60)) g
n=1
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Since the sequences (7y),, (§,), and (g,),, are independent and since (g,),, is a sequence of i.i.d.
Gaussian complex isotropic random variables, R(x, y) is a Gaussian isotropic complex random
variable conditionally to (7, &,),,. Remark that

Yo (x) =Yy (y) = C,R (R(x,y)) almost surely.

Therefore, conditionally to (7, &,),,, Yo (x) — Yy () is areal centered Gaussian random variable
with variance
2

C
V(003 | (T ) = SE (IR )P | (T )

= C—éE(|g1|2)+fT*2/“m E) 7S =y 8l (23)
2 o n n ' Sn )

since | f (x, &) — f (v, &)l = |f (x =y, &)
Asin [15], let

/ 1
() = 2Adlog?, 0<t<l1 24)

where A is a finite positive constant such that A > 2/H, — 1/H].
For k € N\{0}, we consider

Epj = {o: Yo (i) = Yo (5)) > 0 (i %) | (T &) @ (2 (00 = x6,5))}

for any (i, j) € Z¢ x Z¢,i # j, such that tg (xx; — xx j) < 1. Then,

P (El?fj) —E (]E <1Effj | (T, g,,)n)) . (25)

Let us give an upper bound of this probability for a well chosen (k, i, j). Let Z be a real centered
Gaussian random variable with variance 1. Then, (25) implies that

P(EL) =P (1Z1 > o (2 (i — 3%.5)))
Let us choose § € (0, 1) and set for k € N\{0},

5 =27 0= and I, = {(i, )€ (Zd n o, 2”k]d)2 10 < 75 (XK — X)) < ak} .
(26)
For every (i, j) € I, since ¢ is a decreasing function
P(1Z] > ¢ (e (xi — x.7))) <PUZI > ¢ (5)).

We recall that

—u?/2
Yu>0, P(Z>u)=<

2mu
Therefore, for every k € N\{0} and (i, j) € I,

2 e 60/2 2—(1-8)kAd
<< f—

P(EF, =
( W)— T @8 JrAd (1 —8)klog2
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since §; = 2-(U=8k Hence,

1 400 o
Z Z I[D( ) JrAd (1 — 6)log2kg;2 1 card ).

=1(,j)elx
Let us give an upper bound of card(/y). First, let us remark that one can find a finite positive
constant cs such that, for any k € N\{0} and any x € R7\ {0} satisfying g (x) < &,

lIxll < este )/ log te (x) 7L

This inequality is established in the proof of Proposition 3.3, see Eq. (35). Then, since ¢ +—
t1/H |logt|l_l is an increasing function on (0, rg), for a well chosen rg, there exists a finite
positive constant c¢ such that for any k£ € N\{0} and any x € Rd\{O} satisfying g (x) < &,

]l < o8, ™ log xl'~" = ((1 = 8)log 2)'~" o8, k!,
Hence, one can find a finite positive constant C > 0 such that for any £ € N\{0} and any
i e Z4n0,2%),

d

card [j ez4n[0,2%]": i, j) e Ik} <cC (5,1/“"2”%1*1)
By definition of I, for every k € N\{0},

card I < C (2% + 1) 5/ Hrodvepd =D,
Then, by (22), there exists a finite constant C > 0 such that for all £ € N\{0},

card I < CSZ/HI 2kd/Hp g 3d(U=1)

Hence, since §; = 2~ (1-d)k

N E

i Z IP’(E?‘ ) < Likw(z—nz*kd( Ao+l +1-9)4)
W) VAT =0) o

k=1 (,j)elk

with C > 0 a finite positive constant. Since A > Hi — HLI, choosing § small enough, the last
p

inequality implies that
oo
Z Z }P’(Elkj) < 4o00.
k=1 (i, j)el

By the Borel-Cantelli lemma, almost surely there exists an integer k* (w) such that for every
k= k* (),

Yo () = Yo DI < v (6, 9) | (T, &) ¢ (76 (x = ¥)) 27)

forall x,y € Dy, x # y, with tg (x — y) < &.
Step 3. As in [14] let us give an upper bound of the conditional variance v2 ((x, ) | (Ty, E,,)n),
defined by (23), with respect to tg (x — y). Since f is defined by (5)

C2
v () | (T &) = S (18112) 02z (& = ),

where, for all 1 > 0,

o?(h) = ZT “m (&2 min (w1 [0 6, 2) v 220 @)
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with Mg defined by (10) and m by (17). For the sake of clearness we postpone the proof of the
control of o-2(h) in Appendix and state it in the following lemma.

Lemma 5.2. Let ) > 0, m be the density probability associated with n by (17) and o> be defined
by (28) with Mg given by (10). For any y € (0, 1) there exists a finite constant ¢ > 0 such that
forallh € (0,1 —y),

+00
E (oz(h) | (Tn)n> <c Z T,,_Z/D‘h2 [log h|1FP@/e=D " aimost surely.
n=1
Following [14] let us denote
b(h) = h|log h|1*+M/e,
Then by Lemma 5.2,

yRoteh (T)y | < 400 almost surel
— < 400 almost surely.
= bz(z_k) n’n y
Therefore by independence of (7,),, and (&,),,, almost surely
a*2™
im ————— =
k—+o0 b2(27K)
Up to change the Euclidean norm | - || by the equivalent norm || - || g defined in Lemma 6.1.5

of [17] the map h +—> HhEIE H is increasing and so is & — o2(h). Also, one can conclude, as
in [14], that almost surely
a*(h)
im =
h—0 b2(h)

Therefore, up to change k*, (24) and (27) imply that for every k > k* (w),

Yo (x) = Yo ()| < V2dAtg (x — y) llog 7 (x — y)|IFP/e+/2 (29)
forall x, y € Dy such that 0 < 7g (x — y) < &, with & defined by (26). Let

+00
r=UN N {Hw-xo

n=1k>n x,yeDy
O<tp (x—y)<8p

N2dAtg (x — y) |log g (x — y)|(1+n)/a+1/2} .

IA

Since X, and Y, have the same finite dimensional distributions, P (£2*) = 1.

Step 4. Let us now define a modification X} of X, that satisfies (29) for all x, y € K with
7 (x — y) small enough and some constant C > 0 instead of +/2d A. Let w € 2%, by Step 3 there
exists k*(w) > 1 such that X, satisfies (29) for k > k*(w), x,y € Dy and 0 < tg (x — y) < &
with §; defined by (26).

Let us recall that by Lemma 2.2 of [1], there exists a finite constant Kg > 1 such that for all
X,y € R4

tE(x +y) < Kg (te(x) + t(y)).
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Let
F(h) = 2dAh |log h|1+M/e+1/2 =~ 0 (30)

and ko € N\ {0} such that 2k03k0+1 > 31(12E and F is increasing on (0, 8, ]. Up to change £* (»),
we can assume that k* (w) > k.

Let x,y € D such that x # y and 3K%'L’E (x —y) =< Ok*(w). Then, there exists a unique
k > k*(w) such that ;4 < 3K%TE (x —y) < 8. Furthermore, since x, y € D, one can find
n >k + 1 such that x, y € D,,. Moreover, by Step 1, up to change k* (w), for j =k, ...,n — 1,
we can choose x/) y(j) € D; such that

TE (x — x(-j)) < 27/ and TE (y — y(j)> < 277,

By construction g (x(k) — y(k)) <K% (teEx—y) + 21”‘) . Let us point out that since k > kg,

k+1

2]‘8k+1 > 2k08k0+1 > 3K125. Therefore, one easily sees that 2k < 27 < tg(x — y) and gets
E

TE (X(k) - y(k)> <3Kzitp(x —y).

On the one hand, by Step 3, 3K12515 (x —y) < 8 implies that

1) <5 (59)] 2 £ e (1)

On the other hand we can write

Xo(x) — Xq <x<k>> _ ”i (Xa (x(j+l)> _x, (xm))
=k

with 7z (xUTD —x0)) < 3K227U+D < §;, ) since j > ko. Moreover, note that x/) € D; C
Dj+1 and Step 3 again implies that

n—1
Xo(x) — Xq (x(k))’ <) F (tE (x(j“) — xm)) < CF(Sk+41),

Jj=k

where C = Z}iﬁ (j + HIFm/etl/2s < oo, With similar computations for X, (y) —
Xo (y®), we get

[Xo (x) = Xo(¥)]

IA

F (rE (x(k) — y(k))) +2CF (Sep1)

(1+2C)F (3K§rE(x - y)) .

IA

Therefore, since F is defined by (30), one can find a finite constant C > 0 such that for all
x,y € D satisfying 0 < SK%‘[E (x —¥) < 8k (w)»

| Xa(x) = Xo(9)] < Cte(x — y) Jlog g (x — y)| TP/, 31)
We now give a modification of X,. For x € D, we set

Xy (0) (@) = Xq (x) (@)
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For x € K, let x € D be such that lim,_, ;o x™ = x. In view of 31), (X} (x™) (a)))n isa
Cauchy sequence and then converges. We set

* 1 * (.(n)
X; @@= lim X; (x )(a)).

Remark that this limit does not depend on the choice of (x(”>). Moreover, since X, is
stochastically continuous, X is a modification of X,. Finally, by continuity of 7g, we easily
see that

| X5 () () — X} (9) ()] < CTe(x — y) [log e (x — y)|(HHD/etl/2
for all x, y € K such that 0 < 3K125‘L'E (X —y) < 8*(w), which concludes the proof. [

Following the same lines as the proof of Theorem 5.1 we obtain a similar result for a class
of Gaussian random fields including the operator scaling ones defined in [1] (¢« = 2). Let us
remark that Y, is not defined for « = 2. However, in Step 2 of the proof, let us replace Y, by X
a centered Gaussian random field and v?2 ((x, V) | (Ty, En)n) by the variance of X (x) — X (y)

v (06 ) =E((X @) = X 0))?).

Furthermore let us replace Step 3 by the assumption that for some 8 € R and §p > O there exists
a finite constant C > 0 such that for x, y € K with 0 < tg(x — y) < Jo,

E (X () = X ()?) = Cratx — )7 llog ti (v — )IF. (32)

Then Step 1, Step 2 and Step 4 yield the following proposition.

Proposition 5.3. Let X = (X (x)),cge be a centered Gaussian random field satisfying (32) for
some B € R. There exists a modification X* of X on K such that

X*(x) — X*
lim sup X" () W)l TR = 0 almost surely
810 xyex Te(x —y)[logTe(x — )| ‘

O<[lx—yll=<s

for any ¢ > 0 and with T defined by (9).

Remark 5.1. Let us point out that if X, is an operator scaling Gaussian random field as defined
in [1], then

E((X2 () = X2 0))?) = 7 (x = »)E (X2 (¢ (x = »))?)

and X satisfies (32) with 8 = 0 according to Eq. (5.2) of [1]. Therefore Proposition 5.3 is more
precise than one could expect from Theorem 5.1, replacing o by 2.

Let us also mention that [29] gives a different proof of a similar result for some Gaussian
operator scaling random fields with stationary increments.

Forall j =1,...,pwesetK; = KN @izl Wi, where Wy is the E-invariant subspace of
dimension [y or 2 associated with H,~ ! by (13). Note that K, = K.
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Corollary 5.4. Let o € (0, 2] and X, be defined by (3). There exists a modification X}, of Xq
on K suchthatforall j =1,..., pandanye > 0,

| X% () — XE()|

lim sup L
80 xyek; llx —y[" |log|lx — y|||Hj(p, D+p+1/2+¢
0<llx—yll<s

with p;j = maxi<x<jlp, B=1/aifa #2and B =0if a = 2.

| ; =0 almost surely,

Proof. It follows from Theorem 5.1, Propositions 5.3 and 3.3, since a; < a, for any j =
1...p. O

Corollary 5.5. Let o € (0, 2] and X, be defined by (3). There exists a modification X}, of Xq
which has locally H-Hélder sample paths on RY for every H € (0, H »)-

Proof. It is a simple consequence of Corollary 5.4. [

Now, as in [1], we are looking for global and directional Holder critical exponents of the
harmonizable stable random field X,. These exponents have been introduced in [9] in the
Gaussian realm but can be defined for any random field, see [1]. Let us first recall Definition
5.1 of [1] which introduces the global Holder critical exponent of a random field.

Definition 5.1. Let H € (0, 1). A real-valued random field (X (x)), g« is said to have Holder
critical exponent H if there exists a modification X* of X that satisfies the following two
properties:

(i) for any s € (0, H), the sample paths of X™* satisfy almost surely a uniform Holder condition
of order s on any compact set, i.e. for any compact set K’ C R¥, there exists a finite positive
random variable A such that almost surely

| X*(x) — X*(»)| < Allx —y|I* forallx,y e K’ (33)

(ii) for any s € (H, 1), almost surely the sample paths of X* fail to satisfy any uniform Holder
condition of order s.

Remark 5.2. Note that the Holder critical exponent, if it exists, is well-defined since any
continuous modification of X and X* are indistinguishable.

Moreover, according to Definition 5.3 of [1], the directional regularities of a random field X
are defined as follows.

Definition 5.2. Let S~! be the Euclidean unit sphere. A real-valued random field X =
(X (x)),cre admits H(u) as directional regularity in direction u € S4=1if the process
(X (tu));cr admits H (u) as Holder critical exponent.

Now let us give the directional and global Holder critical exponents of X.

Proposition 5.6. The random field X, admits H, as Holder critical exponent. Moreover, for any
Jj=1....pifueWw;n S4=1 with W; defined by (13) and S9=1 the Euclidean unit sphere of
RY, the random field X, admits H; as directional regularity in the direction u.

Proof. For Z areal SaS random variable we let

I1Zlla = (—log (E (exp (iZ))))"/*.
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Let ¢ and /g be defined by (9). Then, for any x, y € RY, x #y,
[X5(x) = X5(Wlle = Do (LE(x — y) TE(X — y)

where for all 6 € Sg,

De (0) = (da /
Re

From Lebesgue’s Theorem, the function D, is continuous on the compact set Sg, with positive
values. Let us denote my = minges; Dy (6) > 0.
Letu € W; N S9-1 with 1 < Jj < p. According to Corollary 3.4, for |t — t/| small enough,

1
0.8 _ 1" yeraage) - wind - L[ o
e 1| ¥ (&) d¢ Wlthda—z |cos(?)|* dr.
T Jo

—1)H;

IXZE () — X5 Wl = maer |1 — 1| [log |t — /]|

Therefore, for any s > H;, it implies that W

|t — t’| 4 0. Then, almost surely (X; (tu))tER does not satisfy (33) on [0, 1].
Moreover, Corollary 5.4 implies that (X; (tu)) ;g satisfies (33) on any non-empty compact

is almost surely unbounded as

set K/ C RY forany s < H ;. Thus H; is the directional regularity of X, in the direction u.

Hence, one can find a direction u € $9~! in which almost surely (X;‘: (tu)) 1R does not
satisfy (33) on [0, 1] for any s > H),. Therefore, almost surely (X x (x))xeRd cannot satisfy (33)
for any s > H),. Then, by Corollary 5.5, X, admits H, as Holder critical exponent.  [J

Remark 5.3. In the diagonalizable case (see Example 2.2), the W;, j = 1...p, are the
eigenspaces associated with the eigenvalues of E. In particular, for 6; an eigenvector related
to the eigenvalue A ; = a;, the critical Holder exponent in direction 6; is H; = 1/a;.

Proposition 5.6, compared to Theorem 5.4 of [1], shows that operator scaling stable fields,
defined through an harmonizable representation share the same sample path properties as the
Gaussian ones. Therefore it is natural that the box and the Hausdorff dimensions of their graphs
on a compact set are the same as the Gaussian ones, obtained in Theorem 5.6 of, [1]. We also
refer to Falconer [30] for the definitions and properties of box and the Hausdorff dimension. We
denote by dimy; A, respectively dimg A, the Hausdorff dimension and the box dimension of the
set A, respectively.

Proposition 5.7. Let o € (0,2) and X} be as in Theorem 5.1. For a,b € RY witha; < b; (i =
1,....d), let K = [T, [a;, b;] and
G(X) (@) = {(x, Xg(x)(w)); x € K}
be the graph of a realization of the field X}, over the compact K. Then, almost surely,
dimyG(X}) = dimpG(X;) =d + 1 — H),.
Proof. The proof is very similar to those of Theorem 5.6 [1]. It also uses the same kinds of

arguments as in [31]. For sake of completeness we recall the main ideas. Corollary 5.5 allows as
usual to state the upper bound

d;{mg(X:;) < @Q(X;) <d+1-H,, almostsurely

where dimg denotes the upper box dimension. The lower bound will also follow from the
Frostman criterion (Theorem 4.13(a) in [30]). One has to prove that the integral
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—s5/2
I = / E[((x;u) — X5+ |Ix —y||2) }dxdy,
KxK

is finite to get that almost surely dimy G(X}) > s. In our case, the fundamental lemma
of [32] allows us to write this integral using the characteristic function of the SaS field X7.
Actually, when one remarks that, using Fourier-inversion, (§ 24 1)_5/ 2 = % fR elé? fs(t)dt,
where f; € L®(R) N L' (R), one gets

1 o —pelmegol
= [ (et [T pwar) avay.
Kxk \27 R

By a change of variables, as fy € L>(R), one can find a finite positive constant C > 0 such that

I < cf e — I X500 — X500 |2 dady
KxK

< CmZ! / It — vl e — )~ ldxdy,
KxK

- 0.6 _ 1|9 y&)-eade) . si s
where my = minges, (da Jra 1695 — 1" (&) qdé) .Since [ g X =yl e (x —
y)_ldxdy < +ooaslongass <d+1— H, (see [1]),
diBmg(X;) > d;{mg(X;) >d+1— H, almostsurely,

where dimg denotes the lower box dimension. The proof is then complete. [

6. Moving average representation

We proved in the previous section that harmonizable operator scaling stable random fields
share many properties with Gaussian operator random fields. In particular, they have locally
Holder sample paths and critical directional Holder exponent depending on the directions.
In the Gaussian case (@ = 2), [1] establishes such properties in the framework of both
harmonizable and moving average Gaussian operator scaling random fields. However, for stable
laws, harmonizable and moving average representations do not have the same behavior as we see
in this section.

Let us recall the definition of moving average operator scaling stable random fields introduced
in [1]. Let 0 < o < 2. We consider M, (dy) an independently scattered SS random measure
on R? with Lebesgue control measure, see [4] for details on such random measures. As before,
g = trace(E). Let ¢ : R — [0, 00) be a continuous E-homogeneous function. We assume
moreover that there exists s > 1 such that ¢ is (s, E)-admissible. According to Definition 2.7
of [1] it means that ¢(x) # O for x # 0 and that for any 0 < A < B there exists a finite positive
constant C > 0 such that for A < ||y|| < B,

lo(x +y) — (M| = Cte(x)’

holds for any tg(x) < 1.

Definition 6.1. The random field

Za) = [ (ote =)' o)1) o). x e R (34)
R4

is called moving average operator scaling stable random field.
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Remark 6.1. As in the harmonizable case, the representation we use is not exactly the same one
as in [1]. However, as in Remark 2.1, up to change the parametrization, the class defined by (34)
and the class of moving average random fields defined in [1] are the same.

From Theorem 3.1 and Corollary 3.2 of [1], since ¢ is (s, E)-admissible with s > 1,
the random field Z, is well-defined, stochastically continuous, has stationary increments and
satisfies the following operator scaling property

Ve > 0, {Za(cEx); X € Rd} (fid) [cZa(x); X € Rd} ,

as the harmonizable field X,,.

In the Gaussian case (@ = 2), the variograms of Z, and X», respectively defined by (34)
and (3), are similar. Then, [1] proves that Z, and X, admit the same critical global and
directional Holder exponents. Moreover, Z, satisfies (32) for 8 = 0 and then the conclusions
of Proposition 5.3 and Corollary 5.4 hold for 8 = 0. However, when o € (0, 2), let us recall
that moving average self-similar «-stable random motions does not have in general continuous
sample paths (see [4]). The next proposition states the same property for Z,,.

Proposition 6.1. Let o« € (0,2) and Z, be defined by (34). Assume d > 2. Then, any
modification of the random field Zy is almost surely unbounded on every open ball.
Proof. Let us remark that ¢(0) = 0 by continuity and E-homogeneity and g = 2721 aj >d >

a since d > 2. Then, for any open ball U, since U* = U N Qd is a dense sequence in U, for any
yeU

f* (U*, y) = sup

xeU*

o(x =)' — (=) 7] = oo,

Then fRd f*(U*, y)¥dy = 400 and the necessary condition for sample boundedness (10.2.14)
of Theorem 0.2.3 p. 450 of [4] fails. Theorem 10.2.3 and Corollary 9.5.5 of [4] give the
conclusion. [
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Appendix

Proof of Lemma 3.2. The lower bound is straightforward. Actually, for any ¢ > 0, t* is an
eigenvalue of the matrix ¢’ and therefore 1% = |t}‘| < |1t

Let us prove the upper bound. Let us recall that the norm defined for a matrix A =
(@ij)1<i,j,<da’ bY |Alloc = maxj<j<g’ Z?;l lai;| is the subordinated norm of the infinite norm
X ]loo = max;<;<q' |x;| for x € RY.

Let us first assume that J is a Jordan cell matrix of size /. In this case A = a € R and

1 o ... O

log ¢ 1 0
d=r 0
M logr 1

(-1



H. Biermé, C. Lacaux / Stochastic Processes and their Applications 119 (2009) 2222-2248 2243
From the definition of the subordinated norm |-||o,, we can deduce that [t/[, =

¢ le;lo Ilof—,tlj Then, for any ¢ € (0, e U e, +00) we get |log (#)| > 1 and

-1
1
”HH <+ HHH < VIt |log (1)~ E —.
0 ; J:
J=0

Therefore, for any ¢ € (0, e U e, +00),
It 1 < et log ]! ~!.

Let us now assume that J is a block of the form (11) of size 2/ associated with the eigenvalue
A =a+ibforb # 0. Then t/ = t*R(t)N(t) where

Ry(2) 0 0
| 0o R O : . _ (cos(blogt) —sin(blogt)
k() = . . . 0 with Ry (1) = <sin(b logt) cos(blogt) )’
0 0 Ry
and
5 0 0 llog |/
N() = N1.(t) g) 0 : with N; (1) = Jj! Togrl
: . . 0 0 —g'
Ni1@®) ... Mi) Db J:
Hence,

|

Since R (¢) is an orthogonal matrix, | R (¢)|| = 1. Furthermore, N (¢) is a (2]) x (2/) matrix and

HH <t |IROIIN ©)].

-1 j
IN @l = VEINOI =2y R
=0 I

Therefore, we also obtain that
It 1 < v/2let® [log ]!~
for any t € (0, e NMUle, +00). O

Proof of Proposition 3.3. Letr € (0, 1) and x € @i: i Wi \{O} such that ||x]| < r.
We first establish the lower bound of Proposition 3.3. Since for any ry € (0, r) the function

Hj, (1’/0»1'_1)

y > Nyl %o Jlog Iyl e ()"

is continuous on the compact set { yeR /rg < |yl < r}, the key issue here is to prove the
lower bound around the origin. Moreover, let us remark that one can find o € (0, r) such that
for any y € R4 with Iyl < ro, we have g (y) < e~ !. Then, without loss of generality, we can
assume that ||x|| < ro. Hence, x = t£(x)E€E(x) with T (x) < e~!. Since R? = @]le Wk,
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g (x) = Z,’:zl Lr (x) with £ (x) € Wi, k = 1,...,p.Forany k = 1,..., p, let L be the
coordinates of £; (x) in the basis ( fqu [AREREES fzk 1 lj> of Wy. Hence, by definition of P,
i=1" i=1"

Ly e () Ly
Pl =1 : and x=1z )l (x)=P

Lp e ()L,

Since x € @_,, Wi. Lk (x) € @]_, Wi and then Ly = 0 for k & {jo. ... j}. Then,

) 1/2
||Lk||2> :

J 2\ j
Il < 1P (Z e 0% 1 ) < 1P| (Z 2z (o
k=jo k= jo

By Lemma 3.2, since 7 (x) < e~ !,

. 12

J

lxll < V2e || P| (Z Lt (x)** [log T (x) %D ||Lk||2> :
k=jo

1

Since g (x) < e, ar > ajyand [y < pj j =maxjy<i<jl; <d,

. 1/2
J
Ixll < V/2de | Pl g ()% flog e (0] %0 ™!) (Z ||Lk||2)
k=jo

< Ve | Pll 5 (6% [log 7z (1)) (P ) [Pt

Then,

Il = v2ded 1P [P~ v (0% log e (ot (35)

where Mg is defined by (10).
Consider the logarithm of both sides of Eq. (35). Then, since a;, > 0, one can find two finite
positive constants ¢; and ¢; such that for ¢ (x) small enough,

log [[x]| < ¢1logTe(x) 4 ca.
Hence, choosing ro small enough, one can find a finite constant C > 0 such that
[log T (x)| = C|log ||xl]. (36)

Using (36) in (35), we obtain that there exists a finite constant C > 0 such that for ||x|| < rg

el fog e~ 0 (P 1) < oy,

which gives the lower bound of Proposition 3.3, up to change C.
Let us now establish the upper bound of Proposition 3.3. Since for any o € (0, r) the function

TE ()

yl—)
. Hi(pj, -1
vl [log Iy 1l| (i)
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is continuous on the compact set { yeRy /ryg <yl < r}, the key issue here is also to prove the

upper bound around the origin. Therefore, we can also assume that || x| < rg, with ry chosen as
1

previously, such that tg (x) <e™ .
Let us write x = Z,f: | Xk with each x; € W;. We then denote by X the coordinates
of xj in the basis (fzf_(z—ll [EREREES fo-Llfi) of W. Since x € @,j(:jo Wi, X = 0 for every
k & {jo, ..., j}- Hence, by definition of P,
X, e ()7 X
Plx=1": and Lp(x)=1t(x) Fx=P ;

X, ()" X,

J —J 2\1/2 : -1
Then, ||[£g (X)|| < | P] (Zk:jo ”rE (x)"7* Xp H ) and, since 7z (x)”! > e, Lemma 3.2
yields that
j 12
Ieg (Il < V2e || P (Z It (x) 7% Jlog T (x)] 7Y ||Xk||2) :
Jj=Jo

Hence, using the facts that tg (x)_1 >e>l,ax <ajandly < pj j,

0<mg =min|lyl < v2de | PI| | P! 7z ()™ log e )P0~
E

J
> IXel?
k=jo
< V2de | PI|| P~ 76 (07 log g (01700 | P71

Then, by (36) and since HP_lx || < HP‘l H llx ||, there exists a finite constant C > 0 such that
for [lx|| < ro,

75 () < C el flog /(P 1)
which, up to change C, gives the upper bound of Proposition 3.3 and concludes the proof. [

Proof of Lemma 5.2. It is sufficient to consider

I(h)=E (m (&)~ %/* min (ME HhE'gn , 2)2 v (gn)22q/a>

with Mg defined by (10) and where the density distribution m of &, is associated with n > 0 by
(17). By definition,

10 = [ m @)y @220 min (e [ 2) g
R

Using the formula of integration in polar coordinates with respect to E’, see Proposition 3.1,

1) = /S ) /O o () ™y (rH0)

; 2
X min (ME H (hr)E 9” ,2) r dro g (d6) .
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Since ¥ is E’-homogeneous,

+00 ;N\ 1-2/a
f / m <rE 9) v (6)"224/
Sgt O

2
‘ ,2) r2Ha1=240 4 6 (dO)

1(h)

X min (ME H (hr)EtO

+o0
— 67!172/0(/ w(0)7272q/a
Spe Jo

2
x min (ME H (hr)E'0 ( ,2) =3 llog(r)|1FPC=D drg 0 (d6) .

By the change of variable p = hr, I (h) is equal to

+00
gt Y0

2 1+m2/a=1)
,2) ,(f3 ‘log (%)‘ e drog: (d6).

For any y € (0, 1), there exists A, such that forevery p > Oandevery 2 <1 —y,

X min (ME ”pE'Q

P
\log (Z)‘ = [log (p) — log ()| < Ay |llog(p)| + 1| [log (7)| .
Since 2/a > 1,
I(h) < AY/*le) 2 Jlog ()| *=D (1 + 1)

with
+oo
n=d [ v o) [ o (o)l + 11D dp
Sgt 1
and
1 112
b= MM, / ¥ (6)"2%/% g, (d6) / ¥ o hog (o1 + 11+ 0D g,
SEz 0

where Mg and Mg+ are defined by (10). Since  is continuous with positive value on the compact
set Sgr,

v (0)"27H/% 5 (dF) < +o0.

Sgt

Hence I} < +o0.
It follows from Lemma 3.2 that for any 8" € (0, 1), there exists a constant ¢§ > 0 such that

1 —_
loE | < Cp™ [log |pl|'™!

for all p < §’. Hence, since a; > 1,

1 2
t _ —_
/ =] 0% hog ()1 + 11+9CHD g < o0
0

such that I, < 400, which concludes the proof. [
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